Air Force Institute of Technology

AFIT Scholar

Theses and Dissertations Student Graduate Works

12-1993

Rendering of Three-Dimensional Data Sets Derived from Finite-
Difference and Spectral Methods

Paul A. Schubert

Follow this and additional works at: https://scholar.afit.edu/etd

6‘ Part of the Aerodynamics and Fluid Mechanics Commons

Recommended Citation

Schubert, Paul A., "Rendering of Three-Dimensional Data Sets Derived from Finite-Difference and Spectral
Methods" (1993). Theses and Dissertations. 6633.

https://scholar.afit.edu/etd/6633

This Thesis is brought to you for free and open access by the Student Graduate Works at AFIT Scholar. It has been
accepted for inclusion in Theses and Dissertations by an authorized administrator of AFIT Scholar. For more
information, please contact AFITENWL.Repository@us.af.mil.


https://scholar.afit.edu/
https://scholar.afit.edu/etd
https://scholar.afit.edu/graduate_works
https://scholar.afit.edu/etd?utm_source=scholar.afit.edu%2Fetd%2F6633&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/222?utm_source=scholar.afit.edu%2Fetd%2F6633&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholar.afit.edu/etd/6633?utm_source=scholar.afit.edu%2Fetd%2F6633&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:AFIT.ENWL.Repository@us.af.mil

- S, : FLt St Slpd CRREIEY o sl RS T

AFIT/GAE/ENY/93D-24

AD-A273 724

RENDERING OF THREE-DIMENSIONAL DATA SETS
DERIVED FROM
FINITE-DIFFERENCE AND SPECTRAL METHODS
THESIS
Paul A. Schubert, Major, USAF

AFIT/GAE/ENYA3D-24

93-30430
LT 1NN

Approved for public release; distribution unlimited




Best ,
Available

Copy




AFIT/GAE/ENY/93D-24

i RENDERING OF THREE-DIMENSIONAL DATA SETS
DERIVED FROM
FINITE-DIFFERENCE AND SPECTRAL METHODS

THESIS
Presented to the Faculty of the Graduate School of Engineering
of the Air Force Institute of Technology
Air University
In Partial Fulfillment of the
Require 1ents for the Degree of

Master of Science in Aeronautical Engineering

Paul A. Schubert
Major, USAF

December 1993

Approved for public release; distribution unlimited




AR i A A A S

EPreface

The focus of this work is timely visualization of threc-dimensional data sets derived
from computational fluid dynamics. The rendering algorithm uses an octree to efficiently
traverse the data set in rendering an isosurface and is applicable to finite-difference as well
as spectral method data sets. The other thrust of this research is investigating the
advantages (if any) of rendering a spectral method solution versus a finite-difference one.
As a result, majority of the results is centered about steady-state solutions to a model
diffusion-convection problem which involves a boundary layer. In addition, limited results
for a driven cavity type problem is provided.

I wish to express my love and gratitude to my wife, Rita, and to our children,
Alyxandria, Jaime, and Samantha, for their support during our time here - especially for the
past four months in which I thought this thesis effort would never end; my general thanks
to the school’s instructors and my advisor, Phil Beran, for a quality education; and special
thanks to Phil Amburn for introducing me to the computer graphics world - without which

I would not have enjoyed my stay as nearly as much.
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Abstract

The timely visualization of three-dimensional data sets and the advantages of using
a spectral method solution versus a finite-difference method solution in rendering
isosurfaces is described. The Beam-Warming numerical algorithm, which uses implicit-
approximate-factorization, is used to generate the steady-state solutions for a model
diffusion-convection problem. The Chebyshev collocation operator is used to evaluate the
right-hand side of the Beam-Warming algorithm for the spectral solution. Comparing the
model problem results with the exact solution, the spectral series solution is truncated to the
same degree of accuracy as the finite-difference for comparison of rendering times. The
rendering algorithm employs octrees to efficiently traverse the data set to fit the isosurfaces.
The actual fitting of polygons to the isosurface uses the marching cubes table look up
algorithm. With the spectral series solution, interval math is investigated for guaranteed
detection of isosurfaces during the initial octree traversal(s).




