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Abstract

This research has been directed toward capturing large cross sectional rotation during
bending of composite arches. A potential energy based nonlinear finite element model that
incorporates transverse shear strain was modified to include large bending rotations.

Large rotation kinematics were derived in a vector format leading to nonlinear strain that
was decomposed into convenient forms for inclusion in the potential energy function.
Problem discretization resulted in a finite element model capable of large deformations.
Riks method and displacement control solution techniques were used. Numerous
problems and examples were compared and analyzed. Code vectorization and
parallelization were briefly examined to improve computational efficiency.




NONLINEAR LARGE DEFORMATION THEORY

OF COMPOSITE ARCHES USING

TRUNCATED ROTATIONS

L. Introduction

1.1 Background

Today's aerospace industry has advanced to the point of using optimum design
techniques in virtually all engineering applications. In structural elements, orthotropic
fiber composite materials have emerged as lighter, stronger and many times, a more easily
manufactured solution to a material application problem. Composites have the distinct
advantage of being designed and built to many different specifications by varying
materials, amount of fiber/matrix, and ply orientation. As with other high performance
applications, the fiber composite analysis techniques are more complicated than their
simpler isotropic counterparts.

The US Air Force uses thin composite shell structures in many existing systems and is
likely to use them extensively in the future. Shells are defined as curved structures with
one dimension being small compared to the others (thin). If another dimension is
relatively small (width), then the geometry may be referred to as an arch. This research
has been directed towards capturing large bending behavior of transversely loaded flat
beams and curved arches with rectangular cross sections. Unlike other one dimensional
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techniques that usually arise through beam theory, this thesis is derived from a more
complicated two dimensional shell theory.

One problem of interest involves arches that experience large deformations, but small
strains. This problem class is considered geometrically nonlinear, but allows the material
properties to be modeled in a linear elastic manner. Structural stiffness changes come
about from changes in the geometry during deformation and not from changes in the
material properties due to plasticity, creep etc. Much work has been done to predict the
behavior of anisotropic plates and shells. Palazotto and Dennis [27] have developed a
geometrically nonlinear shell theory and accompanying FORTRAN code to trace the
equilibrium path of orthotropic cylindrical shells. They include the following in their
theory:

1. geometric nonlinearity with large displacement and moderate rotations,

2. linear elastic behavior of laminated anisotropic materials,

3. cylindrical shells and flat plates,

4. parabolic distribution of transverse shear stress,

5. and a finite element approach.

Creaghan [8] narrowed the class of problems considered by Palazotto and Dennis from
two dimensional plates and shells to one dimensional beams and arches. He retained all of
the features developed by Palazotto and Dennis, but reduced the theory by one dimension.
Creaghan's research resulted in a relatively simple FORTRAN code that is easily modified
with further theory enhancements. Creaghan demonstrated good problem solutions (as
compared to other analytical solutions and test data) to 23 degrees of bending rotation.
Beyond that point, significant solution divergence occurred for numerous beam and arch
problems. The current research is directed to improving upon this rotation limit by
incorporating a large bending rotation theory. Initially, Creaghan'’s code is retained as a
framework. His simple approach and one dimensionality make it an excellent baseline to




build to. Before examining the current theory derivation, the author will briefly review the
history of shell theory and examine what others have published in terms of beam and arch

nonlinearity. The literature review will be concluded by discussing other large rotation
theories and finaily reviewing work that has been documented on advanced computing

concepts for nonlinear finite element problems.

1.2 Literature Review

One of the earliest two dimensional theory designed to describe the three dimensional
problem of thin flat plates was developed by Kirchhoff [30]. Kirchhoff assumed:

1. The middle plane remained unstrained (inextensible).

2. Through-the-thickness normal stress and strain are small compared to others and
are neglected.

3. Cross section normals to the mid-plane remain normal throughout bending. There
is no warping of the cross section. This assumption essentially neglects all transverse
shear effects.

Kirchhoff's theory was extended to thin curved structures by Love [30]. The emerging
theory, referred to as Kirchhoff-Love shell theory, also neglected transverse stress shear
stress and strain. Koiter [19] showed that refinements of the Love theory are of little use
unless transverse shear deformation effects are included.

Reissner [291 and Mindlin [21] added transverse shear to the Kirchhoff-Love
development. The Reissner-Mindlin (RM) theory includes transverse shear that is
constant through-the-thickness. This results in a cross section that can rotate, but not
warp. RM theory does not satisfy the stress free boundary condition at the top and
bottom surfaces of the shell. Consequently, when RM theory is used in a finite element
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model, cenain problems can experience shear locking. Shear locking occurs when the
transverse shear causes the structure to act much stiffer than is physically correct. Shear
correction factors are usually used to avoid locking when using a theory that incorporates
shear but doesn't satisfy stress free boundary conditions. Elements that have nodes on the
top and bottom surfaces with incorrect shear representation are likely to lock when the
structure gets thin unless correction factors are applied.

Reddy [28] and others have developed theories with displacement functions that are
cubic in the thickness coordinate. This results in a parabolic transverse shear distribution.
With the proper choice of constants, these theories satisfy the stress free boundary
conditions at the surfaces, thereby eliminating shear locking concems. This parabolic
shear distribution was used by Palazotto and Dennis [27] and Creaghan [8] and
consequently is used here.

Beam and arch theories have been developed in a manner similar to shells and plates.
Due to their one dimensional nature, most of these theories tend to be derived from beam
theory and are consequently easier to implement than most 2-D theories. Although not all
the theories reviewed are strictly 1-D, they are analyzed to determine their applicability to
the beam and arch problems of interest. All of the mentioned authors analyze at least one
beam or arch problem with the theory discussed. As with plates and shells, beams and
arches have been analyzed using Kirchhoff-Love and Reissner-Mindlin approaches. Many
theories include higher order shear representations. As we briefly review some other
theories, the complexity of a certain method can be roughly evaluated by answering the
following questions:

1. Is the formulation updated or total Lagrangian? Some updated Lagrangian
theories lose accuracy as the geometry becomes very nonlinear. Total Lagrangian
formulations always reference the original coordinate system while updated Lagrangian

formulations reference a coordinate system that changes with deformation.
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2, Are small angle approximations used? Few theories use exact kinematic
relationships for highly nonlinear problems. When they do, other major simplifications are
usually made so that the equations can be solved.

3. Is the mid-plane allowed to extend? If it is, what is the order of the mid-plane
strain?

4. Does the theory allow for transverse shear deformation? If it does, what order is
the representation and is locking a concern?

5. Are anisotropic materials allowed?

Huddleston [17] presents closed form solutions to various isotropic arches. His theory
allows stretching of the mid-plane (to varying degrees), but does not include higher order
strain terms. Strain is calculated from axial forces and moments through constitutive
relations rather than strain displacement equations. Huddleston uses a total Lagrangian
formulation with no small angle approximations. This theory is unique because
Huddleston does not use finite elements to approximate solutions, rather, he solves the
nonlinear partial differential equations simultaneously.

Mondkar and Powell {23] have developed a theory to predict the nonlinear dynamic
and static response of general structures. Their method is quite advanced because they
form the equations of motion in a total Lagrangian system and solve the equations by a
numerical integration scheme while retaining many nonlincar terms. They utilize the
principle of virtual displacement and apply a variational approach to the equations of
motion to get an incremental form. After linearization and integration, the problem is
discretized and placed into a classical finite element formulation. They do allow for mid-
plane extensibility and transverse shear, but do not allow for anisotropic materials.

Hsiao and Hou [15] developed an updated Lagrangian formulation but are constrained
by Euler-Bernolli beam assumptions. They don't include transverse shear, and assume

constant membrane strain along the length. They are also constrained to small axial strain
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(sum of membrane and bending strains). Hsiao and Hou use a corotational formulation to
separate rigid body motion and deformations. This is a popular technique common to
many updated Lagrangian systems. Their goal is to examine large rotations, but their
beam assumptions make this a somewhat lower order theory (in strain).

Noguchi and Hisada [24] develop a nonlinear finite element model as an alternative to
solving a linear eigenvalue problem to evaluate post collapse behavior of shell structures.
They develop kinematic relationships through a vector oriented total Lagrangian
approach. While the current effort isn't focused on buckling analysis, Noguchi and Hisada
provide an excellent example of how large rotation kinematics can be derived for thin
sections.

Karamanlidis, Honecker and Knothe [18] present a large deflection theory and finite
element analysis for pre- and post-critical response of thin elastic frames. The thin section
assumption allows them to neglect all transverse shear effects. They use an updated
Lagrangian formulation with an attached reference frame that moves with deforming
elements. Correction factors are applied to an energy function to account for theory
limitations that would not ensure equilibrium. Using small increments, they are able to
obtain solutions for very nonlinear configurations, but are limited to relatively thin
structures.

Chandrashekhara's [6] general approach to nonlinear bending of composite beams,
plates and shells incorporates both geometric and material nonlinearity. Sanders shell
theory provides the basis for his finite element evaluation. First order transverse shear is
included, but Sanders elements are generally limited to lower order strain displacement
relations. Shear correction factors are used to avoid locking. Chandrashekhara considers
geometric nonlinearity to the extent allowed by Von-Karman strain displacement

equations. As a result, many higher order strain terms are neglected.
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Sabir and Lock [31] examined geometric nonlinearity of circular arches made of
isotropic material. They use a total Lagrangian formulation that neglects transverse shear
strain. In-plans normal strain that is linear in the thickness coordinate is included with an
extendible mid-plane, although many higher order mid-plane terms are neglected. They
capture the multiple snapping phenomena common to transversely loaded thin arches.

DaDeppo and Schmidt [10], [11], [32] have conducted extensive research in the area
of transversely loaded isotropic circular arches. In some problems they include mid-plane
extensibility and transverse shear, while in others they do not. When included, transverse
shear is constant through-the-thickness (no cross sectional warping), so shear correction
factors are required to avoid locking in thin elements. Their theory is unique because they
use an exact (no trigonometric approximations) total Lagrangian formulation with finite
differencing to obtain equilibrium equations.

Epstein and Murray [12] neglect transverse shear strain, but retain up to quadratic
order (in the thickness coordinate) of in-plane strain terms. They allow mid-plane
extension and retain more higher order terms than most other theories. Epstein and
Murray use a total Lagrangian formulation, but similar to DaDeppo and Schmidt, they use
exact kinematic relationships. Their theory is simplified by considering only isotropic flat
beams and keeping normals to the beam axis undistorted.

Belytschko and Glaum [4] use an updated Lagrangian in a corotational formulation.
Coordinates are attached to elements during deformation allowing rigid body motion and
deformation to be separated. Small angle approximations are used to relate the corotated
axes. As the coordinate system for each element is updated at each increment, there is a
limit on the size of the increment used. They utilize Euler-Bernolli beam assumptions and
neglect many of the higher order in-plane strain terms.

Brockman [5] reported on a three dimensional finite element code developed for the
US Air Force. The program is capable of evaluating geometric as well as material




nonlinearity in general 3-D engineering structures. Brockman uses an updated Lagrangian
reference frame to describe motion. He develops a 3-D solid element which is unique in
that all transverse quantities are included. This advanced element does not include
rotational degrees of freedom, but retains all the coupling between extensional and
bending strains with complete mid-plane nonlinearity included. This theory is very
complete and capable of very large displacements, but can be computationally intensive.

Antman [3] presents an advanced updated Lagrangian approach to nonlinear shell
problems. He has geometrically exact kinematic relations, as no trigonometric
approximations are ever made. This removes many of the traditional rotation limits that
can exist from using trigonometric approximations. Antman includes mid-surface
extension, transverse shear, bending rotation and transverse normal strain. Nonlinear
partial differential equations are solved for several classes of problems. No finite element
formulation is presented and solution techniques tend to be problem specific, making this
theory difficult to extend to general structures.

Recently, Minguet and Dugundji [22] have developed a geometrically nonlinear model
in an updated Lagrangian formulation that they validated with composite beam test data.
They include constant transverse shear strain, mid-plane extensibility, and axial/shear
coupling. Average rigid body motion is tracked by an attached reference frame via Euler
angles. Minguet and Dugundji have conducted numerous tests on cantilevered coniposite
beams in an effort to evaluate bending of composite helicopter blades. Their data provides
an excellent opportunity to validate any nonlinear composite beam theory.

Creaghan [8] lias Jecveloped a nonlinear composite arch model based on the shell
theory of Palazotto and Dennis [27]. Creaghan includes mid-plane extensibility, parabolic
transverse shear, and all nonlinear in-plane strain terms. His finite element model provides

the initial background for the current effort.




In the specific area of large rotation, total Lagrangian theories seem to be using
techniques traditionally used in updated Lagrangian systems. Nygard and Bergan [26)
utilize a "ghost" reference system in a total Lagrangian formulation to more accurately
capture large rotation effects. A corotational ghost reference system is used to capture
rigid body motion between a deformed and the original coordinate systems. Strain is
calculated in this rotated ghost frame, then transformed back to the original coordinate
system (i.c., the total Lagrangian classification). This theory is accurate as long as rigid
body motion alone separates the ghost and original coordinate systems. Nygard and
Bergan do not use angle approximations, but introduce the complexity of multiple
coordinate systems and additional strain transformations.

Problems are frequently classified by the size of the bending rotations. Nolte,
Makowski and Stumpf [25] provide a classification theory to help determine when small,
moderate, large and finite rotation theories should be used. According to [25], large
rotation theory would be used when bending angles reached 15 degrees, and rotations
near 50 degrees required a finite rotation theory with no approximations. Smith [33]
applied their classifications to a typical cylindrical shell and showed that cross section
rotations on the order of 5 degrees required the use of a moderate rotation theory.
Furthermore, Smith showed that numerous authors used small or moderate rotation theory
with seemingly good results when the Nolte criteria would require at least a large rotation
theory. Few theories [3], [12] utilize finite rotations, but they usually require other
limiting assumptions to formulate a tractable problem. Using a moderate rotation theory,
Creaghan [8] showed accurate solutions up to 23 degrees of bending rotation. The goal
of the current research is to obtain accurate solutions for bending rotations in excess of 45
- degrees. In this area, more accurate rotation kinematics are necessary.

As can be seen from the discussion of the previous theories, nonlinear finite element

models can become complicated. Simplifying assumptions help reduce complexity, but




nearly all modemn efforts involve extensive calculations. With additional complexity
usually comes additional computational requirements. With the advent of modemn
computers, theory complexity has increased as computing power has increased. Large
systems coupled with complex programs can tax even the most modern serial machines.
In order to examine possible benefits from recent vectorization and parallelization
technologies, these subjects will be related to the current effort in the remainder of this
chapter.

Recently, great progress has been made in applying parallel processing and
vectorization to complex engineering problems. Adeli et al . [1] address high performance
computing of structural mechanics problems. They examine vectorization techniques,
programming language considerations, parallel numerical algorithms and performance
parameters appropriate for evaluating improvements. Adeli et al. apply their concepts to
numerous structural disciplines, such as linear and nonlinear structural analysis, transient
analysis, dynamics of multi body flexible systems and structural optimization.

VanLuchene, Lee and Meyers [36] have evaluated the performance of large scale
finite element solutions on vector processors. They define different levels of vectorization
as they apply to different structural applications such as performance measurement,
element calculations, system solution techniques and other related nonlinear topics.
VanLuchene et al. boast a ten fold reduction in CPU time with proper vectorization
techniques on typical nonlinear models.

Farhat, Wilson, and Powell [13] examine finite element codes on concurrent processing
computers. They provide a parallel processing architecture specifically designed for finite
element applications. Farhat et al. evaluate the entire finite element problem on parallel
processors including domain subdivision, data structure and concurrent parallel solution
algorithms. The current research will try to take advantage of some of these

computational advances.
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II. Theory

2.1 Kinematics

In order to examine the physical nature of the kinematic relationships, we will derive
displacement equations in a vector format. While others present analytical functions that
provide accurate results, they many times don't have physical meaning. The vector
derivation provides the reader a better physical interpretation of the meaning of
displacement terms and large rotation implications. We begin by deriving the
displacement equations of a beam undergoing bending. Figure 2-1 shows a cross-section
of a flat beam undergoing pure bending. Points j and k are on the outer surface with i
being at the mid-plane. The V coordinate system starts out parallel to the original system,
but moves with the normal of the cross-section during deformation. Figure 2-1 shows the
total Lagrangian coordinate system used with the € coordinates as the original
undeformed coordinate system (referred to as the global system). All displacements are
measured relative to the global coordinate system. V,; is a vector directed along the
cross-sectional thickness during bending with a magnitude equal to the thickness (h). The
other two V components form a right handed system with o being rotation angle about
V,;. Since we are only currently considering bending (no warping from shear yet), V,, and
V,; remain perpendicular throughout the deformation. Natural coordinates are utilized
with § being aligned with the € , direction and having value +1 at the top surface and -1 at
the bottom surface (as defined by positive coordinate direction).
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Figure 2-1 Flat Beam Bending Rotation
V,; can be expressed in global coordinates (¢, frame) as:
V=~ y, ) (z,- z, )¢, 2-1)
The direction cosines for V,; are:
my; =l Yi= M ©2-2)
n | hiz;—2
So that Eqn (2-1) can be written as:
Vi =h(m3é, +n;8;) (2-3)

Where the "n" refers to any deformed state. For any point P which lies along the cross-
section, its position is a function of its location away from the beam center line and the

location of point i on the mid-plane:

SEARE

Now, for a total Lagrangian formulation, the displacement of any arbitrary point P can be
expressed as:

i(z)= [Z] - [z] + %[v;; - vi] (2-5)




Where the "0" is the original undeformed stase. We next assume that vertical
displacement (w) does not vary but is constant through-the-thickness. The resulting
motion of point P due to bending rotation is shown in figure 2-2.

Figure 2-2 Bending l\;otion
The displacement assumptions shown in figure 2-2 would imply a lengthening of the
beam normal. Any through-the-thickness normal strain from this is neglected. The
deformation is taken as purely horizontal displacement to keep w constant through-the-
thickness. The strain that develops does become significant at extremely large rotations
(transverse normal strain becomes infinite as o approaches 90 degrees). Eqn(2-3)
becomes:

n h m3i .
Vy = [ ] where m,, =—sin(a;) and n,, = cos(a;)

~ cos(a;) | ny, 2-6)

Eqn(2-6) is substituted into Eqn(2-5) with 0,=0 (the original system is aligned with itself):

a=q+£

Namim] [m]
2 | cos(a;) | ny ny;
so that 2-7)

n 1 -tan(a,-) ° °
V"=[o ) ]v,i=[k]v3i




where i, is the motion of point P due to motion of mid-plane pointi. [R] is a bending
rotation tensor. This derivation follows closely that of Noguchi and Hisada [24] who did
a post buckling sensitivity analysis of shell structures. They use an updated Lagrangian
with a truncated Taylor series expansion of the rotation tensor. A similar series expansion
for the tangent in Eqn(2-7) will be shown later. Now, the general displacement equation
can be expressed in natural coordinates as:

=4 +§[[R]—[1]]V,‘; (2-8)

where [/] is the 2X2 identity matrix.

The extension to curved beams, must account for the additional motion caused due
to curvature. The %; term in Eqn (2-8) physically represents the displacement of an
arbitrary point caused by motion of the mid-plane (non bending type of motion). The ‘
coordinates for the curved beam are shown in figure 2-3. The coordinates are an
orthogonal curvilinear set with the 2 direction remaining along the arch mid-plane and the
3 direction pointing toward the center of curvature.

In a flat beam with Cartesian coordinates, the motion of the mid-plane gives a one to
one correlation at point P, but in a curvilinear system, metric tensor coefficients must be
applied [30], [27]. No longer can #; be represented directly by displacement of the mid-
plane (v,w) only because there is a thickness dependence. This is shown physically and
rather simply in figure 2-4.
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Figure 2-3 Global Coordinates of an Arch




Figure 2-4 Mid-plane Displacement Effects

From simple geometric relations, it can be shown that the motion of point P due to motion

of the mid-plane can be expressed as:

w

1_.
i = [V( 2/ ')] where v and w are motion of the midplane pointi  (2-9)

The same result comes from proper application of the shell scale factors as shown in
Saada [30] or Palazotto and Dennis [27].

We adopt the standard that a positive bending angle () is one that makes a point in
the positive z direction move in a positive s direction. We defined a by using the right
hand rule in a positive coordinate direction about the 1 axis which means y =- a.. Fora
graphical representation of the bending angle (y) and slope (w,,) relationships, see figure
2-5.
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Figure 2-5 Pure Bending Convention

After Eqn(2-8) and Eqn(2-9) are expressed in global coordinates, the displacement

components become:

ty =¥(1= =) +ztan(y) 210
Uy=w
Eqns(2-10) give the displacement relationships for bending movement only. It does not
yet include any through-the-thickness shear deformation. Classical shell theory uses small
angle approximations in the kinematics for the tan(y). Obviously, this theory is limited by
extremely large bending rotations because in-plane displacements become infinite as y
approaches 90 degrees. We would like to include higher orders of the z coordinate
direction to capture displacement effects due to through-the-thickness shear strain. If we
start with a common shell displacement relationship as found in Palazotto and Dennis [27],

but include the tangent function in the z component instead of the small angle

approximation v, then the displacements become:
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u=u=0

Uy(s,2) = v(l— §)+ ztan(y) + 2%+ v+ z'0 (2-11)

U(S)=w

The determination of ¢, y and 0 follows Palazotto and Dennis [27] with a few

differences. The coefficients ¢, 'y and 0 are determined by the boundary conditions of
zero shear strain on the upper and lower surfaces. Strain will be discussed in section 2.3,
but linear shear strain is used here to solve for the unknown constants in Eqn(2-11).
Shear strain is found from applying linear Green strain and appropriate scale factors

(details in section 2.3) and is evaluated at z=+h/2 resulting in:

=0 0= l—
2r
) —4 (2-12)
[1" —8';3']‘Y= W(“‘“(‘I’)"’ W)=Y

Assuming that the beam is thin, i.e. h/r< 1/5, the h%/(8r2) term can be neglected. yisa
coefficient representing the displacement due to transverse shear strain when multiplied by
z3. To maintain consistency with linear shear strain, the small angle approximation
(tan(y) =) is used for transverse shear resulting in:
-4
3h*
Typical arches considered have a large radius of curvature, making 6 much smaller than ¥,

(W+w,)=vy (2-13)

so it is neglected. Now the in-plane displacements (u,) of Eqn 2-11 becomes:

u(s,2)= v(l— —:—)+ ztan(y) +z3k(\y+ w,,) (2-19)

where k=-4/(3h%). We next define the shear angle as . Figure 2-6 shows graphically the
relationship between shear angle P and slope of the elastic curve w,,. The P sign
convention is the same as that for v, that is, a positive shear causes points on a positive z

perpendicular to move in the positive s direction.
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Figure 2-6 Pure Shear Convention

Mathematically, the three quantities w,,, y, and P can be related by:

wo+ y=-§ (2-15)

Figure 2-7 shows the sign convention of these three quantities together. The quantities B
and  are treated as rotational angles about a point, while w,, is the slope of a tangent to
the elastic curve at the same point. In both cases in figure 2-7, w,, is positive while § and
y adhere to the sign conventions already described. Once w,, and v are found from a
finite element solution, the shear angle is calculated using Eqn(2-15).
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Figure 2-7 Slope, Shear and Bending Relationships

The tangent function in Eqn(2-14) is now approximated using a series expansion for
bending. A series approximation is used to preserve the existing model degrees of
freedom. The tangent of an angle can be expressed as [20]:

o . 2 22¢ _1 .
tan(y) = g- ¥ ‘%Bﬁw" ! (2-16)

where the B, 's are Bemoulli numbers(B,=-1/2, B,=1/6, B,=0, B,=-1/30, Bs=0, B=1/42 ...)
and v is expressed in radians. We are interested in bending rotations of approximately 50

degrees. At that angle, a two term truncation of Eqn(2-16) provides an approximation of

tan(50°) that is 92% accurate and is used here such that:
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an(y) =y + ¥ @17)

Eqn(2-17) is substituted into Eqn(2- 14) for u, with the other displacements unchanged
leaving:

u,(s,2)= ‘{1— §)+ (y+ %v’) +z’k(\|1+ w,)

h(s)=w (2-18)
w=0

Where v and w are displacement of the mid-plane in the 2 and 3 global directions
respectively, z is the coordinate distance away from the mid-plane, y is the angle due to
cross-sectional bending rotation, and w,, is the slope of the mid-plane tangent. Eqns(2-18)
are the final displacement relationships used for finding ¢ strain.

2.2 Constitutive Relations

Before beginning the stress strain relations used in the current work, it is necessary to
define the contracted notation used for stress and strain components. Table 2.1 shows the

explicit and contracted notation for both tensors.

Stress Strain
Contracted Explicit | Contracted Explicit
O, O € €
) Y7 & €2
O3 Cs3 €& €33
Oy Gy &, 2g,
Os O3 €s P2
e \Y?) € 2gy,

Table 2-1 Contraction Definitions

2-11




A composite lamina with embedded fibers has a local coordinate system with the 1
axis aligned with the fiber and the other two directions (2', 3') composing the transverse
directions. The relationship between the material and global coordinate system is shown
in figure 2-8. One should notice that the 3 direction points into the page and that 3 and 3'
are always aligned for the present work.

1 1 2

Fibe‘r\

Figure 2-8 Material and Global Coordinate Relationships

The stress and strain for a single orthotropic lamina can be expressed in material

coordinates as:
o) [2: @. 0 0 0](e]
o] |G @» O O O ]je
{ogr=| 0 O QO O 0 |{ect (2-19)
A o 0 0 Q, O]
o5 [0 0 0 0 0fle

where G;'s are ply stresses, €;'s are strains and Qj's are the plane stress reduced ply stiffness
in the material coordinate system. The assumption for the present development follows
shell theory and classical laminated plate theory closely. First, the beam is assumed thin,
plane stress conditions approximate G, as zero. The through thickness normal strain, €,,
is found through constitutive relationships as detailed in Palazotto and Dennis [27], but

has already been incorporated Eqn (2-19). The Q;;'s are found in Aagarwal et al. [2]:
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E,

Q=

Ga=imk- Ou=0s 0Ga=Gs 0Qu=Ga

(2-20)

wheze E;' are Young's moduli, G;;'s are shear moduli, and v;'s are Poisson's ratios all
expressed in material coordinates.

To represent Eqn(2-19) in global coordinates for a lamina, the Q,'s need to be
transformed through the angle 0 of figure 2-8. E'stepesentphmsnessplysﬁffms
represented in the global coordinate system. The resulting constitutive relationships for
the k*® ply in global coordinates is:

(G, ] 0, 0. O O 1 (&)
o, 0, O O O
166t =|0s Ox Oy O 1€ ¢ (2-21)

o, 0 0 0 0, 0| |e
Ss), LO O 0 Oy Os] l&),

where the expressions in the constitutive equations as functions of 0 are found in appendix
A.

o © ©
(]
»~»

Eqn (2-21) is simplified by first assuming the normal stress in the 1 direction (0,) is
small due to the beam being narrow and is neglected. If this weren't true, the problem
would better be modeled as a 2-D shell. We also assume the in-plane shear stress (0) is
small since the beam is narrow and traction free at the sides. Any coupling between
normal and in-plane shear is not modeled here. Beam twisting is not included, therefore, 6
s and & are neglected. If we solve the first three equations of Eqn(2-21) and eliminate €,
and &, the resulting simplified beam constitutive relations become:
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where (2-22)

6, =(g§_@; - 20,0,0, + 0,0, )
05— 0,0 A
Since the model is a bending clement, there is no consideration for twist or torsional
stiffness. This limits the composite laminates to balanced symmetric lay-ups. This
restriction makes 0, over the laminate zero. When each ply is added, the equations will
simplify so that (Q,¢), can be set to zero in Eqn (2-22).

2.3 Strain Relations
Palazotto and Dennis [27] relate the Green strain and shell physical strains by:
g, =L (no sum) (2-23)
hih;

where ;s are components of the Green strain tensor and A;'s are shell scale factors arising
from the metric tensor for the coordinate system shown in figure 2-3. As discussed
previously, only the in-plane normal strain and through-the-thickness shear strain are
retained for the present work.

Yo = i, +"‘T"’hu +L"hlﬁhu

2
+ —;-(um+ s + %hu) (224)

i) i)
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1a=-;-(h-u+hx-u--.ku-~siu)

,
otufargneis)

+

_y B, & -
Uy, k,"uX'u"’h’"u"‘hl"u) (2-25)

I Y Y

+
N N

S (s

where i’ are global displacements of Eqn (2-18).

For the arch problems coasidered, the scale factors are the same as those for a
cylindrical shell as the beam width doesn't affect scale factors. For a cylinder with
curvature in the 2 or s direction only, the scale factors are:

hl =I|,=l

h2 =1- .z.. (2-26)

r

where the scale factors masch those developed graphically in figure 2-4.
Now Eqn(2-26), Eqn(2-24) and Eqn(2-18) are placed in Eqn(2-23) such that:

e,=lh2’,-‘- @-27)
with all terms of Eqn(2-24) being retained since in-plane strain will dominate a thin beam
bending problem. Palazotto and Dennis [27] neglect thirteen higher order terms. Smith
[33] and Creaghan [8] cach retained these terms, as does the present work (an extension
of Creaghan's). They are retained here for completeness and for easy comparison to show
the effects of the new kinematics over previous work. During the expansion of Eqn(2-27)
by way of Eqn(2-24), many shape factor terms and their derivatives are present which

complicates the expression from the perspective of representing the strain as the

2-15




summation of degrees of freedom times constants and times z to various powers. To
simplify this, truncated Taylor series expansions of the scale factors are used, resulting in
sixty expressions found in Palazotto and Dennis. For example, one of the simpler

approximations is:

L I S - < (2:28)
N
r r
Terms of higher than first order in z are truncated. Smith [33] retained quadratic terms in
the scale factor approximations with approximately 20% stiffness increase. Only a few of

the sixty shell scale factor approximations are needed for the current work. The scale
factor approximations should be implemented after full expansion of the strain equations.
A different result comes from applying scale factor approximations before expansion of
the strain equations. The scale factor approximations needed for the present work are:

%=l+zc %’Eac-c’z —,-bl-z-~1+2zc
—;—;‘—"}; ~—c=-2c%z ’:’2’2 =~ c? + 2z¢? 5;-3- = c?+ 22¢° (2-29)
By =c? -’i“’z—zcz+ zc? hzw—c—hc2

where c=1/r.

Now the in-plane normal strain (€,) can be expressed in terms of mid-plane strain (€,°)
and functions independent of z ()¢;'s) such that:

7
€, =€5+ 3.2"%s, (2-30)
p=1
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€,°=V,p-WC+.5(V )24+ W, 24V WICZHVW ,C-V , We
Aar =W WOHW, 2+ WACH-CHV,, W-VW ) HVWCHHV, i O, W- YW H Y WV, W W
“-WoW WA H{(13Ncvydicw, yd)
X2=WnC+-S(W YT HVWCS-20HW,, W-WW )Y, v,C- 1.5(cviictv 2) e,
+2C3(V,, WV W (W W W WAV W W SW ANA-2C2 WY W2 H2/3 )W oA +
ABAVWAH1/3)cAye+(1/18)chys
X2z =K (W22 FW OV WRCO KV (W, 30+ W HVRCH (W, +Y)- WKC(W 5+ p )+ W ke (W, +Y)
VIV, 2-20HCIVWHV 1) =203V W W+ 20 2N+ Ol 2N - Q3 )OS (v -y )+
(19 (2-31)
Xo4=KC(W,2 W, HVKCH (W HYH 2KC2(-WW, g0~ WY o+ W W WHKY 5 (Wi W)+
WKCH(W,5 YV oK C(W, 0+ 1) HRW i W14 W,0) H13)CZKYA (YW )
A2s=2KCIW (W o W) HYCH Wy FW)-CV o (Wopg W, 0)-COV(W o HW )W WEW L+ 2O W 202+
A)cAye+(13)cAw ]
Xas =K 2{W, 024 2W 0 Wop W, 2+ (W24 2W 4 y2)]

Xz7 =K%l (W, ¥, )+ (W, +)]
The bold and underlined terms are all new based on the tangent series expansion for u,.
The bold terms are retained in the present analysis while the underlined terms are
neglected as higher order. The criteria for neglecting the underlined terms was any
combination of c, y, y,,, and w,, that is order 5 or higher.

If the beam is thin, then in-plane stress and strain dominate the bending problem.
Therefore, for simplicity, only the linear components of Eqn (2-25) are retained for
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through-the-thickness shear strain. The strain €, can be found by combining Eqns (2-23),
(2-25) and (2-26):

=26 =1 _2 L] -
e,,—2e,_,-l__z.[u,',+(l r)"“+r] (2-32)

r
Since the shear strain is linear, it is appropriate to use small angle approximations for the
global displacement functions in Eqn(2-32). Eqn(2-18) then becomes:

w(s,2)= v(l- -:-)+ z2(Y) +z’k(v+ w,,)

u(s)=w (2-33)
=0
Placing Eqn(2-33) into Eqn(2-32) gives:
e, = ——|w +y- 4—zz(w+ w, )+8—za-(\v+ W,,) (2-34)
4 1— E 2 hz 2 3h2r ”2

r
The largest z can get is A2 making the term 823/(3h%r) comparatively small since h/r<1/5
(1/15 the next smallest term) and is neglected. The scale factor term in the front of Eqn(2-
34) is approximated by a truncated binomial series expansion. It is truncated for the same

reason, namely, that the second term is at maximum 1/10 the first:

2
Az, _’_)+...=1 (2-35)

Now the through thickness shear strain can be expressed as:

€, =€+ 2%,
with
E =W+ VY (2-36)

-4
Xe =7(V+ Wy )
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where ¢,° is the mid-plane shear strain. Eqns(2-31) and Eqns(2-36) were generased by
hand and then checked using the symbolic manipulator Macsyma [34].

2.4 Beam Potential Energy

The internal strain energy density of an elastic conservative system (reversible
adiabatic or isothermal loading) with small strains is:

(2-37)

where W* is strain energy density, €; the strain tensor, and O;; is the stress tensor. Stress

and strain can be related by a constitutive law with an elasticity tensor (a,3,):
O, =au¢€, (2-38)

The strain energy density can now be defined by:

|
W' = Ea,.,,e,.,.e, (2-39)
The potential energy I1, is the sum of the internal strain energy U and the work done

by external forces V:

n,=U+v (2-40)
where U is defined by integrating the strain energy density over the volume. Since the
current problem retains two strain components, the beam strain energy can be divided into
contributions from in-plane strain U, and through-the-thickness shear strain U,:

U= [Wdv=U,+U, (2-41)

Vol

where for a beam width b and length /, U, and U, are defined as:

2-19




U, = }-bj 0, €3dzds (2-42)
244
a2
U,=1bj [ Quseideas (2-43)
244

From the representation of &, in Eqn(2-30) we have:

2 0 2 < 0 ] Y P 2
es=(e)) +2Y e,z +Z(x,,z ) (2-44)
=] =l

So that U, can be divided into three parts corresponding to the three strain components of
Eqn(2-44):

1
Uy = 5bf(,+ 1y + s (2-45)
{

where:
M 2 2
w= [0u(e) dz= Ale;)
-a2

Mo 7
K. = IZQM(E;)ZXzPZPdZ= 265 (B + DYip + B + Pay + Gilos + Hila + It0)
—h2 =l

Mmoo 2
Wy = IQu(sz,Z') dz= DYy + 2EXui X + F(2AnXin + X2 Xi2) (2-46)

A2 =1
+26(XarXas + X X2o)
+2H (leXx + XnXu)"‘ﬂ (mezs + XXt XmXu)

+J (ZXszl +2) X5 + 2AaXos +X§t)+ 2K(xszn + XX + XzGCz)
+ L(2XX + 2% Xs + 2os) + 2PNk + Xasos) + R(2%esXn + °)
+ 2% + T

The strain energy components of Eqns(2-46) have been integrated through-the-
thickness to obtain the elasticity terms (A, B, D, E, F,G,H,1,J,K, L, P, R, S, T) which
are defined by:




(A,B,D,E,F,G,H,1,J,K,L,P,R,5,T)=

A2

A 2 .3 ,4 .5 6.7 .8 .9 .10 1 12 13 14
IQ,,(I,z,z y2,2°,2°,2%,2,2,2,2,2 ,2°,2 ,2 )dz
-A2

(2-47)

All other terms are independent of the thickness direction. For a composite, Qu will vary
through-the-thickness (can be different at any k® ply). As already discussed, the present
method is limited to balanced symmetric lay ups which means the integration of any odd
powers of z in Eqn(2-47) will be zero. This makes the elasticity terms (B, E, G, I, K, P, S)
zero when integrated through the beam thickness which simplifies Eqn(2-46).

The strain energy due to through-the-thickness shear strain can be represented in a
similar manner. Substitution of Eqn(2-36) into Eqn(2-43) gives:

1
U,=b ! pds (2-48)

where,

A2 _ 2 .
M, = I Q«k[(e:) + 265002 + (Xu)zz4]dz
-2 (2-49)
= AS(e2)" + 2DSesng + FS(%e )’
The shear elasticity terms (AS, DS, FS) are found in a manner similar to Eqn(2-47) by

integrating through-the-thickness:

[4s, DS, FS]= TQ,[L 2, 2z (2-50)

—hf2
Next we represent the strain expressions of Eqn(2-30) and Eqn(2-36) in a more
convenient form to place into the strain energy representations of Eqn(2-46) and Eqn(2-

49). Strain can be divided into linear and nonlinear parts by first defining the gradient
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vector d. The displacement gradient vector contains variables necessary to represent the
strain expressions of Eqn(2-30) and Eqn(2-36):

d'={v v, w wy, wy ¥ ¥,} (2-51)
The terms in d are exactly the ones needed for strain displacement equations. The in-plane
strain can be represented as:

es=Lld+1d"Hd

2 1 (2-52)
XZp = L:d'l' EdTH’d

where p=1,2,3,4,5,6,7. The L;'s are column vectors of constants to represent the linear
terms of strain and the H;'s are symmetric matrices that represent the nonlinear strain
components when combined with the displacement gradient vector as shown above.

The strain €, can be represented in a similar manner. The shear expressions are much
simpler since only linear strain is used and small angle approximations were used in the

kinematics equations.

e;=S"d
4 r (2-53)
Xo =S,d
where the S;'s are column vectors of constants found in appendix A.
Creaghan had constants in all of his H and L matrices where the current formulation
contains some nonlinear terms of . The use of this representation is demonstrated below

with the complete representation found in appendix A.
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As mentioned above, many of the H,'s are no longer matrices of constants but have

become nonlinear in y due to inclusion of large rotation kinematics. For example, X;, is

represented as:
v
Vi
w
xn={0 0 -c> 000 1}4 w,, t+
Wi
¥
(W2 )
0 0
0 0
. 0o -
E{V Via W Wy, Wi ¥ vl 0
0 0
¢ o
0 1+y?
2-23

0 c?

—c? 0
2¢° 0

0 2¢c

0 0

0 ¢
—-c(l+y?) 0

(== I~ I - I — I~ T}

(2-55)
c? 0o 1 v)
0 1+y? Via
0 —c(l+y?)|| w
c 0 Y Wiz [
0 0 W.n
0 v v
v 0 JU ¥ ]




One should notice that H, is now composed of constants and terms involving y. The
H's are still treated as though they are constant matrices instead of higher order functions
of the displacement gradient vector. This is done to keep the form of the problem
consistent with Palazotto and Dennis [27] and Creaghan [8]. The H;'s are linearized in ¥
by substituting in the last incremental values of . Other entries in the displacement
gradient vector could have been represented in the H,'s (since all the new terms are at least
order 3 of ‘e displacement gradient vector terms), but Y was used to keep the
formulation simple with only one variable making the matrices nonlinear. This will make
taking the first variation of the potential energy somewhat simpler later.

The strain representations in Eqns(2-52) and (2-53) can be placed into the strain
energy representations of Eqns(2-49), (2-48), (2-45), (2-46) and finally Eqn(2-41), so that
the total beam strain energy can be expressed in terms of the displacement gradient vector

as:

__1_ T| @ ﬁl(d) ﬁz(d) _
U—2b‘!’d [K+ i L (2-56)

where K is a matrix of constant terms, 1\7l is a matrix composed of linear functions of d,
and 1\72 contains quadratic terms from d. The form of Eqn(2-56) is desired for the ease of
finite element formulation based on minimizing the potential energy function to come.
Again, there are higher order functions of y in l\?land 1\72, but are treated as constants.
Eqn(2-56) is put in the shown form by making the aforementioned substitutions then
taking advantage of symmetry. This process is shown in Palazotto and Dennis [27:74] and
is followed exactly. The matrices K , 1\7,, and ﬁ, are represented in appendix A in terms




of L;'s, H;'s and elasticity terms. Since forming these stiffness arrays involves literally
thousands of operations, Macsyma [34] was used to do the manipulations and then
generate the FORTRAN. The Macsyma code used to do these operations is located in
appendix B.

So far, the present formulation has been independent of a solution method. The
present problem is a set of nonlinear ordinary differential equations that would be formed
by setting the first variation of the potential energy to zero. Instead of solving a system of
nonlinear ODE's, the system is discretized into elements connected by nodes. The result
of the beam discretization is a system of nonlinear algebraic equations which can be
linearized and solved iteratively giving approximate problem solutions.

2.5 Finite Element Formulation

The nonlinear algebraic equations that result by casting the problem in a finite element
form can be solved in a linear fashion by using an incremental approach to achieving
equilibrium. Two methods are presently used: one varies the external load and the other
varies the displacement. Each is discussed in section 2-6. The beam finite element
developed for the current formulation is shown in figure 2-9. This element is the same as

used by Creaghan [8].
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Figure 2-9 Beam Finite Element

The element in figure 2-9 has three nodes with degrees of freedom (DOF) of v, w, v,
and w,, at the ends and v only at the middle node. The degrees of freedom (DOF) match
quantities needed in the kinematic Eqns(2-18). The middle node v is included to help
capture the axial extension and contraction to a higher order. Creaghan showed stiff
solutions when this DOF was omitted, so it is retained here. Only w has derivatives in the
DOF. In order to achieve w,, continuity between the elements, Hermitian shape functions
are used for w and its derivatives achieving C! continuity[7]. The other DOF don't have
any derivatives as DOF meaning only CP continuity is required. Linear shape functions are
used to interpolate y, and quadratic shape functions are used to interpolate v. The values
of the DOF gq(n) at any point in the beam can be expressed in natural coordinates in terms
of the nodal DOF q by:
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Ly} (2-57)

)

where the shape functions of Eqn(2-57) are:
Q= %(n2 -n) Q= —;—(n‘+ ) &=(01-m)

1
Nx=%(1"n) Nz='2‘(1+n)
(2-58)

H, = ;1-(2— n+n’) Hy=Z(-n-n'+ )
Hy = %(2+ m-n') Hy= %(-1-— n+n*+1n’)

To use the potential energy expression of Eqn(2-56), we must relate the displacement
gradient vector, Eqn(2-51), to the nodal degrees of freedom for the element. One should
notice that y is interpolated linearly. It will be shown in chapter II that this element has
some solution problems and breaks down for deep arches. One way to help alleviate this
problem is to use a higher order interpolation of the bending angle. This could be
accomplished in a similar manner as w with C! functions, or add more y DOF's to the
element. An initial effort to incorporate large bending rotation involved "scaling” the
shape functions that interpolated ¥ to a value near the tangent. In this case, locking
occurred because transverse shear was updated also. The matrix of shape functions in
natural coordinates used to get d will be referred to as D.
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Yv(‘)ﬂ
(@ 0 0 0 0 @ 0 0 o0 ]
Ql"l 0 0 0 Qvn Q:vn 0 0 0 w(l)
dn)=Dg={ 0 0 H,, H,, 0 O 0 Hy, Hp, H{v}
0 O Hyuy Hywmy 0 0 0 Hy,, HpallvW?
0 N 0 0 0 0 N, 0 0 y")
| 0 Ny, 0 0 0 0 N, 0 0 wi
Lw'(zz)
(2-59)
Eqn(2-59) is placed into global coordinates by multiplying by the inverse of the
Jacobian matrix (J).
d(s)=J'dm)=J 'Dg=Tq (2-60)
where J-! is defined by:
1 0 00 0 0 0]
0 i— 00 0 00O
0 01 (l) 0 00
J1= 000 P 0 00 2-61)
0000 ai, 0 0
0000 O10
000O0 OO 1
L a.
where a is half the element length.
The strain energy of the beam from Eqn(2-56) can be expressed in terms of the nodal
degrees of freedom by:
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U=-;-qu'1"[f+ £3L+£’:. q ds (2-62)
[}

- )

We can define new quantities which will make up a tangent stiffness matrix by integrating
along the beam length such that:
K=b[T"RT ds N, =b[T*N,Tds N,=b[T'N,T ds (2-63)
! ! i

By substituting Eqns(2-63) into Eqn(2-62) and recalling from Eqn(2-40) that the beam
potential energy is the sum of internal strain energy and the work of external forces, the
potential energy for a finite element can be expressed as:

N.

where R is a vector of externally applied forces.
Carrying out the first variation of Eqn(2-64) and setting it to zero results in equilibrium
equations (F) below.

a1, = sq’[[m N ‘2(") + N ’3(")]4- R]: &"[F(g)]=0 (2-65)

For an arbitrary and independent 8¢, F(q) = 0 is a set of nonlinear algebraic equilibrium
equations for the nodal degrees of freedom. Eqn(2-65) is solved by using linearized
iterative techniques. These types of solutions are derived by expanding Eqn(2-65) in a
truncated Taylor series for a small Ag such that:

oF

=0 2-66
anq (2-66)

F(q+ Aq)= F(q)+




oF
=—F 2-67
3 Aq () ( )

Now, by taking the expression for F from Eqn(2-65) and placing it with appropriate
derivatives into Eqn(2-67), one obtains:
N,

N
K Aq=-|K+—L+=2lg+R
aq=— K+ B &

where (2-68)
K, =[K+ N,+ N,]

Eqn(2-68) is the final equation desired in order to attain the values of the equilibrium

degrees of freedom. Whatever solution method is used, the stiffness arrays are

geometrically nonlinear and change with load/displacement of the continuos structure.

