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Abstract

Well-designed experiments greatly improve test and evaluation. Efficient experiments
reduce the cost and time of running tests while improving the quality of the informa-
tion obtained. Orthogonal Arrays (OAs) and Hadamard matrices are used as designed
experiments to glean as much information as possible about a process with limited
resources. However, constructing OAs and Hadamard matrices in general is a very dif-
ficult problem. Finding Legendre pairs (LPs) results in the construction of Hadamard
matrices. This research studies the classification problem of OAs and the existence
problem of LPs. In doing so, it makes two contributions to the discipline. First,
it improves upon previous classification results of 2-symbol OAs of even-strength ¢
and t + 2 columns. Second, it presents previously unknown impossible values for the
dimension of the convex hull of all feasible points to the LP problem improving our

understanding of its feasible set.
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ORTHOGONAL ARRAYS AND LEGENDRE PAIRS

I. Introduction

1.1 Motivation

Test and evaluation is critical to the Department of Defense’s success of providing
the warfighter proven combat-ready systems that are essential in accomplishing the
mission. The Department of Operational Test and Evaluation, Air Force Operational
Test and Evaluation Center, United States Army Test and Evaluation Command,
and other U.S. armed services endorse the use of design of experiments in test and
evaluation to provide a rigorous and scientific approach to test and evaluation. In-
depth discussions on design of experiments in the U.S. Air Force test community may
be found in Johnson et al. [1], Hutto and Higdon [2], and Tucker et al. [3].

A designed experiment is a test carried out to determine the effect of factors, or
input variables, each of which has several different levels, or settings, on an output
response. A full factorial design is an experiment wherein all factor and all factor
levels are tested with the response, or output variable, measured. To reduce the cost
and time of running test, a more efficient experimental design is a fractional factorial
design [4, 5]. A fractional factorial design tests only a subset of runs of a full factorial
design, where a run is a prescribed level setting of each of the factors.

Orthogonal Arrays (OAs) and Hadamard matrices are used as designed experi-
ments to glean as much information as possible about a process with limited resources.
OAs are a subclass of fractional factorial designs. The least-square estimators for dif-

ferent effects in a designed experiment are uncorrelated, hence the name orthogonal



array. OAs used in factorial experiments can estimate the intercept parameter, all
components of main-effects, and all components of interactions bounded by a number
dependent on the parity of the strength of the orthogonal array [6, 7]. Hadamard
matrices are square matrices with entries of +1 or —1 wherein the rows are orthog-
onal. Hadamard matrices are ideal for conducting screening experiments in which
each factor has two levels [8]. Hadamard matrices have applications in signal anal-
ysis and synthesis, error corrections in transmission of digital communication, and
cryptography [9, 10, 11].

The utility of OAs and Hadamard matrices sets the problem to construct them
and enumerate the number of distinct constructions that exist for given parameters.
The construction and enumeration of OAs and Hadamard matrices will be called the
classification problem. The construction of OAs and Hadamard matrices is in general
a very difficult problem.

Classification of OAs has found success by their relation with codes, difference
schemes, Latin squares, and finite projective geometries [6, 12, 13]. Formulating the
problem in terms of an integer linear program wherein symmetries are exploited to
apply isomorphism pruning has proved successful [14].

Construction of Hadamard matrices has been carried out by Sylvester [15], wherein
the Kronecker product was used to inductively construct Hadamard matrices. Pa-
ley [16] constructed Hadamard matrices using Galois fields. Another approach to the
construction of Hadamard matrices is the construction of Legendre pairs. The exis-
tence of a Legendre pair (LP) of odd length ¢ implies the existence of a Hadamard
matrix of size 2¢ + 2 [17]. The recent construction of LPs has relied on computer
searches. Fletcheret al. [18] utilized the power spectral density (PSD) criterion,
which improved exhaustive searches of LPs of lengths ¢ = 3,5,...,45 and incom-

plete searches for ¢ = 47,49,51. Turner et al. [19] used é-modular compression and



discovered an LP of length ¢ = 77 and produced an exhaustive generation of LPs
of length ¢ = 55. Elementary number-theoretic arguments and techniques that im-
proved compression have lead to the discovery of LPs of lengths ¢ = 85,87 [20] and
lengths ¢ = 117,129,133 and 147 [21]. There are currently 10 open LP cases of length

less than 200 that have yet to be discovered or proven to not exist [20].

1.2 Research Contribution

This research studies the classification problem OAs and the existence problem of
LPs. In doing so, it makes two contributions to the discipline. First, it improves upon
previous classification results of 2-symbol OAs of even-strength ¢ and ¢ + 2 columns.
Second, it presents previously unknown impossible values for the dimension of the
convex hull of all feasible points to the LP problem improving our understanding of

its feasible set.

1.3 Organization of Dissertation

This dissertation is comprised of three chapters. Chapter II improves upon re-
sults of previous researchers in the classification of 2-symbol OAs of even-strength ¢
and ¢t + 2 columns. Chapter III provides bounds on the possible dimension of the
convex hull of feasible points to the LP problem improving our understanding of its
feasible set. Chapter II was submitted to Australasian Journal of Combinatorics and
received with only minor revisions. It was resubmitted with the revisions. Chapter
IIT will be submitted to Discrete Optimization with a few minor revisions. Chapter

IV summarizes the results found in each chapter and discusses future research.



II. Classification of 2-symbol orthogonal arrays of
even-strength ¢ and ¢ + 2 columns up to OD-equivalence

2.1 Introduction

Throughout the paper let [n] = {1,...,n}. We first define the concept of an
orthogonal array (OA). Let A > 1,5 > 2, k > 1,t > 1 be integers, and t € [k]. A As' x
k array D whose entries are symbols from {ly, ..., [} is an orthogonal array of strength
t and index A, denoted by OA(As, k, s,t), if each of the s* symbol combinations from
{li,...,ls}" appears A times in every As’ x ¢ subarray of D.

Each of the N!k!(s!)* operations that involve permuting rows, columns and the
symbols within each column of an s-symbol N x k array is called an isomorphism oper-
ation. Two arrays Dy and D5 are isomorphic if Dy can be obtained from D, by apply-
ing an isomorphism operation. Each isomorphism operation maps an OA(\s®, k, s, t)
to an OA(As', k, s, t).

Classification of OAs up to isomorphism in general is a challenging problem. Re-
cently, there has been a renewed interest in classifying OAs [22, 23, 24]. However,
these works make heavy use of computers. On the other hand, Yamamato et al. [25]
were the first to analytically classify all OA(N2%, k,2,¢) for k = t + 1,t + 2 up to
permutations of columns. Stufken and Tang [26] strengthened the results in [25]
by classifying all non-isomorphic OA(A2!,¢ + 2,2,¢) analytically. Their method of
classification used J-characteristics for 2-symbol arrays.

For an N x k array D = [d; - -+ dg| with symbols from {—1, 1}, Bulutoglu and

Ryan [22] defined the column operation R; on D by

R,Dz[dl@dl- o dis10d; d; dip1Od; - dk@di], (2.1.1)

and proved that each column operation R; maps an OA (A2, k, 2,t) to an OA (N2 k, 2,

4



t) if ¢ is even. Each transformation that involves a column operation R; and/or an
isomorphism operation is called an OD-equivalence operation [27]. Hence, for even t,
each OD-equivalence operation maps an OA(\2!)k,2,t) to an OA(N2!, k, 2, 1).

Two arrays Dy and Dy with symbols from {—1, 1} are OD-equivalent if Dy can be
obtained from D; by applying an OD-equivalence operation [22]. Clearly, if D; and
D, are isomorphic arrays, then Dy and D, are OD-equivalent. However, D; and Dy
may be OD-equivalent without being isomorphic [22].

A set of non-OD-equivalent OA(N,k,2,t) can be used to generate a set of all
non-isomorphic OA(N, k,2,t) [22]. In fact, Bulutoglu and Ryan [22] classified all
non-isomorphic OA(160, k,2,4) and OA(176, k,2,4) for k = 5,6,...,10 by first clas-
sifying each up to OD-equivalence. Also, it would not have been possible to obtain
the classification results up to isomorphism in Bulutoglu and Ryan [22] without first
classifying up to OD-equivalence. Furthermore, by applying OD-equivalence with the
methods in Geyer et al. [27] we have found 83 non-OD-equivalent OA(192,9, 2, 4) after
6 months of CPU time on a 2.1 GHz processor. However, this is not a complete clas-
sification of all non-OD-equivalent OA(192,9,2,4). The OA(192,9,2,4) is currently
the smallest OA(N,9,2,4) that has not been completely classified yet. Methods in
Geyer et al. [27] that make heavy use of OD-equivalence bring a partial classification
of non-OD-equivalent OA(192,9, 2,4) within computational reach. Hence, classifying
all non-OD-equivalent OA(N, k, 2,t) is useful in solving the classification problem of
OA(N, k,2,t) up to isomorphism. In this paper, we improve the results of Stufken
and Tang [26] by analytically classifying all non-OD-equivalent OA(X2',t + 2,2, 1)
when the strength ¢ is even.

The paper is structured as follows. Section 2.2 defines .J-characteristics of 2-
symbol arrays, and describes how OD-equivalence operations act on J-characteristics

of such arrays. Section 2.3 presents the main result. Section 2.4 discusses future



research. In Section 2.5 we provide the Theorems and Lemmas from [26] that we use

in Section 2.3 to establish the main result of the paper.

2.2 J-characteristics and OD-equivalence

Throughout this section D will denote an N x k array with symbols from {—1, 1}.
For ¢ < [k], let

ry = [7’@1,---,7“1%],
where
-1 if jel,
Tej =
1 otherwise.

Given an array D, let x;, be the number of times r, appears as a row of D. The

frequency vector x of D is defined by
X = [xgaxlax%xl?ax&'"7:[;1.‘.]{]1— (221)

where x;, _;, is used for zy, ).

We now define the J-characteristics. Let D = [d;;] be an array. For ¢ < [k], let

Ju(D) = Y] ]dy

i=1 jet

(For ¢ = &, J,(D) := N.) The Jy(D) are called the J-characteristics of D. Let

Jir..i, (D) denote Jy, . ;.3(D), then the J-vector of D is defined by

.....

J = [Jz(D), i(D), Jo(D), J12(D), J5(D), ..., J;. x(D)]". (2.2.2)



We now establish the connection between the frequency vector and J-vector of an

array. A 2F full factorial array, with Yates ordering, is expressed by the 2¥ x k matrix

[T T T T T T T
F_[r@7r17r27r12’r37'"7r1...k] )

,,,,,

column of F. Then

F =[hy,... hy.

The Hadamard product of z and v is
zOV =z, .., znvn]T
for z,v e {—1,1}". For £ = {iy,...,i,} < [k], let
hy=h; ©---Oh;,.
Let

H = [h@7h1>h27h127h37'"7h1...k] 5 (223)

where h;, ;, is used for for hy, ;1. Then H is the 2F x 2k Sylvester Hadamard
matriz [28].

For ¢ < [k], we have

N

JT(D) =Y T]dii= > [ [rwea= D, )uzy = hix.

i=1 jet uc|k] jel uc[k]

This implies J = H'x. Since HH" = 2*I,, where Iy is the 2¢ x 2F identity matrix,

we have the following fundamental result.



Lemma 2.2.1. Let x,J, and H be as in equations (2.2.1), (2.2.2), and (2.2.3), then
x = 27FHJ.
By Lemma 2.2.1, the J-vector of an array uniquely determines its frequency vector.

The following lemma determines all OA (A2 k, 2, ) in terms of their J-characteristics.

Lemma 2.2.2 (Stufken and Tang [26]). An array D is an OA(N2",k,2,t) if and only
if Ji(D) =0 for all ¢ < [k] such that || € [t].