RENDERING OF THREE-DIMENSIONAL DATA SETS
DERIVED FROM
FINITE-DIFFERENCE AND SPECTRAL METHODS

L Introduction

The basic problem addressed in this thesis is the timely visualization of the results
of Computational Fluid Dynamics (CFD) analyses. Specifically, this research investigates
the rendering advantages offered by the use of spectral methods (SMs) over
finite-difference methods (FDMs) when solutions are rendered as isosurfaces.
Three-dimensional (3D) data sets are generated for a model convection-diffusion problem
using a traditional FDM and Chebyshev collocation SM. The Beam-Warming algorithm,
an implicit, approximate-factorization procedure, is used to gencrate the steady-state,
finite-difference solutions and is modified to generate the spectral solutions. The |
Chebyshev collocation operator is used to evaluate the right-hand side of the
Beam-Warming algorithm to provide the spectral solution at steady-state. Comparing the
model problem results with exact solution, the spectral-series solution is truncated to the
same degree of accuracy as the finite-difference for comparison of rendering times. The
rendering algorithm employs a linear octree to efficiently traverse the data set to fit the
isosurfaces. With the spectral-series solution, interval mathematics is investigated for
detecting isosurfaces during the initial octree traversal. Limited implementation of the
conventional Beam-Warming algorithm to a driven cavity is available. Rendering of the
FDM driven cavity over a uniform grid is provided. '
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1.1, Motivation

Current constraining factors in rendering 3D FDM data sets are the size of the data
set and the spacing of the grid nodes. For a 3D, a 100 x 100 x 100 grid (1 million nodes)
is not uncommon. Typically, the grid nodes are packed closer together in regions of large
flow gradients, e.g., the boundary layer, wakes, etc. Along with the transformation of the
physical domain to a uniform rectangular computational domain, this results in a
non-uniform distribution of nodes. Such grids pose a serious challenge to any type of
volume rendering of the data (Kerlick, 1990:2).

To be useful, volume visualization techniques must offer understandable data

representations, quick data manipulations, and reasonably fast rendering. Scientific

users should be able to change parameters and see the resultant image instantly.

Few present day systems are capable of this type of performance. (Elvins,

1992:194)

However, another class of CFD algorithm — SMs -- may be able to bypass these
rendering factors. SMs differ from FDMs, since they provide a closed-form,
truncated-series solution. Typical series bases are the Fourier series or the Chebyshev
polynomials. The main advantage offered by a SM for visualization is the ability to
evaluate the closed-form solution where needed in computing an isosurface. The series
solution can also be highly truncated when the accuracy level required for volume
visualization is much lower than for the computation of the solution. Another advantage of
SMs is the ability to use interval mathematics in evaluating the solution over a grid cell.
Interval methods are guaranteed not to miss parts of contours or isosurfaces down to a
specified size in the viewing region; point sampling of gridded data sets cannot guarantee
this (Suffern and Fackerell, 1991:331).

In addition to rendering advantages, SMs in general require fewer degrees of
freedom than FDMs (i.e. less nodes). SMs typically offer increased accuracy to many

orders of magnitude over a FDM for the same number of grid points. Although a FDM is




faster than a spectral method which uses the same number of points, this advantage is
negated when the FDM uses many more grid points to produce a comparably accurate
solution (Canuto, et al., 1987:27). The final advantage is the compactness of data sets for
comparably accurate solutions. In a SM series solution, any individual series term is on the
order of the term's coefficient. Then the SM data set can be filtered to drop those
coefficients less than some threshold, i.e. 0.001. For example, when the model problem
SM solutions are truncated to the same order of accuracy as the FDM solutions, the ratio of
file sizes (SM:FDM) is roughly 5:7000 or about 0.01 percent.

