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AFIT/GAE/ENY/94]-04

Abstract

A general mixed Hy/H_, optimal control design with multiple H, constraints is
developed and applied to two systems, one SISO and the other MIMO. The SISO design
model is normal acceleration command following for the F-16. This design constitutes the

validation for the numerical method, for which boundaries between the H, design and the
H,, constraints are shown. The MIMO design consists of a longitudinal aircraft plant

(short period and phugoid modes) with stable weights on the H, and H, transfer
functions, and is linear-time-invariant. The controller order is reduced to that of the plant
augmented with the H, weights only. The technique ali,w- singular, proper (not
necessarily strictly proper) H_, constraints. The analytical nature of the solution and a
numerical approach for finding suboptimal controllers which are as close as desired to
optimal is developed. The numerical method is based on the Davidon-Fletcher-Powell
algorithm and uses analytical derivatives and central differences for the first order
necessary conditions. The method is applied to a MIMO aircraft longitudinal control
design to simultaneously achieve Nominal Performance at the output and Robust Stability
at both the input and output of the plant.
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L Introduction

Recently, there has been a great deal of interest in formulating a mixed H,/H,, control

methodology which can handle bounded spectrum and bounded energy inputs
simultaneously. Early approaches included solving the problem for one input/one output,
one inputftwo outputs and two inputs/two outputs ({(BH89]; [KDGB90); [DZB89);
[YBC90]; (MGS88]; (MG90]; [KR91]). The general formulation of the mixed ‘em
with two exogenous inputs and two controlled outputs was first approached for fu.. state
feedback in [KR91]. Ridgely, Valavani, Dahleh and Stein [RVDS92] developed a solution
for the general mixed H,/H,, problem with output feedback which results in a controller
order equal to or greater than the order of the underlying system augmented the H,
weighting and the H,, weighting. Also, the assumption is made that the underlying H_
problem is regular and has no feedforward term. Walker and Ridgely [WR9%4a)
reformulated the general mixed H,/H,, problem with the strictly proper and regularity
assumptions relaxed to allow singular, proper H_ constraints. Furthermore, Walker and
Ridgely showed strong theoretical results for controllers selected to have orders equal to
or greater than the order of the underlying H, problem.

Multiple objective optimal control, as formulated by the above, allows the designer to
determine the tradeoff between noise rejection ( H, ) and some unstructured perturbation
( H.. ), which embodies desired performance and margins at either the input or output of
the plant (or some combination). However, the unstructured perturbation approach to
the H_ problem is generally conservative. A better approach is to exploit the structure of
the perturbations [DWS82], but the single H_ constraint in the mixed Hy/H, setup is
unable to do this. Doyle [Doy82] introduced structured singular value (i) synthesis to
design controllers which are less conservative. While this approach handles structured

1-1




uncertainties, the current j1-synthesis method generally results in a large controller order.
It is desired to develop a control synthesis method which can reduce the controller order
below that of p-synthesis. One approach to this problem is to consider each perturbation
as an individual H_ constraint and solve the problem using mixed H,/H,, synthesis with
muitiple H_ constraints. An advantage of this technique is that it allows the controller
order to be reduced to the order of the H, problem. Further, by employing mixed
optimization, one can design a controller which minimizes the effect of white noise inputs

as well as bounded energy inputs.

This thesis will first develop the H,/H,, problem with a single H_ constraint. Second,
the Hy/H_ problem is extended to allow multiple H_ constraints. The nature of the
solution will be compared with p-synthesis. A SISO example will represent the validation
of this new technique and a MIMO example will address control design requirements
(Robust Stability and Nominal Performance).
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1L, Background