The following result is from Stufken and Tang [26] and its generalization in Bulu-

toglu and Kaziska [29].
Lemma 2.2.3. Let D be an OA(N2",k,2,t) with k >t + 2. Then the following hold.
(i) For any ( < [k], Ji(D) = 2" for some integer uy.
(i1) For any ¢ < [k] and index )\, we have uy = )\(Iflt—l) (mod 2).
For isomorphism operations we have the following lemma from Geyer et al. [27].
Lemma 2.2.4. Let ¢ < [k] be such that [¢| > 0. Let g be an isomorphism operation
and gD be the array obtained after g is applied to D. Then

Jg(gD) = ing(D),

where |U'| = |¢].

The operations R; act on the J-characteristics as follows, as shown in Geyer et

al. [27].



Lemma 2.2.5. Let ¢ < [k]| be such that |¢| > 0. Let R; be an OD-equivalence

operation as defined in equation (2.1.1), i € [k]. Then

]
Jy(D) if || is even and i ¢ ¢,

Jogy (D) if |4] is even and i € ¢,
Jg(RZD) = <

Joogy (D) if |€] is odd and i ¢ ¢,

LJg(D) if |¢] is odd and i € {.

Unlike isomorphism operations, the R; operations allow J-characteristics indexed
by ¢ to be mapped to J-characteristics indexed by ¢ with |¢| # |¢'|. The R; operations
are key to improving the results of Stufken and Tang [26]. Lemmas 2.2.4 and 2.2.5
from Geyer et al. [27] characterize the action of OD-equivalence operations on the

J-characteristics.

Lemma 2.2.6. Let ¢ < [k] be such that || > 0. Let g be an OD-equivalence operation

and gD be the array obtained after g is applied to D. Then
Ji(gD) = +Jy(D)
for some ' < [k], where

¥ || or [£]+1  if |£] is odd,

|| or €] —1 otherwise.

By using Lemma 2.2.6, Bulutoglu and Ryan [22] showed the following.

Theorem 2.2.7. Let Dy be an OA(N2',k,2,t) witht = 1. Then Dy is OD-equivalent
to D1 if and only if there exists an OD-equivalence operation g such that Dy = gDq

up to permutation of rows. Moreover, if Dy is OD-equivalent to Dy, then Do is an

9



OAN2, k,2,2[t/2]).

By Theorem 2.2.7, if D is an OA(A2%, k,2,t) with even ¢, then any array OD-

equivalent to D is an OA(A2', k,2,1).

2.3 Classification of even strength OA(\2',t+2,2,¢) up to OD-equivalence

Let D be an OA(A\2',¢ + 2,2,t). Since k = t + 2, by Lemma 2.2.2, we need to
consider only k 4+ 1 coordinates of the J-vector of D. Let ¢; = [k]\{k + 1 — j} for
j € k] and 1 = [k]. The following proposition was used to classify non-isomorphic

OA(N2',t + 2,2,t) for even t.

Proposition 2.3.1 (Stufken and Tang [26]). When k = t + 2 is even, every OD-
equivalence class of OA(N2',t + 2,2,t) contains a unique array D whose J-vector

satisfies either of the following conditions:

Joy (D) < - < Jy (D) < |y, (D), (2.3.1)

Jo(D) <--- < Jp_, (D) < —|Jp,(D)],  Jp,, (D) < —|Jg, (D). (2.3.2)

The following is our main lemma.

Lemma 2.3.2. When k =t + 2 is even, every OD-equivalence class of OA(N2,t +

2,2,t) contains a unique array D whose J-vector satisfies

Proof. Suppose that D is the array whose J-vector satisfies inequalities (2.3.2). We
show there exists a unique OD-equivalent array to D whose J-vector satisfies in-
equalities (2.3.1). Let R; be as defined in equation (2.1.1) and let D’ = R;D. By

Theorem 2.2.7, D" is an OA(A2', ¢ + 2,2, ) that is OD-equivalent to D. Furthermore,

10



by Lemma 2.2.5

J€k+1 (D,) = Jek (D)7 Jfk (D/) = Jfk+1 (D)7 and Jﬂj (D,) = J@j (D)

for j € [k — 1]. Then

Ju(D) <+ < Jpy (D) < =[Jpy (D)), (D) < [, (D).

Hence, we obtain an OD-equivalent array whose J-vector satisfies inequalities (2.3.1).
Then, by Proposition 2.3.1, any J-vector of an OA(N2, ¢ + 2,2, t) satisfying inequali-

ties (2.3.3) is unique and therefore the corresponding OA(X2',¢+2,2,t) is unique. [

Lemma 2.3.2 allows the classification of non-OD-equivalent OA (A2, k, 2, t) by find-
ing solutions in only one case, namely under inequalities (2.3.3), whereas the classifi-
cation of non-isomorphic OA(\2¢, k, 2, t) requires finding all solutions in two mutually
exclusive cases, namely under either inequalities (2.3.1) or inequalities (2.3.2). This
reduction in the number of cases that need to be searched significantly simplifies the
OA(N2%,t + 2,2,t) classification problem.

Suppose that D is an OA(A2, k, 2,t) whose J-vector satisfies inequalities (2.3.3).

By Lemma 2.2.3, J;,(D) = u;2", j € [k + 1]. Then

U < KU < —|uk+1|. (234)

Lemma 2.3.3. Suppose that k =1t + 2, t is even, and X\ is odd. Let

At ug+ -+ up = 4p, (2'3'5)

withp = 0, uj € 2Z+1 such that |uj| < A—2 for j € [k+1]. Then the following hold.

11



(i) Each solution (ui,...,ugs1,p) to equation (2.5.5) under inequalities (2.3.4) de-

termines an OA(X2',t +2,2,t) with J-vector given by J,, = 2'u; for j € [k +1].

(i1) A complete set of non-OD-equivalent OA(N2',t + 2,2,t) is given by collecting

the arrays obtained in (i) over all solutions to equation (2.5.5).

Proof. The proof follows from Lemma 2.3.2 and Theorem 1 in Stufken and Tang [26],

see Section 2.5. OJ

Lemma 2.3.4. Suppose that k =t + 2, t is even, and A = 2)\* is even. Let

N+ Uy + - Upypr = 2p’ (236)

with p = 0, u; € Z such that |uj| < X* for j € [k + 1]. Then the following hold.

(i) Each solution (uq,...,ugi1,p) to equation (2.3.6) under inequalities (2.3.4) de-
termines an OA(N2',t + 2,2,t) with J-vector given by J,, = 2""'u; for j €

[k +1].

(i1) A complete set of non-OD-equivalent OA(N2',t + 2,2,t) is given by collecting

the arrays obtained in (i) over all solutions to equation (2.5.6).

Proof. The proof follows from Lemma 2.3.2 and Theorem 2 in Stufken and Tang [26],

see Section 2.5. O

Let Z]a,b] and Ola,b] denote the set of integers and odd integers x such that

a < x < b, respectively.

Theorem 2.3.5. For even t, odd A\, and k =t + 2, if A\ < t — 1, then equation
(2.8.5) has no OA(N2%, k,2,t) solution under inequalities (2.3.4); if X =t + 1, then

equation (2.3.5) has at least one OA(AN2', k,2,t) solution under inequalities (2.3.4),

12



and the complete set S1 of non-OD-equivalent OA(N2', k,2,t) solutions is given by

At —1
Zlo, 22
pe _’ 4 :|7
A—4p A —A4p
O _
Ukl € I k_i_la k_1:|7
[ N —4p+
'LLkEO _%a _‘uk+1|]7
[ A —dp g ot
wje0 | -2 BT ““Huﬂd,jzk—Lk—z”wz
i J

up=—A—4Ap+ug + -+ Upp1).

Proof. The proof follows from Lemma 2.3.3 and Lemma 7 in Stufken and Tang [26],

see Section 2.5. O

Theorem 2.3.6. For even t, even A = 2\*, and k = t + 2, the complete set S
of non-OD-equivalent OA(N2', k,2,t) as solutions to equation (2.3.6) under inequali-

ties (2.8.4) is given by

A*
Z 10, —
pe _7 2]’
N 2p AF - 2p
71
URLE S T k—l]’
A —2p+
ug € 4 | — b Ukﬂa—fukﬂ\],
| k
A = 2D+ £+
'LL]'GZ — P u]+,1 Uk+1,Uj+1],j:k—l,k—z,...,2,
L J

u1=—(/\*—2p+uQ—|—---+uk+1).

Proof. The proof follows from Lemma 2.3.4 and Lemma 9 in Stufken and Tang [26],

see Section 2.5. O

For even t and s = 2, OD-equivalence reduces the solution set to S; for odd A,

and Sy for even A non-OD-equivalent OA(A2',¢ + 2,2,t). The sizes of S; and Sy are

13



smaller than the corresponding sizes obtained for non-isomorphic OA (2%, ¢ + 2,2, 1).

Theorems 2.3.5 and 2.3.6 were validated by comparing to the classification re-
sults obtained by the methods of Geyer et al. [27] for the following cases of OAs:
OA(4),4,2,2) for A € [51], OA(16),6,2,4) for A € [30], OA(64),8,2,6) for A € [30],
OA(256,10,2,8) for A = 1,3,5, and OA(1024),12,2,10) for A = 1,3. The numbers

of non-OD-equivalent classes generated by both were in agreement.

2.4 Conclusion

In this paper we used OD-equivalence operations, a larger set of operations than
isomorphism operations, to analytically classify all non-OD-equivalent OA (A2, ¢ +
2,2,t) when ¢ is even. Future research will involve classifying OA(A2',¢ + 3,2,¢) up
to OD-equivalence for even ¢t. We anticipate that classifying OA(A2%, ¢+ 3,2,t) up to

OD-equivalence for even t is more tangible than classifying up to isomorphism.

2.5 Addendum

Let

At ur + -+ uppr = 4p, (2.5.1)

where p is a non-negative integer and u; € 2Z + 1 are such that |u;| < A — 2 for

j=1,...,k+ 1. Furthermore, let

Uy < o- < up < —|uggal, (2.5.2)

ur < S upr < —lugl, uper < —fugl — 2. (2.5.3)

Theorem 1. Suppose thatt is even and X is odd. We then have that: (i) each solution
(ur,...,ugs1,p) to equation (2.5.1) under either (2.5.2) or (2.5.3) determines an

OA(N2',t + 2,2,t) with J-vector given by J,, = 2'u; for j = 1,...k + 1; (ii) the
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complete set of non-isomorphic OA(N2',t + 2,2,t)s is given by collecting the arrays

obtained in (i) over all the solutions to equation (2.5.1).

Let A = 2)\*, where \* is a non-negative integer. Let

N g+ Uy = 2p, (2.5.4)
where p is a non-negative integer and u; € Z are such that |u;| < \*forj =1,... k+1.
Furthermore, let

up < < U < < Juggal, (2.5.5)
up < < upn < —lwgl, wpe < —fugl - 1 (2.5.6)

Theorem 2. Suppose that t is even and X = 2)\* is also even. We then have that:
(i) each solution (uy, ..., urs1,p) to equation (2.5.4) under either (2.5.5) or (2.5.6)
determines an OA(N2,t+2,2,t) with J-vector given by J,, = 21w, forj =1,... k+
1; (i) the complete set of non-isomorphic OA(N2',t+2,2,t)s for even t and even \ is

given by collecting the arrays obtained in (i) over all the solutions to equation (2.5.4).

Lemma 7. For even t and odd \, if A <t — 1, then equation (2.5.1) has no solution

under inequalities (2.5.2). If X = t+1, then equation (2.5.1) has at least one solution
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under inequalities (2.5.2) and the complete set Sy of solutions is given by

A—t—1
710, ——
pe _7 4 :|’
A—4dp A —A4p
O _
et S k+1’k—1]’
[ AN —dp+up+ 1
UkeO - pk b 7_’uk+1‘:|a
ujeO__>\—4p+uj+1.+~-+uk+1
| J

u = —A—4dp+us+ -+ upy1).