1.2. Background and Prior Work

Presented is the background and prior work on the numerical and rendering
algorithms used. Since the intent of this work was to render a 3D FDM versus a 3D SM
data set, the Beam-Warming numerical algorithm was chosen for its relative ease of
implementation in 3D and ease of modification to a Chebyshev collocation method. FDM's
basics, the Beam-Warming algorithm, and extending the algorithm to SMs are discussed.
The rendering of 3D data sets is done through either a direct volume rendering or a through
a surface fitting algorithm. A surface fitting method was chosen for the rendering method
since these methods are faster than direct volume rendering methods. To guarantee surface
detection during the initial traversal of the data set, interval mathematics is used.

Finite difference methods provide numerical solutions of problems in fluid
mechanics based upon direct approximation of the governing equation(s). For example,
the second-order-accurate, central-difference operators derived from a Taylor's series

expansion are as follows:
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%3:"—‘*‘-%“—“—‘L+0[Ax2]=5,u+01412], (LD
g;";g%p“:mom’ ]=8u+0[Ax?], (1.2)

where §,, 8., are the finite-difference operators. The 3 point stencil for Eq 1.2 is shown
in Figure 1.1. The range of influence is local and encompasses 1 1 additional nodes. As
will be seen, the SM's derivative operators have global influence and are applied over the

whole domain.
. 4 . 4 @ o
i-2 i-1 i i+1 /i+2
Figure 1.1. FDM Three Point Stencil in 1D

Warming and Beam (1978:85-129) introduced an implicit approximate factorization
algorithm for a system of conservation laws, such as the compressible Navier-Stokes
equations. The algorithm is expressed in the "delta form" (i.e. solves for increments of the
conserved variable) and can be either first- or second-order accurate in time. If used to
march to steady state, the accuracy of the solution is governed by the accuracy of the
derivative operators and boundary conditions applied to the right-hand side of the
algorithm. The algorithm uses the Euler and viscous flux Jacobians to linearize the
Navier-Stokes equations. The 3D flux Jacobians used were taken from Pulliam and Steger
(1980:162). By spatially factoring the finite-difference operator on the left-hand side and
by neglecting the higher order terms, the discretization of the left-side in 3D is broken
down into three 1D system of equations. By doing so, and since the 1D stencil
encompasses only 3 nodes, the algorithm produces a block tridiagonal structure which can
be easily inverted at each time step. For example, Eqs 1.3 - 1.7 show a generic algorithm
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for a 2D, inviscid flow which is factorized into two 1D systems (the nomenclature is
discussed further in Chapters 2 and 3).

[1 +8,A+5,Bla"U=%" 13)
[1 +6,a+8,8laU={[1 +5,A1 +85,8]-8,5,4B}a"V (1.4,
[t +8,A+5,B]a"U=[1 +5.A]1 +5,B]aU (1.5)
[1 +5,4]1 +6,B]a"v =%" (1.6)
&U=[1 +5,8] [t +5.4] ®" %))

Without approximate factorization, the term [T + 8,4 + 8,B] ' becomes computationally
intractable for large number of grid nodes and for the extension to 3D.

1.2.3, Spectral Methods

In contrast, SMs differ conceptually from FDMs. Spectral methods belong to the
class of weighted residuals methods. Instead of directly approximating the derivatives as is
done in FDMs, the solution is first assumed to be the form of a truncated series; ie., a 1D
steady-state solution is assumed tobe: u = ia,-ﬁ(x). Here ¢;(x)'s are known as the
approximating or "trail” functions and g;'s a':: the expansion coefficients. Then the
derivatives are approximated indirectly by the derivatives of the assumed solution. For
example, u, = IZV', ai%';- = ‘%’,b,-cp,-, where b, 's can be determined from some linear
combination of‘;(:'s and frgx‘: the orthogonal properties of the trail functions, ¢;(x)'s.
Then the expansion coefficients are determined by minimizing the weighted residual -- the
error in the differential equation produced by using the truncated approximation instead of
the exact solution. SMs are distinguished by the choice of trail functions and also by the
type of weighting method.