2.6 Numerical Solution Methods

Eqn(2-68) can be rewritten to include all the elements of a particular model by:

ﬁ[b T’(x"+ N, + ﬁz)Tds] Aq= —i[bj T’[IE'+ %+ %l}lds] q+R (2-69)
j 1 ; 1 i

j=1 i i=
where 7 is the number of elements and j represents the integration over a specific element.
The above equations are placed into a natural coordinate system by changing the limits of
integration to + 1 and including the determinant of the Jacobian to facilitate the use of
Gauss quadrature numerical integration. The current model has the capability to handle
Gauss quadrature up to o;'der 7, but order 5 was used for all the problems discussed here.
Order m Gauss quadrature is required to integrate polynomials of order 2m-1. T contains
cubic polynomials and N, is quadratic in displacement containing sixth order polynomials.
To integrate exactly would require Gauss quadrature of order 7. Cook [7] shows little

difference in solutions between using 5 and 7 point Gauss quadrature.




Figur~ 2-10 shows a generic load displacement curve with limit points. As the slope of
the curve approaches 0 (point A), the structure collapses or snaps. Beyond this point,
load decreases even though displacement continues to increase. As we continue down the
equilibrium path, a vertical tangent is passed (point B) where the tangent stiffness matrix
becomes singular. After the structure has "snapped,” at some point under an inverted
configuration, the structure will start to carry increasing load again. This transition
happens at another horizontal tangent (point C).

A
Load B
C
Displacement

Figure 2-10 General Load Displacement Curve

For the current type of nonlinear problems considered, Newton-Ralphson approaches
are used. Two techniques that were developed elsewhere are used here. Each is
explained, but for further details, the reader should refer to the original development. The
first solution scheme is a displacement control method developed by Palazotto and Dennis
[27]. In displacement control method, displacement is incremented and load iterated until
equilibrium is achieved. Displacement control is good for traversing limit load points like
point A in figure 2-10, but cannot handle points like B since there is not a unique solution
to a single prescribed displacement. Displacement control would give solutions that
traverse instantaneously from B to C and do not capture the snap back characteristic

shown in figure 2-10. Many times, points with vertical tangents can be traversed by
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making large enough displacement increments to "jump” past the problem area. Palazotto
and Dennis [27] develop the dispiacement control algorithm as:

[K+ Ni@..)+ Ny (a2 ))Ag,., =

2 2-70
_ [K"’ Nl(:.—l)_'_ NZ(:.—I)}.—I"‘ Rl ( )

where # is the iteration number. Eqn(2-70) is for a single displacement increment. Figure
2-11 shows graphically how displacement control works. Beginning from an established
equilibrium point, the displacement is incremented, and load found from Eqn(2-70). A
new displacement value is then found by satisfying equilibrium with a given tolerance.
Palazotto and Dennis compare a displacement out of balance condition to a user supplied

criteria.

Equilibrium Curve
Load

9

Displacement

Figure 2-11 Displacement Control
The second Newton-Ralphson solution method is a modified Riks-Wempner technique
which was adapted for the current problem by Tsai and Palazotto [35] from an original
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procedure shown by Crisficld [9]. The Riks method, shown below, will capture multiple
snap through points of an equilibrium curve. It does this by introducing a loading
parameter, A, such that the equilibrium equation becomes:

F(g.\)= (K+ %+ %l)q- AR=0 (2-71)

Eqn(2-71) is expanded in a manner similar to the equilibrium equation for displacement
control. When the resulting series is truncated and appropriate derivatives taken, The
result is:

K8, = 8\.R- F(g;.A,) 2-72)
With the introduction of another unknown, the loading parameter, the system of equations
is short one equation to be a solvable system. The additional constraint comes from
developing a search radius of Al which gives an arch to look along. The length of the
search radius and the additional equation comes from the Pythagorean theorem:

Al* = Agl,Aq.,+ AR, R'R (2-73)
The search path is arbitrary and is limited to values small enough to capture the
equilibrium curve accurately. The search radius is then approximated by:
Al = Aq;,Ag,, (2-74)
The search radius definition of Eqn(2-74) causes the global stiffness matrix to lose its
symmetry. To restore symmetry, d¢; is reduced to two parts:
&q; = dq,, + 80 5q;, (2-75)
where
3, =-K;'F(q.A,), 8&,=K;'R (2-76)
The updated incremental values of displacement and load parameter can be expressed in
terms of the previous increment and a § change:
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Ag = Ag,+ 3, @77
AN, = AL, + O, (2-78)
Substituting these into the new constraint equation, a quadratic equation results such that:
adX + b\, + c=0 (2-79)
where

a=208;8,, b=25q;(Aq+8g),

c=(Aq,+ 8,)" (Aq, + 8q,)- AP
The above process is :terated until convergence is achieved by defining a limiting value to
5q. When the (m)® load increment has converged, the total displacement and load

(2-80)

parameter values are calculated.

qm=qm-1+ Aqn’ ln= A'u—l_" Aku (2'81)
the search radius for the load step is:
N
Al =Al_ —* 2-82
'm m—1 N,,_l ( )

where N, is a user predicted number of iterations and N, , is the number of iterations for
convergence on the last load step. Once the values of Eqn(2-82) are found for a load

increment, the initial delta load parameter is found from:

Al

Akl = i‘r: (2-83)




2.7 Step by Step Riks Algorithm

The steps shown for Riks were presented by Creaghan [8] and are repeated here for
completeness. Figure 2-12 shows the process graphically and should be referenced while
following the text description.

1. First increment and first iteration compute only constant stiffness matrix, K.

2. First iteration at each load increment compute 8g,=Ky!R. After the first increment,
K is composed from g, , nonlinear displacement terms.

. Each iteration and each increment compute Ag=AA,8g,,. For first increment, AA=A,
which is a program input.

. For each iteration and each increment compute in order:

&g, =- KT—IF(‘I."X.')
aq.' = aqu + 81.'&1.'2 (2-84)
Ag;., = Ag; + O

. Compute Al = 1/Aq,.ilAq,-+l

. Update K; with g,=q,, ,+Aq;

. Solve quadratic equation of Eqn(2-79) (with given a,b,c definitions) for +3A,. If roots
are complex, return to step 2 and arbitrarily adjust A/,, , which changes AA,.

. Choose +3A, based on which value yields a positive 0 in:

8‘l.- = 841 T 8)*.'84.'2

0= (Aq, + 8g,)Aq, ®83)
if both are positive, then dA,=-c/b.
. Update the displacement and loadiAng paragletir 18)‘)1':
= 21,45, @0
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10. Check for convergence. If no convergence for the increment yet, return to step 2.
Upon convergence, update displacement and loading parameter for next increment:

q- = q-—l + Aq-

A=A+ Ak (2-87)

11. Compute new search radius for next increment:

N
=Al ,—1 .
Al 1 (2-88)

Lot
where N, is user provided iteration estimate and N,, , is the number of iterations
required for convergence in the last increment.

12. Compute loading parameter for first iteration of the next increment:

AN, = £ (2-89)

i« T
i2V1i2

13. Retumn to step 2 for next load increment.

Load ;-

Am —

N U000

A qi+1
q q

m-1 m

Displacement

Figure 2-12 Riks Technique
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2.8 Arch Geometry Definitions

L

Figure 2-13 Typical Arch Geometry

Before moving to specific problems, it is necessary to establish criteria to categorize
arches. Each arch will be categorized as deep or shallow and thick or thin. A thick arch is
defined as one for which through-the-thickness shear becomes significant. Through-the-
thickness shear becomes significant when solutions with and without shear differ by 10 %.
Huang [16] implies that thin arches have h/r<<1. This definition is inadequate for the
current problems. An arch could have a large radius of curvature, but have a small arc
length. In this case, Huang would define an arch as thin when shear is a major factor. In
fact, flat beams would all be classified as thin. Our definition needs to include a dimension
to account for the arc length as well as the thickness. The definition we chose is
somewhat arbitrary, but since it will only be used to categorize problems, it will not affect

solutions. We will consider an arch thick when:
% <25 (2-90)

or a flat beam is considered thick when:
—< 25 291

where [ is the length of a flat beam.
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The second geometric parameter for classifying an arch is depth. Depth is a measure
of how far removed an arch is from a flat beam. Smith [33] states that a shallow shell is
one with d/c < 0.3. This definition would work well for the current problems, but we seck
a depth definition that incorporates the opening angle in a more direct way. Huang [16]
defined a depth parameter, A, by:

A=2441-v?) (%)5 2-92)

Eqn(2-92) is limited to & << 1. Many of the deep problems have large opening angles
making this definition unusable. Fung [14] uses Eqn(2-92) but removes the angle

limitation such that:

5
A= 4‘/12(1— v’)(—:;) % (2-93)

Fung shows that &/h is an appropriate depth parameter for shallow shells, but that Eqn(2-
93) is appropriate for deeper shells. We adapt this definition directly to arches. We will
use the criteria that if A > 8, then the arch is considered deep. This value is arbitrary and
was chosen to match problem classification in other publications. Since the problems
analyzed here will be loaded in bending, the laminate value of v,, should be used in place
of v for a composite material. These definitions are used in chapter III to classify the
problems so that the reader can get an idea as to the complexity of each problem before

examining each in depth.
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HI1. Discussion and Results

3.1 Clamped Isotropic Shallow Thin Arch

The first family of problems involve large displacements and geometric nonlinearity,
but do not experience extremely large rotations due to bending. These first cases are used
to show that the new large rotation considerations haven't corrupted previous results.
Under small bending rotations (y less than about 20 degrees), the current results should
match Creaghan's [8] closely. These initial problems will also show the validity of the
current theory on previously verified problems. The first problem considered is an
isotropic arch with two clamped boundary conditions loaded by a single concentrated load
at the crown. The exact problem geometry and properties are shown in figure 3-1. The
problem was examined by Belytschko and Glaum [4] and Creaghan [8]. Each attzined
equilibrium solutions past geometric collapse or snap. Creaghan showed comparisons
using small bending angles to the 2-D simplified large displacement/rotation (SLR) theory
of Palazotto and Dennis [27]. No differences were observed between Creaghan and the
SLR theory, so comparisons here are made with Creaghan and Belytschko and Glaum
only.

P E=1e7psi
a =17.2 deg

r=113.114"
b=1"
h=0.1875"
.g =0.075

Figure 3-1 Clamped Clamped Shallow Thin Arch
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The problem was analyzed with a symmetric half arch model with 20 elements and 96
active degrees of freedom. As seen in figure 3-2, there is little or no discernible difference
between Creaghan's solution and the present solution. Even though the arch experiences
vertical displacements in excess of ten times its thickness, there is bending rotation of only
10 degrees (as measured over 20% of the beam). The small angle theory used in
Creaghan's bending kinematics is a 99% accurate approximation of the tangent at 10
degrees. This first result is an initial confirmation that the present theory hasn't introduced
any gross errors in the program.

Current

force (b) - \ /

1600 -+ / -~
10.00 -L [

500

000 3 3. — i 3 Il I 1 I —
LS T T L] L Ll Ll . L L]

000 020 040 060 080 100 120 140 160 180 200

Figure 3-2 Comparison for Clamped Clamped Shallow Thin Arch
Belytschko and Glaum use an updated Lagrangian corotational coordinate

formulation. They embed a coordinate system in an element to track average rigid body

motion during deformation. Unlike a total Lagrangian formulation, their displacements
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are divided into rigid body motion and real structural deformation. Belytschko and
Glaum use standard Euler-Bernoulli beam assumptions so that cross sectional normals
remain straight and normal (no warping due to transverse shear). They also neglect many
in-plane nonlinear strain expressions. Using the current nomenclature, their mid-plane
strain can be expressed as:

e = v+%(w,,)2+ rotation term G-1)

where the rotation term relates the corotational axes and the arch center line. Since the
current formulation is a total Lagrangian, there is no comparable term. The present work
retains more higher order mid-plane strain terms as shown in Eqn(2-31 ) for &,°.

The half arch analysis using the current model shows a stiffer structure initially than
Belytschko and Glaum. Figure 3-2 also shows Belytschko and Glaum predicting a lower
collapse load than Creaghan and the present work. The higher order in-plane strain terms
accounts for the stiffer initial response and higher collapse load. The current structure is
able to absorb more energy before collapse because of the inclusion of higher order strain
terms. After structural snap, both theories unload to nearly the same force, but at different
displacement values. This post collapse softening is common for other higher order shell
theories when compared to the simpler counter parts. Palazotto and Dennis [27] showed
similar behavior when evaluating nonlinear arches and comparing them to lower order

theories. They attribute this trend to higher order mid-plane strain representation.

3.2 Clamped Isotropic Shallow Thick Arch

The second problem is another shallow arch with two clamped end supports and a
concentrated load at the crown. This problem is moderately thick with c/h of 12. The

thicker arch implies more significance of the through-the-thickness shear strain. This
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problem just meets the criteria for a thick arch, but is still considered shallow as the arc
length is short (49 inches) for the radius of curvature (100 inches), resulting in a depth
parameter (A) of 6.3. For this problem, a larger opening angle would be necessary before
categorizing the arch as deep.

P E=1e7psi
a =28 deg
r=100"
b=1"
h=2"
% =0.124

Figure 3-3 Clamped Clamped Shallow Thick Arch

This problem was also examined by Belytschko and Glaum [4]. They show an exact
solution to this bending problem but subject to Donnell assumptions. The Donnell
assumption in their solution means that membrane (mid-plane) rotation effects are
neglected. The present model involved a half symmetric arch with 20 elements and 96
active degrees of freedom. The result shown in figure 3-4 shows a very good comparison
with Belytschko and Glaum.
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Figure 3-4 Comparison for Clamped Clamped Shallow Thick Arch

Even though the Donnell solution includes shear, this problem acts more like a flat
beam than the previous problem. Since the load displacement curve doesn't exhibit a
limit load, there is no instability or snapping as in the first arch. At the point of geometric
inflection, the slope of the load displacement curve changes, but the load never decreases.
The entire loading path is stable. A continuously increasing load would be characteristic
of a flat beam while an inflection point is a curved arch characteristic. This problem is
shallow and thick enough to act more like a flat beam than like an arch. If this arch were
deeper, there would be more geometric instability evidenced by snapping. The arch
experienced small to moderate bending rotations of 16 degrees. This problem again is a
good demonstration of the code for a moderately difficult problem.
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3.3 Clamped Isotropic Thin Straight Beam

The final problem examined in the small rotation area is a flat beam clamped at both
ends with a concentrated transverse load at the center. The beam is isotropic with
geometry details shown in figure 3-5. Mondkar and Powell [23) examined this problem
using a Lagrangian formulation of the static and dynamic response. Strain is formed in a
Lagrangian system and includes nonlinear terms. Mondkar and Powell use a load
incrementing Newton-Ralphson iteration scheme similar to the current effort.. They
neglected all out of plane displacement by setting Poisson's ratio to zero.

k— v
4

/1

7¢ 20iin I\
b=1in E=30,000 ksi
h=1/8 in * V=0

Figure 3-5 Clamped Clamped Flat Thin Beam

The beam was modeled using a symmetric half width beam with 20 elements and 96
active degrees of freedom. Displacement control was used to find the equilibrium
solutions which are displayed in figure 3-6. For stable problems like this, large
displacement increments are possible with little variation in the overall results. The

solution shown in figure 3-6 used .05 inch displacement increments which is rather large
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when compared to the thickness. Since there are no instabilities, Riks technique gives
identical results and predicts only one equilibrium point for a specific load. Figure 3-6
shows the behavior of a flat beam with a continuously increasing load displacement curve
with no geometric inflection. The Mondkar and Powell data is shown as specific points
which are equilibrium displacements they found for various loads. The vertical
displacements are moderate at a maximum of four times the thickness and small bending
rotations of 4 degrees. The results compare well with the Mondkar and Powell solution.
The rotations are small, but this adds confidence to the accuracy of the code for simple
nonlinear problems.

— Qurert
B Moncka &Powell

Load P (b)

0.00 0.10 020 0.30 0.40 050
Displacement W (In)

Figure 3-6 Equilibrium Curve and Comparison for Clamped Clamped Thin Beam

This problem concludes the initial family of small rotation problems. The present
theory provided reasonable results with little difference (except for Belytschko and Glaum

solution in section 3.1) over small angle kinematic theories. Besides comparing well with




other published data, these problems provided a good initial check of the theory and its
implementation in the code. The next group of problems is designed to give more
geometric nonlinearity than the first three with good solutions at large bending angles as
the final goal.

3.4 Cantilever Isotropic Thin Beam

The first large rotation problem examined is a cantilevered isotropic straight beam
subjected to a concentrated transverse end load. Figure 3-7 shows the problem geometry

and material properties used.
N & P b=1m
h=0.1 m
E=1.2kN/mm 2
10m
v =0
N ﬂ?

Figure 3-7 Cantilever Isotropic Beam
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This problem was examined by Hsiao and Hou [15]. Their work centered on removing
small rotation restrictions between increments in an updated Lagrangian formulation.
They utilize a corotational formulation system in which rigid body motion and
deformations are separated by attaching a coordinate system to an element during loading.
The current work is to incorporate large bending rotations in a total Lagrangian system

making their updated Lagrangian large rotation effort of particusar interest. Hsiao and
Hou base their analysis on three assumptions:

1. Euler-Bernoulli assumptions are valid (plane sections remain plane - no warping).

2. Membrane strain (strain at the beam mid-plane) is constant along the beam.

3. Axial strain is small.

The first two assumptions differ from those used in the current theory. The first
assumption neglects through-the-thickness shear strain. However, since this beam is thin
(1/2h= 50), transverse shear should be small. Their second assumption of constant
membrane strain is also in conflict with the present theory. Eqn(2-30) and Eqn(2-31)
show in-plane strain which includes many higher order terms such that the membrane
strain varies along the length and through-the-thickness. The third assumption Hsiao and
Hou make is that the strains are small which is compatible with the present work. This
assumption allows the linear elastic constitutive relationships for stress and strain to be

used.
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Figure 3-8 End Displacement for Cantilever Isotropic Beam

The analysis utilized 40 elements (200 active degrees of freedom) and displacement
control with displacement increments of the cantilever end of 0.15 inches. Figure 3-8
shows the current theory correlating well with Hsiao and Hou up to 4.2 meters of vertical
end deflection. This displacement is 42 times the beam thickness making this a highly
nonlinear solution. The present solution diverges from Hsiao and Hou between 4.2 and
5.0 meters of end displacement. Upon examination of bending rotations in that area, one
finds that y goes from 37 degrees at w=4.2 m to 58 degrees at w=5.0 m. ia the range of
bending angles over approximately 50 degrees, the assumption on constant vertical
displacement through-the-thickness causes in-plane displacements to get large as shown in
chapter II due to incorporation of the tangent function. As y approaches 90 degrees, the
in-plane displacements become infinite. This explains the inconsistency past 4.2m of
deflection. The solution is within 10% of the Hsiao and Hou solution up to 40 degrees of
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bending rotation. This problems gives the first indication as to the bending limits of the
current theory. The structural softening exhibited at large rotation was experienced by
Creaghan [8], but at a much lower rotation of 24 degrees. It will be shown in sections 3.6
and 3.10 that including the tangent function in the kinematics has pushed this softening to
higher load and displacement values (as compared to Creaghan) making it a valuable
addition.

3.5 Cantilever Isotropic Beam with Tip Moment

This problem is a thin isotropic cantilevered beam with an external end moment.
Figure 3-9 shows this beam which was analyzed by Epstein and Murray [12]. No cross
section dimensions were specified, so a rectangular geometry was used with the
dimensions to satisfy the area and moment of inertia requirements. The resulting beam is

very thin (0.0346 in) and wide (28.9 in).

A : M
7( 10in
6 4 2
E=1X10 psi I=.0001 in A=1in
b=28.9 in h =.03464 in

Figure 3-9 Cantilevered Isotropic Beam with Tip Moment
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Epstein and Murray use a corotational total Lagrangian formulation with major beam
theory simplifications. They neglect through-the-thickness shear strain, but it should not
be significant for this problem because the cross section is thin. They retain only one

strain component which can be expressed using the current notation as:

g, =(1- xz)’(v,, + %(v,% + w,g))- % (3-2)

where x is the beam curvature. The last term of Eqn(3-2) [1/2] is a result of finding the
Green strain with the no warping assumptions they used. Epstein and Murray use the
internal virtual work principle while keeping the curvature exact (even for large strains).
The physical curvature, x, is defined as the rate of change of the mid-plane normal vector
while moving along the beam. They make no limiting approximations outside of the beam

assumptions. The resulting equilibrium equations are:

T cos(9)+ S sin(¢) = 2e+1)N
- [(2e+1)M], (-3)
v2e+1

~Tsin(¢)+ S cos(q)) =

where T is an externally applied axial force, S is an externally applied transverse force, M
is a resulting internal bending moment, N is an internal resulting force, ¢ is the rotation
angle of the mid-plane tangent at an end and e is the Green strain of the mid—plane. (z=0in
Eqn(3-2)). Epstein and Murray use exact trigonometric functions to describe bending
angle effects which enabled them to wrap the beam into a complete circle. The biggest
limitation comes from the simple beam approximations. The current theory is higher order

in strain, but uses geometric approximations and assumptions to simplify the equations.
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The resulting moment was calculated using:

M=-EN, 3-4)

where the shape functions of Eqn(2-58) were used to find ,, at the beam end. Figure 3-
10 shows the comparison between the present theory, Creaghan and Epstein and Murray
for vertical deflection, while figure 3-11 shows the comparison between current results
and Epstein and Murray for horizontal displacement. Creaghan's data was post processed
using Eqn(3-4) with the results shown in figure 3-10.
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Figure 3-10 Cantilever Beam with Tip Moment - Vertical Displacement

3-13




]6 -
14 71 .
12 1 .
10 7 .
Moment gndb) 8 T
6T CQurrent
41 ®  Epsten&Murray
2 .
0 { + + t —— 1
) 0.5 1 1.5 2 2.5 3
Harizontd Dispicosment V @n)

Figure 3-11 Cantilever Beam with Tip Moment - Horizontal Displacement

Creaghan showed initial divergence from Epstein and Murray at 5 in-1b while the
current solution starts to diverge at 9 in-1b of bending moment. At this point, the bending
rotations are 40 degrees over 20 percent of the beam end. This is nearly the same rotation
angle where the pre#ious problem diverged. The horizontal displacements compared well
until 7 in-Ib, where the current solution becomes stiffer than Epstein and Murray. The
present solution follows the same trend as Creaghan, but stays flexible to higher
displacements.

3.6 Cantilevered Composite Beam with End Load
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This problem consists of a cantilevered composite beam with a concentrated transverse
load applied at the free end. The rectangular beam is constructed of layered lamina made
from AS4-3501-6 graphite epoxy in various orientations. This problem is of particular
interest as Minguet and Dugundji [22] present actual test data from a composite helicopter
rotor blade test and analysis program. Minguet and Dugundji use an updated Lagrangian
formulation based on Euler angles to track element rigid body motion relative to the
original coordinate system. They include constant transverse shear strain, mid-plane
extensibility, and axial/shear coupling, making their theory close to the present and more
advanced than most other beam theories. As already discussed, the current work is limited
to balanced symmetric composite lay ups, therefore, the [0/90],, laminate is analyzed. The
lamina material properties are: E,=142 GPa, E,=9.8 GPa, G,,=G,;=6 GPa, G,=4.8 GPa,
and v,,=.3. The direction designators here correspond to the prime system in figure 2-8

(material axes).

Deflections measured here (50mm from tip)
\. p b= 30mm
h=.124mm/ply
3 J/
K——L=550mm ”““‘9|

AS4-3501-6 graphite epoxy

Figure 3-12 Cantilever Composite Beam

Minguet and Dugundji tested the beam in figure 3-12 by stacking various weights on
the tip and measuring vertical and horizontal displacements at a point located 50mm from

the beam end. The results in figure 3-13 and figure 3-14 show data points from the actual
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tests. The problem was analyzed using a full beam model with 33 elements and 16S active
degrees of freedom. Displacement control was used to increment tip vertical deflection
and iterate to load equilibrium solutions.
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Figure 3-13 Vertical Displacement Comparison for Cantilever Composite Beam
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Figure 3-14 Horizontal Displacement Comparison for Cantilever Compositec Beam

As seen in figures 3-13 and 3-14, the present theory fits the test data much more
accurately than before large rotation considerations were included. The current results
closely match the test data all the way to vertical deflections 134 times the laminate
thickness. Creaghan showed 10% error at 0.15m of vertical deflection while the current
solution shows improvement to 10% error at 0.22m of vertical displacement. At 40
degrees of bending rotation, the present results differ from the test data by 15% while
Creaghan differed by 50% at the same place. This shows a significant solution
improvement by incorporating the tangent function in the kinematics. All of the current
results compare well with test data until application of the 400 gram weight. At this load,
the current model experiences structural softening again. There appears to be a point in
these problems where the bending angle relationships start to break down. The softening
is much more pronounced in the horizontal displacement results. All of the large rotation
problems so far start to exhibit incorrect behavior beyond 40 degrees of bending rotation.
Each of the large rotation problems presented so far have had at least one end that is
unconstrained. As will be shown later in this chapter, problems with more bending
constraints at the boundaries will give good solutions for about another 5 degrees of
rotation. This problem proved to be an excellent test for the current formulation by

comparing directly to actual test data of a composite beam.

3.7 Hinged Isotropic Shallow Thick Arch

The next problem is a shallow thick isotropic arch with both ends pinned. It has been
evaluated by Sabir and Lock [31] and Creaghan [8]. This arch is interesting because it
experiences snap through and snap back limit points. As displacement control cannot

capture snap back characteristics (section 2-6), a Riks solution is more useful to capture
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limit points and possible equilibrium paths. The arch is relatively thick (c/h = 14.5)
making transverse shear significant. The arch details are shown in figure 3-15.

2P

8§ =8588in

o =38.94
¢=50.0in oy deg
8 /c =0.17 r=1501n
b= 0.289 in E = 167 psi

Figure 3-15 Hinged Hinged Shallow Thick Arch

Sabir and Lock have a more advanced representation for €, than most of the other

theories. They represent longitudinal strain as:

r 2 r

Eqn(3-5) contains a thickness dependence for the in-plane strain. The current theory
contains many higher order z strain terms, while others neglect these terms totally. Sabir
and Lock also neglect transverse shear strain which is present in this problem.

The results for a half arch symmetric model using Riks solution technique are presented
in figure 3-16. Analysis points from Sabir and Lock are shown. No attempt was made to

connect their points for the simple reason of chart readability. The current solution
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follows Creaghan and Sabir & Lock through four horizontal and two vertical limit points.
As mentioned, Sabir and Lock neglect transverse shear which explains the slightly softer
solution at larger displacements (point C). At point C, transverse shear strain is around 2
degrees. As shown in chapter 11, the slope of the elastic curve w,, and the bending angle
vy differ by this shear angle . This deformation contributes to the overall displacement
making the present solution slightly softer.

Current
15,000.00 1
( — = — Creaghan
E X
10.,000.00 + Sabir&Lock F
4 >
X

5000.00 +

D

Load P (b) 0.00 ¥ i

0.00 20.00
-5000.00 +
-10,000.00 +
1500000 1
Veitical Displacement (in)

Figure 3-16 Equilibrium Path for Hinged Hinged Shallow Thick Arch
Figure 3-16 doesn't necessarily represent a physically realistic static load displacement

path, rather it shows possible equilibrium states even during dynamic events (snapping).

Classical load control could not produce such a curve as more than one displacement
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exists for a single load. The same is true for the displacement control except there is more
than one load for a given displacement. Load control would jump from point E to F
instantaneously. Displacement control would follow a path along points E A D without
capturing the other points. This problem was solved using displacement control and the
results are shown with Riks method to demonstrate this effect. It is evident in figure 3-17
that the snap back points are not captured by displacement control.
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Figure 3-17 Displacement Control vs Riks Method

The loading path in figure 3-16 and deformed shapes in figure 3-18 provide a better
understanding of the physical meaning of such a strange equilibrium curve. As the arch
goes through its first snap at horizontal limit point E in figure 3-16, the structure collapses

and the load decreases until the sense changes to an upward load. Point A shows when

3-20




this upward loading begins. As we continue around the curve toward point B, the
equilibrium curve shows load and deflection decreasing. The deformed shape of B in
figure 3-18 confirms that the crown deflection is less than for point A. This unloading is a
dynamic phenomena which occurs nearly instantaneously as the arch collapses and inverts.

As displacement is decreasing, the magnitude of the upward force to attain equilibrium
decreases also until the second horizontal limit point. The area near point B is typical
showing increasing load with decreasing displacement. The process is once again reversed
through another snap and sheds load until point C. Now the structure once again becomes
stable and will start to behave with positive displacements with positive loads. At point D,
all the curvatures are reversed from the original configuration making it stable in an
inverted state. Note, the deflected shapes are not drawn to scale. Although the problem
curvature has been exaggerated to more easily show load effects, their relationship to the
original shape is correct.

Figure 3-18 Hinged Hinged Shallow Arch Deformed Shapes

Since this problem has centered on Riks solutions, it is appropriate to briefly discuss
the practical application of Riks method. The technique can be difficult to correctly get
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started for a particular problem, but once a Riks solution is achieved, the results are
generally excellent. The easiest way to start a new Riks solution is to first use a
displacement control solution. This provides an indication of the loads and some of the
snap or limit points that may exist. Riks technique is sensitive to loading parameters. It is
necessary to have accurate load and load constants for good Riks solutions. Displacement
control shows the load displacement trend and magnitudes of each. In areas of an
equilibrium curve that can be captured by both techniques, the results are nearly identical.
Although the estimate of iterations needed per increment, N,, is an integer, in practice,
using a value that is not a round number works better. N, is usually at least 2 for problems
that converge easily, such as the current problem where N, was 2.5. N, could be as large
as 4 or 5 for more difficult problems, but it is rarely higher. N, was 4.5 for a deep arch
problem in section 3-10. M, is the maximum load increment for a particular iteration.
This is a good parameter to vary significantly for difficult problems. Displacement control
solutions will also help select an initial value of M,. Displacement control will help
determine the size of the external load(s) to apply for a Riks solution. Too large or small
of an external load will provide poor or nonconvergent solutions. A reasonable external
load is critical to a good Riks solution. The final significant parameter for a good Riks
solution is the convergence tolerance, generally 0.01, but it can be varied to help a
particular solution converge. Care should be taken not to loosen this tolerance too much
as solutions can converge to incorrect values only to diverge at a later increment. The
initial load parameter (A,) is generally set to 0.1. Solutions don't appear to be sensitive to
this, but it could be varied if getting convergence on the first increment is difficult. The
above ideas are only suggestions based on the author's experience. Basically, the author
suggests getting a general understanding of the loads and displacements, then vary Riks

specific parameters. Varying the load and Riks parameters at the same time can prove
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frustrating by giving incorrect solutions for seemingly no reason. Because every problem
is different, experimentation is necessary when using Riks technique.

3.8 Deep Hinged Isotropic Thin Arch

The next problem is designed to produce large displacements and large bending
rotations. The deep arch in figure 3-19 has two pinned ends and is loaded transversely by
a concentrated load at the crown. The arch has been investigated by Huddelston [17],
Palazotto and Dennis [27] and Creaghan [8]. Creaghan made comparisons to SLR shell
theory of Palazotto and Dennis [27]. The differences were negligible, so the current
theory will be shown with Creaghan beam solutions, Huddelston, and a Donnell shell
analysis 1 27].

E=1e7 psi

r= 100 in

o =106.3 deg
h=1in
b=1in

3 =40in

c=80in

Figure 3-19 Hinged Hinged Deep Thin Arch
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Huddelston [17] presents closed form solutions to arches with varying degrees of mid-
plane extensibility. He defines the degree of extensibility of an arch mid-plane by a factor:

_ I
~ A(2¢)

C (3-6)

where I is the moment of inertia, A is the cross sectional area, and c is the dimension
shown in figure 3-19. The inextensible solution is when C=0. When C=0.01, the mid-
plane is allowed to stretch or compress. In this case, the arch is initially in compression
(until collapse) making the inextensible solution the stiffest. The problem was analyzed
with the current theory using a symmetric half arch model with 30 elements and 150 active
degrees of freedom. Displacement control and Riks method produced nearly identical
results. Figure 3-20 shows the cor parisons of a Donnell shell analysis, Creaghan, two
Huddelston extensibility solutions, and the current theory.
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Figure 3-20 Load vs Vertical Displacement for Hinged Hinged Deep Arch
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The current solution has produced a much higher collapse load by incorporating the
large rotation kinematics. The current theory has also shifted the results toward an
inextensible Huddelston solution and a Donnell shell solution. This is an expected result
since middle surface extensibility is seen to increase arch deflection under load. The larger
rotation theory is allowing more energy to go into cross sectional bending prior to
collapse leaving less energy for mid-plane extension. This result becomes more
pronounced as rotations get large. This is observed when the current and Creaghan
solutions start out close together but diverge as displacements become large. When the
displacements do become large, the current theory tends more to an inextensible arch.

The peak load has increased by nearly 30% over Creaghan's solution. Donnell shell theory
has a much lower order mid-plane strain representation than the current work [27]. The
form of the post collapse response for the current work is different than Huddelston and
Donnell shell theory, due to the higher order representation of the mid-surface
deformation [27]). The deformed shapes of the arch right at collapse and post-collapse are
shown in figure 3-21. Local snapping is observed on either side of the load. The load

doesn't have any horizontal dispiacement since the boundary conditions are symmetric.

Initid Collaps e

'\ PostCollaps e

Figure 3-21 Deformed Shapes for Deep Hinged Hinged Arch
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Overall, adding large rotation theory has made the response more like an inextensible
or a lower order extensibility solution. The bending rotations in this problem reached 46
degrees over 15% of the arch. This large rotation raises the question of shear effects at
large rotations. In chapter II, small angle kinematic approximations for bending were used
to be consistent with linear shear strain. If instead of making those approximations, the
displacement equations of Eqns(2-18) (which include the tangent function) are used to
calculate shear strain, bending locking occurs. Figure 3-22 shows the current solution

with and without the small angle approximation used in the shear strain relations.

1600 | Qurent
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Figure 3-22 Shear Locking Deep Hinged Hinged Arch
If the tangent function (Eqns(2-18)) is included in the shear displacement equation,

many of the structures analyzed (not all) exhibit "locking” behavior. For problems where
the bending angle is significant (greater than approximately 25 degrees), locking can
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occur. A collapse load is never reached i figure 3-22 as the structure becomes very stiff.
Using large rotation relationships in the shear equation place displacement gradient values
(y) into the constant coefficient stiffness matrix K. This makes K a nonlinear function of

displacement and causes the locking shown at large rotations.

3.9 Hinged Clamped Isotropic Very Deep Arch #1

The final two problems examined proved to be the biggest challenge for the current
theory. The first is a very deep arch with one end pinned and the other end clamped. It is
loaded at the crown with a transverse concentrated load. As shown in figure 3-23, this
problem has a very large opening angle (240 degrees). The deep arch coupled with the
unsymmetrical boundary conditions make this a difficult problem.

r = 100in

a =240 deg
X100 in
A=228.9in 2

8 =150in

c=86.6 in
EA=1x10

Figure 3-23 Very Deep Hinged Clamped Arch #1
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Karamanlidis, Honecker and Knothe (K,H&K) [18] studied this problem using an
updated Lagrangian formulation. They incorporate correction terms to an incremental
energy function to keep the simulation close to the true solution. The corrections come
from stress equilibrium and compatibility. K,H&K include in-plane strain but neglect all
other strain components. Since this arch is thin (0.223 in), transverse shear is probably not
significant. Only linear strain terms in z are retained and shallow arch assumptions are
used for the incremental strain relations. Since they use an incremental approach
(assuming the increments are small), shallow approximations are adequate.

This problem was initially analyzed using a full arch model with 40 elements and 198
active degrees of freedom. As the arch length is 418.9 inches, this appears to be a coarse
mesh. The results of this analysis are compared with K,H&K in figure 3-24.
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Figure 3-24 Mesh Refinement Very Deep Hinged Clamped Arch #1
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The coarse mesh solution becomes unstable near 31 inches of crown vertical displacement.
Beyond this point, the results look very questionable. To further examine the response,
the deformed shapes of the coarse mesh model are plotted in figure 3-25. When the load
starts to drop off, elements near the hinged boundary will "kink" over. They seem to
experience a large amount of motion in a single displacement increment. If the structure
continues to deform past 31 inches, multiple elements kink until 49 inches. Then the arch
once again is able to pick up load, but the boundary condition has changed radically
making it a new physical problem. The results is this area of the load displacement curve

are not physically correct.

(

Figure 3-25 Deformed Shapes Showing Element Kinking for Very Deep Hinged
Clamped Arch
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The deformed shapes of the elements are shown as straight lines, but are actually
formed by the element shape functions and the values of the element degrees of freedom at
a particular deformation state. Figure 3-25 was produced by drawing straight lines
between nodal displacement coordinates at different deformation states. Feeling that the
poor results may be due to the coarseness of the mesh, numerous refined meshes were
generated. The refined mesh results in figure 3-24 are based on a 170 element model (848
active degrees of freedom) with 130 of the elements placed in the first 40 inches near the
pinned boundary. The refined solution follows the same trend as the coarse mesh, but fails
to obtain a convergent solution after 31 inches of vertical deflection. No element kinking
occurred with the refined mesh and all the deformed shapes remained smooth through out
the loading. All of the solutions shown were generated using displacement control. In an
attempt to ensure that this limit point wasn't a snap back point that displacement control
couldn't capture, various displacement "jumps"” were attempted to traverse this point. All
attempts to cross this point with a refined mesh failed and resulted in non convergent
solutions. Riks technique failed at the same point and actually started to reverse the
loading (this is shown in detail in the next problem).

With confidence that the limit point wasn't just a snap back point unable to be captured
by displacement control, the code was modified to calculate the internal strain energy in an

element using the relationship from chapter II:

1 ~ N N
U==b|d"|K+—=+-—-2]|dds 2-56
2 { [ 3 6] (2-56)

The details of how the energy calculations were conducted (including integration) are
found in appendix A.
The internal strain energy of elements near the pinned boundary showed a smooth

increase until reaching the limit point in figure 3-24. At that point, these elements showed
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an instantaneous energy increase by orders of magnitude in many cases. Elements away
from the pinned boundary maintained a relatively smooth energy increase throughout the
loading. Figure 3-26 shows the strain energy vs vertical displacement of the load for a
typical element near the pinned boundary (one that kinked) and an element well removed
for the coarse mesh solution. Although they need not have similar values, they should
follow the same smooth trend for a properly posed problem.
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Figure 3-26 Strain Energy for Typical Elements

It is evident that the elements do not follow the same trends and that an extreme
increase in the strain energy in a single displacement increment is not physically realistic.
This energy jump was experienced in elements rear the pinned end for both the coarse and

refined mesh models. The structure now contains an unrealistic amount of energy which
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points to a numerical problem probably stemming from the element itself. As the energy
builds rapidly at one end of the arch, the energy continues to increase elsewhere in the
structure at a "normal” rate. There is no energy release to account for the rapid growth at
the pinned end, yet the work of the concentrated force is the only energy addition entering
the system. Rotations at the pinned end are relatively large at kinking (60 degrees) and
are the major contributor to the energy jump. The coarse mesh model converged to a
solution (an incorrect one) after the limit point while the refined mesh model didn't.

Since a majority of the refined mesh elements are placed in an area of strain energy
instability, they occupy a majority of the global stiffness matrix entries. This explains why
the refined mesh would not converge to a solution where the coarse mesh did. This
implies a numerical problem with the equations that the model develops for the iterative
solution. To further confirm this hypothesis, the global stiffness matrix was examined
throughout the loading cycle. As the Newton-Ralphson technique tried to find solutions
at this limit point (iterating load for a specific displacement), some values on the diagonal
of the global stiffness matrix became negative, confirming that the problem is no longer
being physically modeled correctly. A negative diagonal stiffness entry implies that a
negative displacement takes place from a positive load application which is not possible
for a finite element potential energy model. The negative diagonal entries were of the
same order of magnitude as other stiffness values. These entries were not isolated to
specific types of degrees of freedom, but appeared sporadically in many places. Cook [7]
states that any negative or zero stiffness entry on the diagonal implies an unstable
structure. As the Newton-Ralphson solver tries to attain increment convergence by
iterating, many stiffness entries for elements near the pinned end became much larger than
for the other elements. This has the same effect as placing stiff and compliant members

next to each other. Cook [7] also shows that very stiff members attached to compliant

elements can cause numerical instability.




These energy related problems stem from the large bending rotations experienced at
the hinged end due to the unsymmetrical boundary conditions. Each element contains only
two bending degrees of freedom, and they are interpolated linearly. This is much too
crude for such large angles. The problem could be improved by adding more bending
degrees of freedom and using a higher order interpolation function. C! shape functions
would also help to provide slope continuity to y which isn't currently present. For
example, at kinking of the coarse mesh, the second element from the pinned end has
V. = -0.11207 and the adjacent element has v, = 0.012455. The rates of change of the
bending angle is discontinuous at their common node. Bending slope continuity would
help smooth the bending rotations at the pinned end, resulting in less bending rotations
and more stiffness at large rotations. This problem also exceeds assumptions made in the
kinematics. Kinematic derivations were based on the assumption that vertical
displacement is constant through-the-thickness. This led to using a tangent function which
assumed only horizontal motion of cross section points during bending (figure 2-2). Asy
gets large, the in-plane displacement will become infinite. Including normal strain
through-the-thickness would help this problem by allowing the cross section to contract
making vertical displacement a function of the thickness coordinate. More exact rotation
kinematics could then be used in Eqn(2-14) (resulting in a sine function). This would

provide more accurate bending coupling characteristics.

3.10 Hinged Clamped Very Deep Isotropic Arch #2

The final problem analyzed is a very deep hinged clamped arch which is similar to the
previous problem except that it has a smaller opening angle and thicker cross section. As
shown in figure 3-27, this arch is loaded transversely by a concentrated force at the crown.

The unsymmetrical boundary conditions will again provide large rotations at the hinged
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end. The objective of examining this problem is to compare to other theories and to
explore a Riks solution in more detail after displacement control fails to converge. This
problem was examined by Creaghan [8], Brockman [5] and DaDeppo and Schmidt [11].
Brockman felt the geometric complexity of this probiem required a 3-D analysis. He used
an updated Lagrangian code developed for material and geometric nonlinear analysis. To
remain consistent with beam assumptions used by others, Brockman used a 3-D element
but displacements normal to the plane of bending were suppressed to compare with other
theories that didn't account for finite width. DaDeppo and Schmidt conducted an analysis
based on the Euler nonlinear theory of elastica. They used a total Lagrangian formulation
but had an inextensible mid-plane and no transverse shear. This problem will have more

through-the-thickness shear than the previous since it is over four times thicker.

r=100in

o =215deg
6

E=3x10 psi

b=4in

h=1in

0 =130.1in

c=95.4in

Figure 3-27 Very Deep Hinged Clamped Arch #2
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Initially, the analysis was conducted with a 40 clement (198 active degrees of freedom)
full arch model. The results were very similar to those for a coarse mesh in section 3.9.
The elements near the hinged boundary became unstable and kinked. This problem also
exhibited the same energy characteristics as the previous one. The mesh was refined to0 a
total of 180 elements (898 active degrees of freedom) with 136 of the elements comprising
half of the arch with the pinned end. Displacement control was initially used to obtain
equilibrium solutions and help characterize the arch behavior. The results are shown in
figure 3-28 with Creaghan and Brockman/DaDeppo and Schmidt.