Lemma 9. For even t, even A\ = 2)\*, the complete set Sy of solutions to (2.5.4)

under inequalities (2.5.5) is given by

A*
Z 10, —
pe _7 2:|7
N —2p A —2p
Z _
Uk+1 € i k‘+1’ ]{'—1:|’
[ \* —2p +
ur € 7 | — ‘2; uk+1,—luk+1|],
u]-EZ _)x*—2p+uj+.1+~--+uk+1
L J

up=—N"—=2p+ug+ -+ Upyq)-
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III. The dimension of the convex hull of feasible points for
the Legendre pair problem

3.1 Introduction

A well-known problem in combinatorics is finding Hadamard matrices. A Hadamard
matriz H is a n x n matrix of +1’s satisfying HH' = nlI,, where I, is the n x n
identity matrix. It is well known that for a Hadamard matrix of order n to exist, n
must be divisible by 4. It has been long conjectured (i.e., the Hadamard conjecture)
that, for each n divisible by 4, there exists a Hadamard matrix of order n.

A Hadamard matrix can be constructed by finding a solution to a system of
constraints for a pair of vectors. To define this system of constraints, let Z, =
{0,...,¢ — 1} denote the integers mod ¢. Let u,v € {—1,1}*. Then (u,v) is a

Legendre pair (LP) if 1Tu = 1"v and

Py(j)+ P,(j) = —2, VYjeZ,— {0}, (3.1.1)

where Py(j) = Xz, u(i)u(i — 7) is the periodic autocorrelation function of u. The
problem of finding solutions to the system of constraints (3.1.1) is known as the LP
problem.

Let Q% be the vector space of all functions from Z, to Q. A circulant shift of u €
Q7 by j € Zy, denoted by c;u, is a transformation such that c;u(i) = u(i —j),i € Z,.

The circulant matriz of u € Q%¢, denoted by C,, is a matrix such that (j + 1)th row
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of Cy is (¢ju)". If (u,v) is an LP, then

-1 -1 17 17
-1 1 1T —17
1 1 G Cu

1 -1 C] -C]

is a (20 + 2) x (2¢ 4+ 2) Hadamard matrix, where 1 is the vector of all 1s of length ¢
[17]. Hence, to construct a (2¢ + 2) x (2¢ + 2) Hadamard matrix for some odd ¢, it
suffices to find an LP of length ¢. It is conjectured that an LP of length ¢ exists for
each odd ¢, where this conjecture implies the Hadamard conjecture. It is shown in

Arasu et al. [17] that an LP (u,v) must satisfy
1Tu=1"v =+1.
In this paper, we choose an LP (u,v) to satisfy
1'u=1"v=-1 (3.1.2)

Let x be the semidirect product as defined in Rotman [30]. Then, the group
Zy x Z) acts on u € Q% by (j,k)u(i) = u((j, k)~1) for each (j, k) € Zy x Z, ,i € Zy.

The group (Z¢ x Z¢) x Z; acts on any pair (u,v) € Q% @ Q% by

((2,), k) (u,v) = ((, K)u, (4, k)v)

for each ((4,7),k)) € (Ze x Zy) x Z;. Two pairs (u,v), (0, V') are equivalent if they
are in the same orbit under the action of (Z, x Z;) xZ; . If (u,v) is an LP and (u’, V')

is equivalent to (u,v), then (u’,v’) is also an LP [17].
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For the group (Z¢ x Zy) x Z, and the constraints

Blu=c, Biv=c (3.1.3)

for some ci,co € R implied by the integrality of the constraints (3.1.1) of the LP

problem, the non-trivial constraints

((7,k)(B1) —B1)"u=0and ((i,k)(Bs) — B2)'v=0 (3.1.4)

for ((i,7),k) € (Z¢ x Zy) x Z; are valid for the feasible set of pairs (u,v) satisfy-
ing constraints (3.1.1). The valid equalities (3.1.4) based on (Z; x Z;) x Z, put
restrictions on the dimension of the convex hull of all feasible solutions to the set of
constraints (3.1.1). It is far from clear what these restrictions would be. By using
methods of representation theory as developed by Bulutoglu [31], we establish Corol-
lary 3.1.3 which provides such restrictions for the LP problem. We also provide sets
of equality constraints of the form in equations (3.1.4) that could be satisfied by the
feasible set of non-linear constraints (3.1.1) that define an LP. Finally, by using recent
results in number theory, we show that equations (3.1.2) are the only equations of
the form as given by equations (3.1.3) that are satisfied by an LP (u,v) for ¢ = p»
or ¢ = pq, where p, q are distinct odd primes and n is a positive integer.

Throughout the paper, for a set of vectors S in a vector space over the field of
scalars IF, Spang(.S) is the span, Affp(S) is the affine hull, and dimg(.S) is the dimension
of the affine hull of the vectors in S over F. If F is not provided, then F = R. Also,
let Conv(S) be the convex hull of the vectors in S.

Let (u”,v") be an LP, and Fyo = (Z; x Z;)u” and Fyo = (Zy x Z;)v° be the
orbits of u® and v under the action of Z, x Z), respectively. Let F be the fea-

sible set of all pairs (u,v) satisfying constraints (3.1.1). In this chapter, we de-
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termine dim(Conv(F)), and investigate all possible values of dim(Conv(Fyuo)) and
dim(Conv(Fyo)). For each n € Z>4, let [n] = {1,...,n}. The following theorems and

corollary are our main results.

Theorem 3.1.1. Let ¢ be an odd positive integer. Let F be the feasible set of of all

pairs (a,v) satisfying constraints (3.1.1). If F # &, then
dim(Conv(F)) = 2¢ — 2.

Theorem 3.1.2. Let (u°,v°) be a Legendre pair. Then there exists Uy, Uy S {d €

[] : d| ¢} such that Uy n Uy = & and

dim(Conv(Fyo)) = £ =1~ (Fgerr, ¢ (7)) - (3.1.5)

dim(Conv(Fyo)) =0 —1— (ZdeUz ¢ ( )) :

Corollary 3.1.3. Let p,q be distinct odd primes and n € Z=1. If { = p" or { = pq,
then dim(Conv(Fyo)) = dim(Conv(Fyo)) = £ — 1.

In Section 3.2, we present necessary background in representation theory, the
power spectral density, vanishing sums of roots of unity, and affine geometry. In
Section 3.3, we prove our main result. Section 3.4, presents recent advancements.

Section 3.5 discusses future work.

3.2 Background theory

Let G be a finite group and V' be a finite dimensional vector space over a field F.
Let GL(V') be the F-automorphisms of V. An F-representation of G is a pair (p, V),
where p: G — GL(V) is a homomorphism. A subspace W of V' is a subrepresentation
of Vif p(g)W < W for all g € G. In this case, we say that W is G-stable. A represen-

tation (p, V) of G is an irreducible representation if the only subrepresentations of V'
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are Spanp(0) and V. The only fields F that we consider are Q, R, and C, the ratio-
nal, real, and complex numbers, respectively. Every representation may be assumed
unitary with respect to a complex inner product [32] which will be denoted by {:|-).
We use the convention {au|v) = a{u|v) for « € F and u,v € V. Throughout the
paper, every group G is finite, every vector space V is finite dimensional, and every

representation is unitary.

Theorem 3.2.1. [Maschke] Every unitary representation of a finite group may be

decomposed as a direct sum into orthogonal irreducible subrepresentations.

The decomposition in Theorem 3.2.1 is said to be multiplicity-free if each irre-
ducible appears only once.

The character of an F-representation (p, V) of G is the map x,: G — F defined
by x,(9) = Tr(p(g)), where Tr(p(g)) is the trace of p(g). We say that the character is
an 1rreducible character if the character corresponds to an irreducible representation.
We may simply write the character as x if the representation is clear from the context.

The following theorem is from Serre [32].

Theorem 3.2.2. Let (p,V') be a C-representation of a group G. Let

V:lel@...@thh

with m; € Zs1 be a decomposition of V into irreducibles (p;, Vi) with characters x;
for each i € [h], where x; = X,,. Then the orthogonal projection P; of V' onto

m;V; = @, Vi is given by

. dlm(j(‘/z)

P, = Z Xi(9)M(g).

Gl &

where M,y is the matriz of p(g) in some orthonormal basis for V.
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The exponent m of a group G is the smallest nonnegative integer such that g™ = e
for all g € G. Let (p, V') be a C-representation of a group G' with exponent m. Then
p(g)™ = id for each g € G, where id is the identity mapping on V. Therefore, the
eigenvalues of p(g) are mth roots of unity. Throughout the paper, let ¢,, be a primitive
mth root of unity, where primitive means (,, has order m. Since x(g) is the trace of
p(9), x(9) € Q((n), where Q((,,) is the field extension of Q obtained by adjoining (,,.
It is well known that the automorphism group Aut(Q(¢,,)) of Q((,,) is isomorphic to
Z; ={k € Zy|(k,m) =1}, where (k,m) is the greatest common divisor of k£ and m.

Since x(g) € Q((,n), there is a natural action on the characters of the representations.

The following theorem is from Bulutoglu [31].

Theorem 3.2.3. Let (p, V) be a Q-representation of a group G with exponent m. Let

V=W oW,

be a decomposition of V' into irreducible Q-subrepresentations. Let Vi, Wic be the
C-representations obtained from V, W; by extending the field of scalars of V,W; to C.
Let

Ve=Wun & - SWu, )& - SWp1y S-S Wy,

be a decomposition of Vi into (pi. ), W j)) @rreducible C-subrepresentations with char-

acters X, where

)7

Wic =W ©--- & W,y for ie[b].

For each i € [b], let O, be the Aut(Q((n))-0rbit of X, Let M) be the matriz

of p(g) for each g € G, with respect to the standard basis. If Vi is multiplicity-free,
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then

di Wi —
Py, = % Z Z X(9) Mg
geG XeOp(i,l)

is the orthogonal projection matriz into the ith irreducible Q-subrepresentation sub-

space Colg(Pw,) for each i € [b].

Theorem 3.2.4. For each k € Zy, let xi be the irreducible character of the C-
representation of Zy. For each divisor d of £, let Oq = {xx|(k,¢) = d and k € Z}.

Then
(i) |Oq| = &(£/d), where ¢ is Euler’s totient function.

(i) Oa = Aut(Q(Cera))Xa-

Proof. Let d be a divisor of £. (i) follows immediately from the definition of Euler’s
totient function. To prove (ii), note that (d,¢) = d implies x4 € O4. Also, since
o(xa(1)) = o(¢}) = £/(d,£) = €/d, xa(1) is a primitive (¢/d)th root of unity, where
0(¢¢) is the order of (¢ in the group of all ¢ roots of unity. Therefore the cyclic group
generated by xq(1) contains all (¢/d)th roots of unity. Then a (¢/d)th root of unity
has the form (x4(1))" for some integer r and is primitive if and only if r € Z;, because
o ((xa(1))") = (£/d)/((r, £/d)) = £/d.

Let xs € Oq. Since x;(1) is a primitive ({/d)th root of unity, there exists r € Z;,
such that xs(1) = (xa(1))". Since Aut(Q((ya)) = Zj),, there exists o, € Aut(Q(Cya))
such that x5(1) = o,(xq4(1)) . Since the y;’s are uniquely determined by their value on
1, we have x, = 0,Xxq . Therefore, x,; € Aut(Q((ya))xq- Hence, Og = Aut(Q((r/a))Xa-

Conversely, let x5 € Aut(Q(Cyq))xa- Then there exists o, € Aut(Q({rq)) such

that ys = 0,xq. We will show that (s,¢) = d. Suppose that (s,¢) = c. We have

¢ = xs(1) = o, (xa(1)) = G
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Then
s=rd (mod /). (3.2.1)

Since d | ¢ and d | rd, we have d | s. Therefore, d | c. Equation (3.2.1) and ¢ = (s, {)
implies that ¢. Since (r,¢/d) = 1, there exists m,n € Z such that mr + nf/d = 1.