The choice of trail functions is one of the features which distinguishes SMs from
other weighted residual methods and FDMs (Canuto, et al., 1987:1). In SMs, the trail
functions are defined over the whole computational domain, are infinitely differentiable,




and are orthogonal to each other. The two most common trail functions are the
trigonometric and the Chebyshev polynomials. For evaluation of nonlinear and
non-constant coefficient terms with non-periodic boundary conditions, Gottlieb and Orszag
(1977: 117) recommend using Chebyshev polynomials. The properties of the Chebyshev
polynomial expansions are summarized in Appendix C.

In determining the expansion coefficients, different weighting methods can be used.
The 3 most common schemes are Galerkin, collocation, and tau. The collocation method is
the simplest to implement and is the method used in this effort. In this approach, the
expansion coefficients are determined by satisfying the differential equation exactly at the
so-called collocation grid nodes (Canuto, et al., 1987:1). The most effective choice for the
grid nodes are those corresponding to quadrature formulas of maximum precision; in this
effort, the Gauss-Lobatto grid nodes were used (Canuto, et al., 1987:13).

Reddy (1983) discusses the application of pseudo-spectral approximations to the
evaluation of terms in the Beam-Warming algorithm. Pseudo-spectral methods are often
interchanged with collocation methods. However, the pseudo-spectral evaluation of
nonlinear terms is subject to ailiasing errors (Canuto, et al., 1987:84-87). Reddy uses
Fourier pseudo-spectral evaluation of the right-hand side of the algorithm and also uses the
thin layer Navier-Stokes form of the equations. For the driven cavity problem solved here,
. the full compressible conservative form of the Navier-Stokes equations are used.

For other work related to approximate factorization schemes, Street, et al.,
(1985:53-55) uses a relaxation scheme in which the left-hand side terms are evaluated with
finite-difference operator and the right-hand side terms are evaluated with a spectral

perator. A variation of their scheme is used in this effort.
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1.2.4, Rendering of 3D Data Scts.

The majority of volume visualization algorithms are designed to render gridded 3D
data sets (i.e., scientific and medical). These volume visualization algorithms fall into two
categories: direct volume rendering and surface fitting algorithms (Elvins, 1992:196).

L1.2.5. Direct Volume Rendering Methods,

These methods are characterized by the mapping of elements directly into screen
space without using geometric primitives (e.g., triangles or quadrilaterals) as an
intermediate representation. Instead, each volume element (voxel) or cell contributes color
to the final image through a data classification table. For example, a table may map bone
density values to white/opaque, muscle density values to red/semi-transparent, and fat
density values to beige/mostly transparent colors. Some disadvantages as pointed out by
Elvins (1992:196-197) are:

e to get a reasonable image, care must be taken in setting up the classification
table -- slight changes in opacity values can often have a large, unexpected
impact on the final image;

e non-uniform grids are handled with difficulty.

Specific algorithms include ray casting (Foley, et al., 1990:701), Sabella method (Sabella,
1988; Foley, et al., 1990:1037) and splatting (Westover, 1990). Since direct volume
rendering algorithms are more computiionally intensive than surface fitting algorithms,
surface fitting algorithms are considered for this effort.

1.2.6. Surface Fitting Methods,

With surface fitting algorithms, the 3D data set is traversed once to extract a surface
of constant property value or an "isosurface." The isosurface is fitted with geometric
primitives (e.g., triangles) and then is rendered by conventional techniques. Surface
rendering is usually faster than direct volume rendering since the volume is traversed only
once to render the surface. Some disadvantages as pointed out by Elvins (1992:196) are:




» changing the isosurface value can be time consuming since the entire data set
has to be revisited for the new surface extraction;

¢ these algorithms suffer problems such as occasional false surface pieces and
incorrect handling of small features in the data set;

 lastly, only a thin surface is modeled as opposed to the entire data set in direct
volume rendering.