This chapter is intended to lay the foundation for the specific compensator designs that
will follow. Figure 2-1 shows the closed loop transfer function T, and it is desired to
minimize an appropriate norm on T due to varying assumptions about the exogenous input
signal and the exogenous output signal. For instance, if the exogenous signal is not
known exactly but is known to lie in a set (p=2,e0), then a reasonable measure for
performance is one which looks at the worst possible output. In particular, assume that
the set of exogenous inputs is given by

wel, I|wl,<1}; p=2,
The 2-norm is the energy, and the co-norm is the maximum magnitude of the signal. A
good measure of performance is given by

Figure 2-1 Closed Loop system T




which is the norm of the worst possible output as the exogenous signal ranges over the
allowable set. The controller design problem is given by

K infl. . (ﬁlBlTwﬂq) K i“fl i Iﬂln—mu
This performance objective is known as the minimax objective. The controller is designed

to guard against all exogenous signals in the allowable set [DD93]. Table 2-1 shows the

1 4-induced norm for different exogenous inputs and outputs.

Table 2-1 Induced norms
input twi, Twil,
output
nzi, ntTn, ok
Nzh, nTi, T I,

** not induced norm exits
For more information on signal theory, refer to [DD93] and other references. When
uncertainties are in the system, the minimization of Il T Il, [p=1,co (the system 2-norm is
not good for uncertainty management)] is conservative, especially when the uncertainty
model is highly structured. In this case, p-analysis is a better tool for analyzing the
robustness of the system. Next, we examine the H,, H_, and p-synthesis design
procedures. Minimization of [T(t)},, known as /; optimization, will not be covered in this

thesis.

H, optimization, which parallels the popular LQG problem in the optimal output
feedback case, is based on minimizing the 2-norm of a transfer function matrix from white
noise inputs to controlled outputs [DGKF89]. The white noise input is assumed to be

zero-mean, unit intensity, and possess a Gaussian distribution. Figure 2-2 shows the basic

H, design diagram where :

22




w SD 3 z
u Yy
Figure 2-2 H, Design Diagram

z is the controlled output (exogenous output)

wis a white Gaussian noise with unity intensity (exogenous input)

u is the controller input to the plant

y is the measured plant output

P includes the design weights and the plant

K is the controller
The H, design objective is to find an admissible (stabilizing) K(s) that minimizes the
energy of the controlled output (z), which is equivalent to minimizing the two-norm of
T

xﬂf-aenzuz = x}ng.wlrr"nz

The optimal || T, II; is represented by o, with the corresponding K(s)=K(s)ypp. K(5)20p is
unique and full order (the order of the nominal plant plus the order of the H, weights). In
state space, the plant P is described by:

Ax + B,w + B
Cix + D,w + Dju
Cx + D,,w + Dgu

X

z
y

The following assumptions are now made:
@ D, =0




(i) D,=0
(iii) (A, B,) stabilizable and ( G, A) detectable
(iv) DT,D,, full rank ; D, DT | full rank

A - joI B.
) has full column rank for all ®
C D=

e

‘A -jol Bw
Cy Dyw

where assumption (i) is a requirement for the two-norm of the transfer function to be

(vi)

]hasfullrowrankforall(n

finite. The condition on D, simplifies the problem, but it is not a requirement. For a
stabilizing compensator to exist, (iii) must be satisfied. Condition (iv) is required to avoid
singular control problems. Finally, conditions (v) and (vi) guarantee the existence of
stabilizing solutions to the algebraic Riccati equation (AREs) that are involved in the
solution of the H, problem. For a complete description of the H, solution, see [DGKF89).