Also, since mrd + nf = d, we have that c¢. Hence, ¢ = d. It follows that y, € Oy.
Thus, O = Aut(Q(Cr/a)) Xa- O

The standard basis
' 1 if 5 =1,
e;(j) =
0 otherwise.
spans Q%. Note that Q% is isomorphic to Q. We further equip Q% with an inner
product {-|-) such that {e;};cz, is an orthonormal basis.
The reqular representation of a group G is the linear space generated by the basis

{ey}4ec and G acts on the basis by he, = e, for each h,g € G.

The following theorem is well known.

Theorem 3.2.5. Let (R, Q%) be the reqular Q-representation of Zy. Let (Q%)c be

the C-representation obtained by extending the field of scalars to C. Then

Q™) = DV,

iEZg

is the decomposition of (Q%)c into the one-dimensional irreducible C-representations
of Zy, where the C-representations (py, Vi), k € Zy are given by pr(1): Vi — Vi,

v > (Fv. Moreover, xx(i) = Tr(pr(i)) = C* for each k,i € Zy.

Theorem 3.2.6. Let (R, Q%) be the reqular Q-representation of Zy. Let

Py = % D77 XM

iEZg XEOd
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for each divisor d of £, where Mpg; is the matriz of R(i) with respect to the standard

basis {€;}icz,, and Oy is defined in Theorem 3.2.4. Then

QZZ = @COIQ(Pd)

dje
is the decomposition of Q% into irreducible Q-subrepresentations.

Proof. Let d be a divisor of £. By Theorem 3.2.4, the inner sum of P, corresponds
to the orbit of x4 under the action of Aut(Q((syq)). Further, by Theorem 3.2.5
(Q%)¢ is multiplicity-free. Then by Theorem 3.2.3, Colg(Py) is an irreducible Q-
subrepresentation of Q%¢. Now, by the identity ¢ = )] 40 #(¢/d), it suffices to show
that dimg(Colg(P4)) = ¢(¢/d). Since R is the regular representation of Z,, only R(0)

will contribute to the trace of P; . Then

= 303 X() Tr (M)

The group Zy x Z, acts on Z,; by (a,b)i = bi + a for each i € Z; and (a,b) €
ZyxZ) . Then a representation (T, Q%) of Zy x Z is given by the action on the basis

T(a,b)e; = epirq. We find that Q% has the same decomposition as in Theorem 3.2.6.
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Theorem 3.2.7. The decomposition Q% = Dy Colg(Py) is a decomposition of Qe

into irreducible Q-subrepresentations of Zy x Z; .

Proof. Let d be a divisor of . We have Colc(Py) = &5, y_4 Vi, where the Vj are

spanned by v = >, (Ke;. Let (a,b) € Zy x Z . Observe

T(a,b) vy = Z Ef(a’b)iei = Z (e = G Vi

€Ly €Ly

Since (b,¢) = 1, (bk,¢) = d if and only if (k,¢) = d. Therefore, Colc(Py) is a C-
subrepresentation of Z, x Z, . Since Colg(P,) is an irreducible Q-subrepresentation

of Zy and Z, is a subgroup of Z, x Z,, Colg(Py) is an irreducible Q-subrepresentation
of Zy x Z . O

Observe that Q% @ Q¢ is spanned by {(e;, 0), (0, €;)}i jez,. Let (L, Q% ® Q%) be
the Q-representation of (Z; x Z;) x Z; defined by L((a,b),n))(e;,0) = (€ni+q,0) and
L((a,b),n))(0,€;) = (0, en;4p) for each ((a,b),n) € (Z¢ x Zy) x Z, and i € Zy.

Lemma 3.2.8. The maps defined by

- (ZgXZg) NZ; HZ@NZ?

((a1,a2),n) = (a;,;n)

1= 1,2, are homomorphisms.

Proof. We show that my: (Z¢xZ¢)xZ, — Z¢xZ; is ahomomorphism. The other map

is shown to be a homomorphism similarly. Let ((a,b),n), ((¢',0'),n') € (Z¢x Z¢) X Z; .
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Then

m(((a.0), m) (@, B),n)) = mi(((a,0) + n(a, ), nn'))
— m(((a + nd', b+ nb'),nn'))
= (a +nd',nn’)
= (a,n)(d’, 1)

= m(((a,b),n))m(((a',0'), n')). 0

Theorem 3.2.9. Let (L, Q% @Q%) be the Q-representation of (Zg x Zy) x Z; defined

above. Then

Q% @ Q% = @ Colg(P.) ® @ Colg(P) (3.2.2)

dje &\

is the decomposition into irreducible Q-subrepresentations of (Zy x Zy) % Z .

Proof. Let m;: (Zy x Zg) X Z; — Zy x Z) for i = 1,2 be the homomorphisms defined
in Lemma 3.2.8. Let (7, Q%) be the Q-representation of Z, x Z,. Then the maps
Tom: (Zy x Zy) x Z — GL(Q%),i = 1,2 are homomorphisms. Let ((a,b),n) €
(Zy x Zyg) x Z; . Observe

(Tom@Tomy)((a,b),n)(e;,0) =T(a,n)DT(b,n))(e;,0) = (T'(a,n)e;,0) = (€ni1a,0)

and similarly (Tom @Toms)((a,b),n)(0,e;) = (0,e,;1p). Therefore, L = Tom@T oms.
Then, L: (Z¢xZ¢)xZ) — GL(Q™)®GL(Q%*). By Theorem 3.2.7, the representation
(T, Q%) of Zy x Z has the decomposition Q%¢ = D,y Colg(Pa). Thus, Q% ®Q% has

the decomposition (3.2.2) into irreducible Q-subrepresentations of (Z, x Z;) X Z;. O

For k € Zy, let vi, = Zz‘ezf _fiei be the basis vector for the one-dimensional C-
representation Vj, of Z,. The vectors vy, ..., v, 1 will be called the discrete Fourier

basis. The discrete Fourier transform (DFT) of u € Q% is pg(u) = (viu), k € Z,.
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The power spectral density (PSD) of u € Q% is |ug(u)|?,k € Z;,. The following

theorem states an equivalent condition that an LP must satisfy in terms of the PSD.

Theorem 3.2.10 (Fletcher et al. [18]). Let u,v € {—1,1}*. Then (u,v) is an LP if
and only if
k(W) + (V)P = 2(€ + 1), for k € Ze — {0}

We say that there is a vanishing sum of m (th roots of unity if there exists m fth
roots of unity xy,...,z,, (not necessarily distinct) satisfying x; + --- + z,,, = 0. We

have the following result.

Theorem 3.2.11 (Lam and Leung [33]). Suppose that ¢ = pi*...pt for distinct
primes py,...,ps and ny,...,ng € Z=1. Then there exists a vanishing sum of m (th

roots of unity if and only if m = a1p1 + - - - + asps for some aq,...,as € Zxg.

Let 0 < m < ¢. We say { is m-balanced if there is a vanishing sum of m distinct ¢th

roots of unity. Since Zﬁ;é ¢} = 0, { is m-balanced if and only if £ is (¢ —m)-balanced.

Theorem 3.2.12 (Sivek [34]). Suppose that { = p}*...p"% for distinct primes py, ..., ps
and ny,...,ng € Z=1. Then ¢ is m-balanced if and only if m = a;p; + --- + asps and

{—m =bipy + -+ bsps for some ay,...,as,b1,...,b5 € Z=y.

Let u € {—1,1}* satisfy (1ju) = —1. Let J = {j € Z¢|u(j) = —1}. Then s (u),

for k # 0, has two forms

() = =2 ¢ =2 ¢ (3.2.3)

jedJ J¢J
Note that |J| = (€ + 1)/2.

Lemma 3.2.13. Let £ = p", p an odd prime, and n € Zs,. Let u € {—1,1}* satisfy
(Ajuy = —=1. Then px(u) # 0 for each k € Zy.
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Proof. Since pg(u) = —1 we need to only verify for k € [¢ — 1]. Suppose for a
contradiction that y,(u) = 0 for some k € [¢ —1]. By equation (3.2.3), >, ; V) =0.
By Theorem 3.2.11,

(+1

T:ap

for some a € Zso. This means that p | ((¢ + 1)/2), a contradiction. Therefore,

pr(u) # 0 for each k € Z,. O

Lemma 3.2.14. Let { = pq, p,q distinct odd primes. Let u € {—1,1}¢ satisfy (1|u) =

—1. Then pi(a) # 0 for each k € Z,.

Proof. Since po(u) = —1 we need to only verify for k& € [¢ — 1]. Suppose for a

contradiction that ug(u) = 0 for some k € [¢ — 1]. By equation (3.2.3),

PRGEDNEE] (3.2.4)

jedJ Jj¢J

We proceed by considering the cases (k,¢) = 1,p,q. We need not consider the case
(k,0) = £ as k < £ — 1. Suppose that (k,£) = 1. Then ¢} is a primitive ¢th root of
unity. Therefore, the summands in equations (3.2.4) are of distinct roots of unity.

This means ¢ is (¢ + 1)/2-balanced. By Theorem 3.2.12,

C+1 ‘-1
T:ap+bqandT:cp+dq

for some a, b, c,d € Z~q. This means
(l=——+——=(a+c)p+ (b+d)g.
Ifa+c#0and b+d+#0,thenp| (b+d)and q| (a + ¢). Consequently,

C=(a+c)p+ (b+d)g=pqg+pg=2L,
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a contradiction. Suppose that a + ¢ = 0. Then a = ¢ = 0 subsequently ¢ | ((¢+1)/2),

a contradiction. A similar contradiction occurs if b+ d = 0. Therefore, p(u) # 0.
Suppose that (k,£) = p. Since o(¢}) = €/(k,£) = (pq)/p = q, ¢} is a primitive gth

root of unity. This means ) e f 7 = 0 is a vanishing sum of gth roots of unity. By

Theorem 3.2.11,

{+1
— =a
9 q

for some a € Z>( subsequently ¢ | (({+1)/2), a contradiction. A similar contradiction

is reach in the case of (k,¢) = q. Therefore, p(u) # 0 for each k € Z,. O

Lemma 3.2.15. Let V be a vector space over F. Let S € V. Then Aff(S) —z is a

linear space for any x € Aff(S).

Proof. Let x € Aff(S) and let W = Aff(S) — . W is non-empty as 0 =z —z € W.
Let w,w' € W and a € F. Then w = >, \is; — x,w' = >, pujs; — o, where Aj, pu; € F
and >,; Ai = 3; p1; = 1. Observe

aw+w’=a(2)\i8i—x)+Z,ujsj—a:=Za)\isi+z,ujsj—ozm—x
; j ; J

and

ZaAH—Z,uj—a:a—i—l—a: 1.
i J
Therefore, aw + w’ € W which means W is a linear space. O]

Lemma 3.2.16. Let V be a vector space over F. Let S < V. Then Affp(S) =
Spang(S) if and only if 0 € Affp(S).

Proof. 1f Aff(S) = Span(S), then Aff(S) is a linear space which means 0 € Aff(S).
Suppose now that 0 € Aff(S). By Lemma 3.2.15, Aff(S) = Aff(S)—0 is a linear space.
Then since S < Aff(S), Span(S) < Aff(S). Furthermore, since affine combinations

are linear combinations, Aff(S) < Span(S). Therefore, Aff(S) = Span(.5). O
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Let (p,V) be a unitary representation of a group G. Let S < V be nonempty.
Then the barycenter of S is B(S) = (1/|S]) Yyes V- The fized space of V is V& =
{veV|plg)v=vVge G} Itis easy to show that V¢ is a subrepresentation of V.
By Theorem 3.2.1, there exists a subrepresentation orthogonal to V¢. Let P be the

orthogonal projection matrix onto VY.

