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Abstract

The world is in the midst of the second Space Age. The continued development

and support of NASA’s Artemis program and similar international efforts has made

frequent Earth-Moon travel more likely than ever in the coming decades. With this

surge in traffic, it is paramount to have knowledge of the locations of all space objects

in cislunar space to optimize mission readiness and prevent catastrophic collisions.

Cislunar periodic orbits provide an elegant means to fill the observational capabil-

ity gaps which are present in ground-based and/or near-Earth spaced-base sensors.

This research involves the theoretical analysis of the effectiveness of cislunar periodic

orbits for Space Domain Awareness (SDA) mission architectures. Specifically, cis-

lunar periodic orbits are analyzed, both individually and in constellations with one

another, for their effectiveness at monitoring target satellites in Lyapunov and halo

orbits about the Earth-Moon L1 and L2 Lagrange points. In this work, over thirty

cislunar periodic orbits are created and modeled in the Circular Restricted Three-

Body Problem (CR3BP). Selected orbits are subject to perturbations in both the

Elliptical Restricted Three-Body Problem (ER3BP) and the Bicircular Restricted

Four-Body Problem (BCR4BP) to demonstrate how stabilizing controllers will be

needed to maintain periodicity in these orbits. A new taxonomy for the classification

of SDA regions is also presented which will enable a spatial division of the national

SDA mission portfolio. Finally, selected cislunar periodic orbits are subjected to a

catastrophic spacecraft explosion to understand the debris-related consequences of

mishaps within this orbital regime.

Results of this research show cislunar periodic orbits to be highly effective in

monitoring Lyapunov and halo orbits about the Earth-Moon L1 and L2 Lagrange

iv



points, with many scenarios hosting a 100% visibility time of the targets. Further

analysis into the propellant expenditure (∆V ) is required to adequately determine the

feasibility of cislunar periodic orbits in a real-world, highly perturbative, environment.

However, if the required ∆V is indeed low, cislunar periodic orbits are ideal candidates

for SDA and surveillance of various points in cislunar space, to include the Moon and

Lagrange points.

v
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SPACE DOMAIN AWARENESS ASSESSMENT OF CISLUNAR

PERIODIC ORBITS FOR LAGRANGE POINT SURVEILLANCE

I. Introduction

1.1 General Issue and Research Motivation

The opening decades of the twenty-first century witnessed a reemergence of inter-

national attention towards the realization of space missions into the cislunar1 environ-

ment and beyond, with both nations and private companies investing into missions

to the Moon and Mars. Cislunar space offers to serve as the new high-ground for

national and foreign operations, allowing a positional, logistical, and visual advan-

tage over other ground or space-based assets. The Air Force Research Laboratory

(AFRL) has begun making policy with the expectation of cislunar space becoming the

new high-ground. Such policy includes the creation of the Cislunar Highway Patrol

Systems (CHPS) whose mission would be to search, detect, track, characterize, and

catalog objects in the lunar exclusion zone (the area imperceptible due to the Sun’s

reflection off the Moon) [4]. This, along with national plans to develop a long-term

human presence on the Moon and facilitate preparations for Human missions to Mars

via NASA’s Artemis program, has provided the U.S. with a vested interest in explor-

ing trajectory design and space-based surveillance operations within the Earth-Moon

system. One such class of trajectories, identified herein as cislunar periodic orbits2,

could provide support for various missions to include re-supply, personnel transport,

1The term “cislunar” refers to the spherical volume of space extending from geosynchronous
Earth orbit to and including the Moon’s orbit and the Earth-Moon Lagrange points.

2Cislunar periodic orbits are periodic orbits which traverse cislunar space. Periodic orbits, as a
whole, are explained in Section 2.3, while cislunar periodic orbits are further explained in Section
2.3.3 with an example presented.
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space-based infrastructure development, and surveillance operations. With increas-

ing missions beyond near-Earth orbit, the use of a subset of these cislunar periodic

orbits for space domain awareness (SDA)3 mission architectures may also prove ben-

eficial for the timely identification and tracking of resident space objects, such as

satellites or space debris, to ensure safe space traffic management. Performing Space

Domain Awareness (SDA) utilizing classical terrestrial and/or space-based sensors in

near-Earth orbits becomes increasingly difficult when applied to the cislunar orbit

regime. Cislunar periodic orbits provide an elegant means to fill this capability gap.

When compared with alternative types of orbital trajectories, cislunar periodic orbits

provide mission-related benefits in terms of their ability to traverse wide expanses of

cislunar space capturing multiple different viewing angles of targets. Cislunar periodic

orbits are also designed to repeatedly traverse a given region of cislunar space, poten-

tially allowing for a lower propellant expenditure than typical non-periodic cislunar

trajectories.