The objective of H_, optimization is to minimize the energy of a controlled output to a
deterministic input signal that has bounded, but unknown, energy. In the H_ problem the

controlled output is e, and the exogenous input is d; therefore, the H_ problem is
inf  suplef, =

inf ., 1Tl
K admissible  Id,s1 K admissible d

where

ITaGo). = sup ofT,(jo)]
The optimal controller K(s),.o, yields Il T il = Y.and a family of suboptimal controllers
such that Il T, Il. <y can be defined, where ¥ > Y. Figure 2-3 shows the block diagram

for the H_, design. In this case, the state space matrices for P are:

24




x = Ax + Bd + Bu
e = Cx + Dyd + Dju
= Cx + Dyd + Dju
d e
u \
Figure 2-3 H_ Design Block Diagram

The following assumptions on the state space matrices are made:
(i) Dy=0
(i) (A,B,) stabilizable and (C,, A) detectable
@(iii) DT,D, fullrank; D ;DT full rank

[A - J(DI Bu]
@iv) has full column rank for all ®

Condition (i) is not required, but simplifies the problem. For stabilizing solutions to exist,
condition (ii) must be satisfied. In order to avoid singular problems, condition (iii) is
required. Conditions (iv) and (v) along with (ii) guarantee that the two Hamiltonian
matrices in the corresponding H, problem belong to dom(Ric). Notice that there is not a




restriction on D, because it does not make the closed loop infinity-nomn infinite. For

more information of the complete solution, refer to [DGKF89].

2.3 Structured Singular Value

This section presents a short synopsis of Packard and Doyle [PD93]. The system is
linear time invariant with complex perturbations. For more information refer to [PD93].
Consider M € C®™, In the definition of (M) there is an underlying structure A on which
everything in the sequel depends. This structure may be defined differently for each
problem depending on the uncertainty and performance objectives of the problem. This
structure depends on the type of each block, the number of blocks, and their dimensions.
These blocks can be repeated scalar blocks and/or full blocks, where S and F denote the

number of repeated scalar blocks and the number of full blocks, respectively (scalar S:
Iys...oT,; full block F: my,...,mg). Therefore, A is defined as

A ={diag[3,1, ,...,8], ,Ag,;5-..,A, ) §; €C,

As,; €C™™,1<i<S,1< j<F)

s F
and Zr;- + Zm ; = 1 gives consistency among all dimensions. The norm bounded
il jml

subsets of A are defined as
B,= {AeA:6(A) <1}
For M e Cm=, p,(M) is defined

1
min{o(A): A € A, det(I- MA) =0}
unless no Ae A makes I - MA singular, in which case ,(M)=0. Clearly, (M) depends

Hy,(M):=

on the block structure as well as the matrix M. In general, p,(M) can't be calculated

26




exactly, and its value is placed between lower and upper bounds for certain type of A
block structures (scalar blocks or complex uncertainty blocks; see [PD93]). Two special
cases of {1,(M) are:
o if A={0I:0eC); (S=1,F=0,r,=n)

then p,(M)=p(M), (the spectral radius of M)
o fA=C™;(S=0,F=1,m =n)

then p,(M)=0(M)
For all but the two special cases above, i is bounded by

p(M) <p, (M) < o(M)

These bounds by themselves may provide little information on the value of y, because the
gap between p and G can be arbitrarily large. These bounds are refined with
transformations on M that do not affect p1,(M), but do affect p and G. To do this, define

two subsets of Co
Q={QeA: Q'Q=1,}
D= [diag{Dl,...,Ds,ds,,jImi soeesls,pl,, kD; €C¥.D; >0, ds,; €R, d,; > 0]
Notice that for any Ac A, Qe Q, and DeD
Q' eQ, QA€A, AQeA,
G(Qa)=06(aQ)=0(a),
DA=AD
Theorem 3.8 from [PD93] says: For all Qe Q and De D
Ha(MQ) =, (QM) =p, (M) =,(DMD™)
Therefore, the bounds can be tightened to

max Q)< max p(aM) =, (M) < inf 6(DMD™)