Lemma 3.2.17. Let (p,V') be a unitary representation of a group G. Let x € V.
Then Px = B(Gx).

Proof. Let uy,...,u; be an orthonormal basis for V&. Then

Py = Z(ui\y>ui.

1€[k]

for any y € V. Let S = Gx. Then, for each i € [k] and v = rx € S for some r € G,

we have

(wilrx)y = (rug|rx) = (u;|x).

Then

(w;|B(Gx)) =5 Z<uz|rx>* Z<uz|x> (u;|x).

rxes rxeS

Since B(Gx) € V¢,

Z<uz\ﬂ (Gx)Hu; = Z<u1|x>ul = O

i€[k] 1€[k]

Lemma 3.2.18. Let (R, Q%) be the reqular Q-representation of Z,. Then the pro-
jection matriz Py onto the fized space of Q% is (1/€)J, where J is the £ x { matriz of

all one’s.

Proof. Notice that the fixed space of V' is a direct sum of copies of the trivial repre-
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sentation of Z,. By Theorem 3.2.2,

1 _ 1
Py = 7 Z Xo(J)Mpg) = 7 Z Mg = 5 J. O

JELy JELy
3.3 Main results

We start with the proof of the first of our main results.

Proof of Theorem 3.1.1.

Proof. Let F; = {ue {-1,1}*|3v 5 (u,v) isan LP} and 5, = {v e {-1,1}*|3u >
(u,v) is an LP}. By symmetry, F; = F,. Since F # (&, there exists (u’,v')" € F.
Then u e F; and v € Fy. Let p = 5(Zyu) = —1/¢1. Then p € Conv(F;) < Aff(F).

To reach the desired conclusion observe the following facts:
(i) Since F; = Fo, Spanc(F; — p) = Spang(Fy — p).

(ii) Since both Spanc(F; — p) and Spanc(Fz — p) are Zg-stable subrepresentations
of (Q%)¢ orthogonal to 1, both Spanc(F; — p) and Spanc(F, — p) must be

an orthogonal direct sum of the irreducible C-representations Vi,...,V, 1 of

(Q™)c.

(ii) Both Spanc(F; —p) and Spanc(F2 — p) cannot be orthogonal to an irreducible
Vi for some k = 1,...,¢ — 1. For this would imply that the DFT of u and v

must satisfy

pr(u) = ulvy) = (u—plvy) =0,
similarly, ug(v) = 0, contradicting Theorem 3.2.10.
By (i),(ii), and (i),
Spang(F1 —p) =Vi & &V, and Spang(Fo —p) =Vi&S - S Vi,
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Let f = 8((Zy x Zg)(u",v")T) = =1/£(17,17)T. Then f € Conv(F) < Aff(F). It is
evident that
Spang(F — f) = Spang(F1 — p) @ Spang(F2 — p).

Then by Theorem 3.2.6, Spang (F; — p) = 5 Colg(Py) for i = 1,2, and by fact (i),

djt
d#t

Spang(F —f) = | 5 Colg(Py) |@ | € Colg(Py)
i e

Hence,
dim(Conv(F) = dim(Span(F—f)) = dimg(Spang(F—f)) = ({—1)+({—1) = 2(-2. O

The complexification of a vector space Ug of U over Q is defined as Uz = C®qU.
Suppose that (:|-) is the inner product of V. It is plain to show that an inner product
on V¢ may be defined as (z@v|2'®v’) = 22/(v|v’). Then the following lemma follows

immediately.

Lemma 3.3.1. Let V be an inner product space over Q and U,W subspaces of V.

Then U 1is orthogonal to W if and only if Uc is orthogonal to We.

Lemma 3.3.2. Let p,q be distinct odd primes and n € Z=,. Suppose that { = p™ or

{ =1pq. Let ue {—1,1}* satisfy (1|u) = —1 and let y = u+ (1/0)1. Then

Spang(Zey) = &5 Colg(Py),

dje
d#0

where P4 is defined in Theorem 3.2.6.

Proof. Since Spang(Zgy) is Z-stable, it is a Q-subrepresentation of Q%. Then, by

Theorem 3.2.1, Spang(Zy) is an orthogonal direct sum of irreducible Q-subrepresentations
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of Q%. By Theorem 3.2.6, the irreducible Q-subrepresentations of Q% are Colg(P,)
for each divisor d of £. We first show that Spang(Zy) is orthogonal only to Colg(Py).
Since Colg(Pg) = Spang(1), {(y|1) = 0, and the representation is unitary, we have
Spang(Zgy) is orthogonal to Colg(Py).

Consider now d # (. Since (Colg(Pg4))c = Colc(Py) is spanned by vy, = >, (Fie,

for k € Z; such that (k,¢) = d,

(ely) = (veu 1) = (Vi) = pue(w).

By Lemmas 3.2.13 and 3.2.14, {(y|vy) # 0. Since this holds for each k, by Lemma 3.3.1,
Spang(Zgy) is not orthogonal to Colg(P4). As this holds for each divisor d # £ of £,

we must have

Spang (Zgy) = €5 Colg(Pa). O
by

Corollary 3.3.3. Let £ andy be as in Lemma 3.3.2. Then dimg(Spang(Zsy)) = (—1.

Proof. By Lemma 3.3.2, Spang(Zsy) = @ q¢ Colg(Pg4). Since dimg(Colg(Py)) = 1,
4t

we have
dimg (Spang(Zy)) = dimg(Q™) — dimg(Colg(Py)) = £ — 1. O

Corollary 3.3.4. Let 1+ denote the orthogonal complement of Spang (1) in Q%
Then

1+ = @ Colg(Py)

dje
d#l
is the decomposition of 1+ into irreducible subrepresentations of Q%.

Proof. Since Q% = Spang(1) & 1+, we have Iyz, = Po + Pyi, where Iz, is the
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identity matrix on Q%. Since Igz, = > dje P,, we have

P =TIy —Po=) Py

dje
d#0

Therefore,

1 = Colg(Py1) = Colg() | Pa) = D Colg(Py).
dd;‘fé ddfe

Here we used the fact that the P,’s are orthogonal projection matrices that necessarily

satisfy PyPy = 040 P4, where 644 is the Kronecker delta function. O

Corollary 3.3.5. Let 1 be as defined in Corollary 3.5.4. Then
dimg (1) = ¢ — 1.

Proof. Since Q% = Spang(1) © 1+, the result follows immediately. O

Lemma 3.3.6. Let p,q be distinct odd primes and n € Z,. Suppose that { = p™ or
{=pq. Letue {—1,1} satisfy (1|u) = —1. Then dim(Aff(Zmu)) = ¢ — 1.

Proof. Let y = u — Pyu, where Py is the projection onto the fixed space of Q%. By
Lemma 3.2.18, y = u + (1/¢)1. Since Pyy = Pou — P2u = 0 and 3(Zyy) = Poy
by Lemma 3.2.17, 0 = 3(Zsy) € Convg(Zsy) as S(Zgy) is a convex combination of
points of Zsy. Then by Lemma 3.2.16, we have Spang(Zsy) = Affg(Zsy). Observe

that
leh@(Aff@(Zgu)) = dlmQ(Afo(Zgu)-i-(l/f)l) = dlm@(Afo(Zgy)) = dim@(SpanQ(Zgy)).
Then by Corollary 3.3.3,

dim(Aff(Zeu)) = dimg(Affg(Ze)) = dimg(Spang(Zey)) = £ — 1. O
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We now prove the main results.
Proof of Theorem 3.1.2.

Let dimg(Affg(Fuo)) = r1 and dimg(Affg(Fyo)) = . Let X3 = (Zy x Z,)u°,
Xy = (Zy x Z;)Vv°. Since B(X;) = —(1/0)1 for i = 1,2, —(1/)1 is a convex com-
bination of points of X;. Then, —(1/¢)1 € Affg(Fy) and —(1/¢)1 € Affg(Fyo) as
X, = Fpo and Xy = Fo. Hence,

dimg(Spang (X; + (1/0)1)) = ;.

Since X; and {1} are Z-stable sets, Spang(X; + (1/£)1) is Z-stable for i = 1,2.
Moreover, Spang(X; + (1/€)1) < 1+ as each vector in X; + (1/¢)1 is in 1+. Now, by
Theorem 3.2.7, there exists U; < {d € [¢] : d | ¢} such that

1
]_J' = SpanQ(Xi + Z].) &) (@dEUi CO]Q(Pd)> .

Since dimg(1t) = ¢ — 1,

dimg(Spang(X; + %1)) ={—1- (Z ¢ (é)) = ) ¢ (é)

deU; d|t, d#0, d¢U;

fori=1,2.

Now, we prove that U; n Uy = . For the sake of contradiction let d’' € U; n Uy
be such that d’ # ¢. This implies that for each i = 1,2, Spanc(X; + (1/)1) is
orthogonal to Cole(Py). Also, Colec(Py) < (Q%)c and Colc(Py) is invariant under
the action of Zy. Then by Theorems 3.2.1 and 3.2.5, there exists U’ < Z, — {0} such

that Colc(Py) = B, V;. This implies that for each i = 1,2, Spanc(X; + (1/0)1) is
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orthogonal to an irreducible Vj, for some k € [¢ — 1]. Then

1
p(a?) = pe(u” + 51) = 0,

similarly, pu(v°) = 0, contradicting Theorem 3.2.10.

Now, equations (3.1.5) for Fyo and Fyo follow because
dimg (Affg(Fuo)) = dim(Aff(Fy)) and dimg(Affg(Fyo)) = dim(Aff(Fyo)). O

Proof of Corollary 3.1.3. Since Z,u’ < Fo, Conv(Z,u) < Conv(Fyo). Then, by

Lemma 3.3.6,
{—1 = dimg(Affg(Z,®)) = dim(Aff(Zu")) = dim(Conv(Z,u’)) < dim(Conv(Fy)).

The result now follows from Theorem 3.1.2 as U = ¢J is the only possibility. [

Corollary 3.3.7. Let p,q be distinct odd primes and n € Z=1. Let £ = p" or { = pq.
Let (u°,v%) be an LP of length €. Then the only linear constraints implied by the

integrality of the constraints (3.1.1) are of the form
1"u’ = ~1 and 17v" = —1. (3.3.1)

Proof. Any other linear constraint different from constraints (3.3.1) would necessarily
imply that dim(Conv(Fw)) < ¢ — 1 and dim(Conv(Fyo)) < ¢ — 1, contradicting
Corollary 3.1.3. O
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3.4 Recent advancements

The work presented in this section are results that have been established recently

that will be used in continuing work for the LP problem.

Lemma 3.4.1 (Sylvester). Let a,b,n € Z=o. If (a,b) =1 andn = (a — 1)(b— 1),

then there exists integers x,y = 0 such that n = za + yb.

Suppose that ¢ = pgm where p, ¢ are odd primes, 3 < p < ¢ and m is an odd
integer such that m > 2. Since £ > 2(p — 1)(¢ — 1), we have £ — 1 = 2(p — 1)(¢ — 1),
which implies (¢ —1)/2 = (p — 1)(¢ — 1). By Lemma 3.4.1, (¢ + 1)/2 = ap + bg and
(¢ —1)/2 = cp + dq for some a, b, c,d € Z=q. Hence, by Theorem 3.2.12 there exists a
J < Zy such that |J| = (€+1)/2 and the corresponding p;(u) is 0 whenever k satisfies
(k,¢) = 1. This means that dim(Conv(Fy)) < £ —1 — ¢(¢) < ¢ — 1. The results

below allow us to exclude a given vector u to form an LP with another vector v.

Lemma 3.4.2. Let mneZ. If m—2>=22n—-2>1o0rm—2>1,n—2=> 2, then

n—2z=2n-—1)/m.