The overall trend of the current model is similar to the previous problem. There
appears to be a limit point near 33 inches of vertical crown displacement (33 times the
thickness). Displacement "jumps” were again attempted to ensure that the limit wasn't a
snap back that displacement control couldn't capture, but all attempts were non
convergent. Creaghan showed solutions within 10% of Brockman/DaDeppo and Schmidt
at 17 inches of crown displacement. The current solution starts to diverge svoner (around
15 inches) but attains a higher load and displacement. The current solution gave stable
solutions for nearly 5 more inches of displacement and over 150 1b of force than Creaghan
was able to attain, although the differences from other solutions should not be neglected.
Brockman shows geometric collapse load of 897 1b, while the current solution only
reached 491 1b. Brockman also showed rotations near the hinged boundary in excess of
120 degrees when loads approached collapse. The current work is limited to rotations
that are far smaller than those experienced by this problem. In an attempt to find other
valid equilibrium states for a refined mesh, Riks method was used with the results shown

in figure 3-29.
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Figure 3-28 Load Displacement for Very Deep Hinged Clamed Arch
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Figure 3-29 Riks for Very Deep Hinged Clamped Arch
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The Riks solution initially follows the same equilibrium path as displacement control
until reaching the vertical limit point. As Riks searches along an arch length for
equilibrium points, it attempts to get past the limit point, but cannot find a stable state.
The first stable state is found when load and displacement both begin to decrease. This is
why the curves in figure 3-29 wrap back under. Rotation errors causing strain energy
inconsistencies in a majority of the elements don't allow for a physically valid solution
beyond this point. Riks technique provides another equilibrium path. The load and
displacement in the vertical direction (w) continue to decrease and never turn back. This
trend provides an excellent example of how Riks provides other solutions when numerical
difficulties are encountered. Looking at the deformed beam shapes gives physical meaning
to the strange looking equilibrium solutions generated by Riks. Equilibrium points in
figure 3-29 are shown as deformed shapes in figure 3-30. Point A is where the model
reaches the maximum positive displacement and positive load. Figure 3-30 shows the
deformed shape at this point. As the arch is unloaded by, the deformed shape of a typical
point after the load sense has reversed is seen at point B.  The magnitude of the upward
force and displacement continue to increase. The solution never returns to a positive load
(downward) since Riks technique cannot locate other stable equilibrium states in its search

radius.
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Figure 3-30 Deformed Shapes of Very Deep Hinged Clamped Arch

The changes in bending rotation moving along the arch from the hinged boundary are
large. The bending angle changes by nearly 60 degrees from the crown to the hinge when
the limit load is reached. With a 1 inch thick cross section, the kinematic assumptions
cause difficulty for the model. C! shape functions for y would help improve the solution
by providing slope continuity as the bending angles go through radical changes. At 30
inches of vertical crown deflection, the hinged bending rotations are 40 degrees. At this
point, the current load differs from Brockman/DaDeppo and Schmidt by 15%. 40 degrees
of bending rotation has been consistently providing accurate solutions for boundaries with
unconstrained y while problems with y constrained at each boundary have given accurate

solutions to 45 degrees of bending rotation.
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IV Vectorization and Parallelization Considerations

4.1 Vectorization

Advances in computer hardware and software have made more efficient computation
possible. Nonlinear finite element programs in particular can involve very large processing
times on serial machines [1]. Large degree of freedom systems or conducting dynamic
analysis coupled with higher order structural theories can result in extremely large
processing times on single processor scalar machines. Multiprocessing technology has
emerged as a viable method to possibly decrease processing times and thus increase
efficiency. This allows larger dimensional and more complex models to be analyzed. The
current effort focused on parallel processing and vector pipelining of tasks.

We begin by examining vector processing. Vector computations refer to several
independent data streams being computed on a single processor. Vector computers use
hardware processing units called vector pipelines. A vector pipeline allows some
opérations that are traditionally conducted in a serial manner to take place in parallel and
independently on a single pipeline processor. Adeli et al. [1] shows three ways of
decreasing the time required to perform specific instructions on a vector processor:

1. Increase the number of vector pipelines in use. An N-fold increase in pipelines can
theoretically result in an N fold decrease in processing time when independent tasks are
conducted concurrently. This is true to a point since data communication from memory to
pipelines and pipeline filling will limit the improvement when the number of pipelines
becomes great. The processing improvement is not linear with large processing pipelines

because communication time can become significant.




2. Decreasing the precision of the operation can decrease the processing time. On
some machines, going from 64 bit operations to 32 bit halves the time requirement. This
is possible because a single 64 bit pipeline can be split into two 32 bit pipelines.
Additional pipelines can be used for double precision operations, but if single precision is
sufficient, some single pipelines may be split into two pipelines.

3. Special vector operations that involve three input quantities are called linked triadic
operations. Frequent scalar and vector operations of these quantities are linked together
as one process by extending pipelines to include vector/scalar multiplication and addition.
Depending on the specific hardware used, various vector operations may already be
resident in the pipelines. When these tasks are conducted concurrently, computation times
may be greatly reduced over serial operations [36].

When considering a specific code or set of instructions, there are two methods or levels
of vectorization [36]. The first, syntactic vectorization, involves replacing certain lines of
code with vector equivalents. This usually requires modifications to an existing code to
make it vector compatible. The second level of vectorization is algorithmic . Algorithmic
vectorization involves replacing total algorithms with their vector equivalent. This is a
much more complete method from a vector standpoint. Algorithmic vectorization is a
bottom up type operation as the entire program is modified and designed around vector
performance. |

VanLuchene, Lee and Meyers [36] state that taking existing computer code and
making minor modifications for use on a vector machine (Syntactic vectorization) is the
most common vectorization technique. They study an updated Lagrangian finite element
formulation to evaluate vectorization. An updated Lagrangian is used because of its
incremental nature and simpler strain displacement relationships as compared to a total
Lagrangian [36]. The current total Lagrangian formulation contains complicated strain

displacement relations which may prove to be less advantageous for vectorization. To




investigate the vector possibilities of the model, the code was placed on a Convex 220
vector computer. Our objective is to employ some level of syntactic vectorization to
quantify the speed improvement. Since an algorithmic vectorization was not attempted, a
knowledge of what areas of the code are the most computationally intensive would help us
decide where to concentrate vectorization efforts. Farhat, Wilson and Powell [13] imply
that the majority of computational effort for a linear finite element model lies in solving the
system of algebraic equations. VanLuchene et al. [36] approximate that 38% of the total
CPU time is consumed by forming the element stiffness arrays in a typical nonlinear finite
element model. The nonlinear nature of the current model does not make it obvious what
part(s) of the code are the most computationally intensive. The current model uses a
Gauss elimination technique on the global equations that are stored in a banded symmetric
format. VanLuchene et al. [36] discusses a hypermatirx storage scheme of the global
stiffness matrix. The advantages seem minimal over the banded symmetric scheme
currently used since hypermatrix schemes are elegant (from a matrix algebra perspective)
and usually involves more data communication transfers (overhead). Efficient vector
Gauss elimination schemes for banded symmetric systems exist and could be used. A
study was conducted to determine which routines used the most CPU time in the current
model to help focus the vectorization effort. CPU time was recorded for each routine in
the code for several typical arch problems. The problems were analyzed on a scalar Sparc
330 computer. The time required for the Gauss elimination scheme of the global system
of equations was a surprising 0.6 - 0.7% of the overall CPU time. This was much lower
than expected. Most literature for efficient computing of finite element codes shows that
the solver usually dominates the CPU time (even for nonlinear problems). 76 - 82% of the
CPU time was spent forming element stiffness entries with the remainder of the time in
post processing, I/O operations, and other miscellaneous tasks. The element stiffness

computations are dominating because N , and N , stiffness arrays are recalculated at gvery




iteration of gvery increment (whether it is load or displacement control) for gach element.

As seen in the code listing in the appendix C, the entries for these arrays involve thousands
of algebraic manipulations. After ﬁ, and 1\72 are formed, they are integrated over the
clement length. As shown in chziptcr I, five point Gauss quadrature is used to do the
integration. The shape functions of Eqn(2-58) are calculated at each Gauss point for each
element. All of this is accomplished in a serial manner and is dominating the computation
time. Even for models with a small number of elements, the element stiffness calculations
dominate. Now our vectorization effort should achieve the biggest gains by concentrating
on the element stiffness evaluation portions of the code. The mathematical operations
involved in forming N , and 1\72 are very well suited for vectorization because they each
involve extensive independent algebraic calculations. The code was slightly modified, then
complied using the vectorization (-O2) option on the Convex 220. Approximately 50% of
the program loops fully vectorized. The K, N , and 1\72 routines vectorized completely.
As expected, significant reduction in computation time was observed. Typical problems
(ranging from 100 to 800 degrees of freedom) were analyzed in scalar mode on a Sparc
330, scalar mode on the Convex and vector mode on the Convex. As shown in figure 4-1,
the overall CPU time required for a vector run was 1/8 the time required for a scalar run
on the Convex. VanLuchene et al. [36] show that input/output requirements can be
reduced by a factor of approximately 100. Input/output time was not monitored in the

current study, but similar improvements could be expected.




Sparc 30

%CPU Time on Sparc 330

Figure 4-1 CPU Time Comparisons
The results in figure 4-1 confirm the findings of the initial study that the formation of
the element stiffness arrays dominate the current model. A CPU time decrease of a factor
of 10 is the most that can be expected from a full algorithmically vectorized code over its
scalar equivalent [36]. Completing a short syntactic vectorization centered on the element
stiffness arrays resulted in a factor of 8 reduction in CPU time. A complete vectorization
of the model would gain little more than already shown since a CPU time reduction of a

factor of 8 is close to the maximum expected factor of 10 [36].

4.2 Parallel Processors

Another area of advanced computational capability is the use of multiple processors on
a single problem. We will look at what others have published in this area on similar
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problems and show how concurrent processing could be applied to the current effort in
the future. No actual parallel computing of the code was attempted, but knowledge of the
algorithms and process allow us to study parallel implementation without actually doing it.
Multiple processors can run concurrently on independent tasks to reduce the overall
computation time. Parallel operations can bring great increases in computing efficiencies
over a single processor. As the number of processors increases, overhead operations tend
to get magnified with communication bottlenecks possible. The coding language also has
an effect on the parallelization of a program. Adeli et al.{1] prefer FORTRAN 90 for its
case of use in the parallel environment. The current code is in FORTRAN 77 and could |
be used in a parallel machine (depending upon the specific compiler used), but FORTRAN
90 is better suited for parallel operations and conversion is recommended. The current
model has many functional areas that would benefit from parallel processing. As already
discussed, formation of the element stiffness arrays during every iteration of every
increment for each element consumes the majority of the CPU time for the current model.
Each of these operations are independent making them good candidates for a parallel
effort. Parallel compatible compilers would identify some of these independent loop
operations and parallelize them automatically. Farhat et al. [13] have done extensive
work in the area of parallel computing with large finite element models. They take a
problem that is already discretized into a finite element system and further subdivide
groups of elements. Recognizing that element operations are independent in nearly all
finite element models (linear or nonlinear), they assign groups of elements to individual
processors. The objective of the subdivision is to produce units that have nearly the same
computational load. The domain is usually decomposed into a numt;er of substructures

equal to the number of processors available. If the number of processors exceeds the \
number of elements, then some individual tasks associated with each element can be

carried out independently. Each substructure contains the number (rounded in some
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cases) of elements assigned to each processor. Figure 4-2 shows how an 8 element arch
model may be divided for three processors.

3 Subdomains (1 per processor)

Figure 4-2 Parallel Processor Domain Substructuring

After decomposition of elements into subdomains that are associated with independent
processors, element calculations can be conducted in parallel at each iteration of each
increment. Figure 4-3 represents an algorithmic flow of the formation of the element
stiffness arrays, which have already been shown to be computationally intensive. For
serial operations, the ciement stiffness arrays are generated in order. For a parallel
scheme, multiple elements can be formed concurrently. Figure 4-3 also shows how
stiffness arrays for a particular element can be formed independently. X is only formed
once for a particular element while N, and N, are updated at every iteration of every
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increment. Each requires the same data input, but can be calculated independent of each
other. Parallelization provides the possibility of dividing the problem into element
subdomains and independent tasks for each element. Now, the number of times the

element stiffness calculations are completed on a single processor can go from the number
of elements in a model to the number of elements per subdomain.

The concurrent process representation in figure 4-3 has global assembly and system
solution steps in serial operations. Farhat, Wilson and Powell [13] have developed a
parallel Gauss elimination scheme for this type of problem. If used, the global assembly
process is eliminated. The current solver is a serial Gauss elimination scheme that requires
global assembly of the equations. If a parallel scheme is used, the solver would reside at
each processor and solutions can be obtained without ever assembling the equations
globally. Figure 4-3 would be changed so that the system solution is completed in parallel,
removing the global assembly block. This parallel solver requires more communication,
+i- ta transfer and additional arrays to identify global connectivity and sequencing. The
current model does not appear to be limited by the solver, but a parallel algorithm is
available if desired in the future.

Vectorization and parallelization each provide the current effort the possibility of
improving computational performance. With very few changes, vectorization of the time
consuming tasks resulted in radically reduced computation times for moderately sized
problems. Existing parallel design schemes can be easily adapted to the current effort for
use on multiple processors. Dynamic and large degree of fmedbm systems could benefit
greatly from these type of improvements as computation times can easily reach many days
on serial machines. Improvements are obtained by breaking the problem down into
subdomains and independent element tasks. Many parallel routines already exist and could
be used by the current code instead of developing program specific routines. The rate of

improvement with concurrent operations will eventually be limited by input/output and




communication operations for a particular architecture. This and many other detailed
programming and hardware issues still exist to get the most computational efficiency
possible for the current model.
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V. Conclusions and Recommendations

5.1 Summary and Conclusions

This effort led to the successful inclusion of a large rotation kinematic theory into a one
dimensional geometrically nonlinear arch model. The kinematics were derived vectorally
and implemented in the Green strain expressions. A tangent function of the bending angle
resulted and was approximated using a truncated series representation. The theory
included all the terms for in-plane strain and linear terms for transverse shear strain. All
other strain components were neglected. Large rotation kinematics were used only in the
in-plane strain equations because of the linear shear assumption. The beam potential
energy was derived and the first variation made stationary. This resulted in nonlinear
differential equations which were approximated by nonlinear algebraic equations through a
finite element scheme. The finite element model was developed by modifying an existing
FORTRAN code that was originally based on a two dimensional shell theory. The
majority of the code modifications were to the element stiffness arrays. The calculations
for each element increased by approximately 75% for the large rotation version of the
code.

Numercus problems were analyzed to determine the adequacy of the proposed theory.
The first group of problems involved large displacements, but relatively small bending
rotations (around 10 degrees). Results from using the previous moderate rotation theory
were nearly identical. This was expected since small angle approximations used in
moderate rotation theory were accurate. These initial problems also showed that the new
kinematics didn't corrupt the model and that the theory was implemented in the code
correctly.
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Computational efficiency was briefly examined. A syntactic vectorization centered
around the formation of the element stiffness matrices resulted in a vector processing time
that was 1/8 the time required in scalar mode. Parallelization was examined and possible.
parallel options discussed.

5.2 Recommendations for Further Work

As large rotations are limiting the current model to 45 degrees of bending rotation,
some simple changes to the code could help achieve large rotations and more nonlinearity.
Increasing the rotation degrees of freedom per element would allow higher order shape
functions to more accurately represent the actual bending angle distribution. Since the
slope of the bending rotation is discontinuous at some nodes, Hermitian shape functions
for y would give consistent rates of change between elements. Incorporating C! shape
functions would require that a y,, degree of freedom be added to each end of the element.
This would smooth the bending rotations and provide more bending stiffness at large
angles. If transverse normal strain is added to the formulation, more physically correct
kinematics can be derived. If the cross section is allowed to contract or extend, then a
sine function is used in place of the tangent for displacement of points undergoing pure
bending.

In conclusion, the theory presented has shown significant improvements over the
previous moderate rotation theory. Using large angle kinematics resulted in a stiffer

structure and more accurately modeled actual beams and arches.




Appendix A

A.1 Q; Transformations of Eqn(2-21)

Q-n =0, cos' 0+ 2(Q12 + Zch)Siﬂ2 Ocos’0+ sin*0

0, = (0, + 0y, — 40, )sin? Ocos? 0+ Q,,(sin* 0+ cos*0)

0y = 0, sin* 0+ 2(0,, + 20y sin? cos’ 0+ O, cos*

O = (0, ~ O, — 20, )sin0cos’ 0+ (@, — @y, + 20, )sin® Ocos8
Oy = (@ - Q, - 20, )sin* 8cos + (Qu - Q,, +20Q,)sinOcos’ 0
0, =(0, + 0, - 20, - 20, )sin?8cos* 0+ Q. (sin* 6+ cos*6)
Ou = 0, cos’0+ O sin’0

Qs = (Qy — Oy )cosOsin O

Q. = O c0s’ 0+ Q,, sin*0

A2 L, S and H Matricies in Eqns (2-52) and (2-54)

={0 1t -c 0 0 0 0}
={o 0o -¢ 00 0 1}

={0 -c 00 0 0 ¢}
£={0 000k 0 k}
LL={0 0 0 0 ck O ck}
I£={0 0 0 0 0 0 0}
L;={0 0000 0 0}
={o 0 0 00 0 0}
sT={0 0 0 000 0}
sT={0 0 0 3k 0 3k 0}




c 000
-c 0000

0

0

1
-c

0000

cz

1000
0 0000
0 0000

0

0
0
0
0

0
0
0

—_—
1 zw.z zw-
CN ©c ;T dcoc TA
a D +
> = ! -
el Xe > o T
-5 -« « ~
N OO o > ~N-E-E-E-E-N-)
coc o o o ..MOOOO:CO
o~ Q | N
0002 [ER =]
— - N Al.a
N OROOOOR <
__— |
o Voo o *
|} On.x.: Zw-
= e
~ i I.m
«~
oo Yo OW.
| s <, o
30020300
oo O N, © | | .
L - |
] H
- ~
T S




[ 2¢ 0 0 ke* 0 -2"+k* 0O
0 2¢° 0 0 & 0 -2t +k
0 0 0 0 -k 0 —ke
H,= kc? 0 0 2 0 ke 0
0 k -k 0 O 0 0
- 2¢* + kc? 0 0 k O 2¢* 0
0 -2c*+k k¢ 0 O 0 2¢
[0 0 0 Kk 0 kc® 0
0 0 0 0 ke 0 ke
0o 0 0 0 -2k 0 —2kc?
H=|k* 0 0  4k? 0 3kc? 0
0 ke —2k*> 0O 0 0 k(1+v?)
k> 0 0 3k? 0 2kc? 0
|0 ke —2kc> 0 k(1+vy?) 0 2k(1+v?)
0 0 0 —2k* 0 —2kc* 0
0 0o 0 0 —2kc? 0 —2kc?
0 0O 0 0 0 0 0
H=|-2k* 0 0 0 0 2kc? 0
0 —2k* 0 0 0 0 2kc(1+y?)
—2k¢* 0 0 2% 0 4kc® 0
0 -2k> 0 0 2kc(1+y?) 0O ke |




cooLo%
cororo

L a2
©C o oL O W
cododo

L a2
OO0 O O O O
cocococoo
© o oo oo

N

hd

x

0

0
0 0 0 2%

0
2k%c

2k%c?

0
2k*c

0
0 0 0 2k%°

0
2k*c

2k%c?

0
2k%c

0

H,=

A4




A.3 Element Stiffness Matricies of Eqn(2-56)

K= ALL+ D(LL +LIT+ LI )+
F(LL + LI+ L + LI + L)+
H(LL{ + L + L)+ JLL, + AS 5,5 +
DS(S,ST + 5,8T)+ FS S,ST

N,= A(Ld"H,+ d"L,H,+ HdI%)+

D(Ld™H,+ L,d"H,+ Ld"H, +d"L,H, +d" LH, +d" L, H, + H,dL} + H,dl} + H,dLT)
+F(LA"H,+ Ld"Hy+ Ld"H,+ Ld"H,+ Ld"H, + d"L H, +
d"LH,+d"LH,+d"LH,+d"L,H,+ HdI} + HdlL, +

HydL + Hdl; + H,dL7) +

H(L@d"H,+ Ld"H,+ L,d"H, + Ld"H,+ Ld"H,+ d" L H,+
d"LH,+d"LH,+d"LH,+d"LH,+ Hdl; + HdL +
H,dL, + HdlL; + H,dL))+

J(LA"H,+ Ld"H,+ Ld"Hy+ Ld"H,+ d"LH,+ d"L,H+
d"LH,+d"L H,+ H,dL] + HdL; + Hdl} + HdL})+
L(LAd"H,+ Ld"H,+ d"L,H,+ d"L,H,+ H,dL, + HdL,)




N, = A(Hdd H,+ -;-d’HodﬂoH

D(% Hdd"H, + %H,dd’H,,H,dd’H, +
%Hoddfu, + -;—H,dd'Ho + Hdd"H, + H,dd"H, + H,dd"H, +
i—d’Hodm + %d’H‘dHo + %d’H,dH, + %d’H,dH, + -;—d’H,dH,)-i-

—:-d’HodH, + %d’H,dH, + %d"llldﬂl)+

F(

H(—%Hodd'H6+ %H,dd'Ho+ Hdd"H,+ Hdd"H, + H,dd"H, +

H,dd"H, + H,dd"H, + -}‘-d'Hodﬂs + %d’HGdH., + %d’HldH, +

-;-d’H,dH, + %d’H,dH‘ + %d’H.de + -;-d’H,dH,) +

J(Hdd"H,+ H,dd"H,+ H,dd"H,+ Hdd"H, + H,dd" H +
Hdd"H,+ Hdd"H, + —;-d’H,dH, + -;-d’H,dHl + %d’ﬂ,du, +

%d’HsdH, + %d’H,dH, + -;»d’H,dH, + %d’HﬁH‘) +
L(H,dd"H,+ H,dd"H,+ H,dd"H,+ Hdd"H, + Hdd"H, +
%d’H,dH, + %d’H,dH, + %d’m‘m‘ + —;-dTHGdI-L + %d’H,dH,) +

R(Hdd"H, + H,dd"H,+ Hdd"H, + %d"ﬁ,dﬂ, + %d’H,dH, + -;-d'H6dH,)+

T(H,dd"H, + %d’H.,dH.,)

A-6




A4 Element Strain Energy Calculation
Strain energy in selected elements was calculated using Eqn (2 - 56):

1 ~ N, N
U==bld"|K+—=2+—-2|dds
pofer| s B

which can be expressed in natural coordinates as:

Det J is the determinant of the Jacobian matrix (half element here )
The integral above can be approximated using Gauss quadrature:

U~ iww(n.-)

i=1

where m is the number of Gauss points (order of quadrature)
w; is Gauss weight factor for each Gauss point and

®(n,)= —;—bd'[f+ -Ig—‘-+ %&]d DetJ evaluated at each Gauss point

d is found at each Gauss point by evaluating the shape functions at that point
and multiplying by the element degrees of freedom .
K, N,, and N, are then evaluated with d for each Gauss point
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Appendix B. MACYSMA Inputs to Generate N, and N, Subroutines

B.1 N, Inputs

é
;
3

S,

MACSYMA ROUTINE FOR ELEMENTAL CODE GENERATION BY S. A. SCHIMMELS ¢/
MODIFIED BY CAPT DAN MILLER FOR 1-D BEAMS */
CREATED AS A PART OF AN AIR FORCE INSTITUTE OF TECHNOLOGY (AFIT) ¥/
PROGRAM IN AERONAUTICAL ENGINEERING --- MARCH 1993 */
MACSYMA IS A REGISTERED TRADEMARK OF */
THE MASSACHUSETTS INSTITUTE OF TECHNONLOGY */
*/
FOR A CURVED BEAM. CREATES ELEMENT *
INDEPENDENT STIFFNESS ARRAYS N1 & N1S. */

FIIFTIFIITIRFEIIERED

S .

/ /
/* INITIALIZE MACSYMA PARAMETERS AND DECLARE VARIABLE PROPERTIES */
/ /

[DYNAMALLOC:TRUE,DISKGC:TRUE,DERIVABBREV:TRUE,POWERDISP:-TRUE]$
DECLARE([K,C,SI],CONSTANT);

/
/
GENERATE THE NONLINEAR ELEMENT-INDEPENDENT STIFFNESS ARRAY N1. */

1

/

/

\\‘\\

/ *
/* ASSEMBLE MATRIX N1 *
/

TQ:MATRIX(IQ(1).Q(2).Q(3),Q(4).Q(5).Q(6).Q(M.QB)):
Q:TRANSPOSE(TQ);

“——

LOT:EMATRIX(3,8,1,2,2+EMATRIX(3,8,-C,2,3);




L1T:EMATRIX(3.8,-C*2,2 3+EMATRIX(38,1,2,7);
L2T:EMATRIX(3 8,-C*2,2,2)+EMATRIX(38,C2,7);
L3T:EMATRIX(3,8,K .2 SHEMATRIX(3,8 X 2,7);
LAT:EMATRIX(3,8,C*K 2 S*EMATRIX(3,8,C*K 2,7);
LST:ZEROMATRIX(3.8);

LST-ZEROMATRIX(3.8);

L7T:ZEROMATRIX(3.8);

LO: TRANSPOSE(LOT);

L1:TRANSPOSE(LIT);

L2:TRANSPOSE(L2T);

L3:TRANSPOSE(L3T);

LA:TRANSPOSE(@AT);

LS:TRANSPOSE(LST);

L6:TRANSPOSE(L6T);

L7:TRANSPOSE(L7T);

HO:EMATRIX(8,24,C"2,1 9+EMATRIX(8,24,C,1,12+
EMATRIX(8.24,1,2,10+EMATRIX(8,24,-C 2,1 1)+
EMATRIX(8,24,-C,3,10+EMATRIX(8,24,C*2,3,1 1)+
EMATRIX(8,24,C.4,9+EMATRIX(8,24,1 4,12);

H1:EMATRIX(8,24,C*2,1,12)+EMATRIX(8,24,C*2,1,14)+
EMATRIX(8,24,-CA2,2,1 1)+EMATRIX(8,24,1+S1"2,2,15+
EMATRIX(8,24,-C/2,3,10)+EMATRIX(8,24,2*C*3 ,3,11)+
EMATRIX(8,24,-C-C*SI*2,3,15+
EMATRIX(8,24,C*2 4 9+EMATRIX(8,24,2*C 4,12)+
EMATRIX(8,24,C 4,14)+EMATRIX(8,24,C*2,6 9)+
EMATRIX(8,24,C.6,12)+
EMATRIX(8,24,S1,6,15)+EMATRIX(8,24,14S1°2,7,10)+
EMATRIX(8,24,-C-C*SI*2,7,11)+EMATRIX(8,24,S1,7,14);

H3:EMATRIX(8,24,2*C*5,1 9+ EMATRIX(8,24, K*CA2,1,12)+
EMATRIX(8,24,-2*C\+K*CA2,1,14}+EMATRIX(8,24,2*C*3,2,10)+
EMATRIX(8,24 K .2,13+EMATRIX(8,24,-2*C"24K 2,15+
EMATRIX(8,24,-K*C,3,13+EMATRIX(8,24,-K*C,3,15+
EMATRIX (8,24 K*C*2,4 9+EMATRIX(8,24,2*K*C 4,12)+
EMATRIX(8,24 K*C 4,14+EMATRIX(8,24 KX,5,10)+
EMATRIX(8,24,-K*C,5,1 1)+EMATRIX(8,24,-2*CA+K*CA2,6 9)+
EMATRIX(8,24 K*C,6,12+EMATRIX(8,24,2*CA3,6,14)+
EMATRIX(8,24,-2*C*2+K,7,10+EMATRIX(8,24,-K*C,7,11)+
EMATRIX(8,24 2*C,7,15);

H4:EMATRIX(8,24 K*CA3,1,12+EMATRIX(8,24 K*CA3,1,14)+
EMATRIX(8,24 K*C,2,13)+EMATRIX (8,24 K*C 2,15+
EMATRIX(8,24,-2*K*CA2,3,13)+EMATRIX(8,24,-2*K*C2,3,15)+
EMATRIX(8,24,K*C3,4 9+EMATRIX(8,24 4*K*C2,4,12)+
EMATRIX(8,24,3*K*C2,4,14+EMATRIX (8,24 K*C,5,10)+
EMATRIX(8,24,-2*K*CA2,5,1 )+EMATRIX (8,24 K+K*SI*2,5,15)+
EMATRIX(8,24 K*CA3,6 9+EMATRIX(8,24,3*K*C*2,6,12)+
EMATRIX(8,24,2*K*C"2,6,14}+EMATRIX(8,24 K*C,7,10)+
EMATRIX(8,24,-2*K*CA2,7,11)+EMATRIX(8,24 K+K*SI*2,7,13)+
EMATRIX(8,24,2*K+2*K*SI*2,7,15);

HS:EMATRIX(8,24,-2*K*CM,1,12+EMATRIX(8,24,-2*K*CM\,1,14)+
EMATRIX(8,24,-2*K*C/2,2,13)+EMATRIX(8,24,-2*K*C2,2,15)+
EMATRIX(8.24,-2*K*CM 4 9+EMATRIX(8,24 2*K*C 3 4,14)+




me“z‘xW' lO)f
EMATRIX(8,24 2°K*C+2*K*C*SI"2,5,15)+
EMATRIX(8.24,-2°K*CM, 6, 9+EMATRIX(8,24,2°K*C*3,6,12)+
EMATRIX(8,24 4°K*CA3,6,14)+ EMATRIX(8,24,-2*°K*CA2,7,10)+
EMATRIX(8.24,2°K*C+2°K*C*SI*2,7,13)+
EMATRIX(8,24 4°K*C,7,15);
H6:EMATRIX(8,24 KA2°C*2 4,12)+EMATRIX(8,24, KA2*CA2 4,14)+
EMATRIX(8,24 K"2,5,13+EMATRIX(8,24,K*2,5,151+
EMATRIX(8,24 KA2*CA2,6,12)+EMATRIX(8,24 KA2*CA2 6,14)+
EMATRIX(8,24 K*2,7,13+EMATRIX(8,24 X*2,7,15);
H7:EMATRIX(8,24 2*KA2*C*3,4,12+EMATRIX(8,24,2*KA2*CA3 4,14)+
EMATRIX(8,24,2°KA2*C 5,1 3)+EMATRIX(8,24 2°K~2*C 5,15+
EMATRIX(8,24,2*KA2*CA3,6,12+EMATRIX(8,24 2*°KA2*CA3 6,14)+
EMATRIX(8,24,2*KA2*C,7,13+EMATRIX(8,24,2*K*2*C,7,15);
H2:EMATRIX(8,24,-3*CM,1 9+EMATRIX(8,24,-2%CA3,1,12)+
EMATRIX(8,24,CA3,1, 14 H+EMATRIX(8,24,-3*C*2,2,10)+
EMATRIX(8,24,2*CA3,2,11)+EMATRIX(8,24,C+C*SI*2,2,15)+
EMATRIX(8,24,2*C*3,3,10+EMATRIX(8,24,-2*C*2 3,15+
EMATRIX(8,24,-2°CA3,4 9+EMATRIX(8,24 2*C*2 4,14)+
EMATRIX(8,24,C*3,6 9+EMATRIX(8,24,2*C*2 6,12)+
EMATRIX(8,24,C2,6,14 +EMATRIX(8,24,C*S1.6,15)+
EMATRIX(8,24,C+C*SI*2,7,10+EMATRIX(8,24,-2*C*2,7,1 1 +
EMATRIX(8,24,C*S1,7,14+EMATRIX(8,24,1+2*S1*2,7,15);

N1:ZEROMATRIX(8.8)$

FOR I THRU 3 DO FOR I THRU 3 DO (PRINT(I1,3J),
(11:(-12*11A2444*11-16), J2:(12*1)72-52*])+64),
J1:(-12%JJA2+44*]]J-16), 12:(12*T1*2-52*11+64),

SUBIO:SUBMATRIX(HO,11,11-1,11-2,11-3,11-411-5,11-6,11-7,
12,12-1,12-2,12-3,12-4,12-5,12-6,12-7),
SUBJO:SUBMATRIX(H0,J1,J1-1,J1-2,J1-3,J14J1-5J1-6J1-7,
12J2-1,J2-2,2-3,02-4,J2-5 J2-6,J2-T),
PRINT("HO",I1,JJ),

SUBI1:SUBMATRIX(H1,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12-3,12-4,12-5 12-6,12-7),
SUBJ1:SUBMATRIX(H1,J1,J1-1,J1-2 J1-3,J1-4,J1-5,J]1-6 J1-7,
12,2-1,52-2,32-3,32-4 32-5 32-6,52-7),
PRINT("H1",1LJ),

SUBI2:SUBMATRIX(H2,11,11-1,11-2,11-3,114,11-5,11-6,11-7,
12,12-1,12-2,]2-3,12-4,12-5 12-6,12-7),
SUBJ2:SUBMATRIX(H2,J1J1-1J1-2J1-3,J14,J1-5J1-6J1-7,
12,J2-1,J2-2,12-3,12-4,J2-5 J2-6,)2-7),
PRINT("H2",11,JJ),

SUBI3:SUBMATRIX(H3,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,

12,12-1,12-2,12-3,12-4,12-5 12-6,12-7),
SUBJ3:SUBMATRIX(H3,J1,J1-1,J1-2,J1-3,J1-4,J1-5,J1-6,J1-7,
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2J2-1,J2-2,02-3,12-4 J2-5 J2-6,12-7),
PRINT("H3".1LJJ),

SUBM4:SUBMATRIX(H4,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2]2-3,12-4,12-5,12-6,12-7),
SUBJ4:SUBMATRIX(H4,J1,J1-1,J1-2,J1-3,J14 J1-5 J1-6 J1-7,
32,2-1,J2-2,)2-3,12-4 J2-5 J2-6,)2-T),
PRINT("H4" 113J),

SUBIS:SUBMATRIX(HS I1,11-1,11-2,11-3,11-4,11-511-6,11-7,
12,12-1,12-2,12-3,12-4,12-5,12-6,12-7),
SUBJ5:SUBMATRIX(HS,J1,J1-1,J1-2,J1-3,J14,J1-5 J1-6,J1-7,
32,52-1,J2-2,32-3,12-4,J2-5 J2-6,12-7),
PRINT("H5"ILJJ),

SUBI6:SUBMATRIX(H6,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12-3 12-4,12-5,12-6,12-7),
SUBJ6:SUBMATRIX(H6,J1,J1-1,J1-2,J1-3,J14,J1-5 J1-6 J1-7,
J2,J2-1,J2-2,)2-3,2-4.J2-5 J2-6 J2-7),
PRINT("H6".ILJJ),

SUBI7:SUBMATRIX(H7,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12.3,12-4,12-5,12-6,12-7),
SUBJ7:SUBMATRIX(H7,J1,J1-1,J1-2,J1-3,J14 J1-5 J1-6,J1-7,
32,J2-1,12-2,32-3,12-4,J2-5 J2-6 J2-7),
PRINT("H7",1LJ)),

NEN1+A[ILII*(

COL(LO0,IN.TQ.SUBJOH{TQ.COL(LO,IN)*SUBJ0O+SUBIO.Q.ROW(LOT J1)),
PRINT("N1A",11,JJ),

N1:N1+DD{ILJJ]*%(

COL(L0,I). TQ.SUBJ24+(TQ.COL(L0,IN)) *SUBJ2+SUBI2.Q.ROW(LOT J)+
COL(L1,I).TQ.SUBJ1+(TQ.COL(L1,I))*SUBJ1+SUBI1.QROW(LIT JJ)+
COL(L2,II).TQ.SUBJO+(TQ.COL(L.2,1))*SUBJO+SUBI0.Q.ROW(L2T JJ)),
PRINT("N1DD",ILJ)),

NI:N1+F[I1J3)%(
COL(LO0,I). TQ.SUBJ4-+{TQ.COL(LO,II))*SUBJ4+SUBI4.Q ROW(LOT J))+
COL(L1,I1). TQ.SUBJ3+(TQ.COL(L1,II))*SUBJ3+SUBI3.QROW(LIT JI)}+
COL(L2,IN).TQ.SUBJ24+{TQ.COL(L2,I1))*SUBJ2+SUBI2.Q.ROW(L2T J))+
COL(L3,1).TQ.SUBJ1+(TQ.COL(L3,I1))*SUBJ1+SUBI1. Q.ROW(L3T J)+
COL(LA,II). TQ.SUBJO+TQ.COL(LA4,IN)*SUBJ0+SUBIO.Q.ROW(LAT J1)),
PRINT("N1F"ILJJ),

NLNI1+HILIIJ*(

COL(LO,IT).TQ.SUBJ6-+HTQ.COL(LO,IN)*SUBJ6+SUBI6.Q ROW(LOT I+
COL(L1,II).TQ.SUBJ5S+TQ.COL(L1,I1))*SUBJ5+SUBIS.Q.ROW(LIT )+
COL(L2,IN).TQ.SUBJM-+TQ.COL(L2,I))*SUBJ4+SUBI4.QROW(L2T JJ)+
COL(L3,11). TQ.SUBJ3+(TQ.COL(L3,I))*SUBJ3+SUBI3.QROW(L3T )+
COL(LA,II). TQ.SUBJ2+TQ.COL(LA4,I))*SUBJ2+SUBI2.Q ROW(LAT J))+




COL(LS,IN.TQ.SUBJ1+(TQ.COL(LS,IN)*SUBJ1+SUBI1.Q.ROW(LST 1))+
COL(LS,11).TQ.SUBJOHTQ.COL(LG,IN)*SUBJO+SUBI0.Q.ROW(LET 1)),
PRINT("N1H" L)),

NLN1+JILIT)%(

COL(L 1.I).TQ.SUBJ7+(TQ.COL(L1,I1))*SUBJ7+SUBI7.QROW(LIT, I+
COL(L2,I1). TQ.SUBJ6+(TQ.COL(L2,N))*SUBJ6+SUBI6.QROW(L2T JJ)+
COL(L3,I).TQ.SUBJ5+(TQ.COL(L3,IN)*SUBJS+SUBIS.QROW(L3T JI)+
COL(LA,II). TQ.SUBJM4-+(TQ.COL(LA.IN)*SUBJ4+SUBK.QROW(LAT 1)+
COL(LS,I). TQ.SUBJ3+(TQ.COL(LS,IN)*SUBJ3+SUBI3.Q.ROW(LST JJ)+
COL(L6,11). TQ.SUBJ2+(TQ.COL(L6,IN)*SUBJ2+SUBI2.Q.ROW(L6T )+
COL(L7,I1).TQ.SUBJ1+(TQ.COL(L7,M))*SUBJ1+SUBI1.Q.ROW(LTT.IN)),
PRINT("N1J".11,J)),

NIE:N1+L{ILI*(
COL(L3,IN).TQ.SUBJ7+(TQ.COL(L3,I))*SUBJ7+SUBI7.QROW(L3T )+
COL(LA,IT).TQ.SUBJ6+TQ.COL(LA4,I))*SUBJ6+SUBI6.Q ROW(LAT 1)+
COL(L5,11). TQ.SUBJ5+(TQ.COL(LS 1)) *SUBJ5+SUBIS.Q.ROW(LST JI)+
COL(L6,11).TQ.SUBJ4-+TQ.COL(L6,I))*SUBJ4+SUBM.Q ROW(LST )+
COL(L7,I).TQ.SUBJ3-{TQ.COL(L7.I))*SUBJ3+SUBI3.QROW(LTT JJ)),
PRINT("NIL",ILJJ),

NLINI+RLIT}*(
COL(LS5,11).TQ.SUBJ7+TQ.COL(LS5,I)*SUBJ7+SUBI7.Q.ROW(LST I+
COL(L6,I).TQ.SUBJ6-+TQ.COL(L6,IN)*SUBJ6+SUBI6.Q. ROW(L6T JT)+
COL(L7.I1).TQ.SUBJ5+TQ.COL(L7,IT))*SUBJS+SUBIS.Q.ROW(L7T,J)),
PRINT("N1R",1LJJ),

NLNI+TLIT]*(

COL(L7,I1).TQ.SUBJ7+(TQ.COL(L7,I1))*SUBJ7+SUBI7.Q.ROW(LTT,J))),
PRINT("N1T" ILJJ),

KILL(SUBJO,SUBJ1,SUBJ2,SUBJ3,SUBJ4,SUBJS, SUBJ6,SUBJT7),
KILL(SUBIO,SUBI1,SUBI2,SUBI3,SUBM,SUBIS, SUBI6 SUBIT)));
SAVE("BEAMN1.SV" N1);

KILI(LOL1,L2,L3,14,L5,L6,L7,LOT,LIT.L2T,L3T LAT,LST,L6T,LTT)$
KILL(HO,H1,H2,H3,H4,H5 H6,H7)$

N1SYM:ZEROMATRIX(8,8)$

FOR I THRU 8 DO FOR JI:1l THRU 8 DO N1SYMIILJJ):N1(11,1J]$
PRINT("SYMMETRIC N1 FORMED")$

KILL(ND)$

NL:ZEROMATRIX(3 8)$

KILLQ.TQ)$




/ * /

/ * /

/* THE FOLLOWING STATEMENTS GENERATE A FORTRAN STATEMENT FOR EACH

NONZERO ¥/

ELEMENT OF SN1(1,J)). THESE STATEMENTS ARE OF THE FORM s/
SN1(2,2)=A(1,1). */

EACH STATEMENT IS WRITTEN TO A SEPERATE FILE CALLED TT2XXX, WHERE XXX ¥/

STARTS AT 001 FOR THE FIRST NONZFRO ENTRY AND CONTINUES SEQUENTIALLY ¥/

UNTIL ALL NONZERO ENTRIES THROUGH SN1(18,18) ARE GENERATED. THE */

MACSYMA FUNTION GENTRAN WILL ALSO BREAK STATEMENTS EXCEEDING 800 INTO

SHORTER EXPRESSIONS TO AVOID TOO MANY CONTINUATION LINES. MACSYMA ¥/
AUTOMATICALLY MAKES CONTINUATION LINES COMPLETE WITH A LEGAL */
CHARACTER IN COLUMN 6. */

FEIFFIFIEIITIRIRS

> /
FOR I THRU 8 DO FOR JJ:lI THRU 8 DO
NHILJJ]:FACTOROUT(N 1S YM[ILJJ],Q(1),Q(2),Q(3).Q(4),Q(5).Q(6).Q(7),Q(8))$
FRAME(,J):=CONCAT(TN,EV(8*(I-1)+J+1000))$

FOR I THRU 8 DO FOR J:I THRU 8 DO

(IF N1{I,J]#0 THEN (P1:1, GENTRAN(BMNI1{EVAL(I), EVAL(J):EVAL(N1[LJ]),
[EVAL(FRAMEIN)D)$

IF PT#1 THEN GENTRAN(PT:EVAL(PT),[TT2000])$
CLOSEFILE();

QUITO;

B2 N, Inputs

WRITEFILE("BEAMN2.WF");

/
/
MACSYMA ROUTINE FOR ELEMENTAL CODE GENERATION BY S. A. SCHIMMELS ¥/
CREATED AS A PART OF AN AIR FORCE INSTITUTE OF TECHNOLOGY (AFIT) %/
* MODIFIED BY CAPT DAN MILLER FOR 1-D BEAMS *
PROGRAM IN AERONAUTICAL ENGINEERING --- MARCH 1993 *
MACSYMA IS A REGISTERED TRADEMARK OF */
THE MASSACHUSETTS INSTITUTE OF TECHNONLOGY */

FEIFIFRETRE
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r Y

/* PFOR CURVED BEAM. CREATES ELEMENT 3/

/* INDEPENDENT STIFFNESS ARRAYS N2 & N2S. *f

/ e * /

r* * * wus/

f * * * /

/* INITIALIZE MACSYMA PARAMETERS AND DECLARE VARIABLE PROPERTIES */
/ * bk * /
[DYNAMALLOC:TRUE,DISKGC:TRUE,DERIVABBREV:TRUE ,POWERDISP: TRUE]|$
DECLARE([K,C,SI],CONSTANT);

/ e /

/ /

/* GENERATE THE NONLINEAR ELEMENT-INDEPENDENT STIFFNESS ARRAY N2. */
/ - * * w*/

/ * /

/ /

/* ASSEMBLE MATRIX N2 */

/ /
TQ:MATRIX([Q(1),Q(2),Q(3),Q(4),Q(5).Q(6).Q(7).Q(8)D):

Q:TRANSPOSE(TQ);

HO:EMATRIX(8,24,C*2,1 9+EMATRIX(8,24,C,1,12)+
EMATRIX(8,24,1,2,10+EMATRIX(8,24,-C,2,11)}+
EMATRIX(8,24,-C,3,10+EMATRIX(8,24,C"2,3,11)+
EMATRIX(8.24,C 4 9+EMATRIX(8,24,1 4,12);

H1:EMATRIX(8,24,C*2,1,12+EMATRIX(8,24,C*2,1,14)+
EMATRIX(8.24,-C*2,2,11+EMATRIX(8,24,1+S1"2,2,15+
EMATRIX(8,24,-CA2,3,10)+EMATRIX(8,24,2*CA3,3,11 )+
EMATRIX(8,24,-C-C*SI*2,3,15)+
EMATRIX(8,24,C*2,4,9)+EMATRIX(8,24,2*C 4,12)+
EMATRIX(8,24.C,4,14)+EMATRIX(8,24,C*2,6, 9+
EMATRIX(8,24.C,6,12)+
EMATRIX(8,24,51,6,15)+EMATRIX(8,24,1+S1/2,7,10)+
EMATRIX(8,24,-C-C*S1*2,7,1 1)+ EMATRIX(8,24,51,7,14);