27




2.3.1 St | 1 Si lar Value in Control Syst

The structured singular value is a framework based on the small gain theorem, in which
the robustness of a system can be quantified [ABSB92]. u-based methods have been
useful for analyzing the performance and robustness properties of linear feedback syste.ns,
where the closed loop system and weighting functions are contained in the M(s) matrix,
and all uncertainty blocks are put into a block diagonal A(s) matrix. M(s) and A(s) are
stabie transfer functions; they are arranged as shown in Figure 2-4. This figure is meant to
represent the loop equations e = Md, d= Ae. Assuming a fixed s=jw, as long as I - MA is
nonsingular, the only solutions e, d to the loop equations are ¢ = d = 0. However, if
I - MA is singular, there are infinitely many solutions to the equations, and the norms llell
and lidll of solutions can be arbitrarily large; therefore, this constant matrix feedback
system is "unstable". Likewise, the term "stable” will describe the situation where the only

solutions are identically zero. In this context, p,(M) provides a measure of the smiallest

structured A that causes instability of the constant matrix feedback loop. The norm of this
destabilizing A is exactly 1/u,(M) [PD93]. This interpretation can then be repeated for all

frequencies.

Figure 2-4 M-A feedback connection




The robustness of a closed loop system can be analyzed by forming the block diagram

as shown in Figure 2-5, where d, and e, are the inputs and outputs related with

uncertainty block A,. The inputs and outputs related to the performance specification are

given by d and e.

Figure 2-5 Robust Performance Diagram

The transfer functions between inputs and outputs are:

e ! M, M,ld
[eA] - [le Mzz][da]
d,=Ase,
This set of equations is called well posed if for any vector d there exist unique vectors ¢,,
¢, and d, satisfying the loop equations. This implies that the inverse of I- M,,A, exists;

otherwise, there is either no solution to the loop equations or there are an infinite number

of solutions. When the inverse exists

e=L(M,A,)d
L(M,A,):=M;; + M,A,(I-MpA, )! M,
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Figure 2-6 Nominal and Robust Performance specifications Diagram
where L(M,A,) is called a lower linear fractional transformation. In order to analyze the
performance specifications, a fictitious block is created between the input d and the output
e. Figure 2-6 shows the new structure. The set of all allowable blocks is defined as

B,={a,€A: o(A)<1}

In this formulation the matrix M, ,~ L{M,0) may be thought of as the nominal map and
A B, viewed as a norm bounded perturbation from an allowable perturbation class, A,.
The matrices M;,, M,;, and M,, and the formula L(M,-) reflect prior knowledge on how
the unknown perturbation (A,) affects the nominal map, M, ;. In this case L(M,) is related
to L{M,A,) as defined earlier. This type of uncertainty, called linear fractional, is natural
for many control problems, and encompasses many other special cases considered by
researchers in robust control and matrix perturbation theory. The constant matrix problem
to solve is: determine whether the LFT is well posed for all A, in B, and, if so, determine
how "large” L (M,A,) can get for A,e B,. Define a new structure A as

A= {[21 Aoz]: Al € Ap Az EA2}
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Now there are three structures with respect to which p can be computed. They are as
follows: u,(.) is with respect to A,, J,(.) is with respect to A,, and p,(.) is with respect
to A. In view of this, p,(M,,), 1,(Mp,), and p, (M) are all defined. Theorem 4.2 from
[PD93] says: The linear fractional transformation L(M,A,) is well posed for all A€ B, if
and only if W,(M,y)< 1. As the perturbation A, deviates from zero, the matrix L{M,A,)
deviates from M,;. The range of values that yu,(L,(M,A,)) takes on is intimately related to

i, (M), as follows:

H,(My)<1
HaD<1S \maxp, (L, M.4,) <1

This relationship is known as the Main Loop Theorem [PD93].