In the coming decades, it is expected that the largest U.S. Department of Defense

mission with regards to SDA will be protecting the space lines of commerce. Both

nations and private companies are exponentially building space-based infrastructure

to ensure communication, surveillance, and transportation. In doing so, near-Earth

space is becoming congested with thousands of active spacecraft and tens of thousands

of debris fragments from historical mishaps and breakups. This congestion, combined

with the growing connection of space access to national security and economic growth,

has prompted many nations to realize the benefit of extending space operations into

cislunar space. Cislunar space and the outer reaches of the Earth-Moon system are

becoming the new “high ground” for space operations and the SDA mission and focus

must expand accordingly to handle this growth of congestion and competition.

3SDA is the identification, characterization, tracking, and monitoring of resident space objects;
this concept is explained further in Section 2.4.
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1.1.1 Thesis Prospectus

This research involves theoretical analysis of various aspects involving cislunar

periodic orbits. There is, however, much analysis which involves various other forms

of periodic orbits. Simulations are conducted to assess the effectiveness of these orbits

in SDA missions, namely in monitoring Lyapunov and halo orbits located at the L1

and L2 Lagrange points. Dynamical variations in cislunar periodic orbit trajectory

are analyzed to determine how added perturbations affect trajectory, and ultimately

how stabilizing controllers will be needed to maintain periodicity in these orbits. A

novel SDA taxonomy is also proposed which will assist in enabling a spatial division

of the national SDA mission portfolio. A catastrophic explosion is simulated onboard

a spacecraft along cislunar periodic orbits to analyze the debris related risks to other

satellites in the same orbit as well as risks to the Earth and Moon

Specifically, the research will analyze various satellite constellation designs utiliz-

ing cislunar periodic orbits to provide a baseline assessment of SDA functionality in

cislunar space. The research will use the Circular Restricted Three-Body Problem

(CR3BP) and Bicircular Restricted Four-Body Problem (BC4BP) as the primary

dynamical models for cislunar trajectory generation, study, and analysis. In addi-

tion, the Elliptical Restricted Three-Body Problem (ER3BP) will be implemented

to demonstrate how the inclusion of the Moon’s eccentricity may change the orbital

trajectory.

Research into this topic will advance ongoing research into SDA architectures

within the cislunar domain. The analytical focus on exploring the use of cislunar

periodic orbits for the SDA mission set is novel because these orbits have traditionally

been studied with respect to the cislunar logistical transport of personnel and materiel.

Research into cislunar periodic orbits is sought as a potential trajectory that can be

leveraged to expand the SDA footprint into the cislunar domain, and provide an
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alternative means for the search, track, and characterization of both natural and

man-made objects in that environment.

1.2 Methodology

With the application of assumptions restricting the orbital shape and relative

inclination of celestial bodies such as the Earth and Moon, numerical analysis of the

motion of small bodies of comparatively negligible mass (e.g., a satellite) within a

multi-body gravitational system is possible. The motion of objects in cislunar space

is determined using various astrodynamical models such as the CR3BP, ER3BP, and

BCR4BP. While cislunar periodic orbits for resident space objects are most easily

found and accessed by means of the CR3BP, through stabilizing controllers (such a

propellant expenditure) periodic orbits may remain stable even when transitioning

into higher fidelity models. After the initial conditions (initial position and velocity)

of cislunar periodic orbits are found in the CR3BP, select orbits are subject to various

dynamical models, analyzed for their effectiveness in SDA mission scenarios, and used

for debris propagation analysis.

1.2.1 Earth-Moon System and Lagrange Points

Understanding of the Earth-Moon system is of vital importance in astrodynamical

trajectory design within cislunar space. From the gravitational tug-of-war between

the Earth and Moon, points of stability emerge. These points of stability are referred

to as Lagrange points (also called libration points). The Earth-Moon Lagrange points

are shown with respect to the Earth and Moon in Fig. 1:
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Figure 1: Earth-Moon System

As shown in Figure 1, there are five Lagrange points in the Earth-Moon system

(L1, L2, L3, L4, L5); these are stationary points which are always in the same posi-

tion with respect to the Earth and Moon. Therefore, these points rotate about the

Earth-Moon barycenter at the same rate that the Earth and Moon do, in an inertial

(non-rotating) reference frame. If an object were precisely at one of these Lagrange

points, they would remain there indefinitely. Lagrange points are discussed in detail

in Section 3.3.2.

The L1 and L2 Lagrange points are anticipated to be some of the most utilized

and important points in cislunar space. Specifically, many have proposed these points

as inexpensive gateways for performing transfers between orbits. The L1 manifold

can enable transfers to the lunar region for less fuel than a conventional Hohmann

transfer, and the L1 point might be an appealing location for future spacecraft due
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to its high vantage point over the Earth and Moon. In terms of application, NASA’s

Artemis program has a planned lunar gateway to be orbiting the L2 Lagrange point

in a near-rectilinear halo orbit. The Chang’e-4 mission was also accompanied by the

Queqiao communications relay satellite orbiting the L2 Lagrange point [5]. Due to

the potential for use and anticipated increase in such use, L1 and L2 surveillance is

the primary SDA focus of the cislunar periodic orbits analyzed in this research.