H3:EMATRIX(8,24,2*C"5,1 9+EMATRIX(8,24 K*CA2,1,12)+
EMATRIX(8,24,-2*CM+K*CA2,1,14)+EMATRIX(8,24,2*C"3,2,10)+
EMATRIX(8,24.K,2,13+ EMATRIX(8,24,-2*C"2+K 2,15)+
EMATRIX(8,24,-K*C,3,13+EMATRIX(8,24,-K*C,3,15)+
EMATRIX(8,24, K*C"2,4 9+EMATRIX(8,24,2*K*C 4,12)+
EMATRIX(8,24, K*C 4,14)+EMATRIX(8,24 K 5,10)+
EMATRIX(8,24,-K*C,5,11)+EMATRIX(8,24,-2*C"4+K*C"2,6,9)+
EMATRIX(8,24, K*C,6,12)+EMATRIX(8,24,2*C*3,6,14)+
EMATRIX(8,24,-2*C*2+K,7,10+EMATRIX(8,24,-K*C,7,11 )+
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EMATRIX(8,24,2*C,7,15);

H4:EMATRIX(8,24 K*CA3,1,12)}+EMATRIX(8,24, K*CA3,1,14)+
EMATRIX(8,24,K*C,2,13+EMATRIX(8,24 K*C.2,15}+
EMATRIX(8,24,-2*K*CA2,3,13}+EMATRIX(8,24,-2°K*CA2,3,15)+
EMATRIX(8,24, K*CA3 4 9+EMATRIX(8 24 4*K*C 2 4,12+
EMATRIX(8,24,3*K*CA2,4, 14+ EMATRIX(8,24 K*C.5,10)+
EMATRIX(8,24,-2*K*CA2,5,1 )+ EMATRIX (8,24 K+K*SIA2,5,15)+
EMATRIX(8,24, K*C3,6 9+ EMATRIX(8,24,3*K*CA2,6,12)+
EMATRIX(8,24,2*K*CA2,6,14+EMATRIX(8,24 K*C,7,10)+
EMATRIX(3,24,-2*K*CA2,7,1 1)+ EMATRIX (824 K+K*S1A2,7,13)+
EMATRIX(8,24,2*K+2*K*SI*2,7,15);

HS:EMATRIX(8.24,-2*K*CA4,1,12+EMATRIX(8.24,-2°K*CA4,1,14)+
EMATRIX(8,24,-2*K*CA2,2,13}+EMATRIX(8,24,-2*K*CA2,.2, 15+
EMATRIX(8,24,-2*K*CA4,4 9+ EMATRIX (8,24 2*°K*CA3 4,14+
EMATRIX(8,24,-2°K*C"2,5,10)+
EMATRIX(8,24 2*K*C+2*K*C*SIA2,5,15)+
EMATRIX(8,24,-2*K *CA4,6 9+EMATRIX (8,24 2*°K*CA3,6,12)+
EMATRIX(8,24 4*K*CA3,6,14+ EMATRIX(8,24,-2*K*CA2,7, 10+
EMATRIX(8,24 2*K*C+2*K*C*SI*2,7,13)+
EMATRIX(8,24,4*K*C,7,15);

H6:EMATRIX(8,24, KA2%C2 4,12)+EMATRIX (8,24, KA2*CA2 4, 14)+
EMATRIX(8,24,K*2,5,13+EMATRIX(8,24, KA2,5,15}+
EMATRIX(8,24, KA2%CA2,6,12+EMATRIX(8,24 KA2*CA2,6, 14)+
EMATRIX(8,24,K*2,7,13+EMATRIX(8,24 KA2,7,15);

H7:EMATRIX(8,24 2*KA2*C3 4,12+EMATRIX(8,.24,2°KA2*CA3 4,14 )+
EMATRIX(8,24,2*KA2*C,5,13)+EMATRIX(8,24,2*KA2*C 5,15)+
EMATRIX(8,24,2*KA2%CA3,6,12)+ EMATRIX(8,24,2*KA2*CA3,6,14)+
EMATRIX(8,24,2*KA2*C,7,1 3+ EMATRIX(8,24 2*KA2%C,7.15);

H2:EMATRIX(8,24,-3*C, 1 9+ EMATRIX(8,24,-24CA3,1,12)+
EMATRIX(8,24,C*3,1,144EMATRIX(8,24,-3*CA2,2,10)+
EMATRIX(8,24,2%C3,2, | 1+EMATRIX(8,24,C+C*SIA22,15)+
EMATRIX(8,24,2*CA3,3,10+EMATRIX(8,24,-2*C*2,3,15)+
EMATRIX(8,24,-2*CA3 4 9+EMATRIX(8,24,2*CA2,4,14)+
EMATRIX(8,24,C*3,6 9+EMATRIX(8,24,2*C2.6,12+
EMATRIX(8,24,CA2,6,14+EMATRIX(8,24,C*S16,15)+
EMATRIX(8,24,C+C*SI*2,7,10)+EMATRIX(8,24,-2*C2,7,1 1)+
EMATRIX(8,24,C*S1,7,14+EMATRIX(8,24,142*S1A2,7,15);

N2:ZEROMATRIX(8.8)$

CA:1/2;
CB:1/3;
CC:2/3;

FOR I THRU 3 DO FOR JJ THRU 3 DO (PRINT(LJ)),
(1:(-12*T1°2+44*11-16), J2:(12*1JA2-52*]]+64),
JL:(-12%)J72+44*]]-16), 12:(12*1112-52*11+64),

SUBIO:SUBMATRIX(HO,I1,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12-3,12-4 12-5,12-6,12-7),
SUBJ0:SUBMATRIX(H0,J1,J1-1,J1-2,J1-3,J1-4 J1-5,J1-6,J1-7,




12J2-1,J2-2,12-3 12-4J2-5,J2-6 J2-7),
PRINT("HO",ILJ)),

SUBI1:SUBMATRIX(H1,11,11-1,]11-2,11-3,J1-4,11-5,11-6,11-7,
12,12-1,12-2,12-3,12-4,12-5,12-6,12-7),
SUBJ1:SUBMATRIX(H1,J1,J1-1,J1-2J1-3,J1-4 J1-5,J1-6 J1-7,
32,J2-1,J2-2,)2-3,12-4,J2-5 J2-6,J2-7),
PRINT("H1",11)J),

SUBI2:SUBMATRIX(H2,I1,11-1,11-2,11-3,114,11-5,11-6,11-7,
12,12-1,12-2,12-3,124,12-5,12-6,12-7),
SUBJ2:SUBMATRIX(H2,J1,J1-1,J1-2 J1.3 J14,J1-5 J1-6 J1-7,
32,J2-1,32-2,32-3,)2-4,12-5 J2-6,J2-7),
PRINT("H2",ILJJ),

SUBI3:SUBMATRIX(H3,11,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12-3,124,12-5,12-6,12-7),
SUBJ3:SUBMATRIX(H3,J1,J1-1,J1-2,J1-3,J)1-4J1-5,J1-6,J1-7,
J2,J2-1,J2-2,2-3,32-4,J2-5,)2-6 ,J2-7),
PRINT("H3"1L1J),

SUBI4:SUBMATRIX(H4,I1,11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2 12-3,124,12-5,12-6,12-7),
SUBJ4:SUBMATRIX(H4,J1,J1-1,J1-2,J1-3,J14,J1-5,J1-6,J1-7,
32,J2-1,)2-2,J2-3,12-4,J2-5 J2-6 J2-7),
PRINT("H4"11])),

SUBI5:SUBMATRIX(HS,I1,11-1.11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,12-3,124,12-5,12-6,12-7),
SUBJ5:SUBMATRIX(HS,J1,J1-1,J1-2,J1-3,114,J1-5 J1-6,J1-7,
J2,J2-1,)2-2,2-3,12-4,)2-5,32-6,J2-7),
PRINT("H5"ILJ),

SUBI6:SUBMATRIX(H6,11.11-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2,]12-3,12-4,12-5,12-6,12-7),
SUBJ6:SUBMATRIX(H6,J1,J1-1,J1-2,J1-3,711-4,]1-5,J1-6,J1-7,
J2,J2-1,J2-2,32-3,)2-4,J2-5 ,J2-6,12-7),
PRINT("H6"I1JJ),

SUBI7:SUBMATRIX(H7,11,I1-1,11-2,11-3,11-4,11-5,11-6,11-7,
12,12-1,12-2 J2-3,12-4,12-5,12-6,12-7),
SUBJ7:SUBMATRIX(H7,J1,J1-1,J1-2,J1-3,J)1-4,J1-5 J1-6,J1-7,
J2,J2-1,)2-2,)2-3,)2-4,)2-5,72-6,J2-7),
PRINT("H7"ILJ)),

N2:N2+ A[ILJJ]*(SUBI0.Q.TQ.SUBJO+CA*(TQ.SUBJ0.Q)*SUBIO),

PRINT("N2A",11JJ),

N2:N2+DDI[ILJJ]*(CB*(SUBI0.Q.TQ.SUBJ2+CA*(TQ.SUBI0.Q)*SUBJ2+

SUBI2.Q.TQ.SUBJO+CA*(TQ.SUBI2.Q)*SUBJO)+

SUBI1.Q.TQ.SUBJ1+CA%(TQ.SUBJ1.Q)*SUBI1),

PRINT("N2D" 11,3J),
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N2:N2+ F[ILJJ]*(CB*(SUBIO.Q.TQ.SUBJ+CA*(TQ.SUBI0.Q)*SUBJ4+
SUBI4.Q.TQ.SUBJO+CA*(TQ.SUBK4.Q)*SUBJO)+
CC*(SUBIL.Q.TQ.SUBJ3+CA*(TQ.SUBI1.Q)*SUBJ3+
SUBI3.Q.TQ.SUBJ1+CA*(TQ.SUBI3.Q)*SUBJ1 )+
SUBR2.Q.TQ.SUBJ2+CA*(TQ.SUBJ2.Q)*SUBL2),
PRINT("N2F",1LJJ),

N2:N2+ H[ILIJ}*(CB*(SUBI0.Q.TQ.SUBJ6+CA*(TQ.SUBI0.Q)*SUBJ6+
SUBI6.Q.TQ.SUBJO+CA*(TQ.SUBI6.Q)*SUBJO)+
CC*(SUBIL.Q.TQ.SUBJ5S+CA*(TQ.SUBI1.Q)*SUBJ5+
SUBI5.Q.TQ.SUBJ1+CA*(TQ.SUBIS.Q)*SUBJ1 )+
CC*%(SUBI2.Q.TQ.SUBJ4+CA%(TQ.SUBI2.Q)*SUBJM+
SUBI4.Q. TQ.SUBJ2+CA*(TQ.SUBI4.Q)*SUBJ2)+
SUBI3.Q.TQ.SUBJ3+CA%(TQ.SUBJ3.Q)*SUBI3),
PRINT("N2H" I1,13),

N2:N2+ JLIJJ*(CC*(SUBI1.Q.TQ.SUBJ7+CA*(TQ.SUBI1.Q)*SUBJ7+
SUBI7.Q.TQ.SUBJ1+CA*(TQ.SUBI7.Q)*SUBJ1 )+
CC*(SUBI2.Q.TQ.SUBJ6+CA*(TQ.SUBI2.Q)*SUBJ6+
SUBI6.Q.TQ.SUBJ2+CA*(TQ.SUBI6.Q)*SUBJ2)+
CC*(SUBI3.Q.TQ.SUBJ5+CA*(TQ.SUBI3.Q)*SUBJ5+
SUBI5.Q.TQ.SUBJ3+CA*(TQ.SUBIS.Q)*SUBJ3)}+
SUBI4.Q.TQ.SUBJ4+CA*(TQ.SUBJ.Q)*SUBH4),
PRINT("N2J",1L,1J),

N2:N2+ LILIJ*(CC*(SUBI3.Q.TQ.SUBJ7+CA*(TQ.SUBI3.Q)*SUBJ7+
SUBI7.Q.TQ.SUBJ3+CA*(TQ.SUBI7.Q)*SUBJ3)+
CC*(SUBI4.Q.TQ.SUBJ6+CA*(TQ.SUBI4.Q)*SUBJ6+
SUBI6.Q.TQ.SUBJ4+CA*(TQ.SUBI6.Q)*SUBJ4)+
SUBI5.Q.TQ.SUBJ5+CA%(TQ.SUBJ5.Q)*SUBIS),
PRINT("N2L".IL1J),
N2:N2+ R{LJJ*(CC*(SUBIS.Q.TQ.SUBJ7+CA*(TQ.SUBIS.Q)*SUBJ7+
SUBI7.Q.TQ.SUBJ5+CA*(TQ.SUBI7.Q)*SUBJ5)+
SUBI6.Q.TQ.SUBJ6+CA*(TQ.SUBJ6.Q)*SUBI6),
PRINT("N2R",11,JJ),

N2:N2+ T{II,JJ}*(SUBI7.Q.TQ.SUBJ7+CA*(TQ.SUBJ7.Q)*SUBIY),
PRINT("N2T" I1JJ),

KILL(SUBJO,SUBJ1,SUBJ2,SUBJ3,SUBJ4, SUBJ5,SUBJ6,SUBI7),
KILL(SUBIO,SUBI1,SUBI2,SUBI3,SUBM,SUBIS5 SUBI6,SUBI7)));

KILL(HO,H1,H2,H3,H4,H5,H6 H7)$
N2SYM:ZEROMATRIX(88)$
SAVE("BEAM-N2.SV",N2)$

FOR II THRU 8 DO FOR JJ:II THRU 8§ DO N2SYM(ILJJ}:N2[I1,J1]$
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PRINT("SYMMETRIC N2 FORMED")$

KILL(N2)$
N2:ZEROMATRIX(8.8)$

KILLQ,TQ)$

I/

/
r

t
14
Il
!

THE FOLLOWING STATEMENTS GENERATE A FORTRAN STATEMENT FOR EACH

NONZERO */

ELEMENT OF SN2(1,J). THESE STATEMENTS ARE OF THE FORM */
SN2(2,2)=A(1,1). ./

EACH STATEMENT IS WRITTEN TO A SEPERATE FILE CALLED TT2XXX, WHERE XXX */

STARTS AT 001 FOR THE FIRST NONZERO ENTRY AND CONTINUES SEQUENTIALLY */

UNTIL ALL NONZERO ENTRIES THROUGH SN2(18,18) ARE GENERATED. THE %/

MACSYMA FUNTION GENTRAN WILL ALSO BREAK STATEMENTS EXCEEDING 800 INTO

SHORTER EXPRESSIONS TO AVOID TOO MANY CONTINUATION LINES. MACSYMA ¢/
AUTOMATICALLY MAKES CONTINUATION LINES COMPLETE WITH A LEGAL */
CHARACTER IN COLUMN 6. *

FIFTIFIIIITIIIRIY

S~

FRAME(,J):=CONCAT(TN EV(8*(I-1)+J+1000))$

FOR II:1 THRU 8 DO FOR JJ.II THRU 8 DO
N2{I1JJ]:FACTOROUT(N2S YM[ILJJ]1.Q(1),Q(2).Q(3).Q(4),Q(5).Q(6).Q(7,Q(8))$

FOR I:1 THRU 8 DO FOR J:I THRU 8 DO
(IF N2{I,J}#0 THEN (PT:1,GENTRAN(BMN2(EVAL(D),EVAL(})]:EVAL(N2{L])),
[EVAL(FRAME())D)$

CLOSEFILE();
QUITQ;
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Appendix C FORTRAN Program Description

C.1 Program Description

The attached code was initially developed by Creaghan. Modifications that were
developed in chapter I were incorporated into the code. Most of the changes involved
forming the element stiffness routines. The Riks and displacement control solution
techniques were used as presented by Creaghan and required only minor modifications to
* fix bugs. The code subroutines are described and the code itself included for readers to
examine the details of the theory implementation. Not «u subroutines are listed, just the
major routines that enable the reader to better understand the code.

1. beam - This is the main finite element program that calls the input routine (rinpus),
elasticity routine (elasr) and which ever solution technique is specified.

2. rinput - Reads in program data from user defined file. Input information is echoed to
the output file for easier confirmation of reading correct data.

3. elast - This routine calculates the elasticity terms for either isotropic or composite
material.

4. proces - This is the main subroutine for doing displacement control solutions. It calls
stiff to form element stiffness matrices, assembles them globally, then calls solve to find
incremental solutions. proces increments displacement, applies boundary conditions, and
calls converge to check for incremental convergence. When an increment is complete,
postpr is called to & any required post processing.

5. rikspr - This is the main Riks method subroutine. It acts much the same as proces does
for displacement control, but incrementing parameters are more complicated due to the




complicated nature of the technique. The logic used in Riks came directly from Tsai's
code.

6. stiff - This subroutine calculates the element stiffness arrays. Routines are called to
find K, N, and N,. stiff then calls shape which evaluates the shape functions at the Gauss
points. Five point Gauss quadrature takes place in stiff for cach element stiffness array.
The energy calculations from chapter III and appendix A were also conducted here since
the shape functions were already evaluated and the integration was taking place. The
biggest changes to the code to incorporate the current theory came from finding

K, N, and N,. The equations for each are shown in appendix A and involve thousands of
manipulations. The MACSYMA files shown in appendix B were used to generate the
calculations in these routines. If one examines the code, nearly 75% of the lines of code
are in calculating these arrays.

7. shape - This subroutine evaluates the shape functions at each Gauss point and include
the Jacobian terms.

8. postpr - This routine does any necessary post processing after convergence of a
particular increment. Any resultant forces are generated here and placed in an output file
with nodal displacements. It also generates a file called "plot” which contains (in column
format) the displacement for the degree of freedom specified for force computation, the
displacement for the degree of freedom two less than the dof specified for force
compilation, and the force for the specified dof. For example, if dof 60 is vertical
displacement at an arch crown (w) and is specified for force computation, then plot
contains dof 60 in the first column, dof 58 in the second column (v of the crown in this
case), and the crown vertical force in the third column. Nodal coordinates at each
increment are placed in a file called "bshape”. The coordinates are expressed in a
Cartesian reference frame with the radius of curvature as the origin. For a flat beam, the
end with the first node is the origin.




C2 Data Input Format

The following provides the data format for each line of the input file. Each section
represents a line in the file and each variable described for a particular line is separated by
acomma. Variables are in italics.
1. title - problem title text string
2. linear, isotro, isarch, ishape:

a. linear: O for nonlinear problem, 1 for linear problem

b. isotro: 0 for composite, 1 for isotropic

c. isarch: 0 for straight beam, 1 for circular arch

d. ishape: 1 to compute node coordinates for straight beam or full arch, 2 if half the
arch is being modeled
3. inctyp, ninc, imax, kupdte, tol:

a. inctyp: 1 for displacement control, 2 for Riks method

b. ninc: number of increments (load or displacement) desired

¢. imax: maximum number of iterations per increment

d. kupdte: not used but fill with 1 or 0

e. tol: convergence tolerance for an increment. Usually .01 or less(vary for Riks)
4. pincr, eiter, tipi: include this line only if inctyp=2 (Riks) and linear=0 (nonlinear)

a. pincr: initial load parameter (A,) try 0.1

b. eiter: N, - estimate at the number of iterations per increment. Not usually an integer

¢. ttpi: maximum load increment or decrement for an iteration (A,,,.,)
5. table(ninc): include only for inctyp=1 and linear=0 (nonlinear displacement control).
This is a list of ninc numbers that will be multiplied by nodal displacement to get the
displacement for an increment.
6. nelem: number of elements in the mesh

7. delem(nelem): list of element lengths, one length for each element




8. nbndry: number of nodes with specified displacement boundary conditions
9. nbound(nbndry,5). one line for each node with specified displacement boundary
conditions. The first number is the node number (cach clement has three nodes, but only
end nodes are numbered, displacement cannot be specified at a mid node). The next four
numbers describe whether or not the dof's are free or specified. 1=prescribed , 0 = free.
Order of dofs is v, y, wand w,,.
10. vbond(ii). real prescribed displacements for those dofs fixed above in the order that
they were specified. For displacement control, these values will be multiplied by
incremental values in table(ninc).
11. ldsyp, distid, ldtyp: this line was originally intended for distributed load, but is not
used. Fill with 0, 0.0 as this input line is still required.
12. nconc: number of concentrated loads (or moments). Riks needs at least 1
13. iconc(nconc): skip if nconc=0. dof numbers for concentrated loads. Middle node dof
count here (9 dofs per element). The orderis v/, ¥ I, wi,w,, I, v, 2,y 2, wi, w,?
14. vconc(nconc): values of loads at dofs above. skip if nconc=0
15. ey, nu, ht, width: include for isotropic material

a. ey: Young's modulus

b. nu: Poisson's ratio

c. ht: thickness

d. width: beam or arch width
16. el, e2, g12, nul2, g13, g23, width: include for composite material

a. el: Young's modulus along the fibers

b. e2: Young's modulus transverse to fibers

c. g12: shear modulus G,

d. nul2: Poisson's ratio v,,

¢. g13: shear modulus G,
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f. 823: shear modulus G,

g. width: beam or arch width
17. nplies, pthick: include for composite

a. nplies: number of plies

b. pthick: ply thickness (same for all plies)
18. theta(nplies): include for composite; list of ply orientation angles in degrees
19. rad: include for curved arch (isarch=1); arch radius of curvature
20. nforc: number of nodal resultant forces to calculate
21. iforc(nforc): include only for nforc>0. dof numbers for force calculations
22. nstres: originally to find stress which is no longer included. Fill with a 0.




C.3 FORTRAN Code Listing

All areas changed for large rotation have a line drawn in the right column

0O000

00

program beam

See bottom of file for variable and subroutine listing.
This version is nl n2 updated to include tangent function
remember ~e compile option (will give 132 character lines)

implicit double precision (a-h,o0-2z)

character*64 gname

cormmon/chac/gname, fname

common/elas/ae,de, fe,he,ej,el, re,te,as,ds, fs
common/input/tol,table (250) ,delem(250),vbound (2500),distld,
veonc (2500) ,ey,enu,ht,el,e2,912,enul2,enu2l,gl3,g23,pthick,
rad, linear, isotro, isarch, ishape, inctyp,ninc, imax,
nelem, nbndry, nbound (250, 5) , 1dtyp,nconc, iconc (2500),
nplies,nforc,iforc(2500),nstres, istres (250),ibndry(2500),
theta (20),idload(250),coord(251) ,width, nnod, pincr,eiter, ttpi

common/stf/stif(9,9),elp(9),eln(9,9),eld(9)

common/proc/gstif (2500, 9),gn(2500,9) ,9£(2500),9d (2500) , vperm(2500)
vpres (2500)

call rinput

call elast

if (inctyp.eq.1l)call proces
if(inctyp.eq.2)call rikspr

CRARRARARRRRRRR KRR R KRR RRRNRRRARNR AR AR A RN AR AR RARRRRAR RN RA AR AR ANAR KAk K

OO0 00000000000O0O00O00O0

VARIABLES FOR BSHELL

fname input file
gname output file

ae,de, elasticity terms

fe,he, elasticity terms

ej,el, elasticity terms

re,te, elasticity terms

as,ds, elasticity terms

fs elasticity term

ey Young's modulus for isotropic case
enu Poisson's ratio for isotropic case
ht thickness of beam for isotropic case
el,e2, laminate material properties

gl2,enul2, "
enu2l,gl3, "

g23 "
pthick laminate ply thickness
nplies number of plies in laminate

theta (20) ply orientation angles




tol convergence tolerance, percent

table(250) displacement increment multiplicative
factors

delem(250) element lengths

vbound (2500) values of prescribed displacement boundary
conditions

distld distributed load intensity

veonc (2500) concentrated load values

rad arch radius of curvature

linear =] for linear analysis, =0 for nonlinear

isotro =1 for isotropic, =0 for laminate

isarch =1 for arch, =0 for straight beam

ishape =] to print x,y coordinates for each node at each

D000 0000000O0

when a full arch is represented output to file 'bshape'
inclod =] to increment load(NA), =0 increment displacement
ninc total number of displacement increments
imax maximum number of iterations per increment
nelem total number of elements in model
nbndry number of nodes with specified boundary conditions
nbound (250, 5) array of node numbers followed by 1l's for
fixed b.c.'s, zeros for unfixed
ldtyp =1 for distributed load, =0 no distributed load
nconc total number of concentrated loads input
iconc(2500) DOF's for specified loads
nforc number of forces(inc’uding moments)to be solved for
iforc(2500) DOF's at which to calculate forces
nstres number of elements for stress calculation
istres (250) element #'s for stress calculation
ibndry (2500) DOF numbers for b.c.'s
idload (250) elements with distributed load
coord(251) coordinate of the nodes
width beam or arch width

nnod number of nodes
c*********************************************k******tt*t******t***t****

* kK kokk

NO0O0OOOOO0O0O0O000O0000000DO0

SUBROUTINES FOR BSHELL

rinput reads in and echos input data

elast computes elasticity terms

proces drives the solution algorithm for displacement control
rikspr drives the solution algorithm for Riks method
stiff manages stiffness matrix computations

shape computes shape function array dsf

beamk computes constant stiffness array bmk

beamnl computes linear stiffness array bmnl

beamn2 computes quadratic stiffness array bmn2

bndy applies displacemenit boundary conditions

solve solves simultaneous equations in banded array format
converge checks solutions for convergence

postpr computes nodal loads and sends to output file

D000 000000000O0

end

na0an

subroutine rinput




character*64 fname,gname
character*4 title

dimension title(20)

implicit double precision (a-h,0-2)

cormon/chac/gname, fname

common/input/tol,table (250),delem(250), vbound (2500) ,dist1d,

. veonc(2500) ,ey,enu,ht,el,e2,gl2,enul2,enu2l,qgl3,g23,pthick,

. rad,linear,isotro,isarch, ishape,inctyp,ninc, imax,

. nelem,nbndry,nbound(250,5), 1ldtyp,nconc, iconc(2500),

. nplies,nforc,iforc(2500),nstres,istres (250),ibndry(2500),
theta(20),1idload (250),coord(251),width, nnod, pincr,eiter,ttpi

write(*,1000)

read(*,1005) fname

write(*,1010)

read(*,1005) gname

open (5, file=fname)

open (6, file=gname, status="'new')

read(5,1015)title

read(5, *) linear, isotro, isarch, ishape

read (5, *) inctyp, ninc, imax, kupdte, tol
if(linear.eq.0.and.inctyp.eq.2)read (5, *)pincr,eiter, ttpi
if(linear.eqg.0.and.inctyp.eq.l)read (5, *) (table(i), i=1,ninc)
read (5, *) nelem

read (5, *) (delem(i), i=1, nelem)

c calculate nodal coordinates

nnod=nelem+1l
coord(1)=0.0
do 5 ii=2,nnod

5 coord(ii)=coord(ii-1)+delem(ii-1)
read (S5, *)nbndry
do 10 i=1,nbndry

10 read (5, *) (nbound (i, j), j=1,5)
ifdof=0

c ifdof=counter for enumber of fixed dof’'s

do 20 i=1,nbndry
do 20 j=2,5
if (nbound(i, j) .eq.0)goto 20
ifdof=ifdof+1
ibndry(ifdof)=(nbound (i, 1) ~1)*5 + (j-1)

20 continue
read (5, *) (vbound (i) ,i=1,ifdof)
read (S, *) 1dtyp,distld
if (ldtyp.eq.1l) read (5, *)ndload
if(ldtyp.eq.l) read (5, *) (idload (i) ,i=1,ndload)
read (5, *)nconc
if(nconc.ne.0)read (5, *) (iconc(i), i=1,nconc)
if (nconc.ne.0) read (5, *) (vconc (i), i=1,nconc)
if (isotro.eq.l)read (5, *)ey,enu, ht,width
if (isotro.eq.0)read(5,*)el,e2,912,enul2,gl3,g23,width
if (isotro.eq.0)read (5, *)nplies,pthick
if (isotro.eq.0) read (5, *) (theta(i),i=1,nplies)




[¢]

N0OO0n0

if(isarch.eq.l) read(5,*)rad

read (5, *)nforc
if(nforc.ne.0)read (5, *) (iforc(i),i=1,nforc)
read (S, *)nstres

if (nstres.ne.0)read (5, *) (istres (i), i=1,nstres)

Echo the input to the output file

write(6,1015)title
if (isarch.eq.l)write(6,1020)
if(isarch.eq.0)write(6,1025)
if(linear.eq.l)write(6,1030)
if(linear.eq.0)write(6,1035)
if (isotro.eq.l)write(6,1040)
if(isotro.eq.0)write(6,1045)
if (ishape.eq.l)write(6,1050)
if (inctyp.eq.1l)write(6,1060)
if (inctyp.eq.2)write(6,1055)
write(6,1065)ninc
write(6,1070) imax
write(6,1075)tol
if(inctyp.eq.2)write(6,1076)pincr,eiter,ttpi
if (inctyp.eq.l)write(6,1078)
if(inctyp.eq.l)write(6,1080) (table(i),i=1,ninc)
write(6,1085)nelem
write(6,1090)
write(6,1095) (coord(i),i=1, nnod)
write (6,1100)
write(6,1105)
do 30 i=1,nbndry

30 write(6,1110) (nbound(i, j),j=1,5)
write(6,1115) ifdof
write(6,1120) (ibndry (i), i=1,ifdof)
write(6,1095) (vbound (i), i=1,ifdof)
if(ldtyp.eq.l)write(6,1125)distld
if (ldtyp.eq.1l)write(6,1130) (idload(i),i=1,ndload)
if (nconc.ne.0)write(6,1135)
if (nconc.ne.0)write(6,1120) (iconc (i), i=1,nconc)
if (nconc.ne.0)write(6,1095) (vconc (i), i=1,nconc)
if(isotro.eq.1l)write(6,1140)ey,enu, ht,width
if (isotro.eq.0)write(6,1145)el,e2,g12,enul2,qgl3,g23,width
if (isctro.eq.0)write(6,1150)nplies,pthick
if (isotro.eq.0)write(6,1155) (theta(i),i=1,nplies)
if(isarch.eq.1l)write(6,1160)rad
write(6,1165) (iforc(i),i=1,nforc)
write(6,1170) (istres(i),i=1,nstres)
close(5)
close(6)

F O RMAT 8§

1000 format ('Enter your input file name.‘)

1005 format (A)

1010 format ('Enter your output file name.')
1015 format (20a4)

1020 format(/,1x,'Element type: arch')

1025 format (/,1x,'Element type: straight beam')




1030 format(/,1x,'Analysis type: linear')

1035 format(/,1x, 'Analysis type: nonlinear')

1040 format (/,1x,'Material type: isotropic')

1045 format (/,1x, '"Material type: laminate')

1050 format(/,1x, 'Printout of nodal x,y coordinates requested')

1055 format (/,1x,'Riks method specified!')

1060 format(/,1x,'Displacement control method specified!')

1065 format(/,1x,'Increments specified:',2x,i3)

1070 format (/,1lx,'Maximum jiterations specified:',2x,1i3)

1075 format(/,1x, 'Percent convergence tolerance:',2x,d12.5)

1076 format (/,1x,'pincr=',2x,d12.5,2x, 'eiter=',2x,d12.5,2x,
. "ttpi=',2x,d12.5)

1078 format(/,1x,'Displacement Increment Table')

1080 format (8(2x,d12.5))

1085 format(/,1x, 'Number of elements:',2x,i3)

1090 format(/,1x, 'Nodal Coordinates:')

1095 format (8(2x,d12.5))

1100 format (/,1x, 'DISPLACEMENT BOUNDARY CONDITIONS, 1=PRESCRIBED,
X0=FREE')

1105 format (/, 4X, 'NODE V PSI-S W W-S ')

1110 format (4x,i4,1x,4(i3,2x))

1115 format (/,1x, '"NUMBER OF PRESCRIBED DISPLACEMENTS:',

i5%,/,1x, 'SPECIFIED DISPLACEMENT DOF AND THIER

.  VALUES FOLLOW:')

1120 format (16i5)

1125 format (/,1x,'Distributed Load Intensity:',2x,dl12.5)
1130 format(/,1x,'Elements with distributed load:',/,1x,16i5)
1135 format (/,1x,'DOF and specified concentrated loadsfollow:?)
1140 format(/,1x,'Isotropic material properties ey, enu, ht, width:'
. +/,1x,4d12.5)
1145 format{/,1x,'Composite material properties el, e2, ¢gl2, enul2,
gl3,g23, width:',/,1x,7d12.5)
1150 format(/,1x, "Number of plies:',2x,i3,2x,'Ply thickness:',2x,
. dil2.5)
1155 format(/,1lx,'Ply orientation angles:',/,1x,8(2x,d12.5))
1160 format (/,1x, 'Radius of cu=vature:',2x,d12.5)
1165 format(/,1x,'DOFs for equivalent load calculation:',/,
1x,16i5)
1170 format (/,1x,'Elements for stress calculation:',/,1x,16i5)
1175 format (/,1x,i5)
return
end

subroutine elast

implicit double precision (a-~h,o0-z)
dimension gbar(3,3),rtheta(20)

character*64 gname

common/chac/gname, fname

common/elas/ae,de, fe,he,ej,el, re,te,as,ds, fs

common/input/tol, table (250),delem(250),vbound (2500) ,distld,
veonc (2500) ,ey,enu,ht,el,e2,gl2,enul2,enu21,gl3,g23,pthick,
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. rad,linear,isotro,isarch, ishape,inctyp,ninc, imax,

. nelem,nbndry,nbound(250,5), 1dtyp,nconc, iconc(2500),

. nplies,nforc,iforc(2500),nstres,istres(250),ibndry(2500),

. theta(20),idload(250),coord(251),width,nnod,pincr,eiter, ttpi

Isotropic case

(eI e BN ¢ BN o BN ¢)

write(6,1000)el,e2,912,enul2,enu21,g913,g23,pthick
if(isotro.eq.0)goto 100
gs=ey/ (2* (l+enu))
denom=1 . -eau**2
gqll=ey/denom
ql2=enu*ey/denom
q22=qll
g2hat=g22- (ql2**2/qll)
gs4=gs
ae=g2hat*ht
de=g2hat*ht**3/ (3*2,**2)
fe=q2hat*ht**5/ (5*2.**4)
he=gq2hat*ht **7/ (7*2, **¢)
ej=q2hat*ht**9/ (9*2 **8)
el=g2hat*ht**11/(11*2, **10)
re=gq2hat*ht**13/ (13*2 **]12)
te=q2hat *ht**15/ (15%2 **14)
as=qgs4*ht
ds=qgs4*ht**3/ (3%2, **2)
fs=qs4*ht**5/ (5%2, **4)
goto 200

Laminate case

(9]

100 ht=pthick*nplies
enu2l=e2*enul2/el
denom=1.-enul2*enu2l
gqll=el/denom
gl2=enul2*e2/denom
g22=e2/denom

c
c******************'k'k******************************
c calculate the elasticity matrices *
Cc *
c remem that the z axis points down, *
c however, the first ply is the top ply, ie, *
c the ply with the most negative z !!! *
c**************************************************
c
c initialize elasticity terms
c
ae=0.
de=0.
fe=0.
he=0.
ej=0.
el=0.
re=0.
te=0.
as=0.
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0

ds=0.
fs=0.
do 45 ii=1,nplies
45 rtheta(ii)=theta(ii)*3.14159265/180.
do 50 kk=1,nplies

gbar(1,1)=qll*(cos(rtheta(kk)) **4)+2*ql2*(sin(rtheta(kk))**2)*
(cos (rtheta(kk)) **2) +q22* (sin(rtheta (kk)) **4)

gbar(1,2)=(qll+q22) * (sin(rtheta (kk)) **2) * (cos (rtheta (kk) ) **2) +
. ql2*(sin(rtheta (kk)) **4+cos (rtheta (kk)) **4)

qbar(Z 2)=qli*(sin(rtheta(kk)) **4) +2*ql2* (sin(rtheta (kk)) **2) *
(cos (rtheta (kk) ) **2) +g22*cos (rtheta (kk) ) **4
gs4=gl3*dcos (rtheta (kk)) **2+g23*dsin(rtheta (kk) ) **2
q2hat=gbar(2,2) - (gbar(1,2) **2/gbar(1,1))
zl=(kk*1l, - nplies*.5)*pthick
zu=zl-pthick
ae=ae + qZhat*pthick
de=de + g2hat* (z1**3-zu**3)/3,
fe=fe + q2hat* (zl**5-zu**5)/5.
he=he + q2hat* (zl**7-zu**7) /7.
ej=ej + g2hat* (zl**9-zu**9) /9.
el=el + gq2hat*(zl**1l-zu**11)/11.
re=re + qg2hat* (z1l**13-zu**13)/13,
te=te + q2hat*(zl**15-~zu**15) /15,
as=as+qs4*pthick
ds=ds+qgs4* (z1**3~zu**3) /3.
fs=£f3+q34* (z1**5-2u**5) /5,
50 continue
200 open (6, fiel=gname, status="'o0ld"')
200 write(6,1000)ae,de, fe,he,ej,el, re,te,as,ds,fs
close (6)
1000 format(/,1lx, 'Elasticity terms:',/,1x,8(2x,d12.5))
return
end

subroutine proces
implicit double precision (a-h,o0-2z)

character*64 gname

common/chac/gname, fname
common/elas/ae,de, fe, he,ej,el, re,te,as,ds, fs

common/input/tol, table(250),delem({250), vbound (2500) ,distld,

. vconc(2500) ,ey,enu,ht,el,e2,gl2,enul2,enu2l,gl3,g923,pthick,

. rad,linear,isotro, isarch, ishape, inctyp,ninc, imax,

.  nelem,nbndry,nbound (250, 5), 1dtyp,nconc, iconc (2500),

. nplies,nforc,iforc(2500),nstres,istres(250),ibndry(2500),
theta(20),idload(250),coord(251) ,width,nnod,pincr,eiter, ttpi

common/stf/stzf(Q 9),elp(9),eln(9,9),eld(9)
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10

30

common/proc/gstif (2500, 9),9n(2500,9),gf(2500) ,gd(2500), vperm(2500)
vpres (2500)

ndof=nnod*4{+nelem
ncount=1

icount=1

do 1 ii=1l,ndof
gd(ii)=0.0d0

do 2 ii=1,nbndry*5
vpres (ii)=0.0d40
vperm(ii)=vbound(ii)

start new increment or iteration/
zero out global stiffness matrices and global force
vector

do 5 ii=1,ndof
gf(ii)=0.040

do 5 ji=1,9
gstif(ii,jj)=0.040
gn(ii, jj)=0.0d0
kcall=0

increment prescribed displacement for displacement control

if(linear.eq.l)goto 9

if(icount.ne.l)goto 9

do 7 ii=1,nbndry*5

if (ncount .eq.1) vbound(ii)=vperm(ii) *table (1)

if(ncount.gt.l)vbound(ii)=vperm(ii) *(table (ncount) -
table(ncount-1))

loop over all elements for stiffness and forces

do 30 ielem=1,nelem
do 10 ii=1,9
eld(ii)=gd(ii+(ielem-1) *5)

kcall=kcall+l
call stiff(ielem,icount,ncount,kcall)

Assemble global stiffness array, gstif, global equilibrium
stiffness, gn, in banded form. Half-bandwidth=9. Also
assemble global force vector, gf.

nr=(ielem-1)*5 + 1

do 30 jj=0,8

gf (nr+jj)=gf (nr+jj) +elp(jj+1)

do 30 kk=1,9-3jj

gstif (nr+jj,kk)=gstif (nr+jj,kk)+stif (jj+1,kk+33)
if(linear.eq.l)goto 30

if (icount.eq.1l .and. ncount.eq.l)goto 30
gn(nr+jj,kk)=gn(nr+jj, kk)+eln(jj+i,kk+3j3j)
continue

impose force boundary conditions
at this point, gf=R
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if (nconc.eq.0)goto 45
do 40 ii=1,nconc
nb=iconc(ii)

gf (nb) =gf (nb) +vconc (ii)
continue

calculate the residual force vector for nonlinear
analysis. -([gn]*{gd)}+R=-[k+nl/2+n2/3)*(q}+R=gf

if (icount.eq.l)goto 65

do 60 ii=1,ndof

add=0.

do 50 kk=1,ii-1

if(ii-kk+l .gt. 9)goto 50
add=add+gn (kk, ii-kk+1) *gd (kk)
continue

res=0.

do 55 ji=1,9

if(j3+ii-1 .gt. ndof)goto 55
res=res + gn(ii,jj)*gd(jj+ii-1)
continue

add to existing gf which already contains R

gf (ii)=gf(ii) ~res-add
continue
continue

impose displacement boundary conditions

if (icount.eq.l)call bndy(ndof,gstif,gf,nbndry, ibndry, vbound)
if (icount.gt.l)call bndy(ndof,gstif,gf,nbndry, ibndry, vpres)

solve system of equations, result in gf
call solve(ndof,gstif,gf,0,detm,detml)
update total displacement vector gd

do 70 ii=1,ndof

gd(ii)=gd(ii)+gf(ii)

if(linear.eq.l)goto 80

call converge (ndof,ncon,icount,tol, imax)

if no convergence (ncon=0) start next iteration

if (ncon.eq.0)goto 3
continue

if(ncon.eq.l .and. ncount.le.ninc)then
call postpr(icount,ncount,kcall,ndof)
if (ncount.eqg.ninc) stop
ncount=ncount+1
icount=1
goto 3

endif

return

end
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subroutine bndy (ndo¥, s, sl, ndum, idum, vdum)

implicit double precision (a-h,o0-z)
dimension s(2500,9),s81(2500)
dimension idum(ndum*$5), vdum(ndum*S5)
do 300 nb = 1, ndum*$S

ie = idum(nb)

sval = vdum(nb)

it=8

i=ie~-9

do 100 ii=1,it

i=i+l

if (1 .1t. 1) go to 100
j=ie-i+l
8l(i)=sl(i)-s (i, j) *sval
s(i,j)=0.0

continue

s(ie,1)=1.0

sl(ie)=sval

i=ie

do 200 ii=2,9

i=i+1

if (1 .gt. ndof) go to 200
s8l(i)=s8l(i)-s(ie,ii) *sval
s(ie,ii)=0.0

continue

continue

return

end

----------------------------------------------------------

implicit double.érecision (a-h,o0-2)
common/proc/gstif (2500,9),gn(2500,9),9f(2500) ,g9d (2500) , vperm(2500)

vpres (2500)

rcurr=0.

do 10 m=1,ndof

rcurr=rcurr + gd(m) *gd (m)

if (icount.eq.l) rinit=rcurr
if(icount.eq.1l)ncon=0

if (icount.eq.l)goto 20

criteria

ratio=100. * abs(sqrt (rcurr)-sqrt(pvalue))/sqrt(rinit)
if(ratio.le.tol)ncon=1
pvalue=rcurr
write(*,100)ncon, ratio, rinit, rcurr
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100 format (1x, 'ncon= ', 1i3,3x, ‘ratio= ',d14.6,' rinit= ?,d14.6,
x ' rcurr= ',d14.6)
if(icount.eq.imax)write(6,200)
if (icount .eq..max)stop
200 format (1x, 'icount equals imax')
if (ncon.eq.0) icount=icount+1l
return
end

subroutine rikspr
implicit double precision (a-h,o0-z)

character*64 gname

common/chac/gname, fname
common/elas/ae,de, fe, he,ej,el,re,te,as,ds, fs

common/input/tol,table (250) ,delem(250),vbound(2500),distld,
veconc (2500) ,ey,enu, ht,el,e2,gl2,enul2,enu2l,q9l3,g23,pthick,
rad, linear, isotro, isarch, ishape, inctyp, ninc, imax,
nelem, nbndry, nbound (250, 5) , 1dtyp, nconc, iconc (2500) ,
nplies,nforc,iforc(2500),nstres,istres(250),ibndry(2500),
theta(20),idload (250),coord(251),width,nnod, pincr, eiter,ttpi
common/stf/stif (9,9),elp(9),eln(9,9),eld(9)

common/proc/gstif (2500,9),gn(2500,9),9£{2500),9d(2500) , vperm(2500)
vpres (2500)

dimension
1d12500) ,91d0(2500) ,g1d1 (2500) ,gdis (2500) ,gsti00(2500,9),
. g£0(2500),9d00(2500)
ndof=nnod*4+nelem
ncount=1
icount=1
iicut=0
do 1 ii=1,ndof
1 gd(ii)=0.0d0
do 2 ii=1,nbndry*5
vpres (ii)=0.0d0
2 vperm(ii)=vbound(ii)

start new increment or iteration/
zero out global stiffness matrices and global force
vector

tpincr=0.0
if (ncount.eq.l)goto 2993

start new increment

3 if(iicut.eq.0)dss=dss*eiter/icount
2993 icount=1
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do 2992 ii=l,ndof
gld0(ii)=0.0d0
gd00(ii)=gd(ii)

start new iteration

do 5 ii=l,ndof
gf0(ii)=0.0d40

do 5 jj=1,9
gstif(ii, j3)=0.0d40
gn(ii,jj)=0.0d0
kcall=0

increment prescribed displacement for displacement control

if(linear.eq.1l)goto 9

if (icount.ne.l)goto 9

do 7 ii=1,nbndry*S
if(ncount.eq.l.and.iicut.eq.0)vbound(ii)=vperm(ii) *table (1)

if (ncount.gt.l.or.iicut.gt.0)vbound(ii)=vperm(ii) * (table (ncount) -
. table (ncount-1))

loop over all elements for stiffness and forces

do 30 ielem=1,nelem
do 10 ii=1,9
eld(ii)=gd(ii+ (ielem-1) *5)

kcall=kcall+l
call stiff(ielem, icount,ncount,kcall)