The p-synthesis problem is described by the attempt to find a controller K(s) that
minimizes an upper bound on the structured singular value,

¢ ‘Elfm l’;lzg sgp&[DM(K)D"]
where M(K) is the closed loop transfer function. One way to solve this problem is called
DK iteration; it calls for alternately minimizing sup 6(DM(K)D™) for cither K or D
while holding the other constant. First the controller synthesis problem is solved using H_
design on the nominal design model (nominal plant plus weighting functions); i.e, D=l.
W-analysis is then performed on the closed loop transfer function M(K), producing values
of the D scaling matrices at each frequency. The resulting frequency response data is fit

with an invertable, stable, minimum phase transfer function which becomes part of the

nominal synthesis structure. With D fixed, the controller synthesis problem is again solved
by performing an H_, design on the augmented system. The D-K iterations are continued
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until a satisfactory controller is found or a minimum is reached. The resulting controller
order is the order of the design plant and weighting matrices, as well as the order of the D-
scale transfer function fits [ABSB92]. MatLab"" provides a ji-toolbox that will be used in
this thesis which performs this D-K iteration.

2.4 Nominal Perf Robust Stability and Robust
Performance tests

This section presents the tests for Nominal Performance (NP), Robust Stability (RS),
and Robust Performance (RP) for the system of Figure 2-6. Depending on the type of
perturbation (structured or unstructured), the infinity norm test is conservative and
p-analysis is required as shown in Table 2-2.

Table 2-2 Test for NP, RS, and RP From [Doy85]

Perturbation Stability Test Performance Test

A=) No C, poles IMyll.<1 (NP)
o(A)<1 Ml <1 (RS) HM)<1 (RP)
Ac BA WMy, <1 (RS) KM)<1 (RP)

Table 2-2 summarizes the objectives of H,, optimization and p- synthesis. Notice that

this table does not mention any test using the two norm, and the objective in this table is
only to minimize Il . ll_ or u(.). This means that performance based on white Gaussian

noise inputs is not accounted for. This is the true objective of the mixed Hy/H,, control

design problem: to address the tests for |l . il and provide a low Ii. ll,, as will be seen in

the next chapters.

212




One way to measure the robustness of a system is to calculate the Vector Gain Margin
(VGM) and Vector Phase Margin (VPM) at the input and output of the plant (MIMO).
The VGM and VPM tell us how much the system can tolerate a change in gain and phase
before it goes unstable. The VGM and VPM using the complementary sensitivity function
is measured by

1
o(T(jw))

where T can be at the input if we are looking at the input margins or at the output of the

r(m)=

plant if we are looking at the output margins. Whichever point we are looking at, the
general formulas are
VGM =[1-r 147, ] where 1, = inf r(®)
®E
and
VPM; =[~0,+6] where 6 = 2sin"(L'“2"=-)
The VGM and VPM using the sensitivity function are defined through

1
o(S( j))
where S can be at the input if we are looking at the input margins or at the output of the

p(®)=

plant if we are looking at the output margins. Whichever point we are looking at, the
general furinulas are

1 1
1+ Poin 1— P

VGMg =[ ] where p... = ini; r(m)
[ ]
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VPM; =[-6,+8)] where 8 = 2sin "(—p';-i‘-)

Since VGM;, VGMg, VPM; , and VPM; are all important, this thesis will compute all of
them in order to evaluate the level of robustness at the input and output of the plant. For
more details see [Dai90].
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This section presents the mixed H,/H,, optimization developed by [Rid91]. Mixed
H,/H,, optimization is a nonconsevative tool that trades between H, and H_ objectives.
The goal of the mixed problem is to find a stabilizing compensator K(s) that achieves

. inf HTNIL , subjectto I T, <y

where T,,, and T, can be defined to be independent of each other. Figure 3-1 shows the

block diagram.
e
w z
u y
Figure 3-1 Mixed H,/H_ Design Diagram
The state space matrices are:
x = Ax + Bd + Bw + Bu
e = Cx + Dd + D,w + D_u
z = Cx + Dd + D,w + D,u
y = Cx + Dd + D,w + Dju

31




.1 Nonsingular H... Constraint
The following assumptions are made on the state space matrices:
() Dy=0; (i) D,=0 ;(iii)D,=0
(iv) (A, B,) stabilizable and (C,, A) detectable
(vy D',D, fullrank; D,DT, full rank
(vi) D7D, full rank ; D,, DT, , full rank

(A - jol B.