1.2.2 The Circular Restricted Three-Body Problem

The CR3BP is the most foundational cislunar trajectory model used to model

the motion of a spacecraft under the gravitational forces of the Earth and Moon.

Key assumptions to this model include that the spacecraft is of negligible mass when

compared to the Earth and Moon, and that the Moon is in a circular orbit about the

Earth. The CR3BP has no known closed form analytical solution and, as a result,

numerical integration must be implemented to solve for an approximate solution.

Luckily, today’s computers have the capability and computing power to quickly solve

for approximate solutions with high accuracy and precision. The CR3BP equations of

motion consists of two (if working in the 2-D case) or three (if working in the 3-D case)

second order differential equations which require an initial position and velocity to

numerically integrate. Due to the chaotic nature of the CR3BP, trajectories are highly

sensitive to changes in initial conditions, thus, small changes in initial conditions result

in large changes to overall trajectory. The CR3BP provides insight to Lagrange points:

points of stability in which an orbiting object, if precisely at a Lagrange point, will

remain fixed in an Earth-Moon rotating reference frame, or appear to move in a

circular orbit about the barycenter in an inertial (non-rotating) reference frame. The

CR3BP equations of motion derivation, Lagrange Points, and stability are discussed

in detail in Chapter 3.3.

6



1.2.3 Elliptical Restricted Three-Body Problem

In reality, the Moon’s orbit about the Earth is not circular, but rather slightly

elliptical. The ER3BP is an extension of the CR3BP in which the Earth and Moon

are not assumed to be in a perfectly circular orbit about their shared barycenter.

The elliptical motion of the Moon creates the perception that the Earth and Moon

are oscillating along their shared axis in the synodic reference frame. The ER3BP

equations of motion derivation, Lagrange Points, and stability are discussed in detail

in Chapter 3.4.

1.2.4 Bicircular Restricted Four-Body Problem

The BCR4BP is an extension of the CR3BP in which the gravitational influence of

the Sun is included. While Solar gravity is small compared to other perturbations in

near Earth orbit, as a spacecraft nears the edge of the Earth’s sphere of influence (SOI)

the Sun begins to have a greater impact on trajectory. Past the Earth’s SOI, solar

gravity begins to supersede Earth’s gravity. In the BCR4BP, the Earth and Moon

revolve in a coplanar circular orbit about their shared barycenter. This Earth-Moon

barycenter, along with the Sun, then revolve in a coplanar circular orbit about the

Sun-Earth-Moon barycenter. This is best explained visually in Fig. 8. The BCR4BP

equations of motion derivation, Lagrange Points, and stability are discussed in detail

in Chapter 3.5.

1.2.5 Space Domain Awareness

As space begins to be increasingly viewed as a warfighting domain, SDA acts

to assist in such operation. Sometimes used interchangeably with space situational

awareness (SSA), SDA is, at it’s core, a mission of space surveillance and intelligence.

Specifically, SDA is the identification, characterization, tracking, and monitoring of
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any factor associated with the space domain that could affect space operation, thereby

impacting the security, safety, economy, or environment of the U.S. [6]. Within this

analysis, SDA effectiveness is a function of how often the Target object is observable.

The SDA simulation model used in this analysis takes into account exclusion angles

from the Sun, Earth, and Moon to determine Target visibility. SDA is explained

further in Section 2.4. The methodology behind the simulation analysis is described

in detail in Chapter 3.9 with results presented in Chapter IV. A new SDA taxonomy

is then proposed in Chapter V.

1.3 Thesis Overview

This research is organized as follows:

• Chapter II: Trajectory models, to include perturbation theory and n-body prob-

lems are described. Detailed reviews of existing literature related to the areas of

this research including history of trajectory generation and the astrodynamical

models used, periodic orbits, and space domain awareness.

• Chapter III: In this chapter the trajectory model equations of motion are derived

and the features of each model are analyzed and discussed. Next, the method

of generating or “discovering” periodic orbits is discussed with an example case

presented. All periodic orbits discovered are either presented or their respective

location within this thesis is mentioned. Differential correction in the form

of the single and multiple shooting methods are then discussed. Afterwards,

the simulation model, which was used to determine space domain awareness

effectiveness, is discussed with its assumptions stated. Finally, a statistical

debris model to determine spacecraft survivability is discussed.