Assemble global stiffness array, gstif, global equilibrium
stiffness, gn, in banded form. Half-bandwidth=9. Also
assemble glci.al force vector, gf.

nr=(ielem-1)*5 + 1

do 30 jj=0,8

gf0(nr+jj)=g£f0(nr+jj) +elp(jj+l)

do 30 kk=1,9-3j
gstif(nr+jj,kk)=gstif(nr+jj,kk)+stif (jj+1,kk+33)
if(linear.eq.l)goto 30

if(icount.eq.1 .and. ncount.eq.l .and.iicut.eq.0)goto 30
gn(nr+jj,kk) =gn(nr+jj, kk)+eln(jj+1,kk+33)

continue

impose force boundary conditions
at this point, gf=R

if (nconc.eq.0)goto 45

do 40 ii=1,nconc
nb=iconc(ii)

gf£0 (nb)=g£0 (nb) +vconc (ii)
continue

do 47 ii=1,ndof
gf(ii)=g£0(ii)

do 48 ii=1,ndof

do 48 jj=1,9

gsti00(ii, jj)=gstif(ii, jj)
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call bady(ndof,gstif,gf,nbndry, ibandry, vbound)

call solve(ndof,gatif,gf,0,detm,detml)

dss0=0.0

do 49 ii=1,ndof

gdis(ii)=gf (ii)

49 dsalO=dssO+gf(ii)*gf(ii)

if(icount.ne.l) go to 144
detml=detm2
detm2=detm
if(ncount.eq.l.and.detm.1t.0.0 .and.iicut.eq.0) pincr=-pincr
if (ncount.eq.l.and.iicut.eq.0) dss=pincr*dsqrt (dss0)
if(ncount.ne.l.or.iicut.gt.0) pincr=

dss/dsqrt (dss0) *detm*detml

. *pincrl/dabs (pincrl)
c
c attempt at offloading at bifurcation points
c
c if(iicut.eq.l)pincr=-pincr
c
pincrl=pincr
prs=0.0
do 142 ii=1,ndof
142 prs=prs+gf0(ii) *gld(ii)
stifpa=spincr*prs

do 143 ii=1,ndof
143 gld(ii)=pincr*gdis(ii)
144 continue

calculate the residual force vector for nonlinear
analysis. -[gn]*{gd}+R=-[k+nl/2+n2/3]*{q}+R=gf

0000

if (icount.eq.l)goto 69
do 60 ii=1l,ndof
add=0.
do 50 kk=1,ii-1
if(ii-kk+1 .gt. 9)goto 50
add=add+gn (kk, ii~kk+1) *gd (kk)
S0 continue
res=Q,
do 55 j3j=1,9
if(jj+ii-1 .gt. ndof)goto 55
res=res + gn(ii,jj)*gd(jj+ii-1)
55 continue

add to existing gf which already contains R

0na

gf(ii)=g£0(ii) * (pincr+tpincr) -res-add
60 continue
65 continue

impose displacement boundary conditions

000

call bndy(ndof,gsti00,gf,nbndry, ibndry, vbound)
c if(icount.gt.l)call bndy(ndof,gstif,gf,nbndry, ibndry, vpres)
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solve system of equations, result in gf
call solve(ndof,gstif,gf,1,detm,detml)
through line 69 copied from Tsai's program

al=dssa0

a2=0.0

a3=0.0

do 147 ii=1,ndof
a2=a2+(gld(ii) +gf(ii)) *gdis (ii)
a3=al+gf(ii)*(2.0*gld(ii)+gf(ii))
dl2=a2*a2-al*a3

write(6,*) dl2,al,a2,a3

if(d12.1t.0.0)then

deal with complex roots by cutting the search
radius (dss) in half

do 2991 ii=1,ndof
gd(ii)=gd00(ii)
iicut=iicut + 1
if (iicut.gt.10)then
write(6,3000)
stop
endif
dss=dss/2.0
goto 3
endif
iicut=0
dpincl=(-a2+dsqrt (d12)) /al
dpinc2=(-a2-dsqrt (d12)) /al
thetal=0.0
theta2=0.0
do 148 ii=1,ndof
gld0(ii)=gld(ii)
gld(ii)=gld(ii)+gf (ii) +dpincl*gdis (ii)
gldl (ii)=gldO (ii) +g£f(ii) +dpinc2*gdis(ii)
thetal=thetal+gldO (ii)*gld(ii)
theta2=theta2+gld0 (ii) *gldl(ii)
continue
write(6,*) thetal,theta2
thetl2=thetal*theta2
if(thetl2.gt.0.0) go to 149
dpincr=dpincl
if (theta2.gt.0.0) call chsign(ald,gldl,dpincr,dpinc2,ndof)
go to 150
dpib=-a3/(a2*2.0)
dpinl=dabs (dpib-dpincl)
dpin2=dabs (dpib-dpinc2)
dpincr=dpincl
if (dpin2.1t.dpinl) call chsign(gld,gldl,dpincr,dpinc2,ndof)
pincr=pincr+dpincr
continue

update total displacement vector gd
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do 70 ii=1,ndof

gd(ii)=gd(ii) +gld(ii)-gld0(ii)
if(linear.eq.1l)goto 80

call converge (ndof,ncon, icount,tol, imax)

if no convergence (ncon=0) start next iteration

if(ncon.eq.0)goto 4
continue
if (ncon.eq.1 .and. ncount.le.ninc)then
call postpr(icount,ncount,kcall,ndof)
if (ncount.eq.ninc)stop
ncount=ncount+1
tpincr=tpincr+pincr
goto 3
endif
format (1x, 'More than 10 consecutive imaginary roots')
format (/,1x,1i2)
return
end

subroutine solve (ndof, band,rhs,ires,detm,detml)

implicit double precision (a-h,0-2)
dimension band(2500,9),rhs (2500)
megqns=ndof-1

if(ires.gt.0)goto 90

do 500 npiv=1,meqns

print*, 'npiv= ',npiv

npivot=npiv+l

1stsub=npiv+9-1

if (lstsub.gt.ndof) lstsub=ndof

do 400 nrow=npivot, lstsub

invert rows and columns for row factor
ncol=nrow-npiv+l
factor=band(npiv,ncol) /band(npiv,1)

do 200 ncol=nrow,lstsub
icol=ncol-nrow+l

jcol=ncol-npiv+l

band (nrow, icol)=band(nrow, icol) -factor*band (npiv, jcol)
rhs (nrow) =rhs (nrow) -factor*rhs (npiv)
continue

detm=1.0

detml=0.0

do 600 ii=1,ndof

write (*,*) 'BAND(',ii,'l)=',band(ii,1l)
detml=detml+dloglQ (dabs (band(ii,1)})
detm=detm*band(ii, 1) /dabs (band(ii, 1))
go to 101

do 100 npiv=1,meqns

npivot=npiv+l

lstsub=npiv+9-~1




if (lstsub.gt.ndof) lstsub=ndof
do 110 nrow=npivot, lstsub
ncol=nrow-npiv+l
factor=band (npiv,ncol) /band(npiv, 1)

110 rhs(nrow)=rhs (nrow) -factor*rhs (npiv)

100 continue

c back substitution

101 do 800 ijk=2,ndof
npiv=ndof-ijk+2
rhs (npiv)=rhs (npiv) /band (npiv, 1)
lstsub=npiv-9+1
if(lstsub.1lt.l) lstsub=l
npivot=npiv-1
do 700 jki=lstsub,npivot
nrow=npivot-jki+lstsub
ncol=npiv-nrow+l
factor=band(nrow,ncol)

700 rhs(nrow)=rhs(nrow)-factor*rhs (npiv)

800 continue
rhs(l)=xhs (1) /band(1,1)
return
end

000

subroutine chsign(gld,gldl,dpincr,dpinc2,ndof)
implicit double precision (a-h,o0-2)
dimension gld(2500),g1dl1(2500)
do 100 i=1,ndof
100 gld(i)=gldl (i)
dpincr=dpinc2
return
end

000

subroutine stiff (ielem, icount,ncount,kcall)

implicit double precision (a-h,o0-z)
character*64 gname
common/chac/gname, fname

common/input/tol,table (250) ,delem(250), vbound (2500) ,distld,

. veconc(2500),ey,enu, ht,el,e2,gl2,enul2,enu2l1,gl3,923,pthick,

. rad,linear,isotro,isarch,ishape, inctyp,ninc,imax,

. nelem,nbndry,nbound(250,5),1ldtyp,nconc, iconc(2500),

. nplies,nforc,iforc(2500),nstres,istres (250),ibndry(2500),
theta(20),idload(250),cooxrd(251),width,nnod, pincr,eiter, ttpi

common/elas/ae,de, fe,he,ej,el, re,te,as,ds, fs
common/st£/stif(9,9),elp(9),eln(9,9),eld(9)
common/shp/ds£(7,9)

dimension bmk(7,7),bmnl(7,7),bmn2(7,7),

. gauss4(4),wtd4(4),gauss7(7),wt7(7),q(7),dsfte(9,7),
. pkt(7,7),pkn(7,7),pktd(7,9) ,pknd(7,9) ,gauss5(5) ,wt5(5)
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data gauss4/0.8611363115d40,0.3399810435d0,-0.33998104354d0,

. -0.8611363115d0/

data wt4/0.3478548451d0,0.6521451548d0,0.652145154840,

. 0.347854845140/

data gauss5/0.9061798459d0,0.5384693101d0,0.040,-0.5384693101d0,

. -0.906179845940/

data wt5/0.2369268851d0,0.4786286705d0,0.5688888889d0,

. 0.4786286705d0,0.2369268851d0/

data gauss?7/0.9491079123d40,0.7415311856d40,0.40584515134d0,

. 0.0d40,-0.4058451513d0,-0.7415311856d0,-0.9491079123d0/

data wt7/0.1294849662d0,0.279705391540,0.3818300505d0,
0.4179591836d0,0.3818300505d0,0.2797053915d40,0.12948496624d0/

c
c initialize stiffness arrays and load array
c
do 10 ii=1,9
elp(ii)=0.0
do 10 jj=1,9
stif(ii, jj)=0.0
10 eln(ii, jj)=0.0
c
c set number of gauss points for interpolation
c
ngp=5
if (ncount.eq.l .and. icount.eq.l)ngp=4
if(linear.eq. 1) ngp=4
c

ekl=-4./(3.*ht**2)

if (isarch.eq.l) pl=1./rad

if(ncount.eq.l .and. icount.eq.l .and. kcall.eq.l .and.
isarch.eq.1)

. call beamk (bmk,ekl,pl)

if(ncount.eq.l .and. icount.eq.l .and. kcall.eq.l .and.
isarch.eq.0)

call sbeamk (bmk,ekl)

c
c loop over gauss points
c

do 100 ii=1,ngp

if(ngp.eq.4)eta=gauss4(ii)

if (ngp.eq.5)eta=gaussS5S(ii)

if (ngp.eq.7)eta=gauss7 (ii)

call shape(eta, ielem, aa)
c
c multiply element displacement vector, eld (this is 'q’
c in the thesis) by the shape function matrix, dsf, to get
c the displacement gradient vector(d(s) in thesis, q here)
c

do 20 kk=1,7

20 q(kk)=0.0

c

do 30 33=1,7

do 30 kk=1,9

30 q(ji)=q(jj)+dsf (i, kk) *eld (kk)

c
c
c initialize bmnl, bmn2
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do 35 kk=1,7
do 35 ji=1,7
bmnl(jj, kk)=0.0d40
bmn2 (jj, kk)=0.0d0

skip bmnl and bmn2 comps first time through
if(icount .eq. 1 .and. ncount .eq. l)goto 37

if (isarch.eq.1l)call beamnl (q,bmnl,ekl,pl)

if (isarch.eq.1l)call beamn2(q,bmn2,ekl,pl)

if(isarch.eq.0)call sbmnl (q,bmnl,ekl)

if(isarch.eq.0)call sbmn2 (q,bmn2,ekl)
continue

transpose the shape function matrix

do 40 jj-1'7
do 40 kk=1,9
dsftr(kk,jj)=dsf (jj, kk)

create element independent incremental stiffness array,
pkt, and element ind. equilibrium stiffness array, pkn

do S50 ji=1,7

do 50 kk=1,7

pkt (jj,kk)=bmk (j3j, kk)+bmnl (jj, kk) +bmn2 (jj, kk)

pkn (33, kk)=bmk (jj, kk)+bmnl (i3, kk) /2.+bmn2 (j3j, kk) /3.

post-multiply each array by the shape function matrix

do 60 ji=1,7
do 60 kk=1,9

pktd(jj,kk)=0.0

pknd (jj,kk)=0.0

do 60 11=1,7

pktd (jj,kk) =pktd(3j, kk) + aa*pkt (jj,11l)*dsf(11,kk)
pknd (3, kk) =pknd (33,kk) + aa*pkn(3jJj,11)*dsf(11,kk)

Finally, pre-multiply these new arrays by the transpose

of the shape function matrix to get the element incremental
stiffness, stif, and element equilibrium stiffness, eln.
Also multiply by the weighting factor for this particular
gauss point. Note that these arrays are zeroed outside the
loop over the gauss points since they accumulate (integrate)
data over all the gauss points.

if (ngp.eq.4)wt=wt4 (ii)

if (ngp.eq.5)wt=wt5(ii)

if(ngp.eq.7)wt=wt7(ii)

do 70 j3=1,9

do 70 kk=1,9

do 70 11=1,7

stif(jj, kk)=stif (jj, kk)+wt*width*dsftr(3jj,1l) *pktd (11, kk)

eln(jj,kk)=eln(jj, kk) +wt*width*dsftr(jj,11) *pknd(11,kk)
continue
continue
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c write(6,1010)ielem

c write(6,1005)

c do 900 ii=1,9

c900 write(6,1000) (stif(ii,jj),jii=1,9)
1000 format (9(2x,d12.5))
1005 format (/,'stif')
1010 format (i4)

return
end
c
c
c
subroutine shape(eta,ielem,aa)
c
implicit double precision (a-h,o0-z)
c
c
common/shp/dsf (7, 9)
c
c
common/input/tol, table (250),delem(250), vbound (2500) ,distld,
. vconc({2500),ey,enu, ht,el,e2,gl2,enul2,enu2l,qgl3,g23,pthick,
rad, linear, isotro, isarch, ishape, inctyp,ninc, imax,
nelem, nbndry, nbound (250, 5) ,1dtyp,nconc, iconc (2500),
nplies,nforc, iforc(2500),nstres,istres (250),ibndry(2500),
theta (20),idload (250) ,coord(251),width,nnod, pincr,eiter,ttpi
c
c initialize shape function matrix
c
do 10 ii=1,7
do 10 3jj=1,9
10 dsf(ii,jj)=0.0
c
aa= (coord(ielem+l) -coord(ielem)) *0.5
c
c enter values into dsf
c these include jacobian terms
c
c
c Q1,03,Q2 and derivatives
c

dsf(l,1)=0.5*(eta**2-eta)
dsf(l,5)=1.0-eta**2
dsf(1,6)=0.5*(eta**2+eta)
dsf(2,1)=(eta-0.5)/aa
dsf(2,5)=-2.0%eta/aa
dsf(2,6)=(eta+0.5) /aa
dsf(3,3)=0.25*%(2.0~-3.0*etateta**3)
dsf(3,4)=0.25%aa*(1.0-eta~eta**2+eta**3)
dsf(3,8)=0.25*%(2.0+3.0*eta-eta**3)
dsf(3,9)=0.25%aa*(-1.0-etateta**2+eta**3)
dsf(4,3)=0.25*%(-3.0+3.0*eta**2) /aa
dsf(4,4)=0.25%(-1.0~2.0*eta+3.0*eta**2)
dsf(4,8)=0.25*%(3.0-3.0*eta**2) /aa
dsf(4,9)=0.25*%(-1.0+2.0%eta+3.0%eta**2)
dsf(5,3)=0.25*6.0*eta/aa**2
dsf(5,4)=0.25%(-2.0+6.0%eta) /aa
dsf(5,8)=-0.25%6.0*eta/aa**2
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dsf(5,9)=0.25*(2.0+6.0%eta) /aa
dsf(6,2)=0.5*(1.0-eta)
dsf(6,7)=0.5% (1. 5+eta)
dsf(7,2)=-0.5/aa
dsf(7,7)=0.5/aa

temporary print

do 100 ii=1,7

write(6,1000) (dsf(ii,ji),jji=1,9)
format (9(2x,d12.5))

return

end

subroutine postpr(icount,ncount,kcall,ndof)
implicit double precision (a-h,o0-z)

character*64 gname

common/chac/gname, fname
common/elas/ae,de, fe, he,ej,el, re,te,as,ds, fs

common/input/tol,table (250) ,delem(250),vbound (2500) ,dist1d,
veonc (2500) ,ey,enu,ht,el,e2,g12,enul2,enu2l,gl3,g23,pthick,
rad, linear, isotro, isarch, ishape, inctyp,ninc, imax,
nelem, nbndry, nbound (250, 5) , 1dtyp, nconc, iconc (2500) ,
nplies,nforc,iforc(2500),nstres,istres (250),ibndry(2500),
theta(20),idload (250) ,coord (251) ,width,nnod, pincr,eiter, ttpi

common/stf/stif (9,9),elp(9),eln(9,9),eld(9)
common/proc/gstif (2500,9),gn(2500,9) ,g£(2500) ,gd (2500) , vperm(2500)
vpres (2500)

dimension vforc(2500),xcoord(251),ycoord(251)
pi=3.14159

if ishape=1 print global x,y coords to file bshape
if ishape=2 figure out symmetric coords as well

if (isarch.eq.0) then
go to 423
end if
if(ishape.eq.l.or.ishape.eq.2.and.ncount.eq.l.and.isarch.eq.1l)then

open (8, file="'bshape',status="new')
do 1 ii=1,nnod
if (ishape.eq.2)then
xcoord (nnod-1+ii)=rad*cos(pi/2.0~coord(ii) /rad)
xcoord (nnod+1-ii)=-rad*cos (pi/2.0-coord (ii) /rad)
ycooxrd (nnod-1+ii)=rad*sin(pi/2.0-coord(ii) /rad)
ycoord (nnod+1-ii)=ycoord (nnod-1+ii)
else




xcoord (ii)=-rad*cos (pi/2.0+coord(ii) /rad~
coord (nnod) / (2*rad))
ycoord(ii)=rad*sin(pi/2.0+coord(ii) /rad-coord(nnod)/(2*rad))
endif
1 continue
do 100 ii=1,nnod
100 write(8,2000)xcoord(ii),ycoord(ii)
if(ishape.eq.2)then
do 110 ii=2,nnod
110 write(8,2000) xcoord(nnod+ii~-1), ycoord (nnod+ii-1)
endif
write(8,2010)
endif
c
c global displacements for straight beams
c
423 if(ishape.eq.l.and.ncount.eq.l.and.isarch.eq.0)then
open (8, file="bshape',status='new')
do 2 ii=1,nnod
xcoord(ii)= coord(nnod)-coord(ii)
ycoord(ii)=0.0
2 write(8,2000) xcoord(ii),ycoord(ii)
write(8,2010)
endif

0

print out global displacements

write(6,1000)
write(6,1010)

write (6,1020)ncount, icount
write (6,1030)

do 90 ii=0,nnod-1

X,y for arches

0

if (ishape.eqg.l.and.isarch.eq.l)then

if (ishape.eq.l.and.isarch.eq.l.and.ii.eq.0)write(8,2020)ncount
xcoord(ii+l)=-(rad-gd(5*ii+3))*

cos (pi/2.0+coord(ii+l) /rad-coord(nnod) / (2*rad) +
gd(5*ii+l) /rad)
ycoord(ii+l)=(rad-gd(5*%ii+3))*
sin(pi/2.0+coord(ii+l) /rad-coord(nnod) / (2*rad) +
gd(5*ii+l) /rad)
write(8,2000) xcoord(ii+l),ycoord(ii+l)

endif

if (ishape.eqg.2.and.isarch.eq.l)then

if(ii.eq.0)write(8,2020)ncount
xcoord(nnod+ii)=(rad-gd(5*ii+3)) *

. cos(pi/2.0-cooxrd(ii+l) /rad +gd(5*ii+l) /rad)
xcoord (nnod-ii)=-~xcoord(nnod+ii)
ycoord(nnod+ii)=(rad-gd(5*ii+3)) *

sin(pi/2.0-coord(ii+l) /rad+gd(5*ii+1) /rad)
ycoord(nnod-ii)=ycoord(nnod+ii)

endif

c x,y for straight beams

if (ishape.eqg.l.and.isarch.eq.0}then
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if{ishape.eq.l.and.isarch.eq.0.and.ii.eq.0)write(8,2020)ncount
xcoord(ii+l)=coord(nnod) ~coord(ii+1l) -gd(S*ii+l)
ycoord(ii+l)=-gd(5%ii+3)
write(8,2000) xcoord(ii+l),ycoord(ii+l)
endif
write(6,1040)ii+1, (gd(5*ii+jj), jj=1,4)
write(6,1050)gd(5*%ii+5)
if (ishape.eq.2.and.isarch.eq.l)then
do 95 ii=1,2*nnod-1
write(8,2000) xcoord(ii),ycoord(ii)
endif
if (ishape.ge.l)write(8,2010)

compute equivalent forces requested

do 5 ii=1,ndof
gf(ii)=0.0d0

do S5 jj=1,9
gstif(ii, jj)=0.040
gn(ii, jj)=0.0d0

loop over all elements for stiffness and forces

do 30 ielem=1,nelem
do 10 ii=1,9
eld(ii)=gd(ii+ (ielem-1) *5)

call stiff (ielem, icount,ncount, kcal)

Assemble global stiffness array, gstif, global equilibrium
stiffness, gn, in banded form. Half-bandwidth=9. Also
assemble global force vector, gf.

nr=(ielem-1)*5 + 1

do 30 j3=0,8

gf (nr+jj)=gf (nr+jj) +elp(jj+1)

do 30 kk=1,9-jj

gstif(nr+jj,kk)=gstif (nr+3jj,kk)+stif(jj+1,kk+3ij)
if(linear.eq.l)goto 30

gn(nr+jj,kk)=gn(nr+jj,kk) +eln(jj+1,kk+jj)
continue

calculate the residual force vector for nonlinear
analysis. -[gn]*{gd}+R=-[k+nl/2+n2/3]*{q}+R=gf

do 60 jj=1,nforc

ii=iforc(3jj)
add=0.
do 50 kk=1,ii-1
if (ii-kk+1 .gt. 9)goto 50
add=add+gn (kk, ii-kk+1) *gd (kk)
continue
res=0.
do 55 11=1,9
if(11+ii-1 .gt. ndof)goto 55
res=res + gn(ii,1ll)*gd(11l+ii-1)
continue
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compute nodal force

vforc(jj)=res+add
continue

print nodal forces and create plot file

open(7,file='plot',status="new’)
if(ncount.eq.l)write(7,*)0.0,0.0
write (6,1060)
do 70 ii=1,nforc
write(7,1065)gd(iforc(ii)),gd(iforc(ii)-2),vforc(ii)
write(6,1070)iforc(ii),vforc(ii)
format (/)
format (1x, 'Results of nonlinear analysis')
format (1x, 'increment="',1i3,"* iteration=',1i3)
format (1x, 'Node', 7x,'V',13x, 'Psi-s',13x, 'W’',13x, 'W-3s')
format (1x,14,4(2x,d12.5))
format (1x, 'Midnode v:',3x,dl12.5)
format (1x, /, 'Equivalent nodal forces:')
format (1x, £12.5,2x%,£f12.5,2x,£12.5)
format (1x, 'DOF no:',id,2x, 'Force:',1x,d12.5)
format (1x, £12.5,2x,£12.5)
format (//)
format (/,1x,i4)
return
end

subroutine beamk (bmk,ekl,pl)

implicit double precision (a-h,o0-z)
common/elas/ae, de, fe,he,ej,el, re,te,as,ds,fs
dimension bmk (7, 7)

do 10 ii=1,7

do 10 jj=1,7

bmk (jj,ii)=0.0d0

bmk (2,2)=fe*pl**4—- (2*de*pl**2) +ae

bmk (2, 3) =de*pl**3- (ae*pl)

bmk (2,5) =~ (he*ekl*pl**3) +fe*ekl*pl

bmk (2, 7) =~ (he*ekl*pl**3) +fe* (-pl**3+ekl*pl) +de*pl
bmk (3’ 3) =de*p1**4+ae*p1**2

bmk (3,5) =~ (2*fe*ekl*pl**2)

bmk (3,7)=~(2*fe*ekl*pl**2) ~ (2*de*pl**2)

bmk (5,5) =ej*ekl**2*pl**2+he*ekl1**2

bmk (5, 7) =he* (ekl*pl**2+ekl**2) +tejrekl**2*pl**2+fe*ekl
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bmnl (1, 1)=plr*3xfo* (ek* (q(7) +q(5) ) = (pl**2% (q(7) +pl* (2*pl*q(3) ~(3*q(

. 2))))))=(plr*5*ek*he* (q(7) +q(5)) ) +plr*3*tde* (q(7) +pl* (3*plrq(3

. )=(4%q(2)))) +pl**2*ae* (- (pl*q(3) ) +q(2))

bmnl (1, 2) =ple*3xfer (ek*q(6) - (p1**2*q(6) ) +tek*G(4) +2*plr*2xq(4) +3*pl**

. 3*q(l))-(pl**Stek*he* (q(6)+q(4))) +plr*3*de* (q(6)-(3*q(4))-(

. 4*pl*q(1)))+pl*ae*{(q(4) +pl*q(l))

bmnl (1, 3)=—(2*plxx4*fe* (ek* (q(6) +q(4) ) ~(pl**2* (q(6) - (pl¥q(1))})) )~

. (pl**4rde* (2*q(6) ~q({4)—-(3*pl*q(l))))+2*pl**6*ek*he* (q(6)+q(4

. ))=(pl**2%ae* (q(4)+pl*q(l)))

bmnl (1, 4)=pl*2xfe* (3*ek*q(7) - (2 pl**2*xq (7)) +2%ek¥*q(5) - (2*pl¥**2*ek*q

. (3))+plrek*q(2)+2*pl**3*q(2) ) +pl**2*ek*he* (ek*q(7) ~(3*plr*2%*q(7) ) +ek*
. q(5)=(2*pl**2%q(5) ) +2*pla*4*q(3) = (plr*3*q(2)) ) +pl¥*2*de* (2*q(7)+

. pl*(pl*q(3)=(3*q(2)))) - (pl**4*ek**2%ej*(q(7)+q(5)) ) +pl*ae*(~(pl

. *q(3))+q(2))

bmnl (1, S)=plrt2kek? ek (ek*q(6) ~(pl**2%g(6)) +ek*q(4) - (2*plr*2*q(4)})~(

. plE*3%g(1)) ) +plr*s s cxfo* (q(6) +2*q(4) +pl*q(l) ) - (plr*frek**2*e]*

. (q(6)+q(4)))

bmnl (1, 6) =plr*2xfe* (2*ek*q(7) ~(pl**2*q(7) ) +ek*q(5) - (2*plr*2*ek*q(3))

. +2%plrxaxg(3) +plrek*q(2) ~ (plr*3*q(2) ) ) +pl**2*ek*he* (ekkq(7) —(2*pla*2%
. q(7))+ek*q(5) = (plr*2*q(5) ) +2*plrkd*q(3) - (plr*3%q(2) ) ) - (plr*4*tek**2*e]
. *(q(T)+q(5)) ) +pl**2*de* (q(7) - (pl* (2*pl*q(3) -q(2))))

bmnl (1, 7)=plx*2%fek (2*ak*q(6) - (pl**2*q(6) ) +3*ek*q(4) - (2*pl*r*2*q(4))

. +pl*ek*q(l)-(pl**3*q(1)))+pl¥*2*ek*he* (ek*q(6)-(2*pl**22q(6))+ek*q(4)
. =(3*plrx2%q(4)) - (pl**3%y(1)))+plr*2*de* (q(6) +2*q(4) +pl*q(l) ) -(pl

. Xkfkgkx*2%ey* (q(6)+q(4)))

bmnl(2,2)=-(pl*fe* (3*pl**2* (q(7)+plx (2%pliq(3) - (3*q(2))) ) +2%pl*x2*

. q(6)*%2%q(7) - (3*ek*q(7) ) -(3*ek*q(5))) ) +plrde* ((2*q(6) **2+3) *q(7) +3*

. pl*(3*pl*q(3)-(4*q(2))))~(3*plr*3xek*the* (q(7)+q(5)))-(3*ae* (pl

. *q(3)-q(2)))

bmnl (2, 3)=-(6*plr*x2*fe* (ek* (q(7)+q(5) ) ~(pl**2* (q(7)-(pl*q(2))))))-

. he*(q(7)+q(5))+3*pl*ae* (pl*q(3)-q(2))

bmnl (2, 4)=pla*2*fek (3*ek*q(6) - (2¥pl**2xq(6) ) +4*ek*q(4) +pl*ek*q(l) +2*
. pl**3%q(1l))+plrr2*ek*he* (ek*q(6) - (3*pl**2*xq(6)) +tek*q(4) ~(4*pl**2%q (4
. ) )Y=(pl**3%q(1l)) ) 4pl**2*de* (2%q(6) ~q(4) - (3*pl*q(l))) - (pl**4*ek**2*

. e3*{q(6)+q(4)))+as*(q(4)+pl*qa(l))

bmnl (2, 5)=3*ek*he* (ek* (q(7) +q(5) ) - (pl**2* (q(7) - (p1* (2*pl*q(3) ~q(2) )

bmk (7,7) =he* (2*ek1*pl**2+ek1**2) +fe* (p1**2+2%ekl) +ejrekl**
. 2%pl¥*2+de

bmk (4,4) =9*fs*ekl**2+6*ds*ekl+as
bmk (4, 6) =9*fs*ekl**2+6*ds*eklt+as
bmk (6, 6) =9*fs*ekl**2+6*ds*ekl+as
do 100 ii=1,7

do 100 jj=ii,?7

bk (jj,ii)=bmk (ii, j3)

return

end

subroutine beamnl (q,bmnl,ek,pl)
Note that kl appears as 'ek' in this subroutine
The equation; in this subroutine were generated by MACSYMA.
implicit double precision (a-h,o0-z)

common/elas/ae,de, fe, he,ej,el, re,te,as,ds, fs
dimension bmnl(7,7),q(7)

(PL¥*2*de* (2% (q(6) **243) *q(7) +34p1* (pPL*q(3) - (3*q(2) ) ) ) ) +6*P1¥*dkek*
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. 1)) )tak*far ( (2*q(6) **2+3) 2q(7) - (3*ple (2*pirq(3) ~q(2))) ) - (3*plen2%ek
. we2ngi* (q(7)+q(S)))
banl (2, 6) =~ (pl**2*fe* (plrq(6) *q(7) - (2*ek*q(6) ) +pl*22%q(6) - (3*ek?*q(4))
. 42%p1¥a22q(4) - (Pl*ek*q(1)) +pl**34q(1)) ) +plrde* (q(6) *q(7) +pl* (q(6) +2*
. q(4)+plrq(l)) ) +pli*2*ekrhe* (ek*q(6) ~ (22pl**22q(6) ) +ak*q(4) - (I2plr*24
. q{4))=(pl**3%q(l))) - (pleaqrgkt*2tej* (q(6) +q(4)))
bmnl (2, 7) =de* ( (4*q(6) **2+3) *q(7) +p1* (q(6) *q(6) - (2*pLl*q(6) **2*q(3) ) - (6
. *plRq(3) ) +(2*q(6)**2+3) *q(2))) +fe* (4 ak*q(6) **2%q(7) +6*ek*q(7) - (3%p1
. *w2%q{T) ) = (plar3xg(6) *q(6) ) +2* ek g (6) **2*xG(5) +Irek*q(5) - (6*plrs2*ekeq(3) )+
. GRPLINLRQ(I) = (2%plERIRNG(6) ¥ *2¥q(2) ) +3*plrek*q(2) — (I2planI*g(2))) +3%ek*he
. *(ek*q(7)-(2*pl**2*q(7)) +ek*q(5) = (pL**2*q(5) ) +2*pla*4*q(3) - (pla*3*q(
. 2)))=(3*plaa2hegkAin2%gi* (q(7) +q(5)))
bmnl (3, 3)=»pla*3*de* ((2%q(6) **2+49) *q(7) ~ (3*pl* (2*plrq(3)+q(2))) ) +9*
. pli*dxgkrfe* (q(7)+q(5))-(3*plr*2*ae*(plrq(3)-q(2)))
bmnl (3,4)=—(pl**3*ek*he* (ek* (q(6) +q(4) ) +2*p1l**2* (q(6) - (pl*q(1))))) -
{pl**3%de* (3*q(6) +2*q(4) - (pl*q(l))) )~ (2*pla*3hgk*fe* (2*q(6) +
. 3%q(4)+pl*q(l)) ) ~(2*plrxSkek**2%ei* (q(6) +q(4))) +plrae* (—q(4) -
(pl*q(1)))
bmnl(3,5)=-(pl*ek*the* (6*p1**2% (q(7) - (pL¥q(2)) ) +2*plA*2kq(6) ¥*2%q(7) +3
. ¥ek*q(7)+3%*ek*q(5))) - (pl*ek*fe* ((2%q(6) **2+3) *q(7) - (3*pl* (3*pl*q(3)-(
. 2%q(2))))) ) - (6*pl**3*ek**2%qi* (q(7) +q(5)))
bmnl (3, 6) =~ (pl**2*de* (2¥q(6) *q(7) +p1l* (q(6) +3*q(4) +2*pl*q(1))))-(pl
. **3%ek*ha* (ak*q(6) +4*pLA*2xq(6) +ek*q(d) +2*plx*2*xq(4) - (2*pl**3xq(1))
. ))=(2*pli*3xfe* (ek*q(6) +pl*¥2¥q(6) +2*ak*q(4) +plrek*q(l) ~(pl**3*q(1l))
. ))=(2*plx*5xek**2*ej* (q(6)+q(4)))
bmnl (3, 7) =~ (pl*de* ( (4*q(6) **2+3) *q(7) +pl* (2*q(6) *q(6) - (2*pl*q(6) **2*q(
. 3))=(9*pl*q(3))+2* (q(6) **2+3) *q(2))) ) ~(pl*fe* (4*ek*q(6) **2*q(7) +6*ek*
. q(7)+6*plx*2%q(7) +2*ek*q(6) **2*q(5) +3%ak*q(5) ~ (I*plr*2tek*q(3) ) +6*plrek*q(
. 2)=(6*pl*x3%q(2)))) ~(plrek*he* (3*ak*q(7) +12*pl*r*24g(7) +2*plr*x2*q(6) **
. 2*q(5)+3%ek*q{5) +6*plr*2%kq(5) ~(6*plAr3kg(2)))) = (6*plirIkgkrx2kgjk (
. q(7)+q(5)))
bmnl (4, 4) ~pl*ek*he* (2%ek*q(7) +4*plX*2*q(7) +2*ak*q(5) - (pl**2*ek*q(3) ) +
. pl*ek*q(2) -~ (4*pl*x*x3*q(2))) +pl¥*3kekk*2xej* (T*q(7) +4*q(5) - (pl* (2*pl*q
(3)+q(2))) ) +tplrtek*fe* (5*q(7) +3*q(5) - (2*pl* (3*pl*q(3) - (2*q(2)))) )+
. pl*de* (3*q(7)=(pl*(2*plaq(3)+q(2))))+3*pl**3rek**3*el* (q(7) +q
(5)) +ae* (- (pl*q(3))+q(2))
bmnl (4, 5)=pl*ek*he* (ek*q(6) +2*pl**2*q(6) +2*ek*q(4) +plrek*q(1) - (2*pl**3
. *q(l)))+pli*3*ek**2%a ¥ (5*q(6) +4*q(4) ~(pl*q(1l)) ) +pl*ek*fe* (q(6
. )+3%q(4)+2*pl*rq(1) ) +3*plr*3Ixek**3kal* (q(6) +q(4))
bmnl (4, 6) =pl*fe* (2*ek*q(7) +2*pl**2%q(7) +ek*q(5) ~ (4*pl**2%ek*q(3)) +3*
. pl*ek*q(2)~(2*%pl**3*q(2)))+plrek*he* (ek*q(7) +7*plr*2*q(7) +ek*q(5) +2*pl
. WR2%kg(5) =~ (pla*2*tek*q(3)) - (2*plr*4*q(3) ) +plrek*q(2) - (3*plr*3*q(2))) +pl**3
. *ek**2*@j* (8*q(7)+5%q(5) ~(pl*(2*pl*q(3) +q(2))) ) +3*plrx3Ixgk**3Ike]l
. *{q(7)+q(5) ) +pl*de* (q(7) - (pl* (3*pl*q(3)-(2*q(2)))))
bmnl {4, 7)=pl*fe* (2*ek*q(6) +2*pl**2*q(6) +5%ek*q(4) +3*plrek*q(l)~(2*pl
. **3%q(1l)))+plr*ek*he* (ek*g(6) +T*pl*x*2x(6) +2%ek*q(4) +4*plr*2*xg(4)+pl*
. ek*q(1l) = (3*pl**3*q(1l)))+pl**3I*xek**2%ej* (8%q(6) +7*q(4)~(pi*q(l)))+pl
. *de* (q(6)+3%q(4) +2*pl*q (1) ) +3*plr*3kek**3*el*(q(6)+q(4))
bmnl (5, 5)=3*plrek**2*e* ((2%q(6) **2+3) *q(7) - (pl* (2*pl*q(3)+q(2))))+9
. *pltek**3*el* (q(7)+q(S))~(3*ek**2*he* (pl*q(3)~-q(2)))
bmnl (5, 6) ~pl*ek*he* (p1l*q(6) *q(7) +3*pl**2*q(6) +tek*q(4) +2*pl**2*q(4) +pl*ek
. *q(1)=(pl**3*q(1)))+ek*fe* (q(6) *q(7) +pl* (q(4) +pl*q(1l)) ) +pl*r3i*ek**2%e]
. *(6*%q(6)+5%q(4) ~(pl*q(l)))+3*pli*3Ikek**3I*el* (q(6)+q(4))
bmnl (5, 7) =pl*ek**2*aj* (2% (4*q(6) **2+9) *q(7) +3* (2*q(6) **2+3) *q(5) - (3*
. P1* (2%pl*q(3) +q(2))) ) +ek*he* (8*pl*q(6) **2*q(7) +I*pl*rq(T) +pl**2*q(6) *q(6
. ) =(2*pl**3%q(6) **2%q(3) ) - (3*pl*ek*q(3) ) = (6*pl**3*xq(3)) +3*ek*q(2) - (3*pl*r*2
. *q(2)))+9*plrek**3*el* (q(7) +q(5)) +ek*fe* (q(6) *q(6) - (2*pl*q(6) **2*
. q(3))=(3*pl*q(3))+(2*q(6) **243) *q(2))
bmnl (6, 6)=pl**2*ek*he* (I*pl*q(7)+3*pl*q(5) -~ (pl*ek*q(3)) - (4*pl**3%xq(3)
. )+ek*q(2) - (2*pl**2*q(2) ) ) +pl**2*fe* (3*plrq(7) - (2*plrek*q(3)) - (2*pl**
. 3%q(3)) +2%ek*q(2) ~(PL**2%q(2)) ) +pl**I*ek**2*ei* (9*q(7) +6*q(5) - (p1*
(2%pl*q(3) +q(2) ) ) ) +3*plx*3xek**3*al* (q(7) +q(5) ) +pl*r*2de* (- (
. pl*q(3))+q(2))
bmnl (6, 7)=fe* (2*ek*q(6) *q(7) +2*pl**2%q(6) *q(7) +3*pl**3xq(6) +ek*q(6) *q(5)
. +2*plrek*q(4) +2*pl**3*¥q(4) - (pl**3*q(6) *q(2)) +2*pl*r*2*ek*q (1) - (pl**4*q(1)))
. +pl*ak*he* (2*pl*q(6) *q(7) +9*pl**2*q(6) +pl*q(6) *q(5) +ek*q(4) +T*pl**2*q(4)
. +pl*ek*q(1l)~(2*pl**3*q(1)))+de* (2*q(6) *q(7) +pl*q(4) - (2*pl**2*q(6) *q(3
. ))4p1*q(6) *q(2) +pl**2*q (1) ) +pl**IXek**2%ej* (9*q(6) +8*q(4) - (pl*q(l)))
. +3%plx*3xgk**3Ixgl* (q(6)+q(4))
bmnl (7, 7)=pl*ek**2*aj* (3% (2*q(6) **2+9) *q(T) +2* (4*q(6) **2+9) *q(5) - (3*
. P1*(2*pl*q(3)+q(2))) ) tek*he* (12*pl*q(6) **2*q(7)+27*pl*q(7) +2*pl**2*q(6)
. *q(6)+8*plrq(6) **2*q(5) +9*pl*q(5) - (3*pl*ek*q(3)) - (12*pl**3*q(3)) +3*ek*q(2
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. )= (6tpLan22q(2) ) ) +fe® (6*plaq(6) 2222q(T) +9%pLeq(T) +2%ak*q(6) *q(6) +2%p]

. #R2%q(6) *q(6€) - (4*pliekrq(6) *222q(3)) ~ (6*plrak*q(I) ) - (6*plss3rg(3) ) +4%ekrq(6)
. RHQRQ(2) +6%ek*q(2) - (ItPp12*20q(2))) +9%plrek**I*el? (q(T7) +q(3) ) +de

. ¥(2%q(6) *q(6) - (4*plaq(6) *22%q(3) ) - (I*pl*q(3) ) + (4*q(6) **2+43) *q(2})

do 100 ii=1,7

do 100 j3j=ii,7
bmnl(jj, ii)=bamnl (ii, 3])
return

end

subroutine beamn2 (q,bmn2, ek,pl)

Note that k1l appears as 'ek' in this subroutine

The equations in this subroutine were generated by MACSYMA.
implicit double precision (a~h,o-z)

common/elas/ae,de, fe, he,ej,el, re,te,as,ds, £fs
dimension bmn2(7,7),q(7)

T0=4.0/3.0%plaxGrgka*2uql® ( (q(7)+q(5)) 2*2+4*plr22% (q(6) +q(4)) **2)

. =(1.0/6.0%pl**2%he* (12%plt*22ek*rq(6) **2%q(7) *42- (ek**2¥q(7) #¥2) +12*

. PL¥*2%qkAq(7) *¥2= (1241 ar4rq(T) ¥#2) +124p1l**+2%ek*q(6) **24q(5) *q(7) - (2*ak**
. 2%q(5)*q (7)) +12%pla*24ek*q(5) *q(7) - (12%p1**4rekrq(3) 2q(7)) +24*ple*Saq(

. 2)%q(7) -~ (TopLla*2*gk**2%q(6) *¥2) +44*plrrdrak*q(6) ¥42- (362pl2+62q(6) ¥*2)

. =(14*plaa2wek**2%q(4) *q(6) ) +88*plr*dxakq(4) *q(6) +72*pLa*Toq (1) *q(6) ~(

. ak**2*q(5)**2) - (12+pl*rirekeq(3) *q(S)) - (Trplea2ngkan22q(4) *42) +44plaey

. *ak*q(4) ¥*2=(12%pla*Erq(2) ¥*2) - (36%pl**82q(1) **2)))

TO=TO+plas24fo* (2tek*q(6) ¥*20q(T) 2 %2~ (180pl**2%q(6) **24q(7) *42) +2%ek*q

. (1) AX2- (AP AR2Xq(T) #*2) = (10*plax3nq(6) *q(6) *q(7) ) +2%ek*q(6) **2%q(5) *q(7
. )+2%ekxq(5) *q(7) ~(8*pLlrrdrq(6) **2*q(3) *q(7) ) - (4*pl**2*ek*q(3) *q(7) ) +28*
. PL¥*A*q(3) *q(7) = (L0*pLr*3*q(6) **22q(2) *q(7) ) +2*plrek*q(2) *q(7) - (10*pl¥*3
. *Q(2)*q(7) ) +10*plar2kgk*q(6) *¥+2~ (19%pLA*4*q(6) **2) +26*pl**22ek*q(4) *q(

. 6)=(68*pLrxgxq(4) *q(6)) +6*plr23ngk*q(l) *q(6) - (30*pLl*252q(1) *q(6)) - (4*

. plre2%gkq(3) *q(5) ) +2*plrekrq(2) *q(5) +16*ple*2tekrq(4) **24+324plrrd*q(4)
. KR24G¥pLRNIgkug (1) *q(4) +132%plaxShq (1) *q(4) +8¥PLARERQ(3) ¥*2- (44*pl 2+

. *G(2)*q(3) ) +2T*pLARgNq(2) **2481%plArtGrq(l) *%2) /6.0

bun2 (1, 1)=TO+pl**22de* (2*q(6) **2%q(7) **2+q(7) **2+2*p1l*q(6) *q(6) *q(7

. )=(4%plrr2aq(3) *q(T) ) +2*plrq(6) **2%q(2) *q(7) +2*pl*q(2) *q(7) +T*plr*22q (6
. ) ER2420%pLAN2%q(4) *q(6) +6*PLARIXG (1) *q(6) ~(S*pLlA*2hgq(4) ¥*2) - (30*pl**3

. *g(1l)*q(4)) = (3*plrrdnq(3) **2) +10*pL**3A*q(2) *q(3) - (6*plr*2xq(2) **2) ~(

. 18*plaxgrq(l)**2))/6.0~(1.0/3.0*plr*4rek*ej* (3*ek*q(T) **2-(8*plr*2

. RG(T)*%2) = (8*pla*2%xq(6) **2*q(5) *q (7)) +6%ek*q(5) *q(7) - (8*plr*2%q(S) *q(?
. ))48*pLARIXG(2) Xq(T) +8FpLRA2kgk*q(6) ¥ 2~ (24 *pL¥*4Xq(6) **2) +16*plrt2%gk®
. q(4)*q(6) ~(24*pLr*Lxq(4) *q(6) ) +24*p1la*52q (1) *q(6) +3%ek*q(S5) **24+8*plr¥

. 3%q(2) *q(5) +8*plix2kek*q(4) **2424*plA2Shq (1) *q(4) ) ) +plr*2*ae* (I%q

. () **246%pL*q (1) *q(4) +plr*2%q(3) *¥*2- (24Dl *q(2) *q(3) ) +q(2) **2+3*pl**2*

. q(l)**2)/2.0

TO=~-(1.0/3.0%pl**2xhe* (2*pl**2*ek¥q(6) **2%q(6) *q(7) - (I*ek**22q(6) *q(

. T))4+16%plrr2*ek*q(6) *q(7) - (12*pl**4*q(6) *q(7) ) +2*plar2*ek*q(6) **2%q(4) *q
. (7)-(3%ek**2%q(4) *q(7) ) +16*p1a*2%qk*q(4) *q(T) +12%p1**5*q(1) *q(7) - (3*ek

. *R2*q(5)*q(6)) +8*plrr2*ek*q(S5) *q(6) - (B*pli*drek*q(3) *q(6)) +12*plrrSaq

. 2)*q(6)-(3%ek**2+q(4) *q(5)) +8*plr*2xek*q(4d) *q(5) - (8*plr*4*ak*q(3) *q(4)

. )-(12%pl**6*q(1) *q(2))))

TO=TO+pl**2*fe* (2*ek*q(6) ¥*2*q (6) *q(7) ~(plr*2*q(6) ¥*2*q(6) *q(7) ) +4%ek*

. q(6) Xq(7) = ({S*PLr*2%q(6) *q (7)) +2%akXq(6) **2¥q (4) *q(7) = (6*pl**2*q(6) **2%q
. A)*q(T))+5%ek*q(4) *q(7) = (10*plr*2+q(4) *q (7)) - (5S*pl**3I*xq(6) **2*q(1) *q(7

. ) )+plrek*q(l) *q(7) = (5*pla*3nq (1) *q(7) ) +2%ek*q(5) *q(6) ~ (I*pl**2%ek*q(3) *
. q(6))+10*plr*4*q(3) *q(6) +plrek*q(2) *q(6) - (5*pl**3%q(2) *q(6) ) +3*ek*q(4)

. *q(5)+plrek*q(l) *q(5) ~ (3*plar2*ek*q(3) *q(4) )~ (12*p1lr*gxq(3) *q(4) ) +plrek*
. q(2)*q(4) $22*plr3xg(2) *q(4) - (22%pLl2*5*q (1) *q(3) ) +27*plr*d*q(1) *q(2)

. )/3.04pli*2rde* (Inq(6) **2xq(6) *q(T) +3*q(6) *q(T) +4*q(6) **2*q(4) *q!