Proof. Ifm—2>2n—-2>1lorm—2=>1,n—2 > 2, then (m—2)(n—2) > 2. Adding

2(n—2) to (m—2)(n—2) > 2yields m(n—2) > 2(n—1),and son—2 > 2(n—1)/m. [0

Lemma 3.4.3. Let p,q be distinct odd primes. Then the quotient of 2(¢ — 1)(p — 1)

by division of p is at least q.

Proof. Since for any integer k, 2(¢—1)(p—1) = (2(¢—1)—k)p+ (kp—2(¢—1)) we may
choose the smallest such k such that kp —2(¢ —1) = 0. Then k = [2(¢ —1)/p|, where
[n] is the ceiling of n. Write 2(¢ — 1)(p — 1) = sp + r, where s = (2(¢ — 1) — k) and
r = (kp—2(qg—1)). Now, as p, q are distinct odd primes, WLOG suppose that p > 3,
then ¢ = 5 > 4. Since p—2 > 1 and ¢—2 > 2, by the above remark, ¢—2 > 2(¢—1)/p.

Therefore, g —2 > k. Then s —q=2(q—1)—k—qgq=q—2—-k>=k—k=0. O
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Note that since k — 1 < 2(q¢ — 1)/p, then r = pk — 2(q — 1) < p. Therefore, s and

r are the quotient and remainder of 2(¢ — 1)(p — 1) upon division by p.

Lemma 3.4.4. Let { = p®q®, where p,q are distinct odd primes and o, € Zs;.
Then ¢(¢) > (£ —1)/2.

Proof. By Lemma 3.4.3, 2(q¢ — 1)(p — 1) = sp + r where s = q. Then

20(0) = 2(q — 1)(p— D)p*~'¢"!

= (sp+r)p* "

> pq® +rp* gt

> po‘qﬁ —1
=/—-1
and the result follows. O

Theorem 3.4.5. Let { = pgm, p,q odd primes, 3 < p < q and m an odd integer such
that m = 3. Then no vector u € {—1,1}* satisfying ur(u) = 0, k € Z; belongs to an
LP.

Proof. Suppose for contradiction that (u, v) is an LP. Then py(u) = 0 implies py(u) =
0 for k € Z,. By Theorem 3.2.10,

(V)2 =20+ 1), ke Z;.
Then, by Corollary 3.4.8 and Lemma 3.4.4,

Zluk = (L+1)(0—1) <26(0) (L + 1) Zluk ,

a contradiction. O
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The Fourier translation of the LP problem gave us equalities and inequalities that
allowed us to exclude a vector from being an LP. The strength of Fourier analysis to

the LP problem will be a continuing study.
Lemma 3.4.6. Let ue Q". Then Y , Pu(s) = (1Tu)’.

Proof. Let Cy be the circulant matrix of u. Then
> P 1TCTC )=1Tu1Tu=(1"Tu)2 O
SEZ@

Lemma 3.4.7. Let ue Q°. Then

[l (a)[[* = £]]ul]*.

Proof. Since p = UTu, where U is the matrix whose columns are the discrete Fourier

basis vq,...,Vp_1,
@)= Y () = p*p =« U*Uu = u" A = (|Ju]?,
keZy
where we used the fact that U*U = /I,, I, the ¢ x ¢ identity matrix. O

Corollary 3.4.8. Let u e Q% satisfying ||[u||* = ¢ and (1|uy = —1. Then

ka = (L+ (¢ —1).
Proof. By Lemma 3.4.7,
2 k(W) = @] = |no(w)? = 1= (£ +1)(€ - 1). O

The Ramanujan’s sum [35] is defined by c,(n) = Y. o<x<¢ €2/ Tt is well known
(k0)=1
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that for each /,n e N

(D)
where
1 ifn=1,
p(n) = (—=1)" if n = py...p, for distinct primes py,...,p,,
0 if n is divisible by some prime square

is the Mobius function.

Theorem 3.4.9. Let { > 1 and u e Q°. If d is a divisor of {, then

S )P = Y es () Pals).

O<k<t SEZLy
(k,0)=d
Proof. First note that
. 2rir(j—h)
k(j—h) _ &ﬂﬂ;@,: 1 _ .
2 < 2 e o ce(j—h).
(hty=a (kty=a 0<r<u
(T»g'):l
Let 1,vq,..., v,y be the discrete Fourier basis. Note that vivy = [ap;], where

ap; = (K=" Then

* d
Z vivy, = [bh;],
O<k</t
(k,6)=d

where bf; = cyq(j — ). Since pu(u) = u'vy,

e (w)[* = pui (W) () = (u've) (viw) = u’ (vivi)u.
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Then

Y, (@) =u’

O<k</t O<k</t
(k,0)=d (k,0)=d

I
s
[
=
;5
s

We now present results that examine lower bounds on the dimension of the convex
hull of feasible points to the LP problem to and utilize the results and ideas of

Ingleton [36].

Theorem 3.4.10. Let ¢ = pi'...pl where py,...,ps are distinct odd primes and

Nni,...,Ng € Z>1. Then

dim(Conv(Fyo) = Z Z gb(p;)

jels] ie[ny]

Proof. Let ue Fyo andy = u+ (1/£)1. To see that Colg(P4) = Spang(Zgy) for each
dj,izp’fl...pé...p?,jz 1,...,s5,9=0,...,n; — 1, of the form
2 no ni—1_no ny Mo ns—l.

PIph . PR PP L pl P T Pl P EER s, PSR L p2, L Py

Assume otherwise and let (y|vy) = 0 for some k such that (k,¢) = d;;, where

Vi = Dz, ¢/'€i- Then by Theorem 3.2.11, p;|(¢ + 1)/2, a contradiction. Therefore,
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Colg(Pg4) < Spang(Zgy). Hence,

dimg(Spang (Zey)) = Y, > ¢(p)). 0

jels] ie[n;]

Let C = C, be the circulant matrix of u € Q. Then C is non-recurrent if ¢ is the

only divisor d of ¢ such that u; = u; whenever i = j (mod d). If £ = p*p{* ... pHm-t

where p,p1,...,pm—1 are distinct primes and o, aq, ..., _1 € Z>1, let
7(0,p) = 1 + e(m)e(e)p(p) Z o(ppi"),
i€[m—1]

where ¢(1) = 0 and €(k) = 1 for k € Z-,

Lemma 3.4.11. (Ingleton [36]) Let { = pq®, where p,q are distinct primes and
f € Zsy. Let C be a € x £ non-recurrent circulant matriz with entries from {—1,1}.

Then rank(C) = min{7r (¢, p), (¢, q)}.

Note that if u € {—1,1}* and {(1|u) = —1, then C is non-recurrent. This is
because there is one more —1 than 1’s, so that there can be no two identical rows of
C. Therefore, if (u,v) is an LP, then necessarily the circulant matrices associated
with u, v are non-recurrent.

If B = 2, then the following lemma implies that the rank is at least 7(¢, q).

Lemma 3.4.12. Let { = pqg® be a positive integer for distinct odd primes p,q and
f=2. Thent(l,q) <71 p).

Proof. Note that mn = m + n if and only if (m —1)(n — 1) = 1. Now

T(n,q) = 1+ e(2)e(B)d(q) + 0(¢°) + d(qp) = 1+ ¢(q) + 8(¢°) + ¢(qp)
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and

7(n,p) = 1+ ¢(p) + d(pg”).

Then

(0, p) — 7(0,q) = ¢(q9)(¢" " (d(p) — 1) — (¢(p) + 1)) + &(p)
= o(q)(" ' (p—2) — p) + d(p).

We consider two cases where p = 3 and p > 5. If p = 3, then
7(6,p) = 7(L,q) = &(q) (" = 3) + 9(3) = 6(q)(5” " = 3) + ¢(3) = 0.
If p > 5, then since p — 2 > 1,
-2 —p=2 T Hp-2-p=¢""1-223"1-2>0

implying
T(,p) =7, q) = 8(q)(¢" ' (p — 2) — p)) + d(p) > 0. O

Now the following corollary follows from Lemma 3.4.12 and Theorem 3.4.10

Corollary 3.4.13. Let { = pg®, 8 = 2. Then the rank of a { x { circulant matriz is

at least 7(€,q) = ¢(pq) + é(q) + ¢(¢?).

The ILP

minimize  ¢(p) + Y. d(q) + Y wid(pq’)

ie[B] ie[A]
subject to ¢(p) + . d(q") + Y. md(pg')= d(pq) + 6(q) + #(¢°)  (34.1)
i€[A] ie[B]

x; € {0,1},i € [f]
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aims to improve the lower bound 7(¢, q).

3.5 Discussion

In this chapter we determined the dimension of the convex hull of feasible points
to the Legendre pair problem when ¢ = p" and ¢ = pq for p,q distinct odd primes
and n € Z=,. Future research will be the generalization of finding the possible values
this dimension for general odd ¢. We will explore this generalization with techniques

from Section 3.4.
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IV. Concluding Remarks

In this research we studied the classification of OAs and the dimension of the
convex hull of feasible points to the LP problem. The contribution associated with
the classification of orthogonal arrays refines the work of Stufken and Tang [26] by
analytically classifying of all non-OD-equivalent OA(A2',¢ + 2,2,t) when ¢ is even.
The classification results obtained are significantly simpler than by classification up
to isomorphism as in Stufken and Tang [26]. The contribution associated with the
existence of LPs determines the dimension of the convex hull of feasible points to
the Legendre pair problem when ¢ = p" and ¢ = pq for p, q distinct odd primes and

n € Z=; providing a better understanding of the convex hull of feasible points.

4.1 Future work

OD-equivalence operations allows for simpler classification of OA(A2!,t + 2,2, )
when t is even compared to the classification carried out by isomorphism operations
alone. Future research will involve classifying OA(\2!,t+3,2,t) up to OD-equivalence
for even t. OD-equivalence operations contain isomorphism operations because of this
we expect classifying OA (A2, t+3,2,t) up to OD-equivalence for even ¢ to be possible.

The determination of the dimension of the convex hull of feasible points to the
LP problem when ¢ = p™ and ¢ = pg has been exhausted. The natural problem
is the generalization to any odd ¢. Possible modes of generalization are employing
techniques of Ingleton [36] and bounding the dimension from below with the intent
of obtaining equality. Another avenue is utilizing the discrete Fourier transform as in
Fletcher et al. [18] and examining other inequalities or equalities that must hold in

the new coordinate system if two vectors are to be Legendre pairs.
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Appendix A. Chapter II Matlab Code

For any even-strength d, the following Matlab scripts: S1Script, S2Script, S3Script,
and S4Script generate the complete set of solutions S1, S2, S3, and S4, respectively,
corresponding to Lemmas 8, 9, 10, and 11, respectively, of Stufken and Tang [26]. The
variables y1, Yo, Y3, Y4, . . . , Ymso correspond to the variables k, w11, U, Um_1, ..., U7.
Note that S1 and S2 in this dissertation differ from that as in Stufken and Tang [26].
The code is written in Matlab R2021a. To generate the complete solution sets as
given in Theorems 2.3.5 and 2.3.6, implement scripts S1Script and S3Script.

The scripts operate as follows:
1. Specify a strength d at line 1.
2. The output of the script is a function with argument the index .