• Chapter IV: The results of the space domain awareness simulations conducted
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in Systems Tool Kit (STK) are presented. Simulations consist of 12 cislunar pe-

riodic orbits analyzed, both individually and in constellations with one another,

for their effectiveness of monitoring four scenarios: 2 targets in a L1 Lyapunov

orbit, L2 Lyapunov orbit, L1 halo orbit, and L2 halo orbit. Dynamical vari-

ations in trajectory when transitioning from the CR3BP to the ER3BP and

BCR4BP are also presented. Finally, through means of differential correction,

it is shown how much error, in terms of ∆V , the BCR4BP dynamics introduce

on the CR3BP solutions for a given number of patchpoints.

• Chapter V: A proposed SDA taxonomy for describing regions in space is pre-

sented which will enable a spatial division of the national SDA mission portfolio.

This taxonomy utilizes specific regions corresponding to compounding distances

from the Earth and varying SDA mission subsets, to include space traffic man-

agement, space control, lunar/Lagrange point surveillance, space weather ob-

servation, and planetary defense. The history of SDA and its origins from space

situational awareness (SSA) are also discussed.

• Chapter VI: Potential debris-related consequences of a catastrophic explosion

on-board spacecraft traveling along select cislunar periodic orbits are analyzed.

Specifically, this case study features cislunar periodic orbits with host notional

spacecraft that are subjected to catastrophic breakup events at various location

along their trajectories, which are simulated using the dynamics of the BCR4BP.

The orbital states of debris fragments at the end of the simulation window are

used to evaluate the potential risk to orbital regimes near Earth and the Moon

due to a cislunar periodic orbit debris event.

• Chapter VII: Summarizes, provides conclusions to the overall research, and

describes avenues for further research to be conducted.
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II. Background and Literature Review

2.1 Chapter Overview

The purpose of this chapter is to highlight relevant research and models related to

the problem of determining the motion of a satellite in cislunar space, various types

of periodic orbits in cislunar space, space domain awareness, and debris risk to space-

craft. Section 2.2 discusses models for determining spacecraft motion and trajectory,

including perturbation theory, the three-body problem, the four-body problem, and

higher fidelity computational models. Section 2.3 reviews periodic orbits and liter-

ature that has been published on the subject. Periodic orbits which are described

include cislunar periodic orbits, Lyapunov orbits, and halo orbits. A detailed discus-

sion on the concept and history of space domain awareness is presented in section 2.4.

Finally, a concise discussion on the debris environment in space and previous work

conducted is presented in section 2.5

2.2 Spacecraft Trajectory Model: Perturbations and The Problem of N-

bodies

The study of celestial mechanics is one heavily rooted in dynamical analysis and

had a significant contribution to the development of classical mechanics [7]. Specifi-

cally, the problem of multi-body celestial motion and dynamics has long been studied,

with analysis historically seeking to predict planetary position and motion as a func-

tion of time. Interest in multi-body dynamics gained an increase in momentum during

the nineteenth century and culminated with the King of Sweden, Oscar II, putting

forth a challenge: starting from an arbitrary initial configuration, solve the general

three-body problem in the form of a series expansion describing the positions of the

three bodies for all future moments of time [8]. Although Poincaré and his contempo-
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raries developed an analytical method to approximate this motion, the realization of

closed-form solutions remains unattainable due to the chaotic nature of multi-body

dynamics.

The N-body problem (NBP) represents a generalized model of the motion of ce-

lestial bodies as mass particles. A main assumption to this problem is that the

distribution of mass among each gravitational body in the system is spherically sym-

metric, or that the size of the bodies are small when compared to the distances which

separate them [7]. The Solar System is, at its core, an NBP. There are various meth-

ods which are used to obtain the equations of motion for different forms of NBPs:

Lagrange’s equations of motion, Hamilton’s canonical equations, the Hamilton-Jacobi

equations, Hamilton’s principle, Kane’s method, D’Alembert’s principle, and the Ap-

pellian method. The basic methodology for all of these methods remains consistent:

project Newton’s Second Law along the cardinal vectors.

All dynamical trajectory models require some form of assumption to reach an

approximate solution. The complex and chaotic dynamics of trajectories within a

multi-body domain, such as cislunar space, causes for varying solutions depending on

the dynamical model used and location of the spacecraft with respect to the Earth and

Moon. Many perturbations exist in this environment which influence the motion of

the spacecraft: gravitational influences of the Earth, Moon, Sun and other gravitation

bodies, Earth’s oblateness, local deviations caused by mountain ranges and oceans,

solar radiation pressure, atmospheric drag if the trajectory contains close proximity

passes of a gravitational body’s atmosphere. While it would be ideal to include all

perturbations in any trajectory model, this becomes difficult both in developing the

equations of motion as well as computing a solution once the equations are developed.

Many variables also aren’t deterministic, such as atmospheric drag, causing the need

for assumptions to arise somewhere in the process of determining the trajectory.
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Therefore, it is best to determine which perturbations are vital to the model, which

ones may be ignored, and how high of fidelity a model needs to be to produce solutions

that are adequate for the work that’s being conducted.