. N HA*Q(4) *q(T) +pl*q(6) **2*q (1) *q(7) +pl*q(1) *q(7) - (4*pl**2%q(3) *q(6) ) +pl
. *q(2) *q(6) +p1**2*q(3) *q(4) - (S*P1*q(2) *q(4) ) +5*p1**3*q(1) *q(3) ~(6*pl**

. 2*q(1)*q(2)))/3.0

bmn2(1,2)=T0~-(1.0/3.0*pl**{*egk*ej* (S*ek*q(6) *q(7) - (16*pl¥*2*q(6) *q

. (7)) +5%ek*q(4) *q(7) - (8*pl**2*q(4) *q(7) ) +8*plr*3*q(1) *q(7) +S*ek*q(5) *q
. (6)=(8¥xpl**2%q(5) *q(€) ) +8rplr*3I*(2) *q{6) +5*ek*q(4) *q(5) +8*pl**3*q (1)
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. *q(5)+8%plaa3nq(2) 2q(4))) +4*plavirekr*22eL* (q(6) +q(4) ) * (q(7) +q(5
. ))=(pl*ae* (p1*q(3)-q(2)) *(q(4) +pl*q(1)))
TO=-(1.0/3.0%plaa3nfar (2%ek*q(6) **2¢q(6) *q(7) - (42pla*22q(6) **22q(6) *q
. (1)) +4%akrq(6) *q(7) +2%p1a*2%q(6) *q(7) +2*ek*q(6) **2%q(4) *q(7) +6%ek*q(4)*
. q7)=(12%p1e222q(4) *q(T) ) +4%ple*3q(6) **2%q (1) *q(7) +2*plrek*q(1l) *q(7) - (
. 1la*plw*3ng(1)*q(7) ) +2%ek*q(5) 2q(6) - (5*pl**2%ek*q(3) *q(6) ) +8*plr*d2q(3)
. *q(6) +3%plrek*q(2) *q(6) - (10*p1r*32q(2) *q(6) ) +4*ek*q(4) *q(5) +2*pl*ek*q(l
. ) *q(S) - (5*p1aa2%ekrq(3) *q(4) ) +3*plrek*q(2) *q(4) +124plr*3xq(2) *q(4) - (8%
. pleaSag(1)*q(3) ) +22%plend*q(1) *q(2))) +ple*3*tekthe* (4rpl**22q(6) **24q
(6) *q(7) - (I%ek*q(6) *q(7) ) +2*p1*422q(6) *q(7) +4*pl**2%q (6) *¥*2%q(4) *q(7) -
. (3*ek*q(4) 2q(7)) +8*plex22q(4) *q(7) +6*p1l**3*q(1) *q(7) ~ (3*ek*q(5) *q(6))
. +2*plaN2xq(5) 4q(6) - (B8*plrrdnq(3) *q(6) ) +84plr*32q(2) *q(6) - (I*ek*q(4) *q
. (5))48*pLaa2nq(4) *q(5) +6*plavang (1) *q(5) - (8*plr*d*xq(3) *q(4) ) +84pl a3k
. q(2)*q(4))/3.0
bmn2 (1, 3)=T0-(1.0/3.0%*pl**3*de* (3xq(6) **2*q(6) *q(7) +3*q(6) *q(7) +
. INQ(6) W a2%q(4) *q(T) +5%q(4) *q(T) +24p1rq (1) *q{T) = (T*plr*2%q(3) *q(6) ) +4*
. pl*q(2) *q(6) - (4*pla*22q(3) *q(4) ) - (p1*q(2) *q(4) ) +3*pl**3*q(1) *q(3) - (5*
. plY*2¥q(1)*q(2))))~(2.0/3.0%plr*5xek**2%qj* (q(6) +q(4) ) * (q(7)+q(5
. )))4plre2rae* (pl¥*q(3) -q(2)) *(q(4) +pl*q(l))
TO=-(4.0/3.0*plr*Shek**Ixre* ( (q(7)+q(S5)) **243*pl**2%* (q(6) +q(4)) **
. 2)’+p]_t*3t.kt.ji (3t.ktq(6,it2tq(1) t*z.f']t‘ktq('],t*z-“tplttth(‘])ttz’
. +T*ek*q(6) **2%q(5) *q(7) +T*ek*q(5) *q(7) - {2*pl**2*ek*q(3) *q(7) ) - (S*pl*ek*q(
. 2)%q(7)) +8*p1a*3nG(2) *q(7) +22*pLla*2* k¥ (6) ¥*2- (12*plr*4*q(6) ¥*2) +28%
. Pla*2%gk*q(4) *q(6) - (16*plan3rgk*q (1) *q(6) ) +24*pl**5+q (1) *q(6) - (2*plr*2*
. ek*q(3) *q(5) )~ (5*plrek*q(2) *q(5) ) +6*pla*2*ekrq(4) **2~ (16*plr*3Ingk*q(l) *q
. (4)) =~ (A%pilargrq(2) *%2) - (12*pLlr*6*q(1l) **2)) /3.0
TO=TO+pl*fo* (2*ek*q(6) **2%q(7) **#2- (12#4p1*#24q(6) **2%q(7) **2) +2*ek*q(7)
. KR2-(2%plAR24q(T) *%2) +4*plrek*q(6) *q(6) *q(7) - (12*pL**3*q(6) *q(6) *q(7)) +2*
. ek*q(6) **2xq(5) *q(7) +2*ek*q(5) *q(7) - (4*pla*2*ek*q(6) **2%q(3) *q(7) ) -(12*p]
. *%2%gkNq(3) *q(7)) +24*plard*q(3) *q(7) +4*plrek*q(6) **2%q(2) *q(7) - (12*p1**3
. *Q(6) **2%q(2) *q(7) ) +10*plrek*q(2) *q(T) - (20*pl**3%q(2) *q(7)) +10*plr*2*ek*
. Q(E) RR242%pLA*4*q(6) **2+46*plan2%gk*q(d) *q(6) - (64*plr*d*q(4) *q(6)) +26
. *plax3*gk*q(1) *q(6)~(68*plr*5+q(1)*q(6) )~ (8*pl**2*ek*q(3) *q(5}) +6*pl*ek*
. q(2) *q(5) +39*pla*2xgk¥q(4) **24+329p1 4 *3*ek*q(1) *q(4) +64*pl**52q (1) *q(4)
. +5%plAngrekrq(3) **2-(6*plr*I*ek*q(2) *q(3)) - (24*pl**5+q(2) *q(3)) +pl**2*ek
. RQ(2) AX24224p1AN4RG(2) *H24IXDLENYRQR*G (1) ¥ *2+66*pLE*6Xq (1) **2) /6.0
TO=TO-(1.0/6.0%pl*ek*he* (4*pl**2+q(6) **2¥q(7) **2~ (ek*q{7) **2) - (8*pl**
. 2%q(7)**2) +4*pLlr*Ixg(6) *q(6) *q(T) - (2*ek*q(5) *q(T) ) - (8*pl**4*q(6) **2*q(3)
. *g(T))+6xplnr2nak*q(3) *q(7) = (16*pLlr*4d*q(3) *q(7) ) +4*pl**3xq(6) **2*q(2) *q
. (T)=(6*plrek*q(2) *q(7) ) +32*pl*#32q(2) *q(7) - (T*pl**2*ek*q(6) **2) - (16*pl
. RRQRG(6) **2) - (28*p1r*2*ek*q(4) *q(6) ) +56*plr*4*q(4) *q(6) ~ (14*plr*3*ek*q
. (1)*q(6)) +88*pl**5xq (1) *q(6) ~ (ek*q(5) *¥*2) +6*pl**2*ek*q(3) *q(S5) - (16*pl
. *x4xq(3) *q(5) ) - (6*plrek*q(2) *q(5) ) +16*pl**3I*q(2) *q(5) ~(21*pl**2*ek*q(4
. ) RR2)4T2%plakhng(4) A%2- (14%pla*3rgk*q (1) *q(4) ) +88*p1**5xq (1) *q(4) +8*pl
. RREXQ(3)**2-(16*plrrSkq(2)*q(3))))
bmn2 (1, 4) =TO+pl*de* (2*q{6) **2*q(7) **2+q(7) **2+8*pl*q(6) *q(6) *q(7) = (
. GXPLAN2X(6) k*2*xq(3) *q (7)) = (L0*pla*2%q(3) *q(7) ) +8*pl*q(6) **2*q(2) *q(7) +8
. *pleq(2) *q(7)+THPLA*2%q (6) **2+34*plr*22q(4) *q(6) +202pl**3xq(1) *q(6) +
. 12%pla*2%q(4) **2- (10*p1*a3*q (1) *q(4) ) +4*¥pLl¥*4*q(3) **2424p1**3%q(2) *q(
. 3)=(S*pLAR2xq(2) *%2) = (154pLA*4*q (1) ¥%2) ) /6.0+pLlE*3Ingk**2*gl* (3xak*
. Q(T)**2= (124p1A%2%g(T) *%2) = (12%plAx2%q(6) **2*q(5) *q(7) ) +6*ek*q(5) *q(7)
. =(12%p1a*2%q(5) *q (7)) +12*pla*3xq(2) *q(7) +I*pl**2*ek*q(6) ¥*2- (32*plr*4*
. q(6)**2) +18*plr*2%ek*q(4) *q(6) - (32*p1l**4*q(4) *q(6) ) +32*p1l**5*q(1) *q (6
. ) 43%ek*q(5) **2412*pla*3*q(2) *q(5) +9*plr*2*ek*q(4) ¥¥2+32*plr*5*q(1) *q(4
. ))/3.0+plrae* (3*q(4) **2+6*plrq (1) *q(4) +pl**2%q(3) **2-(2*pl*q(2) *q
(3)) +q(2) **243*plax2%q (1) **2) /2.0
TO=pla*3tak*ef* (Thek*q(6) **2*q(6) *q(7) —(§*pLA*2*q(6) ¥*2*q(6) *q(7) ) +13*
. ek*q(6) *q(7) = (B*pl**2*q(6) *q(7) ) +T*ek*q(6) **2%q (4) *q(7) +T*ek*q(4) *q(7) +
. BRplxx3xq(6) **2%q (1) *q(7) - (6*plrek*q(1l) *q(7)) +8*pl**3*q(1) *q(7) +6*ek*q(5
. )*q(6) - (2*plr*2*ek*q(3) *q(6) ) - (5*plrek*q(2) *q(6) ) +8*plr*3*q(2) *q(6) ~ (6
. *plrak*q(1) *q(5)) -~ (2*pl**2*ek*q(3) *q(4)) - (5*plrek*q{2) *q(4) ) ~(8*pl**a*q(
. 1)%q(2)))/3.0-(2.0/3.0*pl**3xgk**2xel* (6*pl**2*q(6) **2*q(6) *q(7) - (
. 3%ek*q(6) *q(7) ) +10%pla*2*q(6) *q(7) +6*plr*2*q(6) **2*q(4) *q(7) - (3*ek*q(4}
. *q(T))+6*plr*2*q(4) *q(7) - (4*pl**3xq (1) *q(7) ) - (3*ek*q(5) *q(6) ) +4*pl**2
. *q(5)*q(6) = (6*p1**3*q(2) *q(6) ) - (3*ek*q(4) *q(5)) - (4*pl*+3%q(1) *q(5) ) ~
. (6*pl**3#q(2)*q(4))))
bmn2 (1, 5) =TO+pl*ek*he* (6*pl**2¥q(6) **2*q(6) *q(7) +6*plr*2*q(6) *q(7) +ek
. *q{4) *q(7) - (6*pLl**3xq(6) **2xq(1) *q(7) ) +pl*ek*q(1l) *q(7) - (6*pl**3*q (1) *q(
. 7)) =(3*plr*2*ek*q(3) *q(6) ) +2*pl**4*q(3) *q(6) +3*pl*ek*q(2) *q(6) - (8*pl**3
. *q(2) *q(6) ) +ek*q(4) *q(5) +plrek*q (1) *q(5) - (3*pl**2*ek*q(3) *q(4) ) +8*pl**4
. *q(3)*q(4) +3*pl*ek*q(2) *q(4) - (B*pl**3*q(2) *q(4)) +6*pl**5%q(1) *q(3))/
. 3.0+plrek*fe* (q(6) **2*xq(4) *q(7)+q(4) *q(7) +pl*q(6) **2*q(1) *q(7) +pl*q(l

C-32




. ) Eq(7) - (2%pla22%q(3) *q(6) ) +2*pL*q(2) *q(6) - (4*pl**2*q(3) *q(4) ) +3*pl*q(
. 2)*q(4) - (2%p1**3*q (1) *q(3) ) +pl*#2%q(1) *q(2) ) /3.0~ (8.0/3.0%plaxSaqkes3
. *ra*(q(6)+q(4))*(q(7)+q(5)))
TO=-(4.0/3.0%pl¥*Sxek**3%res ((q(7)+q(5)) **243*p1a%24 (q(6) +q(4)) **
. 2))
TO=TO+pla*2+thet* (4*plrek*q(6) **2+q(7) *42+10%plrekrq(7) ¥*2- (6*pl**3xg(7)
. w%2)~(4%plr*2+ek*q(6) *q(6) *q(7) ) +6*plrek*q(6) **24q(5) *q(7) +6*plrakrq(5) *q(7
. )= (2%p1la*2%ek*q(6) *q(4) *q(7) ) +4*pLa*I*ek*q(6) **22q(3) *q(7) - (I*plrek**2*q(3)
. *q(7))+2*plra3rekaq(3) *q(7) - (2*plr*2%ak*q(6) **2+q(2) *q(7) ) +3%ek**2%q(2) *
. qQ(7)~(16*plr*2%ek*q(2) *q(7)) +12%pla*4*q(2) *q(7) +304p1**3tek*q(6) **2~-(
. 18%plwe5aq(6) **2) +T*pleek**2+q(4) *q(6) +16%plr*Itakrq(4) *q(6) +T*plee2igk
. *%24q(1) *q(6) ~ (44%pLA*drek*q (1) *q(6) ) +36*pLla*6rq (1) *q(6) - (3*plreka*2+q
(3) *q(5) ) +24p1*#3xek*q(3) *q(5) +3*ek**2%q(2) *q(5) - (8*pl**2+ek*q(2) *q(5)
. )47*plrek*#*25q(4) **2~ (1A*plarItektq(4) ¥42) +7+plen2hgkn#24q (1) *q(4) - (44*
. pl¥*dxek*q (1) *q(4)) - (4*pla*Srekeq(3) *+2) +8+plergrek*q(2) *q(3) - (6*pl**Seq
. (2)%*2) - (18%plr*Txq (1) %*2))/3.0
TO=TO+pla*3*ek*ej* (Ixak¥q(6) **2%q(7) **2+10%ek*q(7) **2- (12*pl**2%q(7)
. *%2) +T%ak*q(6) **2*q(5) *q(7) - (8¥p1**22q (6) **2*q(5) *q(7) ) +13*ek*q(5) *q(7) -
. (8*pl¥*2%q(5) *q(7)) - (2%pl**2%ak*q(3) *q(7) ) - (S*plrek*q(2) *q(7)) +16*pl**3
. *q(2) *q(7) +30*pl**2%ek*q(6) ¥*2- (36*plA*4*q(6) *¥2) +44*pl**2%ak*q(4) *q(6
. )-(24*plr*4*q(4) *q(6) ) - (16*pla*3rek*q (1) *q(6) ) +48*pl**Sxq(1) *q(6) +3%ek
. *q(5)**2-(2*pls*2%ek*q(3) *q(5) ) - (5*pl*ek*q(2) *q(5) ) +8*pl**3*q(2) *q(5) +
. 14*pla*2%ak*q(4) **2~(16*pla*3*ak*q(1) *q(4)) +24%pl*#+5eq (1) *q(4) - (4*plr+4
. *q(2)**2) - (12%pl**6*q (1) **2)) /3.0
TO=TO+p1**2*fo* (65pLXq(6) ¥*24q(7) **247*plaq(7) **2+8*ek*q (6) *q(6) *q(7) -
. (4*pla*2*q(6) *q(6) *q (7)) +A*ek*q(6) *q(4) *q(7) - (12*p1**2+q(6) *q(4) *q(7) ) - (4*
. plrek*q(6) **2%*q(3) *q(7)) +8*pla*3*q(6) *#*2%q(3) *q(7) - (8*plrek*q(3) *q(7)) - (4*
. pl**3%q(3)*q (7)) +4%ek*q(6) **2%q(2) *q(7) - (2*pl**2*q(6) **2*q(2) *q(7) ) +8*ek*
. q(2)*q(7) - (1L0*plr*2%q(2) *q (7)) ~ (L0*pl**3*q(6) *q (1) *q (7)) +21*pl**3*q(6)
. *¥*2420%plrek*q(4) *q(6) +4*pla*3Ixq(4) *q(6) +20*pL**2*ek*q(1) *q(6) — (38*p1 4+
. 4*q(1)*q(6))~-(4*pl*ek*q(3) *q(S))+4*ek*q(2) *q(5) +23*pl*ek*q(4) **2~(32*p]l
. **3%q(4) **2) $26*plrr2*ek*q (1) *q(4) - (68*pLla*A*q (1) *q(4) ) +5*pla*3Ixekiq(3
. ) %*2-(B¥PLANSHq(3) A%2) - (6*pLlA*2*ek*q(2) *q(3) ) +20*pla*drq(2) *q(3) +pl*ek*
. q(2)**2=(5*plar3nq(2) **2) +3xplarItekrq(l) **2~ (15+pl**Skq(1) **2)) /6.0
bmn2 (1, 6) =TO+pl**3*ek**2%ql* (Ixek*q(7) **2- (16*pl**2%q(7) **2) - (12%p1
. *X2%q(6) ¥*2%q(5) *q(T) ) +6%ek*q(5) *q(T) - (20*p1l**2%q(5) *q (7)) +12*ple*3%q(
. 2)*q(T)+9*pLA*2*ek*q(6) ¥*2~ (4B*pl*4*q(6) ¥*2) +18*plr*2*ek*q(4) *q(6) - (
. sqiplt*‘*q(‘)*q(s))+32*p1**5*q(1)*q(s)+3*.k*q(5)*tz-(‘ﬁp]_*'zl’q(s)**z)
. +12%plANI*G(2) *q(5) +9*pLr*2xek¥q(4) ¥*2~ (16*pl**dtq(4) **2) +324pleaSeq(l
. )*q(4))/3.04plr*2%de* (12%q(6) *q(6) *q(7) +8*q(6) *q(4) *q(7) - (6*p1*q(6)
. k2% q(3) *q(7)) - (6*plrq(3) *q (7)) +6*q(6) **2*q(2) *q(7) +6*q(2) *q(7) +2*p1*
. q(6)*q(1)*q(T) +14%plrg (4) *q(6) +14*p1¥*2%q (1) *q(6) +1T*pl*q(4) **2420%pLa+
. 2%q(1) *q(4) +THplA*3q(3) ¥*2- (8*pL*#2%q (2) *q(3) ) +plrq(2) **2+3*pl**3xq
. 1)%%2)/6.0
TO=pl¥he* (8*pl**2*ek*q(6) **2%q(6) *q(7) +20*pl**2%ek*q(6) *q(7) - (12*plr*4
. *q(6)*q(7)) - (4%plr*2*ak*q(6) **2*q(4) *q(7) ) +ek**2*q(4) *q(7) +8*plr*2+ek*q
4) *q(7) - (12%p1**3%ak*q(6) **2*q (1) *q(7) ) +pl*ek**2%q(1) *q(7) - (12*pl**3I*xek*q
. (1) *q(7)) #12*p1**5*q (1) *q(7) - (2*pl**3*ek*q(6) *q(6) ¥*2) +6*plA*2*ek*q(6) ¥*2*
. q(5)*q(6) +6*p1¥*2%ek*q(5) *q(6) ~ (2*p1**3I*ek*q(6) *q(4) *q(6) ) +4*p1**4*ek*q(6)
. *R2%q(3) Rq(6) = (IXp1AR2Nek**2%q(3) *q(6) ) +2*pLlr*d*ek*q(3) *q(6) ~ (2*plar3¥
. ek*q(6) ¥*2*q(2) *q(6) ) +3*plrek**2*q(2) *q(6) - (16*pl**3*ek*q(2) *q(6) ) +12*pl
. *x5*q(2) *q(6) +ek**2%q(4) *q(5) - (6*plr*Ixek*q(6) **2*q (1) *q(5) ) +plrek**2*q(
. 1)*q(5) - (6*pl**3*ek*q(1) *q(5)) +4*pl**4*ek*q(6) ¥*2*q(3) *q(4) - (3*plrr2*ek**
. 2%q(3) *q(4) ) +8*plr*4xek*q(3) *q(4) - (2*pl¥*3I*ek*q(6) **2%q(2) *q(4) ) +3*plrek
. **2#q(2) *q(4) - (16*pl**3*ek*q(2) *q(4) ) +6*pl**S*ek*q(1) *q(3) - (12*pl**6*q
(1)*q(2)))/3.0
T p1=6rplar2*q(6) **2*q(6) *q(T) +T*plr*2*q(6) *q(T) +2*ak*q(6) **2%q(4) *q(7) - (12
. *pl¥*2#%q(6) **2*q(4) *q(7) ) +2*ek*q(4) *q(7) - (2*xpl**2%q(4) *q(7) ) +2*pl*ek*q(6)
. *%2%q(1) *q(7) - (18*p1lA*3*q(6) **2%q (1) *q(7) ) +2*plrek*q (1) *y(7) - (9*pl**32q
. (1) *q(7)) +2*pl*ek*q(6) *q(6) **2- (P1**3*q(6) *q(6) **2) +2*pl*ek*q(6) *q(4) *q(6) - (
. 6*pI*%3%q(6) *q(4) *q(6) ) - (2*p1**2%ek*q(6) **2*q(3) *q(6) ) +4*pL**4*q(6) **2%q(3)
. *q(6) - (4*pl¥*2*ek*q(3) *q(6) ) - (2*plr*4*q(3) *q(6) ) +2*plrek*q(6) **2*q(2) *q(
. 6)=(pl**3%q(6) **2*q(2)*q(6)) +4*plrek*q(2) *q(6) - (5*pl**3*q(2) *q(6)) - (5*pl
. *%x4%q(6) *q(1) *q(6) ) +ek*q(6) **2*q(4) *q(5) +ek*q(4) *q(S) +pl*ek*q(6) **2*q (1) *q(
. 5)+pl*ek*q(1) *q(5) - (2*pl¥*2*ek*q(6) **2*q(3) *q(4)) - (6*plrr2%ek*q(3) *q(4))+
. 12*pl**4*q(3) *q(4) +2*plrek*q(6) **2*q(2) *q(4) - (6*pl**3*xq(6) **2*q(2) *q(4)) +
. S*plrek*q(2) *q(4)-(10*pl**3%q(2) *q(4)) - (4*plr*5*q(6) **2*q (1) *q(3)) - (2*pl
*x3xek*q (1) *q(3)) +14*pl*x52q (1) *q(3)
" TOmTO+pl¥*3*ek*e*t (6*ek*q(6) **2*q(6) *q(7) +20%ek*q(6) *q(7) - (24*p1¥*2*q
(6) *q (7)) +6%ek*q(6) **2*q (4) *q(7) +14*ek*q(4) *q(7) - (8*plr*2%q(4) *q(7)) - (
. 6*plrek*q(1)*q(7))+16*plr*3xq(1) *q(7) +7*ek*q(6) **2*q(5) *q(6) - (B*pl**2%q(6)
. #*2%q(5)*q(6) ) +13%ek*q(5) *q(6) - (B*pl**2*q(5) *q(6) ) - (2*pl**2*ek*q(3) *q
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. (6))=(5*plrekrq(2) *g(6) ) +16*plrrIng(2) *q(6) +T7%akeq(6) *322q(4) *q(5) +T7ek?*
. QA *Q(S)+@*plan3ng(§) ¥22xq (1) *q(5) - (6*pl*ek*q(l) *q(5) ) +8%ple*3zq(l) *q(
. 5)-(2%pler2rekrq(3) *q(4) ) ~(S*plrek*q(2) *q(4) ) +8*plr*3ng(2) *q(4) - (8*ple*
. 4%q(1l)*q(2)))/3.04plrfe* (T1~(Stplexdrq(6) **22q (1) *q(2) ) +plE*2*ek*q(
. 1)*q(2)=-(5tplardrqg(l)*q(2)))/3.0
bmn2(1,7)=T0+42.0/3.0%plé*3xgkas24gl* (3%ak*q(6) *q(7)~(16*pl**22q(6)
. *q(7) ) +3%ak*q(4) *q(7) - (12%plss2q(4) *q(7) ) +4*ple*Ixq(1) *q(7) - (6*pl**2
. ®Q(6) #*2xq(5) *q(6) ) +3%ek*q(5) *q(6) - (10*pl**2*q(5) *q(6) ) +é*pl**3*q(2) *q
. (6)-(6FpLxs2xq(6) **2%q(4) *q(5) ) +3%ek*q(4) *q(5) - (6*pl**2%q(4)*q(5) ) +4%pl
. RRIRG(L1)*q(S5) +6%plaRIng(2) *¥q(4) ) +plrde* (2*q(6) **2*q(4) *q(7) +q(4)
. Rq(T)+2*plrq(6) **2%q (1) *q(7) +plrq(1) *q(T) +3*pl*q(6) *q(6) **2+4*p1*q(6) *q(4) *
. q{6) = (3*pla*2*q(6) ¥*2xq(3) *q(6)) - (3*pl**2*q(3) *q(6) ) +3*plEq(6) **22q(2) *q
. (6)+3*pliq(2) *q(6) +pl**22q(6) *q(1) *q(6) - (3*pl**2xq(6) **2*q(3) *q(4) ) - (5*pl
. WR2XQ(3) Xq(4) ) +43DLAQ(6) ¥*2%q(2) *q(4) +4*plrq(2) *q(4) - (2*pl*23*q(1l) *q(3
. ) HpLIER2RQ(6) **2¥q (1) *q(2) +plx*2*q (1) *q(2))/3.0-(8.0/3.0%pLrs5tek*¥3tre
. *(q{6)+q(4))*(q(7)+q(5})))
TO=4.0/3.0%plaxqnqkr*2%gl* (4% (q(7)+q(5)) **24pla*2% (q(6) +q(4) ) **2)
. +E@* (E¥plr¥2ug(6) *2qkq(7) ¥*2+10%ek*q(6) ¥*2*q(7) **2~ (22%pl**2%q(6) **2¥q
. {T)**2) $10%ek*q(T) **2-(19*pLaa2%q(7) **2) - (10*pl**3*q(6) *q(€) *q(7) ) +10*
. ek*q(6) **2xq(5) *q(7) +10*%eX*q(5) *q(7) +16*plr*42q(6) *22%q(3) *q(7) ~ (16%p1**2
. *ak*q(3) *q(7) ) +68%plrrd*q(3) *q(7) - (30*ple*3*q(6) *x2%q(2) *q(7) ) +6*pl*ek*q
. (2)%*q(T)~(30%*pl**3xq(2) *q(7) ) +2%pl**2*ak*q(6) ¥*2- (9*plr*4*q(6) **2) +6*
. pla*2%ek*q(4) *q(6) - (28*plr*4ng(4) *q(6)) +2*pl**3I*ek*q(1) *q(6) - (10*pl**S5*
. q(1)*q(6))-(16*pl**2%gk*q(3) *q(5) ) +6*pl*ek*q(2) *q(5) +4*pl**2*ek*q(4) **2
. +BAPlANGRG(4) 24241 ARIXgk¥q (1) *q(4) +44*DPL**5xq (1) *q(4) +32*p1lr*6*q(3)
. *X2=(132%pla*S5kq(2) *q(3) ) +81lxplardnq(2) **2427*pla*6*q(1l) **2) /6.0
TO=TO+de* (6Xq(6) **4*q(T) ¥*2414%q(6) **22q(T) **24T%q(7) ¥*2+42*pl*q(6) *q
(6) *q(7) = (16*pla*2%q (6) **2%q(3) *q (7)) - (20*pl**2*q(3) *q(7) ) +6*pl*q(6) **2*
. q{2)*q(T7)+6*pl¥q(2) *q(T) +plA*2*q(6) ¥*¥2+4*pLl**2*q(4) *q(6) +2*pl**3*q(1)
. *q(6)~(3*plr*2*xq(4) **2) - (10*pl**3%q (1) *q(4)) - (S*plr*d*q(3) **2) +30*pl
. *RINQ(2) *q(3) - (18%plRr2xq(2) **2) - (6*pl**d*q(1) **2)) /6.0
TO=TO~(1.0/6.0%he* (20*pli*2¥qkkq(6) **2*2q(7) **2~(Trek**2*q(7) **2) +44
. AplA*2%gkkq(7) **2- (36RplARANG(7) k¥2) 420 plAN2¥gk*q(6) **2*q(S) *q(7) - {14*ek
. *%2xq(5) *q(7) ) +44rplrn2ek*q(5) *q(T) - (44*plr*arek*q(3) *q(7) ) +72*pl**5*
. q(2)*Q(T) = (pl*2%*@k**2 4 (6) ¥*2) +12%pl¥*4%*@k*q(6) ¥*2~ (12*pLl**6*q(6) **2)
. =(2%plix2kqk**2¥q(4) *q(6) ) +24*plrrqtek*q(4) *q(6) +24*pL**T*q(1) *q(6) - (7
. Kekk*2%q(5)**2) - (44*plird*ek*q(3) *q(5)) ~(pl¥*2xek**2*q(4) **2) $124pla*g*
. ak*q(4) **2-(3GApLA*ENQ(2) ¥*2) - (12*pLla*Brq (1) **2)))
bmn2(2,2)=T0~(1.0/3.0%pl**2%qk*aj* (Brek*q{7) **2=(24*p1**2%q(7) **2)
. = (B*pl¥*2xq(6) **2%q(5) *q (7)) +16*ek*q(5) *q(7) - (24*pl1**2*q(5) *q(7) ) +24*pl
. WIRq(2) *¥q(7) +3*plrr2hakiq(6) **2- (S*pLAX4XQ(6) ¥¥2) +6%pLr*24gk*q(4) *q(6
. )= (B*pl**4*xq(4) *q(6) ) +8Xp1A*Skq (1) *q(6) +8*ek*q(5) **2+24*pl**3%q(2) *q(
. 5)+3%plax2%ak*q(4d) **248*pl¥*5%q(1) *q(4))) +ae* (q(4) **2+2*pl*q(1) *q
. (4)+3*pLrx2kq(3) **2- (6*plAq(2) *q(3) ) +3*q(2) **2+p1**2%q(1) **2) /2.0
TOm=(1.0/6.0*plrde* (6*%q(6) **4*q(7) **2+14*q(6) ¥*2*q(T) **2+T*xq(7) **2
. +8*p1*q(6) *q(6) *q(7) - (26*pl¥*2%q(6) **2*q(3) *q(7) ) - (34*pl**22q(3) *q(7)) +
. 16%*pl*xq(6) **2%q(2) *q(7) +20*pl*q(2) *q(7) +pl**2*q(6) **2+10*p1**2%q(4) *q(6
. )48*PLEXIXG(1) *G(6) +ARPLAR2Xq(4) ¥ ¥ 2 (24p1ANIXG(1) *q(4) ) +12*p1l**4*q(3)
. AR2410*pLA*3*q(2) *q(3) - (15*plax2xq(2) **2) - (S*pLang*q(1) ¥*2)))
TO=TO-(1.0/3.0%pl*fe* (S*ek*q(6) **2*q(7) ¥*2~ (4*pl*42xq(6) **2%q(T) **2) +
. S*ek*q(7) ¥*24pl¥*2%q(7) **2=- (6*plr*3*q(6) *q(6) *q(7)) +S*ak*q(6) **2*q(5) *q(7
. ) +5%ek*q(5) *q(7) - (13*plr*2xek*q(3) *q(7) ) +32*pl¥*4*q(3) *q(7) - (Brpl**3«
. q{6)**2%xq(2) *q(7) ) +8*plrek*q(2) *q(T) - (34*p1**3*q(2) *q(7) ) +pl**2%ek*q(6)
. RXR2-(pLlX*grq(6) **2) $5*plr*2kek*q(4) *q(6) - (12%pl*rd*q(4) *q(6) ) +3*pl¥*3x
. ek*q{1) *q(6) - (10*pl**S*q(1) *q(6) ) - (13*pl**2*ek*q(3) *q(5) ) +8*pl*ek*q(2)*
. q(5)+4*plia2*ek*q(4) ¥*2+3*pla*Irek*q (1) *q(4) +12*p1l**5*q(1) *q(4) - (32*p1
. RXSRQ(2) *q(3) ) +33kpla*dNq(2) **2411*plAXEX (1) ¥*2))
bmn2 (2, 3)=TO0+plrek¥ hae* (Bxplrk2kg(6) kk2kq(7) **2—(Txek*q(7) **2) +4*pl¥*2
. (7)) **2~(14%ek*q(5) *q(7) ) +4*plr*2%q(5) *q(7) - (48*pl**4*xq(3) *q(7) ) +44
. *pla*3hq(2) *q(7) - (plr*2*ek*q(6) ¥*2) - (2*pl**2*ak*q(4) *q(6) ) +16*pl¥*4*q(4
. )*Q(6) +16*pLA*x5%q (1) *q(6) ~ (T*ek*q(5) **2) - (4B*plA*a*q(3) *q(5) ) +44*pl**
. 3%q(2) *q(5) - (pl**2%ek*q(4) ¥*2) +16*pla*4*q(4) **2+16*pl**5*q (1) *q(4) )/
. 6.0-(2.0/3.0*pl**3xgk**2%@J* (q(7)+q(5))**2)-(1.0/2.0*pl*ae*(
. q(a)**242%plxq (1) *q(4) +3Xpla*2%q(3) ¥*2-(6*pl*q(2) *q(3) ) +3%q(2) **2+pl
. **2xq(1) *%2))
TO=pl**3*ek*ej* (6*ek*q(6) **2*xq(6) *q(7) +15%ek*q(6) *q(7) - (B*pL**2*q(6) *
. (7)) +6*ek*q(6) **2*q(4) *q(7) +10%ek*q(4) *q(7) - {S*pl*ek*q (1) *q(7) ) +8*pl*+*3
. *q(1) *q(7) +9%ek*q(5) *q(6) - (6*plrek*q(2) *q(6) ) +8*pl**3*q(2) *q(6) +d*ek*q
. (4)*q(5) - (5*pl*ek*q(1}*q(5)) - (6*pl*ek*q(2) *q(4)) - (8*pl**d*q(1) *q(2)))/
. 3.04pl¥fex (2%ek*q(6) **2*q(6) *q(7) +6*pl**2*q(6) **2*q(6) *q(7) +4*ek*q(6)
. *Q(T)+2*plr*2%g(6) *q(7) +4*ek*q(6) **2*q(4) *q(7) +9*ek*q(4) *q(7) - (B8*plr*2*
. q(4)*q(7)) +2*plrek*q(6) **2*q (1) *q(7) - (6*plA*3*xq(6) **2*q(1) *q(7) ) +5*plrek*q




. (1) *q(7) - (10*pla*3xq(1) *q(7) ) +2%ek*q{5) *q(6) - (S*pla*2+ek*q(3) *q(6) ) +
. 12%plErgrq(3) *q(6) +3*plrek*q(2) *q(6) - (L4*p1**3*q(2) *q(6) ) +5*ek*q(4) *q(
. S)+3*plrekiq(l) *q(5) - (B¥plr*2uek¥q(3) *q(4) ) +4*plrek*q(2) *q(4) +8*pler*3xq(
. 2)*q(4)-(3*plrr3Ingk*q(1l) *q(3)) - (12%pl**52q(1) *q(3)) +plr*2*ekrq (1) *q(2)
. #22%plrad*rq(l)*q(2))/3.0
TO=TO+pl*ek*he* (10*pl**2¥q(6) ¥¥2%q(6) *q(7) +3*ek*q(6) *q(7) +4*pl**2*q(6
. )*q(T7)+8*pls*22q(6) **2xq(4) *q(7) +6%ek*q(4) *q(7) - (12*pl**+22q(4) *q(7)) ~(
. 2*plrEIag(6) *22%q (1) *q(7) ) +3*plrek*q(l) *q(7) - (16*pl**3xq(1) *q(7) ) +3*ek*q
. (5)*q(6) ~(pl**2*ek*q(3) *q(6))+8*ple*d*q(3) *q(6) +pl*ek*q(2) *q(6) - (12*pl
. **3xq(2) *q(6) ) +6rek¥q(4) *q(5) - (B*pla*2%q(4) *q(5) ) +3*pl*ek*q(1) *q(5) ~(
. BRpla*Ing (1) 2q(5)) - (plr*2*ek*q(3) *q(4) ) +16*plr*4*q(3) *q(4) +pl*ek*q(2) *q
. (4)-(12*plx*3xq(2) *q(4) ) +8*pl*25xq(1) *q(3) ) /3.0+plrde* (Ixq(6) ¥*2*
. q(6)*q{T) +3%q(6) *q(7) +T*q(6) **2*q(4) *q(7) +7*q(4) *q(7) +4*pl*q(6) ¥*2*q(1
. )*q(7) +4*plaq(l) *q(7) - (5*plr*2+q(3) *q(6) ) +2*pl*q(2) *q(6) - (4*pL**2*q(3
. )*q(4)) = (3%plrq(2) *q(4) ) +pl**3*q(1l) *q(3) - (5*pl**2*q(1)*q(2))) /3.0
bmn2 (2,4)=T0+2.0/3.0%pli*3xgk**2%gl* (3*ak¥*q(6) *q(7) - (10*p1**2%q(6)
. *q{7)) +3%ek*q(4) *q(7) - (4*pla*2*q(4) *q(7) ) +6*pla*3*xq(1) *q(7) +3*ek*q(5)
. *Q(6) - (6*pla*2*q(5) *q(6) ) +4*pla*34q(2) *q(6) +3*ek*q(4) *q(5) +6*pL**3*q(
. 1) *q(5) +4*plrr3*q(2) *q(4) ) -(8.0/3.0%plaxStek**Ikre* (q(6) +q(4)) *(
. q{7)+q(5)) ) - (ae* (pl*q(3)-q(2)) *(q(4) +pl*q(l)))
TOm~(4.0/3.0%plr*3rak**3hre* (3% (q(7) +q(5) ) **24pla*2% (q(6) +q(4) ) **
. 2))+ek*he* (6*plxq(6) **4*q(7) **2+14%pl*q(6) **25q(7) *¥*2+10%pl*q(7) **2-(
. 2%plEa2*q(6) *q(6) *q (7)) - (T*plrek*q(3) *q (7)) +2*pl**3*q(3) *q(7) - (10*pl**2*
. q{6) **2xq(2) *q (7)) +T*ak*q(2) *q(7) - (22*p1**2%q(2) *q(7) ) +4*pLr*3*q(6) **2
. +3%plrek*q(d) *q(6) +3¥plr*2rek*q(1l) *q(6) - (8*pla*d*q(1) *q(€) ) -(7*plrek*q(3
. )*q(5) ) +T*ek*q(2) *q(5) +3*plrek*q(4) ¥*¥2~ (4*pla*3*q(4) **2) +3*pl**2%ek*q (1l
. )*q(4) = (B8*plr*d*q(l) *q(4)) ~ (12*pl*x*5*xq(3) **2) +22*pl**4*q(2) *q(3) )/
. 3.0
TO=TO+pl*ek*ei* (L6*ek*q(6) **2%g(T) *22= (BrpLA*24q(6) **2%q(7) **2) +20*ek*q
. (T)R*2~(12%pl**2xq(T) *¥*2) +20*ek*q(6) **2*q(5) *q(7) +20*ek*q(5) *q(7) - (4*pl
. ka2kgk*q(3) *q (7)) +8¥PLXXIXq(6) A*2%q(2) *q(T) - (16*pl¥ek*q(2) *q(7) ) +24*pl**
. 3%q(2) *q(7) +T*pla*2kek*q(6) **2— (4XpLi*4%q(6) ¥*2) +9*pl**2%ek*q(4) *q(6) -
. (5%pl**3xek*q (1) *q(6) ) +8*plr*5xq(1) *q(€) - (4*pl¥*2*ek*q(3) *q(5)) - (16*pl*
. ek*q(2) *q(5) ) +2*plrx2¥ek*q(4) ¥*2-(S*plr*Ikek*q(1l) *q(4) ) ~(12*pl**d*q(2)
. *X%2) - (4*plivGEq(1)**2))/3.0
bmn2 (2, 5)=T0-(1.0/3.0*plrek**2kal* (12%pla*2%q(6) **2%q(7) **2—(9*ek*q(
. T)*R2) $32Ap1 ARk (T) *R2424*plA*24(6) ¥*2%q(5) *q(7) - (18%ek*q(5) *q (7)) +
. 32%pl¥*2%q(5) *q(7) - (32*pl**3*q(2) *q(7) ) - (3*plr*2*ek*q(6) **2) +12#4pL**4*
. q(6)**2= (6*plrx2rak*q(4) *q(6) ) +12*p1h*d*q(4) *q (6}~ (12*p1**5*q (1) *q(6)
. ) —(9%ek*q(5) **2) - (32*pl**3kq(2) *q(5) ) ~(3*pli*2*ek*q(4) **2) - (12*pl**5*q
. (1) *q(4))) ) +ek*fe* (4%q(6) *q(6) *q(7) - (L0*pl*q(6) **2*q(3) *q(7)) - (10*pl
. *q(3) *q(7) ) +10*q(6) **2*q(2) *q(7) +10*q(2) *q(7) +4*p1*q(4) *q(6) +4*plr*2*
. q{1)*q(6) +5*plAq(4) **2+6*plr*2xq(1) *q(4) +13*pl**3I*q(3) **2~ (16*pl**2*q
(2) *q(3) ) +3*plaq(2) **24p1**3*q (1) **2) /6.0
TOmfa* (I*plLA*x2xq (6) **3%q(T) **2+2%ek*q(6) *q(7) **2—(p1**2%q(6) *q(7) ¥*2) +7
. Apla*3IRq(6) **2*q(6) *q(7) +T*plr*3*q(6) *q(7) +2*ek*q(6) *q(5) *q(7) +2*pl*ek*q(6)
. **2%q(4) *q(7) +6*pl¥*3%q(6) ¥*2*q(4) *q(7) +4*plrek*q(4) *q(7) +2*pl¥*3Ixq(4) *
. q(7)+6*pl**4*q(6) *q(3) *q(7) - (S*pl¥*3*q(6) *q(2) *q(7) ) +2*pl**2*ek*q(6) **2*q(1
. )*Q(T) - (p1**4*q(6) **2*q (1) *q(7) ) +4*pl**2*ek*q(1) *q(7) - (5*pl**4*q (1) *q(7
. ))=(2%pl**3*ek*q{3) *q(6) ) +2*pl**5xq(3) *q(6) +2*pl**2*ek*q(2) *q(6) ~ (9*pl
. *%4xq(2) *q(6) ) +2*plrek*q(4) *q(5) +2*pl**2*ak*q(1) *q(5) - (S*pl**I*ek*q(3) *
. q(4))+12*pl**S*q(3) *q(4) +3*pli*2%ek*q(2) *q(4) - (14*pl**4*q(2) *q(4)) - (3
. *plerdrek*q(l) *q(3))+10%plr*6*q(1) *q(3) +pl**3*ek*q (1) *q(2) - (5*pl**5*q(1l
. )*q(2)))/3.0
TO=TO+de* (3*q(6) **3*q(7T) **243*%q(6) *q(7) ¥*2+3*plxq(6) **2*q(4) *q(7) +3*
. Pl*q(4) *q(7) = (4*pl**2*q(6) *q(3) *q(7) ) +pl*q(6) *q(2) *q(7) +3*pl**2*q(6) **2*q(1
. ) *q(T) +3*plr*2xq{1) *q(7) - (plA*3*g(3) *q(6) ) +pl**2*q(2) *q(6) - (5*pl**3*q
(3) *q(4) ) +2*pl*x*2xq(2) *q(4) - (4*pl**4*q (1) *q(3) ) +pl**3*q(1) *q(2)) /3.0
TO=TO-(1.0/3.0*%pl*he* (2*xpl*ek*q(6) *q(7) **2~ (12*pl**2*ek*q(6) **2*q(6) *q (
. 7)) -(20*p1**2*ek*q(6) *q(7) ) +12*pl**4*q(6) *q(7)+2*pl*ek*q(6) *q(5) *q(7) - (
. 10*pl**2%ak*q(6) **2*q(4) *q (7)) - (3*ak**2*q(4) *q(7) ) - (4*pl**2*ek*q(4) *q(7)
. )+2*pl**3xek*q(6) **2*%q(1) *q(7) - (3*plrek**2*q(1) *q(7)) +16*pl**3*ek*q(1) *q(
. 7)-(12*%p1**Sxq(1) *q(7)) - (B*plr*2*ek*q(5) *q(6) ) +pl**2*ak**2*q(3) *q(6) - (
. pl*ek**2%q(2) *q(6) ) +12*pl**3xek*q(2) *q(6) - (12*pl**5%q(2) *q(6) ) - (3*ek**2
. *q(4) *q(5)) - (3*plrek**2*q(1) *q(5) ) +8*plr*3*ak*q (1) *q(5) +pl**2*ek**2*q(3
. ) *q(4)~(8*pl¥*rd*ek*q(3) *q(4)) - (pl*ek**2*q(2) *q(4) ) +12*pl**3*ek*q(2) *q(4
. )-(8*pl*xSxak*q(1l) *q(3) ) +12*pl**6*q(1) *q(2)))
bmn2 (2, 6) =TO+pl**3*ek*ej* (6*ek*q(6) ¥*2*q(6) *q(7) +20*ek*q(6) *q(7) - (24
. *plxx2%q(6) *q(7) ) +6*ek¥q(6) ¥*2*q(4) *q(7) +15%ek*q(4) *q(7) ~ (8*plr*2*xq(4) *
. q(7))-(5*pl*ek*q(1) *q(7)) +16*pl**3*xq(1) *q(7) +14*ek*q(5) *q(6) ~ (8*pl**2*
. q(5)*q(6))=-(6*plrek*q(2) *q(6))+16*pl**3*q(2) *q(6) +9*ek*q(4) *q(5) - (5*pl
. *ak*q(1) *q(5)) +8*plr*3*q (1) *q(5) - (6*plrek*q(2) *q(4) ) +8*pl**3*q(2) *q(4)
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. =(8%plragaq(1)*q(2)))/3.042.0/3.0%plr*3sgkt*22el* (I2ek*q(6) *q(7)~