M1 6 Da

] has full column rank for all ®

(viid)

Cy D , w

A - joI B
(ix) C‘: Dm‘j has full column rank for all ®

) (A - joI Bdwhasfull rank for all
X ow or @
G Dy

he -l

These conditions are the union of the H, assumptions and the H_, assumptions, except that

the controller, K(s), for the mixed problem must be strictly proper in order to guarantee a
finite two-norm for T,,. The state space matrices for K(s) are:

Xe=AX +B.y
u=Cx, ;D.,=0

and the closed-loop matrices are:
= Ax + Bd + Bw

e = ch + Ddd + D”W
= Cx + Dd + D_w
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D, =0and Dy=0
T and T, can be written as
T, =C,(sl - A)"Bd ; T, =C/(sl-A)"'B,
The following definitions will be made:
1=, inf".. rrdu..

inf [T,

Ky = the unique K(s) that makes i T, I, = o,

Y = I Tyl when K(s) =K,

Kz =2 K(s) that solves the mixed H,/H_, problem for some y

Y =UTgl.whenK(s)=K_,

o =NT, I whenK(s) =K,
Theorem 4.1.1 from [Rid91] says:
Theorem 3.1 : Let (A, B,, C,) be given and assume there exists a Q_ = QF >0 satisfying

AQ_ +0 A" + 'y‘zQ_CeTCeQ__ +B,B] =0 (**)
The following are equivalent:
i) (A,B,) is stabilizable

a,

ii) A is stable
Moreover, if i) - ii) hold, the following are true:
ii) the transfer function T, satisfies
I Tl sv
iv) the two norm of the transfer function T,,, is given by
| T | =t1C.0,CT1=ulQ,CTC,]
where O, =07 20 is the solution to the Lyapunov equation
AQ,+Q,A"+B BT =0
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v) all real symmetric solutions to (**) are positive semidefinite
vi) there exists a unique minimal solution to (**) in the class of real symmetric solutions
vii) O, is the minimal solution to (**) iff
Re[A,(A+Y7Q.CIC)I<0 Vi
viii) | T, | <¥ iff A+YyQ_C[C, is stable, where Q,, is the minimal solution to

**
Proof: See Theorem 4.1.1, [Rid91].
Using Theorem 3.1, the mixed problem can be restated as:
Find a strictly proper controller K(s) that minimizes the index
J(A..B,,C)=tr(Q,C/C,)
where Q, is the real, symmetric, positive semidefinite solution to
AQ, + Q,AT+B_BT =0
and such that
AQ_+0 AT +y?Q CICQ_+B;Bf =0
has a real symmetric positive semidefinite solution. To solve this minimization problem
with two equality constraints, a Lagrange multiplier approach is used:

L=u[Q,C]C,)+tr{[AQ, + Q,A” + B,BI1X)
+tr{[AQ. +0.AT +77°Q.C[CQ. + B,B; JY}
where X and Y are the Lagrange multiplier matrices. The necessary conditions for a
minimum are given by [Rid91]. Conclusions from these conditions are:

(1) Nc¢ mixed solution exists for y <Y

(ii) The mixed solution comes from seven first order necessary conditions, which are
highly coupled and nonlinear.

(1ii) For Y<¥< v, neutrally stabilizing ARE solutions are required, and y* = 7.
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(iv) For Y 2 ¥, K, is the unique mixed solution.

This section presents the mixed H,/H,_ optimization problem with a singular H_
constraint, developed by [WR94a].