3. The function, with specified argument, will generate the complete set of solu-

tions (U1, ..., Ums1, k).
A.1  S1Script

d=2;
m=d+2;

Str=|| [ll;

for j=m+2:-1:2
str=str+"y"+num2str (j)+",";

end

strVec=str+"y"+num2str (1) +"]";

strY=["Y1=[]"1;
for j=2:m+2

str="Y" + num2str (j)+"={}";
strY=[strY str];
end

strY;

strYC=["Y1", "Y2{j1}"];
for j=3:m+2
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str="Y" + num2str(j)+"{j1,j2";

for i=3:j-1
str=str+",j"+num2str (i) ;

end

str=str+"}";

strYC=[strYC str];

end

strYC;

strLoop=1[];
for j=1:(m+2)

str="for j"+num2str (j)+"=1:size("+strYC(j)+",2)";
strLoop=[strLoop, str];

end
strLoop;

strVar=[];

for j=1:m+2
str="y"+num2str (j)+"="+strYC(j)+" (j"+num2str (jl+")";
strVar=[strVar, strl;

end

strVar;

ub=["(lambda-d-1) /4", "(lambda-4*yl)/(m-1)", "-abs(y2)"];

for j=4:m+1
str="y"+num2str (j-1);
ub=[ub, strl;

end
ub ;

1b=["0", "-(lambda-4*yl)/(m+1)", "-(lambda-4*xyl+y2)/m"];

for j=4:m+1
str="-(lambda-4*yl+y2";
for i=3:(j-1)
str=str+"+y"+num2str (i) ;
end
str=str+")/("+ (m+3-j)+")";
1b=[1b,str];

end

for j=4:m+2
str="-(lambda-4*xyl+y2";
for i=3:m+1

str=str+"+y"+num2str (i) ;

end
str=str+")";

end

1b=[1b,str];

%fileName="1lambda"+num2str (lambda)+"k"+num2str (m)+"t"+num2str (

d)+"S1.m";
fileName="k"+num2str (m)+"t"+num2str (d)+"S1.m";
fileID=fopen(fileName,’w’);
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79
80

106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131

fprintf (fileID,"function S=k"+num2str (m)+"t"+num2str (d)+"S1(
lambda)\n") ;

fprintf (fileID, "if mod(lambda,2)==0\nerror(’lambda must be
odd ’)\nend\n") ;

fprintf (fileID,"d="+d+";\n m=d+2;\n");

fprintf (£ileID, strY(1)+ ";\n" );
fprintf (£fileID," 1b="+1b(1)+";\n"+" ub="+ub(1)+";\n");

fprintf (£fileID,strYC(1)+"=[];\nn=ceil (1b) ;\n while n<=ub\n
"+strYC(1)+"=["+strYC(1)+",n];\nn=n+1;\nend\n") ;
fprintf (fileID,"clearvars n 1lb ub;\n");

for j=2:m+1
fprintf (fileID, strY(j)+ ";\n" );

for i=1:j-1
fprintf (fileID,strLoop (i) +"\n");
end

for i=1:j-1
fprintf (fileID," "+strVar(i)+";\n");
end
fprintf (fileID," 1b="+1b(j)+";\n"+" ub="+ub(j)+";\n");

fprintf (£fileID,strYC(j)+"=[]1;\n n=ceil (1b) ;\nwhile n<=ub\
nif mod(n,2)==1\n"+strYC(j)+"=["+strYC(j)+",n];\nn=n
+1;\nelse\nn=n+1;\nend\nend\n") ;

for i=1:j-1
fprintf (fileID,"end\n");
end
fprintf (fileID,"clearvars n 1b ub;\n");
end

fprintf (fileID,strY(m+2)+";\n");
for j=1:m+1

fprintf (fileID,strLoop(j)+"\n");
end

for j=1:m+1
fprintf (fileID,strVar(j)+";\n");
end
fprintf (fileID,strYC(m+2) +"="+1b(m+2)+";\n") ;
for j=1:m+1
fprintf (fileID,"end\n");

end

fprintf (fileID,"S=[];\n");
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for j=1:m+2

fprintf (fileID,strLoop (j)+"\un");
end
for j=1:m+2

fprintf (fileID,strVar(j)+";\n");
end

fprintf (fileID,"S=[S;"+strVec+"];\n");

for j=1:m+2
fprintf (£fileID,"end\n") ;
end

fprintf (fileID,"end");
fclose(fileID) ;

A.2  S2Script

d=2;
m=d+2;

str=" [u;

for j=m+2:-1:2
str=str+"y"+num2str(j)+",";

end

strVec=str+"y"+num2str (1) +"]";

per=[[1 3 2], 4:m+2];

strY=["Y1=[1"1;
for j=2:m+2

str="Y" + num2str (j)+"={}";

strY=[strY str];
end
strY=strY (per)

strYC=["Y1", "¥Y3{j1}", "vY2{j1,j2}"];
for j=4:m+2

str="Y" + num2str(j)+"{jt1,j2,;j3"
for i=4:j-1
str=str+",j"+num2str (i) ;

[

end

str=str+"}";
strYC=[strYC str];
end

strYC

strVar=["y1=Y1(j1)", "y3=Y3{j1}(j20",
for j=4:m+2

ny2=v2{j1,3j2}(j3)"];

str="y"+num2str (j)+"="+strYC(j)+" (j"+num2str (j)+")";

strVar=[strVar, str];
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end
strVar
strLoop=1[];
for j=1:(m+2)
str="for j"+num2str(j)+"=1l:size("+strYC(j)+",2)";
strLoop=[strLoop, str];
end
strLoop
ub=["(lambda-d-3) /4", "(lambda-4x*xy1-2)/(m-1)", "-abs(y3)-2",
“—abs(y3) ||] ;
for j=5:m+1
str="y"+num2str (j-1);
ub=[ub, str];
end
ub
lb=["0", "-(lambda-4xy1-2)/(m+1)", "(m-1)*abs(y3)-y3-(lambda
-4%xy1)", "-(lambda-4*yl+y2+y3)/(m-1)"];
for j=5:m+1
str="-(lambda-4*yl+y2+y3";
for i=4:(j-1)
str=str+"+y"+num2str (i) ;
end
Str:str+ll)/(ll+ (m+3—j)+") n;
1b=[1b,str];
end
for j=5:m+2
str="-(lambda-4*yl+y2+y3";
for i=4:m+1
str=str+"+y"+num2str (i) ;
end
str=str+")";
end
1b=[1b,str]
fileName="k"+num2str(m)+"t"+num2str(d)+"S2.m";
fileID=fopen(fileName,’w’);
fprintf (fileID,"function S=k"+num2str (m)+"t"+num2str (d)+"S2(
lambda)\n") ;
fprintf (fileID, "if mod(lambda,2)==0\nerror (’lambda must be
odd ’) \nend\n") ;
fprintf (fileID,"d="+d+";\n m=d+2;\n");
fprintf (fileID, strY(1)+ ";\n" );
fprintf (fileID," 1b="+1b (1) +";\n"+" ub="+ub (1) +";\n") ;
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94 fprintf (£fileID,strYC(1)+"=[];\nn=ceil (1b) ;\n while n<=ub\n
"+strYC(1)+"=["+strYC(1)+",n];\nn=n+1;\nend\nclearvars
n 1b ub;\n");

95

96

97 for j=2:m+1

98 fprintf (£fileID, strY(j)+ ";\n" );

99

100 for i=1:j-1

101 fprintf (fileID,strLoop(i)+"\n");

102 end

103

104 for i=1:j-1

105 fprintf (fileID," "+strVar(i)+";\n") ;

106 end

107 fprintf (£fileID," 1b="+1b(j)+";\n"+" ub="+ub(j)+";\n");

108

109 fprintf (£ileID,strYC(j)+"=[];\n n=ceil (1b) ;\nwhile n<=ub\
nif mod(n,2)==1\n"+strYC(j)+"=["+strYC(j)+",n];\nn=n
+1;\nelse\nn=n+1;\nend\nend\n") ;

110

111 for i=1:j-1

112 fprintf (fileID,"end\n");

113 end

114 fprintf (fileID,"clearvars n 1lb ub;\n");

115 end

116

117

118 fprintf (fileID,strY(m+2)+";\n");

119

120 for j=1:m+1

121 fprintf (fileID,strLoop(j)+"\n");

122 end

123

124 for j=1:m+1

125 fprintf (fileID,strVar(j)+";\n");

126 end

127

128 fprintf (fileID,strYC(m+2)+"="+1b(m+2)+";\n");

129

130 for j=1:m+1

131 fprintf (fileID,"end\n");

132 end

133

134 fprintf(fileID,"S=[];\n");

135

136 for j=1:m+2

137 fprintf (fileID,strLoop(j)+"\n");

138 end

139 for j=1:m+2

140 fprintf (fileID,strVar(j)+";\n");

141 end

142

143 fprintf (fileID,"S=[S;"+strVec+"];\n");

144

145 for j=1:m+2

146 fprintf (fileID,"end\n");
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end
fprintf (fileID,"end");

fclose(filelID);

A.3 S3Script

d=2;
m=d+2;

str=" [u;

for j=m+2:-1:2
str=str+"y"+num2str (j)+",";

end

strVec=str+"y"+num2str (1) +"]1";

strY=["Y1=[]1"1;
for j=2:m+2

str="Y" + nquStI‘(j)"'":{}";

strY=[strY str];
end
strY

strYC=["Y1", "Y2{j1}"];
for j=3:m+2

str="Y" + num2str(j)+"{j1,j2";

for i=3:j-1
str=str+",j"+num2str (i) ;

end

str=str+"}";

strYC=[strYC str];

end

strYC

strLoop=1I[];
for j=1:(m+2)

str="for j"+num2str(j)+"=1l:size("+strYC(j)+",2)";
strLoop=[strLoop, strl;

end
strLoop

strVar=[];

for j=1:m+2
str="y"+num2str (j)+"="+strYC(j)+" (j"+num2str(j)+")";
strVar=[strVar, str];

end

strVar

ub=["lambdaE/2", "(lambdaE-2*y1)/(m-1)", "-abs(y2)"];
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for j=4:m+1

str="y"+num2str (j-1);
ub=[ub, strl;
end
ub;
lb=["0", "-(lambdaE-2*y1l)/(m+1)", "-(lambdaE-2*xyl+y2)/m"];
for j=4:m+1
str="-(lambdaE -2*xyl+y2";
for i=3:(j-1)
str=str+"+y"+num2str (i) ;
end
str=str+") /("+ (m+3-j)+")";
1b=[1b,str];
end
for j=4:m+2
str="-(lambdaE-2*yl+y2";
for i=3:m+1
str=str+"+y"+num2str (i) ;
end
str=str+")";
end
1b=[1b,str];
fileName="k"+num2str (m)+"t"+num2str(d)+"S3.m";
fileID=fopen(fileName,’w’);
fprintf (fileID,"function S=k"+num2str (m)+"t"+num2str (d)+"S3(
lambda)\n") ;
fprintf (fileID, "if mod(lambda,2)==1\nerror (’lambda must be
even’)\nend\n") ;
fprintf (fileID,"lambdaE=lambda/2;\nd="+d+";\n m=d+2;\n") ;
for j=1:m+1
fprintf (£fileID, strY(j)+ ";\n" );
for i=1:j-1
fprintf (fileID,strLoop (i) +"\n");
end
for i=1:j-1
fprintf (fileID," "+strVar (i) +";\n");
end
fprintf (fileID," 1b="+1b(j)+";\n"+" ub="+ub (j)+";\n");
fprintf (fileID,strYC(j)+"=[]1;\n n=ceil (1lb);\n while n<=ub\
n"+strYC(j)+"=["+strYC(j)+",n];\nn=n+1;\nend\n");
for i=1:j-1
fprintf (fileID,"end\n");
end
fprintf (fileID,"clearvars n 1lb ub;\n");
end
fprintf (fileID,strY(m+2)+";\n");
for j=1:m+1
fprintf (fileID,strLoop(j)+"\n");
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end

for j=1:m+1
fprintf (fileID,strVar(j)+";\n");
end

fprintf (fileID,strYC(m+2) +"="+1b(m+2)+";\n") ;

for j=1:m+1
fprintf (fileID,"end\n");
end

fprintf (£ileID,"S=[];\n");

for j=1:m+2

fprintf (fileID,strLoop(j)+"\n");
end
for j=1:m+2

fprintf (fileID,strVar(j)+";\n");
end

fprintf (fileID,"S=[S;"+strVec+"];\n");
for j=1:m+2

fprintf (fileID,"end\n") ;
end

fprintf (fileID,"end");
fclose(fileID) ;