(16%pL**2¢q(6) *q(7)) +3*ek*q(4) *q(7) - (10%pl**2+q(4) *q(7) ) +6*pl**32q(1)

. *q(7)+3%ek*q(5) *q(6) - (12#p1#+2#q(5) *q(6) ) +4*pl*+34q(2) ¥q(6) +3%ak*q(4)
. *q(5)~(6*pl**2%q(4) *q(S)) +6*pl**3*q(1) *q(S) +4*p1**I*q(2) *q(4))-(8.0/
. 3.0%plaxSkek**3nrex (q(6) +q(4)) *(q(7)+q(5)))

TO=6*plrek*q(6) ¥*4*q(7) ¥*2+30*plrek q(6) **24q(7) ¥**2+30%pliek*q(7) **2- (18*pl o+

. 3xq(7)**2) - (4*pla*24gk*q(6) *q(6) *q (7)) +12%plrek*q(6) **42q(5) *q(7) +28*%pl *ek*
. qlE)**2%xq(5)*q(7)+20*plrek*q(5) *q(7) +8*pl**Ikek*q(6) **2*q(3) *q(7) - (T*pltek
. RR2%q(3) %q(T) ) +4*plr*Ivekrq(3) *q(7) - (202plr*2xqk*q(6) **2%q(2) *q(7) ) +7*ek

. RR2eq(2) kq(T7) = (44*plr*2kek*q(2) *q(7) ) +362pl**4*q(2) *q(7) +6*plre3tek*q(6)

. REQXQG(E) XX24+10*plua*Ingk¥q(6) ¥*2~ (6*pLl¥*5hq(6) **2) - (24plak2*ek2rq(6) *q(5)*

. q(6))+10*plaa3*gk*q(6) *¥2xq(4) *q(6) +3*plrak**2%q(4) *q(6) +4*plat3xekrq(4) *

. q(6)=(2%pl*xgrek*q(6) ¥ *2¥q (1) *q(6) ) +3*pla*2*ek**24q (1) *q(6) ~(16*plrr{tek?

. q(l)*q(6) ) +12*plirgaq (1) *q(6) ~(T*plrek**2%q(3) *q(5) ) +2*plr*3tek*q(3) *q

(5) =(10*pla*2xgk*q(6) **2*q(2) *q(5) ) +T*ek**24q(2) *q(5) - (22*pl**2+ek*q(2) *

) . g{5)) +4*plakInek*q(6) **2%q(4) **2+IkplrakA*2%q (4) ¥*2- (6*pla*Itek*q(4) *¥*2)

Tl-lﬂ*pl*q(ﬁ)**l*q(?)**2+39*p1*q(6)**2*q(7)‘*2+21'p1*q(7)"2+12*p1**2*q(6)**

. 3*q(6) *q(7) +8*ek*q(6) *q(6) *q(7) - (4*pL**2*q(6) *q(6) *q(7) ) - (20*pl*ek*q(6) **2*

q(3)*q(7)) +16*pla*3I*xq(6) ¥*22q(3) *q(7) - (20*plrek*q(3) *q(7) ) - (4*pl**3*xq(3

. )EQUT) ) +12%pLA2¥q(6) **4*q(2) *q(T) +20*ek*q(6) ¥*2%q(2) *q(7) - (44*pl **2*q(6)
. MR (2)*q(T7) ) +20%ek*q(2) *q(7) ~(38*PpL**2%q(2) *q (7)) +T*plr*3I*q(6) **2*q(

. ) *X24TxplakIkg(6) **2+4*ek*q(6) ¥*q(5) *q(6) +4*pl*ek*q(6) **2*q(4) *q(6) +12*pl
. *RIRG(6) X*2*q(4) *q(6) +8*plrek*q(4) *q(6) +4*pl**3*q(4) *q(6) +12*plr*4rq(6) *q

(3) *q(6) = (10*pl**3*xq(6) ¥q(2) *q(6) ) +4*pl**2*ek*q(6) **2%q (1) *q(6) - (24pl**4*

: q(6) **2xq (1) *q(6) ) +8*plh*2*ek*q(1l) *q(6) - (10*plr*4*q (1) *q(6) )~ (10*pl*ek*
. q(6)**2%xq(3) *q(5))-(10*pl*ek*q(3) *q(5))+10%ek*q(6) **2*q(2) *q(5) +10*ek*q(2
. )*q(5) +4%plrek¥q(6) **2¥q(4) **2+9*plrek¥q(4) **2- (B*plr*3xq(4) ¥*2) +4*plr22%

ok*q(6) **2*q (1) *q (4)

TO=—(4,0/3.0%pla*Ixgk**Ikrat (3% (q(7)+q(5)) **2+pl**2* (q(6) +q(4)) **

. 2))+he* (TO-(2*pli*irekrq(6) **2*q (1) *q(4)) +3*plr*2*ek**2*q(l) *q(4) - (

. 16*plrxd*ek*q(l) *q(4)) - (12*pl**Skek*q(3) *¥*2)+22*pli*i*ek*q(2) *q(3)-(18*

. plAkSkq(2) **2) = (6*pla*xThq(1)**2))/3.0+fe* (T1- (12*plr*4*q(6) **2*q(l

. )*q(4)) +10*plx*2kek*q(l) *q(4) - (20*plr*4*q (1) *q(4)) +13*pl¥*3*ek*q(3) **2

. =(32%pl¥*5*xq(3)**2) +16*plr*4*q(6) **2*q(2) *q(3) - (16*pl**2*ek*q(2) *q(3) )+
. 68%PlA*QRG(2) *q(3) - (15*pl**3I*xq(6) **2*xq(2) **2) +3*plrek*q(2) **2~(15*pl**3*

q(2) *kQ) —~ (5*p1**5*q(6) **Z*q(l) **2) +p1**3*.k*q(1) NED e (sipl**stq(l) *%2))/
6.0

TO=TO0+pl*ek*ej* (18%ek*q(6) **2*xq(7) **2+30*ek*q(7) **2- (36*pl**2*q(7) **2

. Y +32%ek*q(6) **2%q(5) *q(7) - (16*pl**2*q(6) **2*q(5) *q(7) ) +40*ek*q(5) *q(7) -
. 24*plr*2kq(5) *q(7)) - (4*pl**2*ek*q(3) *q(7) ) - (16*pl*ek*q(2) *q(7) ) +48*pl**
. 3*%q(2) *q(7) +3*plr*2*ek*q(6) **¥2*q(6) **2+10*pl**2%ek*q(6) **2~(12*pl**4*q(6
. ) **2) $6*plrh2kek*q(6) ¥*2*q(4) *(6) +15*plr*2*ek*q(4) *q(6) - (8*plr*i*q(4) *q

(6))~(5*pl**x3xaek*g(1l) *q(6) ) +16*plr*5+q(1) *q(6) +10*ek*q(6) **2*q(5) **2+10

: *ak*q(5) **2~(4*pl**2%xek*q(3) *q(5) ) +8*pl*x*3*xq(6) **2*q(2) *q(S5) - (16*pl*ek*q(

2)*q(5) ) +24*pl**3%q(2) *q(5) +3*pl**2*ek*q(6) ¥ *2*q(4) **2+5*pl**2%ek*q(4) **

. 2-(5*plax3rek*q(l) *q(4) ) +8*pL**Sxq (1) *q(4) - (L24pL¥**4*q(2) ¥%2) ~ (4%p1**6
. *q(l)**2))/3.0

TO=TO+plrtek**2%el* (J*ak*q(7) **2=- (48*plr*2*q(T) **2) ~ (24*pl**2%q(6) **2¥

. q(5)*q(7)) +18*ek*q(5) *q(7) ~ (64*p1**2*q(S5) *q(7) ) +32*plr*3%q(2) *q(7) +3
. *pl**2x@k*q(6) ¥¥2— (16*pl**4*q(6) **2) +6¥pLr*x2*ek*q(4) *q(6) - (20*plr*4*q(4
. )*Q(6)) +12%p1l**5%q (1) *q(6) - (12%p1*¥*2%q(6) **2*q(5) **2) +I*ek*q(5) **2-(16
. *pLAX2Xq(5) *%2) +32*p1**3#q(2) *q(5) +3*pla*2kekrq(4) **2- (4*plr*grq(4) **2
. )+12%pl**5xq(1) *q(4)) /3.0

bmn2 (2, 7)=T0+de* (12*q(6) **3*q(6) *q(7) +12*q(6) *q(6) *q(7) ~(12*pl*q(6)

. *R4xG(3)*q(7)) - (28*pl*q(6) **2*xq(3) *q(T) ) -(14*pl*q(3) *q(7) ) +12*q(6) **4*q

(2) *q(7) +28*q(6) **2*q(2) *q(7) +14*q(2) *q(7) +6*pl*q(6) **2*q(4) *q(6) +6*pl*

. g(4)*q(6) = (8*pl**2*xq(6) *q(3) *q(6) ) +2*pl*q(6) *q(2) *q(6) +6*pl**2*q(6) **2*q(1
. )*q(6) +6*pL¥*2xq(1) *q(6) +T*pLlrq(6) **2¥xq(4) *¥*2+T*plrq(4) ¥**2+8*pl**2%q(6) **
. 2%q(1) *q(4) +8*pL**2*xq (1) *q(4) +13*plr*3%q(6) ¥*2*q(3) * X241 T7*pl¥*3*q(3) **

. 2=(16*pla*2k(6) **2*q(2) *q(3) ) - (20*pl**2%q(2) *q(3) ) +3*pl*q(6) *¥*2*q(2) **2

. 43%plrq(2) **¥24plA*ING(6) **¥2*q (1) **2+plr*3*xq (1) **2) /6.0

T0=4.0/3.0*%pl**4*ak**2*aj* (4* (q(7)+q(5) ) **24pl**2* (q(6) +q(4)) **2)

. +pL¥*2%da* (6% (6) **ARq(T) *¥2+14*q(6) ¥*2%q(7) ¥*2+T*q(7) **2+14*pl*q(6)
. *q(6) *q(7) = (36*pl**2xq(6) **2*xq(3) *q(7) ) - (48*pl**2*q(3) *q(7) ) +26*pl*q(6€)
. *%2%q(2) *q(7) +34*p1*q(2) *q(7) +pl¥*2xq(6) **2+16*pl**2%q(4) *q(6) +14*pl

. **3xq(1) *q(6) +12*plH*2xq(4) **2+8*p1l**3xq (1) *q(4) +36*plr*dxq(3) **2~(

. 24%pl**3xq(2) Xq(3) ) ~ (S*pl¥*2*q(2) ¥*2) - (I*plekdxq (1) **2)) /6.0

TO=TO+plr*2*fo* (Shek¥q(6) *¥2*q(7) **245%ek*q(7) **2+16*plr*2xq(7) **2+5

. *ek*q(6) **2*q(5) *q(7) +5%ek*q(5) *q(7) - (18*pl**2*ek*q(3) *q(7) ) +13*pl*ek*q(2
. )*Q(T) =~ (32*%plH*3Ixq(2) *q(T) ) +pli*2*ek*q(6) **¥2+4*plr*d*q(6) *¥2+7*pl*+2*ek

. *q(4) *q(6) +5*pl**3xek*q (1) *q(6) —(8*pl**5*xq (1) *q(6) ) - (18*pl**2*gk*q(3)*

. q(5))+13*pl*ek*q(2) *q(5) +6*pl**2*ek*q(4) **2+5*pl**3*ek*q(l) *q(4) +16*pl**
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. ARQ(2) ¥*244%p1ARERQ (1) ¥*2) /3. 04pLlE*2%ek*he* (T*ek*q(7) ¥*2+485pLlxs2s

. QT **24160pLau2%q(6) **2%q(S) *q(7) +14%ekEq(5) *q(7) +48*pl**2%q(5) 2q(7) ~
(48%pLlra3ng(2) vq(7)) +plan2rekrq(6) ¥*2+163pl ¥4 Nq(6) ¥*2+24pl**2*ek*q(4) *
Q(6) +16%p1a¥gaq(4) *q(6) - (164pL**52q(1) *q(6) ) +T¥ak*q(5) **2~ (48*plE*3tq

. (2)2q(5)) +plr*24ek¥q(4) **2- (162pl**S+q(1) *q(4))) /6.0

bmn2 (3, 3) =TO+plr*2%ae* (q(4) **2+2*pLl¥q(l) ¥q(4) +38plar2kq(3) 442~ (6%

. plaq(2) *q(3) ) +3%q(2) **24plax2aq(1) #*2) /2.0

TO==(1.0/3,0%plws2ufer (2xak*q(6) ¥*¥24q(6) *q(7) +t4*ek*q(6) *q(7) +12%pl**

. 2%q(6) *q(7) +4*ek*q(6) **2xq(4) *q(7) +10*ek*q(4) *q{7) +2*plrek*q(6) **2*q(l) *q
(7) +6*pleek*q(1) *q(7) - (12%pla*3*q(1) *q(7) ) +2%ek*q(5) *q(6) - (Trpl**2%ek*q
(3)*q(6) ) +5*plrek*q(2) *q(6) - {12*p1l**3*q(2) *q(6) ) +6*ek*q(4) *q(5) +4*pl*ek

. *q(1)*q(S)~(12%plev2xek*q(3) *q(4) ) +8*plrek*q(2) *q(4) - (S*ple+3rek*q(l) *q
(3)) +3%plas2igk*q(1l) *q(2) +12*p1**a*q(1) *q(2)))

TO=TO-(1.0/3.0*plt*2%gk*ha* (4*pl**2*q(6) **2*q(6) *q(7) +3*ek*q(6) *q(7)

. +24*pLaN2kq(6) *q(T) +6%ek*q(4) *q(7) +162plan2¥q(4) ¥q(7) ~ (4*pl*2Itq(6) **2*

. q(l)*q(7) ) +3*plrek*q(1) *q(7) - (8*pl¥*3*q(1) *q(7) ) +3*ek*q(S) *q(6) +8*pl**

. 2%q(5) *q(6) - (pl¥*2%ek*q(3) *q(6) ) - (B*p1l**4*q(3) *q(6) ) +pl*ek*q(2) *q(6) ~(

. 8*pl¥*3I*q(2) ¥ (6) ) +6%ak*q(4) *q(5) +3*plrek*q(l) *q(5) - (B*plr*3xq(1) *q(5)

. )=(plr*2%ek*q(3) *q(4) ) +plrek¥*q(2) *q(4) - (16*pLl¥¥3Ixq(2) ¥q(4) ) +8%pla*5aq(]

. ) *q(3) - (B*pl¥*gxq(l) *q(2))))~(1.0/3.0*plr+2xde (I¥q(6) **2%q(6) *q
(7)+3*q(6) *q(T) +6*q(6) **2*q(4) *q(7) +8*q(4) *q(T) +3*pl*q(6) **2*q (1) *q(7)

. +5%plrq(1) *q(7) - (BrplA*2xq(3) 2q(6)) +5¥plrq(2) *q(6) ~(12*pla*24q(3) *q(4

. ))+4*plaq(2) *q(4) - (4*plr*3xq (1) *q(3)) - (p1**2*q(1) *q(2))))

bmn2 (3,4)=T0~(2.0/3.0¥plixgrakr*20qj* (2*q(6) **2*q(6) *q(7) +15%q(6)*

. ql7)42%q(6) **2*q(4) *q(7) +16%q(4) *q(7) +pl*q(1) *q(7) +11*q(5) *q(6) - (4*pl

. AX2%q(3) *q(6) ) +12*q(4) *q(5) +plrq(l) *q(5) - (4*pl**2*xq(3) *q(4))))-(8.0

. /3.0*plrrgngk**3*el* (q(6) +q(4)) *(q(7)+q(5)))+plrae*(pl*q(3)-q
{2))*(q(4) +pl*q(1))

TO==(4.0/3.0%plh*2*ak**3*gl* (3% (q(T) +q(5) ) ¥*24pL**2% (q(6) +q(4) ) **

. 2))=(1.0/3.0%plrek¥he* (4*xplrq(6) **4*q(T) **24+16*plrq(6) ¥*2%q(7) **2+13*

. PlAq(T) **244*pla*2%q(6) *q(6) *q(7) - (8*pl**3*q(6) **2%q(3) *q(7) ) - (7*plrek*q(3

. ) *q(T)) = (24*pla*3xq(3) *q(7) ) +T*ek*q(2) *q(7) - (2*pl**2*q(2) *q(7)) +5*pl

. **IRQ(6) **243%pliak*q(4) kq(6) +8*plrrIxq(4) *q(6) +3*ple*2xgk*q (1) *q(6) -(

. 2%plr*4*q (1) *q(6) ) - (T*plrekrq(3) *q(5) ) +T*ek*q(2) *q(5) +3*plrak*rq(4) **2+3

. *plrw2%ekrq(l) *q(4) - (B¥plirgaq(1l) *q(4) ) +24*plr*d*q(2) *q(3) ~(11*pla*3#q

. (2)*22) = (I*pLAXSRQ(1) ¥*2))) - (2.0/3.0%pl**2*ek**2%g * (10%q(6) ¥*2*q(

. TIRR241ARQ(T) X*2412%q (6) **2kg(5) *q(7) +14*q(5) *q(7) - (16*pl**2*q(3) *q(

. T))+2*plrq(2) *q(7) +5*p1A*2%(6) *22+114pla*2%q(4) *q(6) +pLlr*3¥g (1) *q(6)

. =(16%plr*2%q(3) *q(5)) +2%plrq(2) *q(5) +6*pli*2+q(d) ¥*24plr*3Ixg(1l) *q(4))

. )
bmn2 (3,5)=T0~(1.0/3.0*pl*ek*fe* (2*q(6) *q(6) *q(7)~(5*pl*q(6) **2*q(3) *q
. (7)) =(5*pl*xq(3) *q (7)) +5*q(6) **2*q(2) *q(7) +5*q(2) *q(7) +2*pl*q(4) *q(6) +
. 2%plAR2hq(1) *q(6) +3*pLlEq(4) **2+4*pLAr2%q (1) *q(4) +9*pl**3xq(3) **2-(13*
. pli*2*q(2) *(3) ) +4*plRq(2) *¥*24pla*3I*g (1) **2))
TO==(1.0/3.0%pl*de* (3Xq(6) **I*q(7) **2+3*q(6) *q(7) **243*pl*xq(6) **2*q(4
. )*q(T)+3*plaq(4) *q(7) - (T*pl**22q(6) *q(3) *q(7) ) +4*pl*q(6) *q(2) *q(7) +3*pl**
. 2%q(6) **2xq (1) *q(7) +3*plr*2xq (1) *q(7) - (pl**3*q(3) *q(6) ) +pl**2*q(2) *q(6
. )= (8%pl**3xq(3) *q(4) ) +5%p1l**2*q(2) *q(4) = (T*rplr*d*q(l) *q(3) ) +4*plr*3*q
(1)*q(2)))
TO=TO0-(1.0/3.0*pl*fa* (2%ek*q(6) *q(7) **2+6*pl**2*q(6) *q(7) **2+4*plr*3*
. q{6) ¥*2*q(6) *q(7) +10*pl**3*xq(6) *q(7) +2*ek*q (6) *q(5) *q(7) +2*pl*ek*q(6) **2*q(
. 4)*q(7)+4*plrek*q(4) *q(7) +12*pl**3*q(4) *q(7) - (6*pl**3*1(6) *q(2) *q(7)) +2
. Aplrx2%ek*q(6) ¥*¥2* (1) *q(7) = (4*pl**A*q(6) **2*q (1) *q(7T) ) +4*pl¥*2*ek*q (1) *q(
o TI42%pLlargxq(l) *q(7) - (2*plr*3*ek*q(3) *q(6) ) - (8*pl**5*q(3) *q(6) ) +2*pl**
. 2%ek*q(2) *q(6) = (2*pl**4*g(2) *q(6) ) +2*plrek*q(4) *q(5) +2*plr*2*gk*q (1) *q(
. 5)=(7*pl**3*ek*g(3) *q(4) ) +5*pl**2*ek*q(2) *q(4) ~(12*pl*r*4*q(2) *q(4)) - (5
. *plikikek*q(l) *q(3) ) +8*plr*6*q (1) *q(3) +3*plr*I*ek*q(l) *q(2) - (10*pl**5*q
. (1)*q{2))))
bmn2 (3, 6)=T0-(1.0/3.0%pl**x2*xgk*he* (4*pl*q(6) *q(7) **2+8¥plA*2*q(6) ¥*2*q
(6) *q(7) +26*pl**2*xq(6) *q(7) +4*pl*q(6) *q(5) *q(7) +4*pL*¥*2xq(6) **2*q(4) *q(7
. ) +3%ek*q(4) *q(7) +24*pl*x*2%xq(4) *q(7) = (4*pl**3*xq(6) **2*q (1) *q(7) ) +3*pl*ek*
. (L) *q(7) = (2*plx*3*q (1) *q(7) ) +10*pl**2*xg(5) *q(6) - (pl**2*ek*q(3) *q(6))
. ={16*pl**x4*q(3) *q(6)) +plrek*q(2) *q(6) +3%ek*q(4) *q(5) +8*pl**2*q(4) *q(5)
. +3*plrek*q (1) *q(5) - (2*pl**3*xq(1) *q(5) ) - (pl**2*ek*q(3) *q(4)) - (8*pl**4*q(
. 3)*q(4) ) +pl*ek*q(2) *q(4) - (8*pl**3*q(2) *q(4) ) +8*pl**5*q(1) *q(3)~(8*pl**
. 4*q(1)*q(2))))-(2.0/3.0*plkkqkek**2%aj* (2*q(6) **2*q(6) *q(7) +14*q(
. 6)*q(7)+2*q(6) **2*q(4) *q(7)+15*q(4) *q(7) +pl*q(1) *q(7) +10*q(5) *q(6) - {(
. 4*pl**2%q(3) *q(6) ) +11*q(4) *q(S)+pl*q (1) *q(5) - (4*pl**2*q(3) *q(4)))) -(
8.0/3.0*plr*rg*ek**3Ixal* (q(6)+q(4)) *(q(7)+a(5)))
Tla-(4 0/..0*%plax2xgkr*3I*gl* (3% (q(7)+q(5)) **24pl**2* (q(6) +q(4) ) **
. 2))=(1.0/3.0*pl*ek*he* (36*pl*q(6) **2*q(7) **24+39*plrq(7) **248*plr*2*
. g(6)*q(6) *q(7) +8*pl*q(6) **4*q(5) *q(7) +32*pl*q(6) **2*q(5) *q(7) +26*pl*q(5) *q
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(T)~(T*plrek*q(3) *q(7) ) - (48*pl**3*q(3) *#q(7) ) - (8*pl**22q(€) **2xq(2) *q(7)
)+ Trek*q(2) *q(7) - (A¥pla*2xq(2) 2q(T) ) +4*pla*3aq(6) **2%g(6) **24134pls¥3xq
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. )+7*pl**3xek*q(3) ¥*2- (10*pl**2%ek*q (2) *q(3) ) +24*pl**4*q (2) *q(3) +3*plrek*

. QU2)*%2- (14*pLla*3xq(2) **2) +13% - 1x*3kek*q (1) ¥*2~ (34*pl**Skq (1) ¥*2)) /

. 6.0

bmn2 (4, 6) =TO+pl**2*ek**3*re* (Ixek*q(7) **¥2+24*pl**2%q(7) ¥*2+16*pl**2

. *q(6) **2%q(5) *q(7) +6%ek*q(5) *q(T) +32*p1**2%q (5) *q(7) - (L6*pl**3*q(2) *q(

. 7)) +9*pl¥*2%ek¥q(6) ¥*2+72Xpl¥*4*q(6) **2+1B*plrk2¥ak*q(4) *q(6) +I6*plrkg*

. q(4) *q(6) - (48*p1**5*q (1) *q{6) ) +3%ek*q(5) ¥*24BXpL**2%q (5) **2~ (16*pl*+*3

. *Q(2) *q(5)) +9*pl¥*2¥ek*q(4) **¥2+24*plX*4*q (4) **2- (48*plH*5*q (1) *q(4)))

. /6.0+pl*de* (6%q(6) *q(6) *q(7) +7*q(6) *q(4) *q(7) - (3*pl*q(6) **2*q(3) *q(7
})=(3*p1*q(3) *q(7) ) +3*q(6) **2*xq(2) *q(7) +3*q(2) *q(7) +4*pl*q{6) *q(1) *q(7)

C-39




- +T1*plaq(4) *q(€) +T¥pla*22q (1) 2q(6) +12¥pLaq(4) **2+1T#pL¥*2%q (1) *q(4) +4*
. PLY*INQ(I) ¥ 42~ (SAp1aa2xq(2) *q(3) ) +plEq(2) *22+5%pl*3aq(1) **2) /3.0
TO=plit2*gkre)* (22%ek*q(6) **2%q(6) *q(7) +36%ak*q(6) *q(7) +8*plr*2rq(6) *
- q(7)+28*ek*q(6) **2*q(4) *q(7) +50*ek*q(4) *q(7) +6*plrak*q(6) **2%q (1) *q(T) +14
. *pl¥ek*q(1)*q(7) - (8*pl**3xq (1) *q(7) ) +6*plrek*q(6€) *q(6) ¥**2+13*ek*q(6) **2*q(5
- )*q(6) +21*ek*q(5) *q(6) +6*plrek*q(6) *q(4) *q(6) ~ (4*pl**2%ak*q(6) ¥*2*q(3) *q(6
+ )= (30%pla*2*ak*q(3) *q(6) ) +6*pl*ek*q(6) ¥*2%q(2) *q(6) +15*pl*ek*q(2) *q(6) - (
. BrplXRI*q(2) *q(6) ) +20%ek*rq(6) **2*q(4) *q(5) +28%ek*q(4) *q(5) +T*plrek*q(6) **2
- *q{1)*q(5) +7*pl*ek*q (1) *q(5) - (4*pl**2*ek*q(6) **2%q(3) *q(4)) - (32*pl**2*ek*
- q{3)*q(4) ) +6*plrek*q(6) **2%q(2) *q(4) +10*plrek*q(2) *q(4) - (2*pl**3kek*q (1) *
-+ q(3)) = (S*pl**2*ek*q (1) *q(2) ) +8*plr*d*q(1) *q(2))/3.0
TO=T0+2.0/3.0%pl¥*2*ek**2*al* (2*ak*q(6) **2*q(6) *q(7) +T*ek*q (&) *q(7) +
- 16*pl**2%q(€) *q(7) +2*ek*q(6) **2*q(4) *q(7) +10%ek*q(4) *q(7) +4*pl¥*2xq(4) *
- q(7)+3*plrek*q(1) *q(7) - (12*pl**3I*q (1) *q(7)) +ek*q(6) **2*q(5) *q(6) +6*pla*2
. *q(6) **2%q(5) *q(6) +6*ek*q(5) *q(6) +6*pl*2*q(5) *q(6) - (4*plr*2*ek*q(3) *q(
. 6))+3*plrek*q(2) *q(6) - (LO*p1**3Ixq(2) *q(6) ) +ek*q(6) **2*q(4) *q(5) +9*ek*q (4
- )*q(S) - (6*pl**Ikq(6) **2xq (1) *q(5) ) +3*plrak*q (1) *q(5) - (6*pl**3*q(1) *q(5)
- )=(4*pl**2xek*q(3) *q(4) ) +3*pl¥ek*q(2) *q(4) - (4*pl**3*q(2) *q(4) ) +6*plE*g*
- a(l)*q(2))
Tlwfe* (12%pl**2xq(6) **2*q(6) *q(7) +10*pl**2%q(6) *q(7) +2*ek*q(6) **2*q (4
- )*q(7) +2%ek*q(4) *q(7) +8*pl**2*q(4) *q(7) +2*pl*ek*q(6) **2*q (1) *q(7) - (12*pl
. ¥X3xq(6)**2¥q (1) *q(7) ) +2*plrek*q(l) *q(7) -~ (2*pl**3*q (1) *q(7) ) +2*plrek*q(6) *
- q{6) **2+6*pl**3xq(6) *q(6) **2+4*plrek*q(6) *q(4) *q(6) - (2¥pl**2*ek*q(6) **2xq(3)
- *q(6))~(4*pl**2%ek*q(3) *q(6) )~ (12*pl**4*q(3) *q(6) ) +2*pl*ek*q(6) **2*q(2) *
- qQ(6)+6*pLA*ING(6) **2*q(2) *q(6) +4*plrek*q(2) *q(6) +2*pl**3*q(2) *q(6) +2*pl
. ¥*2%ek*q(6) *q(1) *q(6) - (6*pl**d*q(6) *q (1) *q(6) ) +ek*q(6) **2xq(4) *q(5) +ek*q(4)
. *q(5)+pl*ek*q(6) **2*q (1) *q(5) +plrek*q(1) *q(5) - (4*pl**2*ek*q(6) **2*q(3) *q(4)
- )= (10*pl¥*2*ek*q(3) *q(4) ) +4*pl*ek*q(6) **2*q(2) *q(4) +9*plrek*q(2) *q(4) - (8*
. Pl**3*q(2) *q(4)) - (2*pl¥*3*ak*q(6) **2*q (1) *q(3) ) - (6*pl**3xek*q(1) *q(3) )+
. 12%pl**5*q(1) *q(3) +2*pl¥*2*ek*q(6) ¥*2%q(1) *q(2) - (6*pl**4*q(6) **2*xq (1) *q (2
. ))+5%pl¥**2xek*q(1) *q(2) - (10*pl**4%q(1) *q(2)))
TO=TO+ek*he* (20*pl**2%q(6) **2*q(6) *q(7) +28*pl**2*q(6) *q(T) +16*plr*2*
- q(E)**2*q(4) *q(7) +ek*q(4) *q(7) +36*p1**2%q(4) *q(7) - (4*pL**3*q (6) **2xq (1) *
- ql(7))+pl*ek*q (1) *q(7) +8*pl**3*q (1) *q(7) +10*pl**3*q(6) *q(6) **2+8*pl**2%q(6)
. **2*q(5) *q(6) +8*p1**2*q(5) *q(6)+8*p1**3*q(6) *q(4) *q(s) - (4*p1**4*q(6) *kQ%k
- q(3)*q(6)) - (3*pl¥*2*ek*q(3) *q(6)) -~ (24*pl**4*q(3) *q(6) ) +10*p1**3*q (6) **2
- *q(2) *q(6) +3*plrek*q(2) *q(6) +4*pl**3I*q(2) *q(6) - (2*pl**4*q(6) *q(1) *q(6))
. +8¥DLA*2%q(6) ¥*2%q(4) *q(5) +ek*q(4) *q(5) +8*pl**2*q(4) *q(5) +pl*ek*q (1) *q(5S
- )= (6*plr*2¥ek*q(3)*q(4) ) - (16*plrrd*q(3) *q(4)) +8*plr*3I*q(6) ¥*2*q(2) *q(4)
. +6*pl*ek*q(2) *q(4)-(12*pl**3*q(2) *q(4) ) +4*pl**5%q(6) **2*q (1) *q(3) - (3*pl
. **3%ek*q(1) *q(3) ) +8*pl¥*Sxq (1) *q(3) - (2*plA*4*q(6) ¥*2*q (1) *q(2) ) +3*pl¥*2
. *ek*q(1l)*q(2)-(16*pl**4*q(1)*q(2)))/3.0+T1/3.0
bmn2 (4, 7)=TO+plr*2*ek**3xre* (I*ek*q(6) *q(7) +24*pl**2*q(6) *q(7) +3*ek
- *q(4)*q(7) +16*pla*2xq(4) *q(7) = (8*pLr*I*q (1) *q(7) ) +8*pl**2*q(6) **2%q(5)
. *q(6) +3%ek*q(5) *q(6) +16*pl**2xq(5) *q(6) - (B*pl¥*3*q(2) *q(6) ) +8*pl**2x
- q(6)*¥*2%q(4) *q(5) +3*ek*q(4) *q(5) +8*pl**2*q(4) *q(5) ~ (8*pl**3*q (1) *q(5) )
- =(8*pl**3*q(2) *q(4)))/3.0+de* (2*q(6) **2*q(4) *q(7) +q(4) *q(7) +2*pl
- *q(6) **2%q (1) *q(7) +pl*q(1) *q(7) +3*pl*q(6) *q(6) **2+7*pl*q(6) *q(4) *q(6) - (3*pl
. *¥2xq(6) **2%q(3) *q(6)) - (3*plr*2xq(3) *q(6) ) +3*pl*q(6) **2*q(2) *q(6) +3*pl*q
- (2)*q(6) +4*pl¥*2*q(6) *q(1) *q(6) = (6*pPl**2*q(6) ¥*2*q(3) *q(4) ) - (8*pl¥*2*q(3
+ )*q(4)) +7*pl*q(6) **2*q(2) *q(4) +7*pl*q(2) *q(4) - (3*pl**3*q(6) **2%q(1) *q(3)
- )= (S*pL**3*q (1) *q(3)) +4*pl**2%xq(6) **2*q (1) *q(2) +4*pl**2%q(1) *q(2)) /3.0
. +4*plr*drekirgktex (q(6)+q(4)}* (q(7)+q(5))
TO=2*pl**2*ek**qxte* (3% (q(7)+q(5)) **24p1**2* (q(6) +q(4) ) ¥*2)+2.0/
- 3.0%ek**2*el* (6xpl**2*q(6) **4*q(7) **2+3*ek*q(6) *¥*2*xq(7) **2+12*p1**2*
. QB)**2*q(T) **243%ek*q(7) ¥*2+8*pla*2xq(7) **2+3%ek*q(6) **2*q (5) *q(7) +3*ek*
- Q{5)*q(7) = (12*plr*2*ek*q(3) *q(7) ) - (12*pl**3*q(6) **2xq(2) *q(7) ) +9*plrek*q
- {2)*q(7) - (16*pl**3*q(2) *q(7) ) +pl**2*ek*q(6) **242*plA*4*q(6) **2+5xpl**2
. *ek*q(4) *q(6) +3*plr*3*ek*q(1) *q(6) - (4*pl*¥*5*q(1} *q(6) ) - (L2*pl**2*ek*q(3
. )*q(5))+9*pl¥ek*q(2) *q(5) +4*pl¥*2*ek*q(4) **2+3*pl¥*3*ak*q (1) *q(4) +8*pl**
. A%Xq(2) **242*plrxErq (1) ¥*2)
bmn2 (5, 5)=T0+ek**2*ej* (3xq(6) ¥*4*q(7) **24+BXq(6) ¥*¥2*q(7) **2+4*q(7) **
. 2+6*pl*q(6) *q(6) *q(7) ~ (24*pl**2*q(6) **2*q(3) *q(7) ) - (28*pl**2*q(3) *q(7) ) +
+ 20*pl*q(6) **2xq(2) *q(7) +20*pl*q(2) *q(7) +pl**2*q(6) ¥*24B*pLl*x*2*q(4) *q(6)
. +6*plA*I*q(1) *q(6) +4*PLr*2xq(d) XX 2+16ApL¥*4*q(3) ¥*2~ (4*pl**3xq(2) *q(3
- 1) ={8*p1**2%q(2) **2) - (I*pl¥*4xq (1) ¥*2)) /3.04ek**3*re* (324pl**2xq(6)
- FR2XQ(T)*H249%ek*q(T) ¥*2+48*plA*2xq(T) k*2+4B*plA*2*q(6) **2*q (5) *q(7) +
- 18*ek*q(5) *q(7) +48*pl**2%q(5) *q(7) - (48*pL¥*3xq(2) *q(7) ) +I*pl**2*ek*q(6
- )¥*2+16¥pL¥X4*q(6) ¥*2+6*pLi*2*ek*q(4) *q(6) +16¥plr¥*4*q(4) *q(6) - (16*plr*
- 5*q(1)*q(6)) +9%ek*q(5) **2~ (48*pl**3*q(2) *q(5) ) +I*pl¥x*2kek*q(4) **2-(16
. *pl**5S*q(1)*q(4)))/6.0+ek**2xhe* (q(4) **2+2*pl*q (1) *q(4) +T*plr*2xq
(3) ¥*2- (14*pl*q(2) *q(3) ) +T7*q(2) **2+plr*2%q(1) **2) /6.0