The class of surface fitting algorithms includes contour connecting, opaque cubes, and
marching cubes. In addition, an octree data-structure can be implemented to reduce the
surface extraction and re-extraction times (Wilhelms and Van Gelder, 1992:205).

Contour connecting was one of first methods invented for volume visualization
(Elvins, 1992:197). In this method, closed contours are traced in a series of slices and then
connected to form an isosurface (Keppel, 1975; Fuchs, et al., 1977). The two main
problems with connecting the slices are the "tiling problem" (how to best generate the mesh
between any two contours) and the "branching problem" (how to best tile between slices
which contain a different number of contours) (Meyers, et al., 1992:230). Also contours
that lie within another contour (i.e., a cross section of a torus) and contours from two
separate surfaces of the same value are handled with difficulty.

In contrast to contour connecting, the various forms of the cubes' algorithm take a
slightly different approach in fitting the surface. Instead of dissecting the data set into
individual slices and then fitting the geometric primitives to the slices, these algorithms will
fit the primitives directly to the data set cells. The oldest cubes' algorithm is the opaque
binary cube or cuberille introduced by Herman and Liu (1979). This algorithm proceeds in
two steps: first, the volume is traversed to find all the cells which straddle the isosurface
value; and second, the cubes are rendered to form a blocky appearance of the isosurface
(Elvins, 1992:198).

Lorensen and Cline dramatically improves this with the marching cubes algorithm.
Instead of rendering the whole cube, one to four triangles per cube are fitted to the surface



intersection with the cube's edges. The triangulation is done through a table look up
covering the 256 possible cases (Lorensen and Cline, 1987:164-5). These 256 cases can
be broken down into 14 distinct major cases through a series of rotations and reflections.
These 14 cases are shown in Figure 1.2. However, of these 14 major cases, 6 are
ambiguous. False triangles may be generated if special handling is not used (Wilhelms and
Van Gelder, 1990; Wyvill, et al., 1986; Nielson and Hamann, 1991).

Figure 1.2. Marching Cubes Triangulation Cases (Lorensen and Cline, 1987)

As a means to reduce the surface extraction time, Wilhelms and Van Gelder (1992)
introduce branch-on-need octrees to isolate the cells straddling the isosurface value. In a
2D planar case, a quadrant is divided into 4 squares as a start of a quadtree. In 3D, the
volume is initially divided into 8 cubes or octants. Then each octant can be further
subdivided up into 8 additional octants and so on. Through the use of linear octrees, then
any one octant can be mapped into a 3D array containing the surface values (Gargantini,
1981:367). In the algorithmn used by Wilhelms and Van Gelder, an octree is generated with
its nodes containing minimum and maximum data value found in the node's subtree. In the
surface extraction phase, the octree is traversed with a particular surface threshold. Only
those branches containing part of the isosurface are visited. If an octree node is
encountered with its maximum below or its minimum above the threshold, the node and its
children nodes are ignored since the octant does not straddle the isosurface. When a node




at the bottom of the tree (a leaf) is visited, polygons are generated from the cells making up
the leaf by using the marching cubes’ table look up (Wilhelms and Van Gelder, 1992:206).
Since isosurfaces often occupy only § - 15% of the total volume, this algorithm provides a
means of quickly sifting through the volume. They report surface extraction phase
speedups in the range of 1.6 to 11 and overall speedups of 2 - 3 over the regular marching
cubes.

An important time-saver noted by Wilhelms and Van Gelder, is the reuse of
computed intersection information. Each intersection point requires interpolating to
generate a vertex value and the surface normals in the x, y, and z directions. They save
this information in a "hash table." When retrieved for the last time, the information is
deleted to make room for new vertex information. The branch-on-need portion of their
algorithm efficiently allocates memory for viewing data sets which do not conform
precisely to a grid dimension of 2d x 2d x 24, where "d" is the dimension of the octree.
However, use of a spectral-series solution negates this requirement since the series can be
evaluated exactly at the octree's nodes.