3.2.1 General Formulation

Here, mixed H,/H_, optimization will be extended to handle a (possibly non-strictly
proper) singular H_, constraint. Assume the plant P contains the H, and the H_, designs.
The individual H, and H_ designs can be represented as two independent systems

A,|B, B, A.|B, B,
P2 = z Dzw Dm Pc- = Ce Ded Deu (3-1)
Cy, Dyw Dyu Cy- Dyd Dyu

where

B =[ Bplm ‘B = BP"N
“ | By, sesign - By gesign

¢, = [Cpl-n Chyie] 3 C. = [Com  Cr i
The objective for the mixed case is to find a stabilizing compensator K(s) that achieves
... [T.. |, . subject to [T, <¥ (3-2)
where
T,=C(sI-A)'B,+D, ; T,=CJ(sI-A)'B,+D, (3-3)
are the closed loop transfer functions from w to z and d to e, respectively. The following

assumptions are made in the state space matrices:




@) Dn=0 ;()D,=0
(iii) (A,,Bu’)stabilizable and (C,’,Az) detectable
(iv) (A_,B, ) stabilizable and (C, ,A_) detectable

(v) DT,,D,, full rank ; D, DT full rank

_[A,-jol B,
m{ C D

] has full column rank for all ®

z -

_JA,-jol B,
(vii) C D

] has full row rank for all ®
Ys yw

Notice that D4 is not restricted to zero and no assumptions are made as to the ranks of
D,, and D,; this means that a singular H_ design can be allowed. For the mixed problem,

K(s) must be strictly proper in order to guarantee a finite two-norm for T,,. The state

space matrices for K(s) are:
xe=AX_ +B.u
(3-9)
u=Cx, ;D.,=0
and the closed-loop matrices are:
x2 = Ax, + B,w 3-5)
z =Cx
x-.=Ax_+Bd (3-6)
e =Cx_+D,d
where
A [ A, BuCc] A [ A, B, Cc] 37
= * ; = N (3-
BC, A, BC, A
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I P
““|BD,.|° "*7|BD, G8
c.=[Cc, D,C]: (., =[C, D.C] (3-9)
D,=D, (3-10)

Using the definitions from Section 3.1, the mixed H,/H_ problem is now to find a

controller K(s) such that:
i. A; and A_ are stable

ii. [T, syfor y2y

iii. i T, I, is minimized.
Now Theorem 3.1 can be restated as follows:
Theorem 3.2: Let (A, B, C) be given and assume there exists a solution
Q. =07 20 satisfying

AQ.+Q.AT+(Q.C] +BD)RQ.C; +BDy) +B,Bj =0 (311)

where R =(y2I — DD ) > 0. Then, the following are equivalent:

i) (A.,B,) is stabilizable

ii) A, is stable.
Moreover, if i) - ii) hold, the following are true:

i) [T <y

iv) the two norm of the transfer function T,,, is given by

| T.. | =tiC,0,cT1=tiQ,C]C,)
where @, =0, 2 0 is the solution to the Lyapunov equation
AQ, + QzA;r + B‘,B: =0
v) all real symmetric solutions to (3-11) are positive semidefinite
vi) there exists a unique minimal solution to (3-11) in the class of real symmetric
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solutions
vii) Q.. is the minimal solution to (3-11) iff

Re[x J(A.+B,DIR'C,+0.CIR'C)]<0
viil) [T, < iff (A + B,DLR'C, +Q_CTR'C,) is stable, where 0_ s the

minimal solution to (3-11)
Proof: See Theorem 3 [WR94a).
Us.ag Theorem 3.2, the mixed case can be restated as:

Find a strictly proper controller K(s) that minimizes the index

J(A,,B,,C.)=tr(Q,C/C,) (3-12)
where Q, is the real, symmetric, positive semidefinite solution to
AQ,+Q,A" +B_BT =0 (3-13)

and such that
AQ +0 Al +(QCT+B,DIR(Q.CT+B D) +BB =0 (3-14)

(with R>0) has a real symmetric positive semidefinite solution. The Lagrangian for this
problem becomes

L=#]Q,C]C,]+r{(A,Q, + Q,A] + B BIIX)
+Hr{AQ. +Q. A +(Q.C. +B,DL)R'(Q.C. +B,D,)" + B,B/1Y)
3-15)
where