TO=plrek*he* (6Xq(6) **¥IXq(7) **2+6%q(6) *q(7) **¥2+2%p1¥q(6) **2%xq(6) *q(T) +2*
. PLEQ(6) *q(T) +8*pLrq(6) ¥ ¥ 2% (4) *q(7) +8*plrq(4) *q(7) - (4*pl**2%xq (6) *q(3) *q(7
. ))=(2%plaq(6) *q(2) *q (7)) +6*pla*2% g (6) **2%q (1) *q(7) +6*pl**2%q (1) *q(7) ~ (10
. AplR*A3IXG(3) Xq(6) ) +8*pl¥A2%q(2) *q(6) - (3%plrek*q(3) *q(4) ) - (B*plr*3xq(3)*
. q{4))+3*ek*q(2) *q(4) - (3*plr*2%ek*q (1) *q(3) ) +2*plr*4*q (1) *q(3) +3*plrek*q
(1) *q(2)-(8*pl**3%q (1) *q(2))) /3.0
TO=TO+pl*ek*e* (6*ek*q(6) *q(7) ¥**2+6*pLl*ek*q(6) ¥*2*q(6) *q(7) +8*pl**3I*q(6) **
. 2%q(6) *q(7) +8*plrek*q(6) *q(T) +8*pl¥*3*q(6) *q(7) +6%ek*q(6) *q(5) *q(7)+13*
. plrek*q(6) **2*q(4) *q(7) +21*plrek*q(4) *q(7) +TAplr*2xek*q(6) **2*q(1) *q(7) - (8%
. PLYRAXQG(6) **2hq (1) *q (7)) +13*pla*2kak*q (1) *q(7) - (83pl**4*q(1) *q (7)) +2*pl*
. @k*q(5)*q(6)-(20*ple*3xgk*q(3) *q(6) ) +14*pl**2*ek*q(2) *q(6) - (8*plr*d*q(2
. )Rq(6)) +8*plrek*q(4) *q(5) +6*pla*2hgk*q(1l) *q(5) ~(22*pl**3*ek*q(3) *q(4)) +
. 9*plRk2hgkhq(2) *q(4) - (2*pl¥*rd*ek*q (1) *q(3) ) - (5*pl**3rek*q(l) *q(2)) +8*pl
. **5%q(1)*q(2))/3.0
"r0=T0+2.0/3. O*plea2ugk**2xgl* (@k*q(6) ¥*2*xq(6) *q(7) +12*pl**2*q(6) **2*q(
. 6)*q(7)+3%ek*q(6) *q(7) +16*pLla*2*q(6) *q(7) +ek¥q(6) **2¥q(4) *q(7) +6*plr*2*
. q{B)**2%q(4) *q(7) +6%ak*q(4) *q(T) +6*pl**2%q(4) *q(7) - (6*pl**3I*q(6) **2*q(1)
. *q(7))+3*plrak*q(1) *q(7) - (10*pl**3*q(1) *q(7)) +2*ek*q(5) *q(6) +4*pl**2*q
. (5)*q(6)~(4*plr*2kqktq(3) *q(6) ) +3*plrek*q(2) *q(6) - (12*pl**3*q(2) *q(6))
. +5%ek*q(4) *q(5) +3*plrek*q(1l) *q(5) - (4*plr*3xg (1) *q(5) ) ~ (4*pl**2*ak*q(3) *
. q(4))+3*plrek*q(2) *q(4) - (6*pl**3I*q(2) *q(4) ) +6*plr*4d*q(1) *q(2)) +pl**2*ek
. *k3krek (BApLA*2kg(6) **2*q(6) *(7) +3%ek*q(6) *q(7) +24*pl*¥*2%q(6) *q(7
. )+BRPLRR2Xq(6) ¥ *2xq(4) *q(7) +3*ek*q(4) *q(7) +16*plr*2%q(4) *q(7) - (8*pl**3*
. q(l)*q(7)) +3%ek*q(5) *q(6) +16*pl*x*2*xq(5) *q(6) - (8*pl**3*q(2) *q(6) ) +3*ek
. *q(4) *q(5) +8*pl**2%xq(4) *q(5) - (B8*pl**3*q (1) *q(5) ) - (8*pl**3*q(2) *q(4))
/3.0
bmn2(5 6)=T0~(2.0/3.0%ek*fe* (pl*q(3)~q(2)) *(q(6)*q(7) +p1l* (q(4) +pl*q(
. 1))))+4*plr*grek*rrirte* (q(6) +q(4)) *(q(7) +q(5))
TO=9%ek*q(6) **4*xq(7) **2+24*ak*q(6) **x2*q(7) ¥ *2412*pla*2*q(6) ¥*2%q(7) **2+12%ek
. *q(T) **2412%p1l**2kq(7) **24+12*plrek*q(6) *q(6) *q(7) +6*ek*q(6) **4*q(5) *q(7) +
. 16*ek*q(6) **2*q(5) *q(7) +8*ek*q(5) *q(7) - (40*pl**2*ek*q(6) **2*q(3) *q(7) ) -(
. 56*plx*x2xgk*q(3) *q(7))+32*plrek*q(6) **2*q(2) *q(7) - (16*pl**3I*xq(6) **2*q(2) *q
. (7)) +40*plrek*q(2) *q(7) - (24*pl**3%xq(2) *q(7) ) +3*pl**2*xek*q(6) ¥*2*q(6) **2+
. ARplARARQ(6) ¥ *2Xq(6) *¥2+4*pLA*2*@k¥q(6) ¥*¥2+4*pl¥*4*q(6) **2+6*pl*ek*q(6) *q(5
. )*q(6) +13*plrk2kek*(6) **¥2xq(4) *q(6) +21*pl**2*ek*q(4) *q(6) +T*pl**3*xek*q(6)
. *%2kq(1) *q(6) - (BXp1X*5*q(6) **2*q (1) *q(6) ) +13*pl**3*gk*q (1) *q(6) - (B*pl**
. 5*q(1)*q(6))-(24*plx*2*ek*q(6) **2*q(3) *q(5) ) - (28*pl**2*ek*q(3) *q(5) ) +20
. *pl*ek*q(6) **2%q(2) *q(5) +20*plrek*q(2) *q(5) +10*pl**2*ek*q(6) **2*q(4) **2+14*
. pl¥*2%ek*q(4)**24Tkpla*x3xek*xq(6) A¥2*q (1) *q(4) +7*pl**3¥ek*q(1} *q(4) +16*pl**
. dxakrq(3)**2
TO=2*pl*A2%ek**4*tex (3% (q(7)+q(5)) **2+pl**2% (q(6) +q(4) ) **2) +ek*ej
. *(TO-(4*ple*3kak*q(2) *q(3)) +4*plr*q*q(6) *¥*2*q(2) ¥*2- (8*pl**2kak*q(2)
. *%2) $12*pLRkg*q(2) ¥ X244 pLrrEhQ(6) ¥ H2X (1) **2- (3*plr*q*ek*q (1) **2) +4*pl
. kxGrq(l)**2)/3.0
Tl=9%ek*q(6) **2Xq (7) **24+36*pl*¥*2xq(6) ¥ ¥ 2k (7) ¥*249%ek*q(7) **24+48*pl**2*q(7
. ) *R2424*pLEAR2%q{6) **4*q(5) *q(7) +12*%ek*q(6) **2*q(5) *q(T) +48*plr*x2*q(6) **2*q
. (5)*q(7)+12%ek*q(5) *q(7) +32*plx*2xq(5) *q(7) - (24*pl**2*ak*q(3) *q(7) ) - (
. 24*p1l¥*3xq(6) *¥*2%kq(2) kq(7) ) +18*plrek*q(2) *q(T) = (64*pLr*x3xq(2) *q(T) ) +pl**
. 2%ek*q(6) X *X2Xq(6) **2412*p1R*J*q(6) **2*q(6) ¥*2+3*plAk2Xkgk*Xq(6) ¥*2+16*pl**4*
. Q(6) ¥*242*xpla*x2kek¥q(6) **2*q(4) *q(6) +12*pLr*A*q(6) *¥*2*q(4) *q(6) +12%pl**2*
. ek*q(4) *q(6) +12*p1l**4*xq(4) *q(6) -~ (12*pL**S*q(6) **2%q (1) *q(6) ) +6*pl**I*ek*
. q(l)*q(6) - (20*plrx*5xq (1) *q(6) ) +3*ek*q(6) **2*xq(5) **2+3*ek*q(5) **2- (24*pl
. *x2xkgk*q(3) *q(5)) = (24*pl**3*q(6) **2*q(2) *q(5) ) +18*plrek*q(2) *q(5) - (32*pl
. kx3xq(2) *q(5) ) +pl¥*2*ekrq(6) A*2¥(4) **X2+9*pli*2kekkq(4) ¥*¥2~ (12*pl**5*q(6)
. *R2%g (1) *q(4) ) +6*plax3kek*q (i) *q(4) - (12*pl**5*%q (1) *q(4) ) +16*plr*x4*q(2
)y k%2
TO=TO+ek*he*(12*q(6)**4*q(7)**2+18*q(6)**2*q(7)**2+6*q(7)**2+24*p1*
. q(6) **3*q(6) *q(T) +24*pl*q(6) *q(6) *q(7) - (16*pl**2*xq(6) ¥*4*q(3) *q(7) ) -(64*pl
. KR2XQ(6) ¥X2*q(3) Xq (7)) - (52*plr*2*q(3) *q(T) ) +24*pl*q(6) **4*q(2) *q(7) +56*
. PlrQ(6) **2%q(2) *q(7) +40*pl*rq(2) *q(7) +2*pL**2*q(6) ¥*2*q(6) **242*pl**2*q(6)
. KR241ERPLAR2XQ(6) **2%q(4) *q(6) +16*plr*2*g(4) *q(6) - (8*pl**3*q(6) *q(3) *q(6
L)) =(A*pl**2xq(6) *q{2) *q(6) ) +12*pl**3%q(6) **2*q (1) *q(6) +12*pl**3*q(1) *q(6
. )HBRpLRRDRG(6) k¥ 2k (4) *¥*2+ek*(4) ¥*24+8*plr*2xq(4) *¥*2+2*plrek*q (1) *q(4) +8
. Xpl¥kg*q(6) **2kq(3) ¥ %24 Thkpli*2kekkq(3) **2+24*pl**4*q(3) **2~ (14 *pl*ek*q(2)
. *q(3)) +4*plr*3*q(2) *q(3) - (LOXpl¥**2*q(6) **2*q(2) **2) +T*ek*q(2) **2-(22*pl
. KRR QG(2) **2) - (G*PLIXARG(6) *¥2%q (1) ¥ *2) +pl¥*2*ek*q (1) **2- (E*plHrrq*q (1) **
2))/6.0+ek**2%el* (T1+4*plr*6*xq (1) **2) /3.0
bng(S 7)=TO+ek**3*re* (24 *pl**2*q(6) ¥*2xq(T) **2+9%ek*q(7) **2+72*pl**
. 2%q(7) **2464%pLXx2xq(6) **2*q(5) *q(7) +18*%ek*q(5) *q(7) +96*pl**2*q(5) *q(7
. )=(48*plr*3xq(2) *q (7)) +8*pl¥*4xq(6) **2¥q(6) ¥*24+3*plr*2*ek*q(6) **2+24*pl
. RR4RG(6) ¥*2+16*pLARLXG(6) *X2Xq(4) *q(6) +6*plr*2¥xek*q(4) *q(6) +32*pl¥*q*q(
. A)*q(6) = (16*pl**5kg(1) *q(6) ) +24*plr*2xg(6) *¥*2*q(5) **249%ek*q(5) ¥*2+24*
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. PLAR2Rq(5) ¥42- (48*PpLA*3*q(2) *q(5) ) +8*PLATARG(6) ¥*2%q (4) ¥*2+30p]¥*2kqkq (
. A)AR248RpLARgRq(4) ¥*2-(16*pLa*5*q (1) *q(4)))/6.0~(1.0/6.0%ek*fa*(
. 4%plrq(6) *q(3) *q(6) - (4*q(6) *q(2) *q(6) ) - (q(6) ¥*¥2%q(4) *+2) -q(4) **2- (2*p1*q(6)
. *42%q(1) *q(4)) - (2*pl*q(1) *q(4) ) - (5*¥pl**2+q(6) ¥*2¥q(3) **2) - (S*pl¥*2%q(3
. )*%2) +10%*pl*q(6) **2%q(2) *q(3) +10%pl*q(2) *q(3) - (5*q(6) *¥*x2%q(2) ¥*2) - (S*q(
. 2)%%2) - (pl**2% (q(6) **2+1) *q (1) **2)))
TO=2*pl**dhek *4¥ta* ( (q(7)+q(5)) ¥*2+3*p1**2% (q(6) +q(4) ) ¥*2) +pla#2+
. he*(12%ek*q(6) **2%q(7) ¥*2+8%ek*q(7) **2412%pl**2*q (T) **2+472*plrek*q(6) *
q{6) *q(7) +4*ak*q(6) *¥2*q (5) *q(7) +4*ek*q(5) *q(7) +40*pl*ek*q(6) *q(4) *q(7) - (
. 16%plan2agk*q(6) ¥*2%q(3) *q(7)) - (52*pl**2*ek*q(3) *q(7) ) +24*plrek*q(6) **2*q(2
. ) *q(7) +40%plrek*q(2) *q(7) - (24*p1l¥*3*q(2) *q(7) ) - (8*plr+2*ak*q(6) *q (1) *q(7
. ))424%p1aN2%ek*q(6) ¥*2+3GXPLAN4*q(6) **2+168*ple*2*ek*q(4) *q(6) +120%pl e
. 3*ek*q(1)*q(6) - (12*pl**5%q(1) *q(6) ) - (20*pl**2*ek*q(3) *q(5) ) +16*plrek*q(
. 2)%q(5) +T*ek**2%q(4) ¥*2+100*pl**2*ek*q(4) **2+14*plrek**2*q(1) *q(4) +32*
. Pl¥*3%ek*q (1) *q(4) +pl**2%ak**2*q(3) **2+16*plrrqrekq(3) #*2- (2*plrek**2#q
2)*q(3) ) +ek**2%q(2) **2- (12*p1¥*2%ak*q(2) ¥*2) +12%plr*q*q(2) **24+T*pl**2*
. @k**2%q (1) **2- (44*plrxdrekrq (1) ¥*2) +36%pl¥*Grq(1l) **2) /6.0
TO=TO+pl**2%ek*ej* (B*ek¥q(6) **2*q(7) ¥*2+8%ak*q(7) ¥*2416%pl**2%q(T) **2
. +18*pl*ek*q(6) *q(6) *q(7) +6%ek*q(6) **2*q(5) ¥q(7) +8*plr*2xq(6) **2*q(5) *q(7) +8
. *ek*q(5)*q(7) +8%pl**2#q(5) *q(7) +12*pl*ek*q(6) *q(4) *q(7) - (4*pl**2*ek*q(6) **2
. *q(3)*q(7)) - (28*pl**2*ek*q(3) *q(7) ) +6*plrek*q(6) **2xq(2) *q(7) +20*pl*ek*q(
. 2)%q(7) - (24*p1**32q(2) *q(7) ) +24*Xpl**2*ek*q(6) **2+48*plA*4*q(6) **2+108
. *ple*2%ek*q(4) *q(6) +24*plr*4*q(4) *q(6) +60*pl**3Ixek*q (1) *q(6) ~ (T2*pl**5*
. q(1)*q(6))+ek*q(5) **2= (20%p1**2*ek*q(3) *q(5) ) +14*plrek*q(2) *q(5) - (8*pl
., **3%q(2) *q(5)) +T6XplA*2tek*q(4) **2+44*plr*3rek*q (1) *q(4) - (24*plr*S*q (1
. )RQ4) ) +4%p1AXLkek¥q(3) ¥¥2~ (I¥pLA*2*ek*q(2) ¥*2) +BRPLAKGXq (2) X*2~ (SXpL ¥ %
. A%ek*q(1)**2) +24*pl¥*6xq (1) **2) /3.0
"TO=TO0+2.0/3.0%plx*2%xek**2*el* (ak¥*q(6) ¥#2%q (7) **2+2*ek*q(7) ¥*2+16*pl*+
. 2%Q(7) **2+ek*q(6) **2%q(5) *q(7) +12*plr*2*q(6) **2%q (5) *q(7) +3*ak*q(5) *q(7)
. +16*p1A*2%q(5) *q(7) - (d*pl**2%ek*q(3) *q(7) ) +3*plrek*q(2) *q(7) ~ (16*plr*3*
. Q(2)*q(7)) +6*pl¥*2*ek*q(6) ¥*2+48¥pl**4xq(6) **2+21 *plr*2*ak*q(4) *q(6)+
. 48*pl**4*q(4) *q(6) +9*plr*3xak*q(1l) *q(6) - (48*pl**5xq (1) *q(6) ) +ek*q(5) **
. 242%p1rR2%q(5) *x2- (4¥plr*2¥ak*q(3) *q(5) ) +3*plrakrq(2) *q(5) - (12%pl**3*q(
. 2)*q(5)) +15*pl**2xek¥q(4) ¥*2+8*plr*q*q(4) **249*pl*xInek*q (1) *q(4) - (32*
. PLA*5xq(1)*q(4)) +2*pl*4*q(2) ¥*2+8*pLlr*Erq (1) **2)
TO=TO+pl*fe* (12*plaq(6) ¥*2¥q(7) **2+3%p1*q(7) **¥2+42*pl**2*q(6) *q(6) *q(7
. )+8*ak*q(6) *q(4) *q(7) +24*pl**2*q(6) *q(4) *q(7) - (B¥pl**3*q(6) **2xq(3) *q(7)) -
. (20%p1**3%q(3) *q(7) ) +14*plr*2%q(6) **2%q(2) *q(7) +14*p1¥*2%q(2) *q(7) +8*pl
. *ek*q{6) *q (1) *q(7) - (4*pl**3*q(6) *q(1) *q(T) ) +I*pLA*3I*q(6) **2+60*pl**3*q(4)
. *q(6)+42*p1**4%*q(1) *q(6) +10*plrek*q(4d) ¥*2+324pla*Iq (4) **24+20*pla*Ixek*
. Q1) *q(4) +4*p1**a*q (1) *q(4) +2*pL¥*3kek*q(3) **2+8*pLlA*5kq (3) *42— (4¥pl*
. 2*ek*q(2) *q(3) ) +4*pla*4*q(2) *q(3) +2¥plrek*q(2) **2— (IXplA*3Ikq(2) **2) +10
. *pl**3*ek*q(1)**2—(19*p1**5*q(1)**2))/6.0+de*(6*q(6)**2*q(7)**2+
. 12%p1*q(6) *q(4) *q(7) +12%p1l**2%q(6) *q(1) *q(7) +T*pl**2%q(4) **2+14*pla*3Ixq (1
. ) *Q(4) +plA*A*q(3) #*2- (2¥PLA*3*Q(2) *q(3) ) +PLA*2¥Q(2) ¥*2+THPIXAANG(1) **
2)/6.0
"bmn2 (6, 6) =TO+pl**2*ek**3*rek (Ikek*q(7) **2+32*plA*2%q(7) ¥*2+16*pl**2
. *q(B) **2*q(5) *q(7) +6*ek*q(5) *q(7) +48*plr*2xq(5) *q(7) - (16*pl**3xq(2) *q
. 7)) +9*pla*2%ek*q(6) ¥*¥2+96*plr*4*q(6) **2+18%plr*2*ak*q(4) *q(6) +144*plr*rd
. *q(4)*q(6) - (48*p1**5xq(1) *q(6) ) +3*ek*q(5) **2+16*pl**2*q(5) **2~ (16*pl
. *X3Rq(2) *q(5) ) +9*plr*2xek*q(4) *¥2+48¥pLlr*q*q(4) ¥*2~ (48*plA*5kq (1) *q(4
)))/6.0
"T0=6*ek*q(6) **3*q(7) **2+18*ek*q(6) *q(7) **2+12*pl*ek*q(6) **2*q(6) *q(7) +8*plrek*
. q(6)*q(7)+12*pl**x3*q(6) *q(7) +12*ek*q(6) ¥**3*q(5) *q(7) +12*ek*q(6) *q(5) *q(7
. )+20*plrek*q(6) **2*q(4) *q(7) +28*pl*ek*q(4) *q(7) - (8*pl**2*ek*q(6) *q(3) *q(7) )
. =(4*plrek*q(6) *q(2) *q(7) ) +8*pl**2*ek*q(6) **2*xq (1) *q(7) +20*pl**2*ek*q(1) *q (7
. )= (12%pl**4*q(1) *q(7) ) +18*pl**2%ek*q(6) *q(6) **2+2%pl*ek*q(6) **2*q(5) *q(6) +
. 2#*pl*ek*q(5) *q(6) +20*pl**2%ek*q(6) *q(4) *q(6) - (8*pl**3*ek*q(6) **2%q (3) *q(6) )
. =(26*pl**3%ek*q(3) *q(6)) +12*pl**2*ek*q(6) **2*q(2) *q(6) +20*pl**2*ek*q(2) *q
(6) = (12*p1**4*q(2) *q(6) ) - (4*pl**3*ek*q(6) *q(1) *q(6) ) +8*plrek*q(6) **2*q(4) *
q(5) +8*plrek*q(4) *q(5) - (4*pl**2%ek*q(6) *q(3) *q(5) ) - (2*pl*ek*q(6) *q(2) *q(5))
+6*pLA*2%ek*q(6) **2*q (1) *q(5) +6*plr*2xek*q (1) *q(5) +4*plr*2*ek*q(6) *q(4) **2-
(4*plr*3xek*q(6) **2%q(3) *q(4) ) - (3*plrek**2*q(3) *q(4)) - (24*pl¥*3*ek*q(3) *q
(4) ) +10*pl**2*ek*q (6) ¥*2*q(2) *q(4)
" T1=18%plrq(6) **3xq(7) ¥*¥2+421*plrq (6) *q(7) **2+24*pL** 2% (6) *¥2*q(6) *q(7) +6*pl
. KA2Xq(6) *q(T) +24*p1r*2*q(6) **2*q(4) *q(7) +20*pl**2xq(4) *q(7) ~ (8*pl*ek*q(6)
. *qU3) *q(7)) - (24*p1**3*q(6) *q(3) *q(T) ) +12*p1**2*q () **3*q (2) *q(7) +8*ek*q(6)
. *q(2) *q(7) ~(4%p1**2+q(6) *q(2) *q (7)) +12*pl¥*x3xq(6) **2xq(1) *q(7) +14*pler3*
. Q1) *q(7)+21*p1**3*q(6) *q(6) **2+8*pLlrek*q(6) *q (4) *q(6) +24*pl**3*q(6) *q(4) *q
. (6)~(8¥pl**4*q(6) **2%q(3) *q(6) ) - (20*pl**4*q(3) *q(6) ) +14*pL**I*q (6) **2%q (
. 2)*q(6) +14*p1¥*3%q(2) *q(6) +8*p1**2%ek*q(6) *q(1) *q(6) - (4*pl**4*q(6) *q(1) *q
. (6))-(4*pLl*ek*q(6) *q(3) *q(5) ) +4*ek*q(6) *q(2) *q(5) +4*pl*ek*q(6) *q(4) **2- (4*pl
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. ®k2kgk#q(6) **2%q(3) *q(4) ) - (8*plrr2*ek*q(3) *q(4) ) - (24*plr*d2q(3) *q(4) ) +4
. *plrek*q(6) **2%q(2) *q(4) +12%pla*I*xq(6) **2%q(2) *q(4) +8*plrek*q(2) *q(4) +4*pl
. *RIxG(2) *q(4) +4*pLA*2kgk*q(6) *q(1) *q(4) - (12*pl**4*q(6) *q(1) *q(4) ) +12*pl*+
. 4%q(6) *q(2) *q(3) - (4*pl**3*ek*q(6) **2*q(1) *q(3))
T2-9*ck*q(6)*q(7)**2+16*p1*ok*q(6)**2*q(6)*q(7)+16*p1'0k*q(6)*q(7)+32*p1**3*
. q{6) *q(7)+12%ek*q(6) *q(5) *q(7) +22*pl*ek*q(6) **2*q(4) *q(7) +36*pl*ek*q(4) *q(
. T)+8*plra3ng(4) *q(7) +6*plan24gk*q(6) **2*q (1) *q(7) +20*plr*2*ek*q (1) *q(7) -
. (24*%plardrq(1)*q (7)) +9*plrr2xek*q(6) *q(6) **2+6*pl*ek*q(6) **2*q(5) *q(6) +8*pl
. **3*q(6)**2*q(5)*q(6)+a*p1*ok*q(5)*q(6)+8*p1**3*q(5)*q(6)+12*p1**2*ok*q(6)
. *q(4)*q(G)-(4*p1**3*ok*q(6)**2*q(3)*q(6))-(28*p1**3*.k*q(3)*q(6))+6*p1**
. 2%@k*q(6) **2*q(2) *q(6) +20*pl**2*xek*q(2) *q(6) - (24*pLl**4*q(2) *q(6) ) +3*ek*
. q{6)*q(5) ¥*2+13*plrak*q(6) **2%q(4) *q(5) +21*plrek*q(4) *q(5) +T*plr*2xek*q(6) *¥*2
. *q(l)*q(S)-(8*p1**4*q(6)**2*q(1)*q(5))+13*p1**2*ok*q(1)*q(5)-(aipl**d*q
. (1) *q(5) ) +3*plr*2%ak*q(6) *q(4) **2~ (4*plr*I*ek*q(6) **2*3(3) *q(4)) - (30*pl**3
. *ek*q(3)*q(4))+6*plrx2xek*q(6) **2*q(2) *q(4) +15%pl**2%ek*q(2) *q(4) - (B*pl**
. 4xq(2)*q(4))~(2*plr*4*ek*q (1) *q(3))
TO-pl*he*(T0+3*ok**2*q(2)*q(4)+4*pl**2*ok*q(2)*q(d) (2*pl**3xek2rq(6) *q
. (1) *%q(4) ) +4*plangxek*(6) **2*q (1) *q(3) - (3*plr*2*ek**2%xq(1) *q(3) ) +2*pl¥**4
. *ek*q (1) *q(3) - (2*plx*x3kak*rq(6) ¥*2*q(1) *q(2) ) +3*plrek**2*q (1) *q(2) - (16*pl
. *k3%ek*q(l) *q(2))+12%plr*Skxq (1) *q(2))/3.0+fe* (T1+8*pl**x5%q(6) **2*q
. {1)*q(3) = (8*pl**3%ek*q (1) *q(3) ) - (4*pl**S5*xq (1) *q(3) ) - (5*p1l**3*q(6) *q(2)
. *k2) $+4*plRk2kek*q(6) X *2kq (1) *q(2) - (2¥pL¥*4*q(6) **2¥%q (1) *q(2) ) +8*pl**2%ek*q
(1) *q(2) = (10*plr*gxq (1) *q(2) ) - (S*pl**5*q(6) *q(1) **2)) /6.0+pl*ek*ej*
. (T2-(5*pl**3%xek*q(1) *q(2)) +16*pl**5*q(1) *q(2)) /3.0
TO=T0+2.0/3.0*pl¥*2kgk¥*2*gl* (2*ak*q(6) ¥**2*q(6) *q(7) +4*ek*q(6) *q(7) +
. 32%plxx2xq(6) *q(7) +2%ek*q(6) ¥*2*q(4) *q(7) +T*ek*q(4) *q(7) +16*plr*2*q(4) *
. q(7)+3*plrek*q (1) *q(7) - (16*pl**3*g(1) *q (7)) +ek*q(6) **2*q(5) *q(6) +12*pl**
. 2%q(6) **2xq(5) *q(6) +3xek*q(5) *q(6) +16*pl**2%q(5) *q(6) - (4*pL**2xek*q(3) *
. q(6))+3*pl*ek*q(2) *q(6) - (16*pl**3*q(2) *q(6) ) +ek*q(6) ¥*2*q(4) *q(5) +6*pl**
. 2%q(6) **2*q(4) *q(5) +6*ek*q(4) *q(5) +6*plr*2xq(4) *q(5) - (6*pl**I*q(6) **2*q(
. 1) *q(5) ) +3*pl*ek*q (1) *q(5) - (10*pl**3*q(1) *q(5) ) - (4*pl**2*ek*q(3) *q(4))
+3%plrek*q(2) *q(4) - (10*pl**3*q(2) *q(4)) +6*plr*4*q(1) *q(2))
"bmn2 (6, 7)=TO0+de* (12*q(6) **2*q(6) *q(7) ~{12*pl*q(6) **3I*q(3) *q (7)) ~(
. 12*pl*q(6) *q(3) *q(7) ) +12*q(6) **3I*q(2) *q(7) +12*q(6) *q(2) *q(7) +12*pl*q(6) *q (4
. ) *q(6) +12*pl¥*2*xq(6) *q (1) *q(6) +T*pl*q(6) *q(4) **2- (6*pl**x2*q(6) **2*q(3) *q (4
. ))=(6*pla*x2*xq(3) *q(4) ) +6*plrq(6) **2*q(2) *q(4) +6*pl*q(2) *q(4) +8*pl**2*q(6)
. *q(l) *q(4) +T*pl**3*q(6) *q(3) ¥ %2~ (8*pl¥*2*xq(6) *q(2) *q(3) ) = (6*pl**3xq(6) **2*
. q(1)*q(3)) = (6*plr*3xq(1) *q(3) ) +pl*q(6) *q(2) ¥*2+6*pl**2*q(6) **2*q(1) *q(2)
. +6*PLER2¥q (1) ¥q(2) +plh*3*q(6) *q{1) **2) /6.0+pl¥*2%ek**3*re* (I*ek*q(6)
. *kq(T)+32*plr*2%q(6) *q(7) +3*ek*q(4) *q(7) +24*pl**2*q(4) *q(7) - (8*pl**3*q
(1) *q(7) ) +8*plr*2kq(6) **2%g(5) *q(6) +3*ek*q(5) *q(6) +24*pl**2*q(5) *q(6) -
(8*pl*x*3%q(2) *q(6) ) +8*pLA*2*q(6) **2%q(4) *q(5) +3*ek*q(4) *q(5) +16*pl**2*q
. (4) *q(5) - (B*plr*3xg (1) *q(5)) - (B8*pl**3*q(2) *q(4)))/3.0+4*pl**d*ek**4*te
. *(q(6)+q(4) ) *(q(7) +q(5))
“r0= 48%ak*q(6) **4*xq(T) **2+T2%ek*q(6) **2*q(7) ¥*2+24%ek*q(7) **¥2+36*pl**2*q(7T)
. *%2424%plrek*q(6) **3*q(6) *q(7)+T2*pl*ek*q(6) *q(6) *q(7) +24*ek*q(6) **4*q(5) *q(
. T)+36%ek*q(6) **2*q(5) *q(T) +12%ek*q(5) *q(7) - (144*pl**2*ek*q(6) **2*q(3) *q(7
. ))=(156*pl**2*ek*q(3) *q(7) ) +24*pl*ek*q(6) **4*q(2) *q(7) +120*pl*ek*q(6) **2*q(
. 2)*q(7)+120*plrek*q(2) *q(7) - (T2*pl**3xq(2) *q(7) ) +12*pl**2*ek*q(6) **2*q(6
. ) X*248RplAk2kakhq(6) **2+12*plakdkq(6) **2+24*plrek*q(6) **3*q(5) *q(6) +24*pl
. *ak*q(6) *q(5) *q(6) +40*pl**2*ek*q(6) **2*q(4) *q(6) +56*pl**2*ek*q(d) *q(6) - (16
. *plx*3xak*q(6) *q(3) *q(6)) - (8*plr*2*ek*q(6) *q(2) *q(6) ) +16*pl**3*ak*q(6) **2*q(1
. ) *q(6) +40*pl**3kek*q{l) *q(6) - (24*pl**5xq (1) *q(6) ) - (16*pl**2*ek*q(6) **4*q
. (3)*q(5))-(64*plr*2xek*q(6) **2%q(3) *q(5) )~ (52*plx*2*xek*q(3) *q(5) ) +24*pl*
. ek*q(6) ¥*4*q(2) *q(5) +56*plrek*q(6) **2*q(2) *q(5) +40*pl*ek*q(2) *q(5) +16*pl**2
*akkq(6) **x2*q(4) **24ek**2*q(4) ¥*2
Tl-la*ek*q(G)**4*q(7)**2+48*ek*q(6)**2*q(7)**2+24*ek*q(7)**2+48*p1**2*q(7)
. *%2418*pl*ek*q(6) *q(6) *q(7) +18%ek*q(6) **4*q(5) *q(7) +48*ek*q(6) **2*q(5) *q(7)
. +24%plrA2%q(6) **2*q(5) *q(7) +24%ek*q(5) *q(7) +24*pl**2*q(5) *q(7) - (48*pl**
. 2%ak*q(6) **2*q(3) *q (7)) - (84*plr*2*ek*q(3) *q(7) ) +36*plrek*q(€) **2*q(2) *q(7)
. +60*plrek*q(2) *q(7) - (72*pl**3*q(2) *q(7) ) +8*pl**2¥ek*q(6) ¥**2*q(6) **2+8%pl
. *k2kek*q(6) **2+16*pl**q*g(6) **2+12*plrek*q(6) *q(5) *q(6) +22*pl*x*2*xek*q(6) **2
. *q(4) *q(6) +36*pli*x2kak*q(4) *q(6) +8*pl¥*4*q(4) *q(6) +6*p1**3*xek*q(6) **2*q(
1) *q(6) +20*plx*3xek*q (1) *q(6) - (24*p1**Sxq (1) *q(6) ) +3*ek*q(6) ¥*4*q(5) **2
. +8*ek*q(6) **2*q(5) **2+4*ek*q(5) **2- (40*pl**2%ek*q(6) **2*q(3) *q(5) ) - (56*pl
. *%2%xak*q(3) *q(5) ) +32*plrek*q(6) **2*q(2) *q(5) - (16*pl**3I*q(6) **2*q(2) *q(5))
. +40*pl*ek*q(2) *q(5) - (24*pl**3*xq(2) *q(5) ) +14*pl**2*ek*q(6) ¥*2*q(4) **2+25*
. Plr*2%gk*q(4)**2
T0=2*p1**2*ek**4*te*(3*(q(7)+q(5))**2+p1**2*(q(6)+q(4))**2)+he
. *(T0+36*pl**2%ak*q(4) **2- (8*plr*3*ek*q(6) **2*q (1) *q(4) ) +2*pl*ek**2*q (1) *
. q(4)+16*plr*3kakxq (1) *q(4)+T*plr*2kek**2*q(3) ¥*2448*plr*d*ek*q(3) **2+16
. *plik3xek*q(6) **2*q(2) *q(3) - (14*plrek**2xq(2) *q(3)) +8*pl**3xek*q(2) *q(3) -
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. BRARQ(2) WH2- (12%plikitektq(6) KA (1) ¥42) +plaw2aqki w2 ug(l) ¥42- (124plrags
. OREQ(L)*N2) +12%pla*6Rq (1) %*2) /6.0+ak*e]* (TL+63plr*3tgkiq(6) **2%q(1)*

. q(4)+14%plr*3Irgk*q (1) *q(4) ~(8*pLl**52q (1) *q(4) ) +16*plrvgrakrq(3) **2- (4%

. Pl¥a3kgk*q(2) *q(3)) - (B¥plax2xgk*q(2) *#2) +24*planf*q(2) ¥*2- (J*planftek*q(
. 1) *%2) +8%plakGrq(l) **2) /3.0

. +36%pLaq(6) **4%q(2) *q(T) +78*pl*q(6) **2*q(2) *q(7) +42%plaq(2) *q(7) +12*ple=2
. KQ(6) XA2RG(6) *¥2+INPLAN2Kq(6) ¥¥2+24*PLAR2KG(6) *A2%q (4) *q(6) +20*pl¥*2%q (4
. )*q{6) - (8*pl¥ek*q(6) *q(3) *q(6) ) - (24¥p1**3*q(6) *q(3) *q(6) ) +12%pla*24q(6) ** 231
. q(2)*q(6) +8¥ek*q(6) *q(2) *q(6) ~ (4*pL**2%q(6) *q(2) *q(6) ) +124p1**Ixq(6) ¥*2xq(
. 1)%q(6)+14*pla*3*q(1) Xq(6) +2%ek*q(6) **2*q(4) ¥*2+2*ak*q(4) ¥*2+8*plH*2%q(

. 4)**24+4%plrek*q(6) **2¥q (1) *q(4) - (24*pLla*3xq(6) **2%q(1) *q(4) ) +4*plrek*q(1)*

: +32%plaxg*q(3) **2-(20*plrek*q(6) **2*q(2) *q(3) ) +16*plr*3*q(6) ¥*22q(2) *q(3)
. —(20*pleek*q(2) *q(3) )~ (4*pl**3*q(2) *q(3) ) +6XpLla*2*q(6) **4*q(2) **2+10%ek*

. ) RR2) $2hp1 RN Ik@krg(6) ¥ *2Xq (1) ¥*2~ (LB¥PLARGRG(6) ¥A2X (1) **2) +2*plr*2%ek*q(]
. )RR2-(9hplANYRg (1) *%2)) /6.0

. 48*pl**2+q(5) *q(7) - (12*pla*2*ek*q(3) *q(7) ) +9*plrak*q(2) *q(7) - (48rpla*32

. q(2)*q(7) ) +pl**2%ek*q(6) *¥2*q(6) ¥*2+2*pl**2*ek*(6) **2+16%plrrd*q(6) **2+
. 2xpla*2xak*q(6) ¥*2%q(4) *q(6) +1*pl**2%ek*q(4) *q(6) +16%p1r*4*q(4) *q(6) +3*pl
. *x3kekrq (1) *q(6) - (16*pl**Shq(1) *q(6) ) +6*pLlA*2Xq(6) **4*q(5) **2+3%ek*q(6) **
. 2%q(5) ¥*2412%pl¥*2%q(6) **2%q(5) ¥¥2+3%ak*q(5) **¥2+8rplar2xq(5) **2~ (12%pl

. **x2%ekkq(3) *q(5) )~ (12*plA*3*q(6) **22q(2) *q(5)) +9*pl*ek*q(2) *q(5) - {32*pl

. *x3I%q(2) *q(5) ) +p1¥*2%ek*q(6) *¥2*q(4) X*2+5*plA*2kek*q(4) ¥*2+2*plr*4*q(4)

., *k243*pla*3tek*q(l) *q(4) - (12*pl**S*q(1) *q(4) ) $B*plr*drg(2) ¥*242%*pl**E*

. 2%q(5) *q(7)+18*%ek*q(5) *q(7) +144*pl**2*q(5) *q(7) - (48*pl**3*q(2) *q(7))

. *q(6)=(16*pl**5%q (1) *q(6) ) +32*pl**2%xq(6) ¥*2*q(5) **2+9%ek*q(5) **2+48*pl
. KR2XG(S) k*2— (48*pl¥*3*g(2) *q(5) ) +3*pli*2¥ek*q(4) **2+16*plr*d*qg(4) *¥*2~

. )*q(6))~(12*pl*q(6) *q(3) *q(6) ) +12*q(6) **3*q(2) *q(6) +12*q(6) *q(2) *q(6) +2*

. QUB) **2xq(4) ¥*2+q(4) **¥24+4%p1*q(6) **2*q(1) *q(4) +2*pl*q (1) *q(4) +6*pl¥*2%q(6)
. *E4RQ(3) *R2414XPLAN2HG(6) *¥2Xq (3) ¥X2+THAPLRR2*(3) ¥*2- (12%plrq (6) **4*q(2)

. *q(3))~(28*pl*q(6) **2*q(2) *q(3) ) - (14*pl*q(2) *q(3) ) +6*q(6) **4*q(2) **2+14

. XQ(6) XX2KG(2) XRA24THQ(2) **24pLAR2* (2% q(6) ¥*241) *q (1) **/) /6.0

(20%plas2%ek*q(6) **2%q(2) ¥%2) + Trak**2%q(2) **2~ (447pl¥12%ekeq(2) #*2) +36%pl

T2=36%q(6) **4*q(7) **2+36¥%q(6) **2*q(7) **2+9%q(7) **2436*pl*q(6) **I*q(6) *q(7
. 1+42%pl*q(6) *q(6) *q(7) - (96*pl**2%q(6) **2*q(3) *q(T) ) - (60*pl**2+q(3) *q(7))

q(4) = (4*pl**x3*q (1) *q(4) ) +10*plr*2*gk*q(6) **2%q(3) ¥*#24+10*pLl**2%gk*q(3) **2

. q(6) ¥*2xg(2) **2
TO-T0+fo*(T2 (22*pl**2%q(6) **2*q(2) **2) +10%ek*q(2) **2-(19*pl**22q(2

TO=T0+2.0/3.0%ek**2%@l* (6*ak*q(6) **2*q(7) **2+6%ek*q(7) **2+48*pl**2¥*q
(TY**249%kak*(6) **X2xq(5) *q(T) +36*plak2kq(6) **2*q(5) *q(7) +9*ek*q(5) *q(7) +

. q{l)**2)
bmn2(7 7)=T0+ek**3*re* (9*xek*q(7) **2+96*pl*¥*2*q(7) **2448*plr*2*q(6) *¥*

+3%p1A%2*ek*q(6) **2+32*pl**4*q (6) ¥*2+6*plr*2*ek*q(4) *q(6) +48*plr*4*q(4)

(16*pL**5kq(1)*q(4)))/6.0+de* (6*q(6) **2*q(6) **2- (12*pl*q(6) **3I*q(3

do 100 1ii=1,7

do 100 jj=ii,7
bmn2(jj,ii)=bmn2(ii, jJ)
return

end

subroutine sbeamk (bmk, ekl)

implicit double precision (a-h,o0-z)
common/elas/ae,de,fe, he,ej,el, re, te,as, ds, s
dimension bmk(7,7)

do 10 ii=1,7

do 10 jj=1,7

bmk(j3j, ii)=0.0d0

bmk (2, 2)=ae

bmk (5, 5) =he*ekl1**2

bmk (5, 7)=he*ekl**2+fe*ekl

bmk (7, 7)=he*ekl**2{+fe*2*ekl+de

bmk (4,4)=9*fs*ekl**2+6*ds*ekl+as
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bmk (4, 6)=9%fs*ekl**2+6*da*ekl tas
bmk (6, 6)=9*fatekl**2+6*ds*ekltas

do 100 ii=1,7

do 100 ji=i4i,7

bmk (33, i1)=bmk (i1, 3J)
return

end

subroutine sbanl (q,bmnl, ek)

Note that k1 appears as ‘'ek' in this subroutine

The equations in this subroutine were generated by MACSYMA.
implicit double precision (a~h,o-3)

common/elas/ae,ds, fe,he,ej,el,re,te,as,ds, fs
dimension bmnl(7,7),q(7)

bmnl (2,2)=3*q(2) *ae

banl (2, 4)=ae*q(4)

bmnl (2, 5)=3%ek**2%he* (q(7) +q(5) ) +tek* (2*q(6) **2+3) *fe*q(7)

banl (2, 7) =ek* (2% (6) **243) *fe* (2*q(7) +q(5) ) +3%ek**2%he* (q(7) +q
(5)) +(4*q(6) **2+3) *de*q(7)

beanl (4, 4) =q(2) *ae

bmnl (5, 5)=3%ek**2%q(2) *he

bmnl (5, 6) =ek*q(6) *"fe*q(7)

bmnl (5, 7)=ek*fe* (q(6) *q(6) +2*q(6) **2*q(2) +3*q(2) )+3*ok**2*q(2)‘ho

bmnl (6, 7) =ek*q(6) *fe* (2%q(7) +q(5) ) +2*q(6) *de*q(7)

bmnl (7, 7)=de* (2*q(6) *q(6) +4*q(6) **2*q(2) +3*q(2) ) +2*ek*fe* (q(6) *q

. (6)+42%q(6) **2*q(2) +3*q(2) ) +3*ek**2%q(2) *he

do 100 ii=1,7

do 100 33=1ii,7
bmnl({jj, ii)=bmnl (i1, }J)
return

end

subroutine sbmn2(q,bmn2, ek)

note that k1l appears as ‘'ek' in this subroutine

the equations in this subroutine were generated by macsyma.
implicit double precision (a-h,o-x)

common/elas/ae,ds, fe,he,e]j,el, re, te,as,ds, fs

dimension ben2(7,7),q(7)

bmn2(2,2)=7.0/6.0%ek**2*he* (q(7) +q(5) ) **2+(6*q(6) **4+14*q(6) **2+7) *

. de*q(7)**2/6.0+5.0/3.0%ek* (q(6) **2+1) *fe*q(7) * (q(7)+q(5)) +ae
. *{q(4)**243%q(2)**2) /2.0

bmn2 (2, 4)=q(2) *Yae*q(4)
bmn2(2,5)=7.0/3.0%ek**2*q(2) *he* (q(7) +q(5) ) +tek*fe* (2*q(6) *q(6)

. +5*q(6) **2*q(2)+5*q(2)) *q(7)/3.0

bmn2 (2, 6)=q(6) * (q(6) **2+1) *de*q(7) **2+2.0/3.0*ek*q(6) *fe*q(7) * (q

. (7)+q(5))

bmn2 (2, 7) =ek*£fe* (2*q(€) *q(6) +5*q(6) **2*q(2) +5*q(2) ) * (2*q(7) +q(5) )}/

. 3.047.0/3.0%ek**2%q(2) *he* (q(7) +q(5) ) +de* (6*q(6) **3*q(6) +6*
. q(6)*q(6)+6*q{6) **4*xq(2) +14*q(6) ¥**2*q(2)+7*q(2))*q(7) /3.0

bmn2 (4, 4) =ek**2*he* (q(7) +q(5)) **2/6.0+(2*q(6) **2+1) *de*q(7)

. *%2/6.0+ek*(q{6) **2+1) *farq(7) *(q(7)+q(5))/3.0+ae* (Ixq(4) **2
. +q(2)**2)/2.0

bmn2 (4, 5) =ek**2*he*q(4) * (q(7)+q(5) ) /3.0+(ek*q(6) **2+ek) *fe*q(4)

. *q(7) /3.0
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ban2 (4, T)=ek* (q(6) **22+1) *Lorq(4) * (20q(7) +q(5) ) /3. 0+ak*220hetq(

< () +q(5)) /3. 0+ (2%q(6) **2+1) *de*q(4) 2q(7) /3.0

ban2 (5, 5)=3.0/2.0%ek**4*xe® (q(7) +q(5) ) **2+ak¥22¢ (q(6) *#242) * (3rq(6)

. ¥¥242) 2@ *q(7) **2/3.0+2%ek**3* (q(6) **2+1) *el*q(T) * (q(T) +q(5)

+ ) ekt a20het (q(4) *¥24T72q(2) *%2) /6.0

bun2 (3, 6)=2.0/3.0%ek*q(6) *q(2) *fe*q(7)

ban2 (5, 7) mek*he* (6* (q(6) **2+41) * (25q(6) **2+1) *q(7) **24ek* (q(4) **24T2q

(2)*%2))/6.0+ek**2% (q(6) ¥*242) * (3*q(6) +2242) %o *q(T) 2 (I2q(T) +2*q(S

« 1)/3.04ek**3% (q(6) **2+1) *adl* (q(7)+q(5) ) *(3*q(7)+q(5))+3.0/2.0%ek

. Thdtret (q(7) +q(5) ) **2+ek*Lat (4*q(6) *q(2) *q(6) +q(6) **2xqg (4) 2*2+

o qUA)**245% (q(6) **2+1) 2q(2) **2) /6.0

bmn2 (6, 6)=q(6) **2*de*q(7) **2
bmn2(6,7)=2.0/3.0%ek*q(6) *q(2) *fa* (2*q(7) +q(5) ) +2*q(6) *de* (q(6) *

. q(6) +q(6) **27q(2) +q(2) ) *q(T)

ban2 (7, 7) =fa* (9% (2*q(6) ¥*2+41) ¥ %22 (7) **2+42%ek* (4*q(6) *q(2) *q(6) +q(6)
. RR2RG(4) X *24q(4) *R245% (Q(6) **241) *q(2) *%2) ) /6.0+ak*¥2% (q(6) ¥*242) * (3
. qU6)**242) kg ¥ (62q(7) **2+6*q(5) *q(7) +q(5) **2) /3.0+ek*he* (12*

(q(6) **2+41) * (2%q(6) **2+1) *q(T7) * (2*q(7) +q(5) ) +ak* (q(4) ¥*24Txq(2) **2) )/
. 6.0+2%gk**I¥ (q(6) **241) *el* (q(7)+q(5) ) * (2%q(7)+q(5) ) +3.0/2.0%ak**
« d*re* (q(7)+q(5)) **2+de* (6% q(6) **2%q(6) **2+12*q(6) **32q(2) *q(

- 6)+12%q(6) *q(2) *q(6) +2*q(6) ¥*2*q (4) **2+q(4) **2+ (6%q(6) **4+14*q(6) **247) *q
. {2)*%2)/6.0

do 100 ii=1,7

do 100 j3i=ii,?

bmn2 (§3,1i)=bmn2 (i1, 33)
return

end
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