A.4  S4Script

d=2;
m=d+2;

str=" [u;

for j=m+2:-1:2
str=str+"y"+num2str (j)+",";

end

strVec=str+"y"+num2str (1) +"]1";

per=[[1 3 2], 4:m+2];

strY=["Y1=[]1"1;
for j=2:m+2

str="Y" + num2str (j)+"={}";
strY=[strY str];

end
strY=strY (per);

strYC=["Y1", "¥Y3{j1}", "v2{j1,j2}"]1;
for j=4:m+2
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str="Y" + num2str(j)+"{j1,j2,j3";
for i=4:j-1
str=str+",j"+num2str (i) ;
end
str=str+"}";
strYC=[strYC str];
end
strYC;
strVar=["y1=Y1(j1)", "y3=Y3{j1}(j20", "y2=Y2{j1,j2}(j3)"];
for j=4:m+2
str="y"+num2str (j)+"="+strYC(j)+" (j"+num2str (j)+")";
strVar=[strVar, str];
end
strVar;
strLoop=1[];
for j=1:(m+2)
str="for j"+num2str(j)+"=1:size("+strYC(j)+",2)";
strLoop=[strLoop, strl];
end
strLoop;
ub=["(lambdaE-1) /2", "(lambdaE-2xy1-1)/(m-1)", "-abs(y3)-1",
"—abs(yB)"];
for j=5:m+1
str="y"+num2str (j-1);
ub=[ub, str];
end
ub;
1b=["0", "-(lambdaE-2*y1-1)/(m+1)", "(m-1)*abs(y3)-y3-(lambdaE
-2%y1)", "-(lambdaE-2*xyl+y2+y3)/(m-1)"];
for j=5:m+1
str="-(lambdaE-2*yl+y2+y3";
for i=4:(j-1)
str=str+"+y"+num2str (i) ;
end
Str:str+ll)/(ll+ (m+3-j)+")";
1b=[1b,str];
end
for j=5:m+2
str="-(lambdaE-2*yl+y2+y3";
for i=4:m+1
str=str+"+y"+num2str (i) ;
end
str=str+")";
end
lb=[1b,str];
fileName="k"+num2str (m)+"t"+num2str(d)+"S4.m";
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fileID=fopen(fileName,’w’);

fprintf (fileID,"function S=k"+num2str(m)+"t"+num2str (d)+"S4(
lambda)\n") ;

fprintf (fileID, "if mod(lambda,2)==1\nerror (’lambda must be
even ’)\nend\n") ;

fprintf (fileID,"lambdaE=lambda/2;\nd="+d+";\n m=d+2;\n");

fprintf (fileID, strY(1)+ ";\n" );
fprintf (fileID," 1b="+1b(1)+";\n"+" ub="+ub(1)+";\n");

fprintf (fileID,strYC(1)+"=[];\nn=ceil (1b);\n while n<=ub\n"+
strYC(1)+"=["+strYC(1)+",n];\nn=n+1;\nend\nclearvars n 1b
ub;\n");

for j=2:m+1
fprintf (fileID, strY(j)+ ";\n" );

for i=1:j-1
fprintf (fileID,strLoop (i) +"\n");
end

for i=1:j-1
fprintf (fileID," "+strVar(i)+";\n");
end
fprintf (£ileID," 1b="+1b(j)+";\n"+" ub="+ub(j)+";\n");

fprintf (£ileID,strYC(j)+"=[]1;\n n=ceil (1b) ;\nwhile n<=ub\n

"+strYC(j)+"=["+strYC(j)+",n];\nn=n+1;\nend\n") ;

for i=1:j-1
fprintf (fileID,"end\n");
end
fprintf (fileID,"clearvars n 1lb ub;\n");
end

fprintf (fileID,strY(m+2)+";\n");
for j=1:m+1

fprintf (fileID,strLoop(j)+"\n");
end
for j=1:m+1

fprintf (fileID,strVar(j)+";\n");
end
fprintf (fileID,strYC(m+2) +"="+1b(m+2)+";\n");
for j=1:m+1

fprintf (fileID,"end\n");
end

fprintf (£ileID,"S=[];\n");

for j=1:m+2
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fprintf (fileID,strLoop (j)+"\n");
end
for j=1:m+2

fprintf (fileID,strVar(j)+";\n");
end

fprintf (fileID,"S=[S;"+strVec+"];\n");
for j=1:m+2
fprintf (fileID,"end\n");
end
fprintf (fileID,"end");
fclose(fileID) ;

A.5 OA generation and verification

%Specify number of factors k
k=4

%Initialize solution u=(u_1,u_2,u_3,u_4,u_5)

%#Just an example of using S3Script to generate solutions
%h(u_1,u_2,u_3,u_4,u_5,p)

lambda=4;

X=k4t2EvenLambdaS3 (lambda)

%Here we choose the solution for Example 4 in Appendix B.
u=X(1,1:end-1);

%Create full factorial 2"k x k
F=ff2n (k) ;

sWrite in Yates ordering
I=k:-1:1;

Yates=F(:,1);
Yates=-2*Yates+1
%Construct J-vector
L=ones (k,k)-eye (k) ;
x=k-1:-1:0;

y=2."x;

li=Lx*xy’+1;
li=[1i; 2°k];

%Construct the J-vector
J=zeros (1,27k);

J(1)=2"t*lambda;
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%If lambda is odd
%J(1li)=2"t*u;

%If lambda is even
J(1i)=2"(t+1) *u;

H=hadamard (27 k) ;

%Construct the frequency vector
x=2"(-k)*H*J’

I=find (x)

size(I,1);

%Construct the orthogonal array
0A=[1;
for i=1:size(I,1)

s=I1(1i);
for j=1:x(s)
0A=[0A; Yates(s,:)]1;
end
end
0A
%Verify 0A is an orthogonal array of

columns=1:k;

for j=0:2"k
C=nchoosek (columns, j);

for i=1:size(C,1)
1=C(i,:);
A=0AC(C:,1);
d=prod(A,2);
sum (d) ;
if sum(d) "=0
1
sum (d)
end

end
end
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Appendix B. Chapter 1I Examples

Example 1. Consider the 4 x 2 arrays X,Y and Z

| 1 1_ _—1 —1_ | 1 —1_
-1 1 1 -1 1 1
1 -1 -1 1 -1 -1
_—1 —1_ i 1 1_ _—1 1_
X Y VA

Since X,Y, and Z are full factorials, they are OA(4,2,2,2)s. Observe that Y is
obtained by permuting levels in both columns of X, while Z is obtained by permuting
both columns of X and permuting levels within the the first column of X.

Since

{rows of X} = {rows of Y} = {rows of Z},
X,Y, and Z are isomorphic.

Example 2. Consider the following OA(4,2,2,2)s X and Y

1 1 1 1
-1 1 -1 -1

1 -1 1 -1
-1 -1 -1 1

X Y

Note that Y = R;(X). Since {rows of X} = {rows of Y}, X and Y are OD-

equivalent.

Example 3. Consider the OA(4,2,2,2) X
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-
11
1 -1
__1 _1_
X.

Observe that V0 < [2] 31 < (| <2, J, =0,

Jyy=1+(-1)+1+(-1)=0,
Joy=1+14+(-1)+(-1) =0,

Juzp = (WD) + (D)D) + (D(=1) + (=1)(=1) = 0.

Let us verify this by the equation J = H'x. Since X is a full factorial, x = 1. Then

1 1 1 1 1 4

1 -1 1 -1 1 0
J=H'x= =

1 1 -1 -1 1 0

1 -1 -1 1 1 0

in agreement with above.

The next example will construct an OA from the solution set as given in Theo-

rem 2.3.6.

Example 4. Consider OA(4\,4,2,2) when A = 4. The three non-OD-equivalent so-
lutions are (uq, ug, us, ug, us, p) = (—1,—1,0,0,0,0), (-2,0,0,0,0,0), and (0,0,0,0,0, 1).

Let us construct the OA to the particular solution (uy, ug, us, ug, us, p) = (—1,—1,0,0,0,0).
Since A is even, the J-characteristics are J;;, = 2ty = 8uj, j =1,...,5. Then, the
J-vector is

J= [ng, JZQ) Jﬂga J&p J€5] = [_87 _87 Oa 07 0]
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To determine the frequency vector x, we need need the full J-vector of all 16 coordi-

nates. As we are using Yates ordering, the full J-vector is

J= [J@, J17 J27 J127 J37 J137 J237 J1237 J47 J147 J247 J1247 J347 J1347 J2347 J1234]T )

where Jio means Jy 9y, similarly for the other coordinates. Since ¢; = {1,2,3},4, =

{1,2,4}, 05 = {1,3,4}, 0, = {2,3,4} and {5 = {1,2,3,4},

J =[16,0,0,0,0,0,0,-8,0,0,0,—8,0,0,0,0] " .

By Lemma 2.2.1, x = 27*HJ = 27*HJ, where

I o e ok b R eE o S S
ot —F—F—F—+—+—
tH——t+——F+——++——
ot ——Ft+——++——+

tH++————F+++————
o+ —+t+—+——+—+
tH———— e+t ————++
He |T-—t—t+—t——F—++-
Attt +++————————
-+t —+——F+—+—+—+
tH——tt+————++——++
o —tt—— -+ ——++—
A+t ———————— +4+++
ot ——+—F—F—++—+—
tH————++——F++++——

| +—— -+ ——F+—+——+

and +, — mean 1, —1, respectively. Then

x =[0,2,2,0,1,1,1,1,1,1,1,1,2,0,0,2] " .
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The 2% x 4 full factorial array, with Yates ordering, F, as given on page 7, is

Therefore, up to a row permutation, the OA given by (uq,us,us, uy, us, p)

(—1,-1,0,0,0,0) is

R
—+++
+—++
——++
++—+
—+—+
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Appendix C. Chapter III Examples

Example 1.  The regular C-representation of Zz is V' = Spanc{e;}icz, with the
homomorphism

acting on the basis as R(j)e; — €45, 1, j € Zs.
There are three irreducible C-subrepresentations (Ry, V), k € Z3 of V. For a fixed

k, the homomorphism acts as follows

v - Py

where ¢ = €2™/3, Each V; = Spang{vy}, where v;, = > iczs ijej, ke Zs.

Example 2. Continuing Example 1, the group Zs has three characters, yg, x1 and
X2. By definition, xx(i) = Tr(Rx(j)) = Tr([Cjk]) = (9%, j, k € Zs. For a fixed i € Zs,
consider the sum S; = x1() + x2(7) = ¢* + ¢*. If i = 0, then Sy = 2. For i # 0, since

1+¢+¢%=0,5, =95, = —1. Note that the sum S; is always rational for i € Zs.

Example 3. Let ¢ = 3. Since the only divisors of 3 are 1 and 3, by Theorem 3.2.6,

the regular Q-representation of Zs is

Q% = Colg(P;) @ Coly(P3).

We calculate Py. By definition, Py = £, > X(1)Mgg). Since (1,3) =

xX€01

(2,3) =1, O1 = {x1, x2}. Also, the matrix Mp(; in the standard basis ey, e, e, is
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1 00 0 0 1 010
Mgroy=10 1 0|, Mrmy=1[1 0 0|, Mgrey =10 0 1

0 01 010 100
Therefore,
zle; Xe(91
= — Z <X1 + XQ )) MR(z)
lGZg
1 //—
"3 <<X1(0) + XQ(O)) M) + <X1(1) + X2(1)> Mp) + <X1(2) + X2(2)> MR(2)>
1
= 3 (2Mg0) = Mq) — M)
2 -1 -1
B 1
=3 -1 2 -1
-1 -1 2

A similar calculation gives

Since dimg(Colg(Py)) = Tr(P;) = 2, Colg(P;) is a two-dimensional irreducible
Q-subrepresentation of Q%3 similarly Colg(P3) is a one-dimensional irreducible Q-

subrepresentation of Q%3.
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