2.2.1 Perturbation Theory

Perturbation theory is one of the most basic methods commonly used to model the

motion of a spacecraft subject to multiple perturbing forces. In general perturbation

theory, the largest terms in the equations of motion are those which arise from the

Two-Body (Earth and spacecraft) problem. Therefore, the equations of motion are

formed with the assumption of an orbit which is Two-Body-like, thus resembling the

two-body problem equations of motion with other perturbations seen as additional

terms added on. Perturbation theory was heavily used in the early days of orbit pre-

diction before computers were available to ease the computational load. The benefit

of this model is that it is able to generate accurate predictions without requiring very

long computational burdens seen by other methods which require numerical integra-

tion. Numerical integration is avoided in general perturbation theory allowing for an

approximate analytical solution to the trajectory to be obtained in the form of an

infinite series expansion [9].

The fundamental assumption of perturbation theory is that all secondary (non-

Two-Body) perturbations remain small in comparison to the Earth’s gravity. Pertur-

bation theory is extremely useful for high-altitude Earth orbits where the spacecraft

is high enough that atmospheric drag is small but low enough to where the Sun and

Moon’s gravitational force also remain small. Past GEO perturbation theory begins

to break down as the Moon’s gravitational force no longer remains small, thus it

is advised to use other models for trajectories contained within cislunar space and

beyond.
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2.2.2 The Three-Body Problem

The three-body problem is a classical astrodynamics problem which aims at pre-

dicting the motion of three celestial bodies under the gravitational force of one an-

other. In terms of satellite trajectory, the three-body problem becomes the restricted

three-body problem, simply meaning that the mass of the third body (i.e., the satel-

lite) is negligible when compared to the Earth and Moon. The restricted three-body

problem models the motion of a satellite under the gravitational influence of the Earth

and Moon. There are two main types of restricted three-body problems: the circular

restricted three-body problem (CR3BP) and the elliptical restricted three-body prob-

lem (ER3BP). The first assumes the Moon to have a circular orbit about the Earth

while the latter takes into account the Moon’s eccentricity. As discussed in sections

1.2.2 and 1.2.3, the problem of three bodies is a useful tool in early trajectory analysis

and provides useful insights into the dynamical properties of the Earth-Moon system.

These properties and characteristics are explored in detail in Sections 3.3 and 3.4.

In the late 19th century, Poincaré [10] made considerable contributions in the

qualitative theory of the restricted three-body problem and dynamical systems alike.

His work was the first to hint at the chaotic behavior of a dynamical system and

inevitably proved that the CR3BP solution is infinitely discontinuous. Later in 1967,

Szebehely [11] synthesized his knowledge of dynamics and the three body problem to

culminate one of the first books on the subject: Theory of Orbits. This work provided

a standard knowledge base and created a fundamental structure for how academicians

may study the restricted problem of three bodies. A recent 2013 study by Parker

and Anderson [12] surveyed thousands of trajectories used to transfer a spacecraft

between the Earth and various locations near the Moon. This detailed work provides

critical insight into three-body dynamics while also providing high-level information

to mission managers and designers regarding low-energy Earth-Moon transfers.
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While near-Earth space remains a focus for many missions, renewed attention

is being given to pursuing missions in cislunar space and beyond the Earth-Moon

system. Recent missions have incorporated three-body dynamic techniques to suc-

cessfully operate in the cislunar domain. In terms of these cislunar space operations,

there are reinvigorated U.S. civil initiatives to return to the Moon with NASA’s

Artemis program and other planned commercial space projects. Additionally, an

increase in international projects has pushed space domain awareness (SDA) and

space mission considerations beyond near-Earth space. Examples of recent interna-

tional missions include China’s Chang’e-5 successful lunar landing in December 2020

[13], India’s Chandrayaan-2 (failed) lunar landing in September 2019 [14], Israel’s

Beresheet (failed) lunar landing in February 2019 [14, 15], and the injection of China’s

Queqiao relay satellite into orbit around the unstable L2 Earth-Moon Lagrange point

in January 2019 [5].

The three-body problem begins to break down in accuracy during close proximity

passes of gravitational bodies where atmospheric drag or non-spherical gravity models

become a significant perturbation. Solar gravitational forces can also significantly

influence and alter the trajectory, even in cislunar space and especially over long time

periods. However, even with these inconsistencies, the CR3BP provides incredible

insight on properties of the Earth-Moon system such as Lagrange points, while also

providing a useful starting point for periodic orbit generation and analysis.

2.2.3 The Four-Body Problem

The four-body problem is an extension of the three-body problem in which the

solar gravity is included as a perturbation. The four-body problem aim at describing

the motion of four celestial bodies under the gravitational attraction of one another.