Bloomenthal also used octrees and adaptive subdivision to organize vertex data in
Polygonization of implicit functions. However, his octrees were built around one
isosurface value known a priori.. He found the octree in this use a convenient mechanism
for adaptively storing the implicit surface information (Bloomenthal, 1988:354). Also
instead of using Lorensen's table-lookup method for polygonizing the cells, he used
Wyvill's (1986) method. The advantage Wilhelms and Van Gelder's algorithm has over
this is the ability to change the isosurface value and re-extract the resulting surface quicker.

1.2... Interval Mathematics

Suffern and Fackerell (1991:331-340) reports on using interval mathematics in
conjunction with octrees in rendering isosurfaces of implicit functions. In the above octree
algorithm, a surface is detected if any two nodes of a cell straddles the isosurface value.
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With an implicit function, the cell's range of values can be used to calculate the natural
interval extension of the implicit function. This natural interval extension amounts to the
union of possible variations of the function within that cell. The actual function's value is
then guaranteed not to lie outside the bounds for this cell. Thus, interval mathematics
provides a 100 percent confidence test for rejecting octants not containing the desired
isosurface. The main disadvantage of interval mathematics, besides requiring an implicit
functional description, is that it requires additional floating-point operations to determine
the natural extension. Also if adaptive sub-division is not used, then the usefulness of
interval mathematics is constrained by the final plot depth or the final resolution of the
octree algorithm (the surface fitting is based upon the cell's actual node values, not its
natural interval extension).

1.3. Summary of Results

In Chapter 2, the mathematical formulation of the model problem and the driven
cavity is described; Chapter 3 - the numerical algorithms; Chapter 4 - the rendering
algorithm; Chapter 5 - the numerical resuits; and Chapter 6 - the rendering results.

In Chapter 3, the implementation of the Beam-Warming is described for the model
problem using the conventional second-order-accurate finite difference operators and
spectral Chebyshev collocation operators on the right-hand side of the algorithm. This
implementation is for grid nodes located at the Gauss-Lobatto grid points.

In Chapter 4, the modification of the marching cubes algorithm with an octree is
described. The application of interval mathematics in conjunction with a Chebyshev series
solution and the design of the octree’s attempted hash table are provided.

In Chapter 5, a comparison of the finite-difference and spectral accuracy for the
model problem is provided. Partial implementation of algorithm to the driven cavity is
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available. This partial implementation is for finite-difference operators on a uniformly
space grid. Convergence histories of the algorithms are provided. The solutions of the
numerical algorithm are used by the rendering algorithm. The spectral data sets containing
the expansion coefficients for the Chebyshev truncated series are "filtered” prior to use by
the rendering algorithm. To filter the model problem spectral data sets, only those absolute
values which exceed a set threshold are retained. The resulting accuracy of the filter data
sets are on the order of 10 times the threshold used. For thresholds of 0.001 - 0.00001,
typically 80 - 250 expansion coefficients are retained.

In Chapter 6, rendering times for the spectral and finite-difference model problem
data sets are compared. The initial time to render the first isosurface is approximate twice
as fast for a spectral data set than for a finite-difference data set of comparable accuracy.
This difference in timing is solely a function of the relative size of the two data sets. Even
though a spectral data set of 86 coefficients renders twice as fast as finite-difference of 333
data values, a finite-difference data set of 653 data values renders slightly faster a spectral
data set of 256 coefficients. However, once the initial isosurface is rendered, the
regeneration of isosurfaces for the two methods are equivalent. In successive generation of
new isosurfaces, use ¢f octrees to minimize the surface re-extraction time proved to be
invaluable. The isosurface build time with octrees are found to be 2 -3 times faster than a
generic marching cubes algorithm.

In addition in Chapter 6, the interval mathematics results are provided. In
conjunction with a Chebyshev series solution and an octree traversal, interval mathematics
were found to have limited usefulness . The interval mathematics are used in calculating an
octant's initial minimum and maximum values. Except for the leaves located at the bottom
of the octree, a resulting octant range of values is found to be too large for a series solution.
As a result, the entire octree is essentially traversed to render an isosurface - at which point,
the generic marching cubes algorithm is more effective.
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Also in Chapter 6, use of a hash table in conjunction with the octree is provided.
The hash table is used to store the interpolated isosurface's vertex and surface normals
values for neighboring octant’s use. Using the design discussed in Chapter 4, the hash
table slowed the octree traversal by a factor of 2 - 3, thus negating the octree's speed

advantage.

Lastly in Chapter 6, the quality of the model problem results versus the exact
solution and some driven cavity isosurfaces are provided. The model problem isosurfaces
degrade significantly when the isosurface value (isovalue) is within 1 error norm of the data
set’s maximum and minimum value. The maximum error norm of a data set is calculated
by comparison with the exact solution. Driven cavity isosurfaces are provided for the
pressure field and the velocity magnitude field within the cavity

Extrapolating the model problem results to the rendering of a spectral fluid flow
solution is not straight forward. The model problem frequency content inherently is
limited. The number of coefficients required for a fluid flow field will undoubtedly be
much larger. In this case, the FDM will have lower setup costs. The one advantage,
which has not been fully exploited, is the ability to evaluate the SM solution at any arbitrary
location in the domain. If the FDM solution is defined over a curvilinear domain ( in which
the node spacing is a function of two or more coordinate axes), then the rendering of the
FDM solutions would require interpolation to avoid "cracks” in the isosurfaces. Then the
rendering of FDM cases will significantly increase, while the time required for SM cases
would remain relatively constant. This area warrants further investigation.

1-13




1L Mathematical Formulation

Two types of problems are examined in attempting to obtain spectral and finite-difference
data sets. The first, a model problem, has an exact solution which allows comparison of
the SM and FDM absolute accuracy. The second, the driven cavity, was chosen as a
generic fluid flow and for it's relative ease of implementation over the domain Q =[-1 I} .
The governing equations and assumptions used for the model problem and the driven
cavity are presented herein. Figure 2.1 shows the orientation of the domain and the
cavity's lid boundary condition.

u=U% y
—_—)
} x
Z

Figure 2.1. Model Problem and Driven Cavity Orientation

2.1. Maodel Problem

To mimic the form of the Navier-Stokes equations, the following
convection-diffusion equation was solved numerically for the model problem:
f(fx+fy+f)=delfa+fyy+ fz)+8(%.2) Q@0

where Re = 100. Using Dirichlet boundary conditions, g(x, y, z) and boundary data are
chosen so that the exact solution is

2-1




f(x.y,2)=tanh(A(1- x* ))sin(§(1+ y* ))sin(§(1 + 2*)) 2.2)
The hyperbolic tangent function was chosen in order to mimic a boundary-layer in the
x direction. The boundary-layer thickness is then controlled by A, as listed in Table 2.1

and as shown in Figure 2.2.
Table 2.1. Boundary-Layer Thickness for Model Problem
A Boundary-Layer Thickness
2 0.75
5 0.31
8 0.18
10 0.14
;:: o.s -
L oe Increasing A
< o A={2,5,8,10]
o,
0.2
&
% o.8 ° o.8 ]
x

Figure 2.2. Hyperbolic Tangent for Model Problem

2.2. Driven Cavity

For the driven cavity problem, the assumptions, the governing equations, and the
boundary conditions used in deriving the steady-state solution are provided. The
steady-state solution is determined by time-integrating the 3D, unsteady, Navier-Stokes
equations. The fluid medium is assumed to be compressible, thereby allowing the
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time-integration to be carried out with the efficient Beam-Warming algorithm. The
conservative form of the equations is chosen to allow for implicit treatinent of the pressure
term. The driven cavity is defined over the domain £2, as discussed above and is modeled

subject to the following assumptions:

» thermally and calorically perfect gas with the specific gas constant, y = 1. 4

e pewtonian fluid

* constant specific heats, ¢, and ¢,

* the lid moves with a constant velocity, U

e laminar flow with Reynolds number, Re = 100

e constant wall temperature, T,,.; = 500K

* subsonic flow with reference Mach number, M,,, = 0.3

e constant Prandtl number, Pr=0.71

* no-slip boundary condition at wall

e normal derivative of pressure at the wall, g%=0,where 1 is the normal

direction to the wall

The reference Mach number and Reynolds number were chosen in order to improve the
convergence rate of the Beam-Warming algorithm. The constant specific heats, gas

constant, and Prandtl number are standard assumptions for the wall temperature given.
2.2.1. Navier-Stokes Equations in Conservative Fonm,
The governing equations are expressed in vector form as (Pulliam and Steger,
1980:159-160)

U, 3, I, G _3E F, &,

ot ox dy d ox dy Iz
where the state vector of conserved variables, U, and the Euler fluxes, E, F, G, are
defined as

(2.3)
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The viscous fluxes, E,, F,, G,, are defined as

[ pu ] [ v ]
pul +p puv
pw | F=|pi+p
puw pvw
(E; +plu (E; +plv
0] (0]
E' = 1’,' F' = Tyy
= Ty
| B: | | By |

2.4)

(2.5a,b,¢)

(2.6a,b,c)

Here, p is the density; u, v, w are the Cartesian velocity components; p is the pressure; T
is the temperature; E, is the total energy; e is the internal energy; k is the thermal
conductivity coefficient; 7, are the shear stress components; and f3; are the energy
components related to the shear stresses and internal energy. The following relationships,

derived from the previously mentioned assumptions, relate the above variables

appropriately:

T = -§u(u, +vy+w, )+ Zyﬁ-, Ty =T =u(§f—+%‘:—),

ul
p=(y-Dle T=£=Cx,

E =pe+4p(u? +v? +w?),

i =L vur, +vr, 4w,
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In Eq 2.3, the derivative of viscous fluxes are used (%’-,%’—,%)wm results in
cross-derivative terms. In the algorithm, the cross-derivatives terms are handled explicitly
and are grouped together. In non-dimensional form, these are as follows:

p 0 -y o 0 hy
asu, 03("’ + Wz)
- apvy = Oty (2.11a,b)
E, =u apw, E,, =u ap, !
{a T, +ayuu, {asu(v, +w,)
+a;(we +ww;))| | +a (v, +wi)) |
- 0 1 N 0 -
a iy ajVx
= a2Vy = as(uy +w;) 212
F, v, =H ajw, F“n u ap, L (2.12a,b)
{a,T, +azw, {asv(u, +w,)
I +a,(uuy +WW’)}_ L +a)(wx+wvz)}_
- 0 - - o 9
au, a)Wx
ap; - ay 2.13a,b
G, =u aw, G,,=u as(u, +v,) r (213ab)
{a T, +aww, {asw(u, +v,)
+a;(uu, +w,)}] | +a(uwy+vw, )]

where
o=k 6=3% 9=- a4=(7__mfw;-
2.2.2. Boundary Conditions
On the stationary walls, the boundary conditions require all the velocity components
to vanish. Density is related to total energy through Eq 2.8. The final boundary conditions

is derived from the assumption of the normal derivative of pressure at the wall to be zero.
In non-dimensional form these are as follows:
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pu=pv=pw=(,
pe=E, = p=BiE,

§=0 = %‘,‘=0.

where f; = Mo (7 - 1)

For the moving lid, Eqs 2.14a, d, € are modified to reflect u =1:

pu=p,
pv=pw=0,
E‘=p(e+4'u2) = P‘szp

30 = -%-43

v ={ 4 £] <[4+ -
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(2.15b,¢)
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1II. Numerical Algorithm

This chapter provides an overview of the conventional Beam-Warming algorithm,
including an analysis of a variant of this algorithm. The variation incorporates the explicit
Chebyshev collocation method. The Chebyshev collocation procedure provides a solution
of spectral accuracy at steady-state. The algorithm i