As with the three-body problem, for satellite trajectory computation, the fourth
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body’s (i.e., the satellite’s) mass is negligible when compared to the other bodies,

thus the restricted four-body problem is formed.

Koon et al. [1] describes two methods of modeling the restricted four-body prob-

lem: the concentric circular model and the bicircular model which are shown below

in Figs. 2(a) and 2(b) respectively:

Figure 2: Models of Motion for the Restricted Four-Body Problem [1]

In the concentric circular restricted four body problem model (shown in Fig. 2(a))

M0 is the central body about whichM1 andM2 rotate in circular orbits. It is generally

presumed that the masses of M1 and M2 are significantly less than M0. An example

of this type of system is the Jupiter-Ganymede-Callisto system (modeled as M0, M1,

and M2 respectively) [1].

In the bicircular restricted four-body problem (BCR4BP) model (shown in Fig.

2(b)) M1 and M2 are in a circular orbit about their shared barycenter which is in a

circular orbit about M0. It is generally presumed that the mass of M2 ≪ M1 ≪ M0.

The first use of the BCR4BP appears to be by Huang [16] in 1960. This is a common

model for the Sun-Earth-Moon system (modeled as M0, M1, and M2 respectively).

However, the BCR4BP does not take into account some critical information about the

15



system which may lead to inaccurate solutions. Such information which is omitted

includes the inclination differences between the Moon’s orbit about the Earth and the

Earth’s orbit about the Sun (assumed to be zero), the eccentricity of the Moon about

the Earth (assumed to be zero), and the eccentricity of the Earth about the Sun

(assumed to be zero). While it can be argued that all of these are small changes, the

author contends that many small changes and assumptions lead to large changes in

overall solution. Therefore, this was not the primary model used in analysis. However,

it does provide some insights into trajectory such as approximate ∆V required to

maintain an orbit.

2.2.4 Higher Fidelity Models

High-fidelity orbit propagators operate with minimal assumptions, attempting to

take into account as many real-life perturbations as possible. Due to this, they are

often used to validate the results from analytical models. AGI’s systems tool kit

(STK) high-fidelity orbital propagators include astrogator and HPOP. Astrogator

provides for trajectory and maneuver planning while also including targeting capa-

bilities. HPOP, which stands for high-precision orbit propagator, is able to handle

circular, elliptical, parabolic, and hyperbolic orbits at distances as close as the surface

of the Earth to beyond the orbit of the Moon [17].

While these higher fidelity models lead to more precise solutions, they require

an increase in required computation time, which becomes especially apparent when

simulating many scenarios over long time periods. Pertaining to this research, this

accuracy would only be useful for precise ∆V measurements and precise debris prop-

agation following a mishap along a periodic orbit, neither of which were a primary

focus of this research. Therefore, these models were not used in the present research.
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2.3 Periodic Orbits

2.3.1 Definition

Periodic orbits are defined as orbits with trajectories which periodically return to

their initial conditions (position and velocity). Due to this, periodic orbits feature

repeating patterns which tend to appear artistic in the synodic reference frame.

2.3.2 Background

In 1897, Darwin [18] built on the work of Poincaré and Hill [19], and was seem-

ingly the first to present numerical integration results for a specific mass parameter

and a symmetric form of the potential function. It was later pointed out by Poincaré

and Hough, that the kind of continuity used was not possible, leading Hough to write

a paper addressing these deficiencies [20] and Darwin to release a publication [21]

confirming Hough’s conclusion. Decades later, while director of the Copenhagen Ob-

servatory, Strömgrén led his team to numerically determine and categorize families

of periodic orbits; the tabulated results were published in 1934 [22]. In 1958, Egorov

[23], unsatisfied with the solutions which literature of the time provided, noted many

questions were either left unanswered or not fully answered with respect to Moon

flight theory. These questions pertained to possible trajectories for circumnavigating

the Moon and returning to Earth, the possibility of periodic circumnavigation of the

Moon and Earth (i.e., periodic orbits), the shape and classification of trajectories in

the passive phase, the problem of minimum initial velocities required for reaching the

moon, and the effect produced by a spread in the initial conditions on the characteris-

tics of various lunar flight trajectories. An evolution in computing technology around

this time was pivotal in accelerating progress in the field of trajectory design with

numerical integration significantly more feasible, thus leading to more discoveries of

periodic solutions [11]. Robert Newton [24] appeared to be the first to specifically
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study periodic orbits which involve close passages of both the Earth and Moon from

which he generated using a particular methodology: starting with a point lying on

the x-axis, vary only the velocity in the y-direction, creating a dependence that the

initial y-velocity is a function of the initial x-position.

In the early 1960’s, Arenstorf [25, 26] presented methods for solving families of

synodically-closed periodic solutions in the CR3BP which, he noted, can be altered

to have close proximity passes to both gravitational primaries. These periodic orbits

are presented in terms of resonance, order, and period. Of practical use, Arenstorf

discovered an Earth-Moon “figure-8” orbit in 1963 which was later used in the Apollo

program [27].

Overall, the majority of research since the mid-twentieth century pertaining to

periodic orbits within a multi-body gravitational system has focused on the determi-

nation of trajectory solutions for symmetric periodic orbits. A segment of researchers

embarked on describing and determining families of asymmetric solutions, with such

analysis requiring two initial values to be simultaneously adjusted in order to obtain

a periodic solution as opposed to one with symmetric orbits [28].

2.3.3 Cislunar Periodic Orbits

Cislunar periodic orbits are a subset of periodic orbits in which the trajectory

path will traverse cislunar space, or the spherical volume of space which extends

from Earth’s geosynchronous orbit to and including lunar orbit and the Earth-Moon

Lagrange points. A stipulation to these orbits traversing cislunar space is that they

do not soley orbit a Lagrange point (those are Lyapunov, Halo, and Lissajous orbits).

An example of a cislunar periodic orbit generated by Arenstrof [25, 26] is shown in

Fig. 3:
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Figure 3: Example Cislunar Periodic Orbit

2.3.4 Lyapunov Orbits

Lyapunov orbits are periodic orbits about any of the three collinear (L1, L2, and

L3) Lagrange points whose trajectories lie completely in the plane of the Earth and

Moon (i.e., there is no z-component to their position or velocity). These orbits were

named after the Russian mathematician Aleksandr Lyapunov for his work on stability

theory, ordered differential equations, and non-linear analysis [2]. An example of a

family of Lyapunov orbits about the L1 Lagrange point is shown below:
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Figure 4: Family of Lyapunov Orbits about the L1 Lagrange Point [2]

Due to the dynamics about the Lagrange points, these orbits generally develop

more of a kidney-bean-like geometry as the radius from the Lagrange point increases.

2.3.5 Halo Orbits

Similar to a Lyapunov orbit, halo orbits are also periodic orbits about any of

the three collinear (L1, L2, and L3) Lagrange points. However, the difference lies in

that these are three-dimensional orbits whose trajectory crosses the z-axis. Robert

Farquhar first used the term “halo orbit” in his 1968 dissertation [29] in which he

researched satellite station-keeping in the vicinity of the L1 and L2. The term “halo”
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originates from these orbits appearing as a halo around the Moon when viewed from

the Earth. The halo orbits used in this work were obtained through a methodology

presented in Section 3.8

2.4 Space Domain Awareness

As defined by the 2020 Spacepower: Doctrine for Space Forces, Space Domain

Awareness (SDA) “encompasses the effective identification, characterization, and un-

derstanding of any factor associated with the space domain that could affect space

operations and thereby impact the security, safety, economy, or environment of our

Nation” [6]. With the space domain becoming increasingly congested, contested, and

competitive as peer, near-peer, and emerging space powers expand their presence

in space, SDA will remain a critical mission for securing and advancing the space

operations of the U.S. and its allied and partner nations in the coming decades [30].

2.4.1 Evolution from Space Situational Awareness

For nearly 50 years following the start of the first Space Age in the mid-twentieth

century, space represented a supporting function to wider terrestrial conflict – either

on land, at sea, or in the air. Space became the “ultimate high ground,” as first

described by then-USAF chief of staff General Charles Gabriel in 1982, which enabled

the introduction of game-changing technologies in the form of persistent overhead

surveillance, communication beyond the line-of-sight, and precision navigation and

timing that would spur a revolution in U.S. military strategy and operational art in the

latter twentieth and early twenty-first centuries [31]. Against this backdrop of space

access and utilization, a new mission emerged in the 1960s: early warning and space

object tracking and characterization. The proto-form of what would become known

as “space situational awareness” (SSA) arose due to the need to differentiate between
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non-hostile resident space objects (e.g., friendly satellites and debris) and ballistic

missile nuclear payloads [32]. The SSA mission grew to encompass four functions:

search, detect, track, and characterization. Once a space object is characterized and

its position and velocity is known for predictive tracking, then the object is catalogued.

At its heart, the SSA mission became one of space traffic management, with ground-

and space-based sensors constantly updating and refining the space object catalog in

order to de-conflict orbits and generate collision avoidance warnings [33].

Just as the U.S. Air Force (USAF) was created out of the need for service ded-

icated to attaining and projecting air power in the wake of World War II based on

the growing role of the air domain in military and national security operations, the

U.S. Space Force (USSF) has emerged as an independent service due to the need to

attain and maintain national power and superiority in space – a domain which is

now irrevocably linked to U.S. sovereignty and economic power. Until the start of

the 2010s, there was general hesitancy to refer to space as a “warfighting domain”;

however, the patent realization of space as a domain that is congested, contested,

and competitive has prompted an evolution in how space is viewed and framed from

a national security perspective [34]. While SSA remains a consistent term used in

civilian space flight, the general SSA mission has become a subset of a wider mission

set for the Department of Defense – SDA. In a memorandum released to the then-

Air Force Space Command in 2019, Major General John Shaw discussed the formal

shift from SSA to SDA within the Department of the Air Force, and stated that “the

implication of space as a warfighting domain demands we shift our focus beyond the

Space Situational Awareness mindset of a benign environment to achieve a more ef-

fective and comprehensive SDA” [34]. The document Spacepower: Doctrine for Space

Forces outlines that SDA “leverages the unique subset of intelligence, surveillance,

reconnaissance, environmental monitoring, and data sharing arrangements that pro-
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vide operators and decision makers with a timely depiction of all factors and actors

- including friendly, adversary, and third party - impacting domain operations” [6].

2.4.2 The New High-Ground: Cislunar Space

Until the 2010s, SDA missions were nominally restricted to the “near-Earth” or-

bital regime bounded by geosynchronous and super-synchronous orbit due to the

volume of space traffic within this region. However, the late 2010s and early 2020s

have marked a shift in the space operations paradigm, with a renewal in international

interest of pursuing missions extending into the cislunar environment, to the Moon,

and beyond the gravitational influence of the Earth-Moon system. Domestically, this

shift is represented by reinvigorated initiatives to return to the Moon via NASA’s

Artemis program and planned commercial space projects. Recent international ac-

tivity includes plans to develop a joint Chinese-Russian base at the lunar south pole in

the 2036-2045 time frame [35], China’s Chang’e-5 lunar sample-return mission in 2020

[36], Israel’s attempted lunar surface mission in 2019 [15], and China’s Chang’e-4 far-

side lunar mission in 2018. Of note, the Chang’e-4 mission was accompanied by the

Queqiao communications relay satellite orbiting the L2 Earth-Moon Lagrange point

[5]. International missions in cislunar space will likely increase throughout the 2020s,

with a likewise increase in the number of spacecraft operating in this region as sci-

entific exploration expands, space system technology evolves, and the lunar economy

emerges and develops.

Attaining space situational and wider space domain awareness in the highly dy-

namic space domain of the future will require a field of view not limited to the

traditional bounds of geosynchronous orbit, with the SDA mission embracing the

entirety of the Earth-Moon system. Undoubtedly, the largest U.S. Department of

Defense mission with regards to SDA will be protecting the space lines of commerce
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[37, 38]. Nations and private companies alike are exponentially building space-based

infrastructure to ensure communication, surveillance, and transportation. In doing

so, near-Earth space is becoming congested with thousands of active spacecraft and

tens of thousands of debris fragments from historical mishaps and breakups. This

congestion, combined with the growing connection of space access to the national

security and economic growth, has prompted many nations to realize the benefit and

prestige of extending space operations into cislunar space. Cislunar space and the

outer reaches of the Earth-Moon system are becoming the new “high ground” for

space operations and the SDA mission and focus must expand accordingly to handle

this growth of congestion and competition. Chapter V outlines a proposed taxonomy

to better describe SDA missions performed in this expanding environment.

2.4.3 Challenges and Limitations to SDA in Cislunar Space

As peer and near-peer competitor nations edge towards pursuing space superiority,

the sensors and ground stations which formed the cornerstone of U.S. SDA in pre-

vious decades are becoming restrictive in their range and resolution. Previous views

of space operations being nominally limited to geosynchronous orbit and below are

being superseded by a growing necessity to attain situational awareness of resident

space objects deep within the cislunar environment. The limitations with which U.S.

space sensing assets face will undoubtedly need to be relieved to ensure U.S. global

superiority. The International Academy of Astronautics assesses that “the capacity

and accuracy of current space monitoring systems is not sufficient to cover small

objects or to provide for orbital avoidance service for all space assets” [39]. Ground-

based radar and optical systems are the primary method for characterizing objects

in space; however, weather, solar blind spots, and their terrestrial moorings all cause

limitations [33]. Furthermore, many ground-based systems have significant optical
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capability gaps, such as the Ground-Based Electro-Optical Deep Space Surveillance

(GEODSS) system which is only capable of tracking basketball-sized objects at a

distance of 32,187 km (20,000 miles) [33].

In terms of tracking and orbit determination via optical sensors, one primary

challenge is solar exclusion angle: the cone region with respect to the Sun within which

an optical sensor cannot view a given object. In other words, the Sun is too close to

the sensor’s line-of-sight for the object to be resolved and distinguished against the

celestial background. Cislunar-based sensors offer a solution to these issues by hosting

a wider range of angles from which to view objects when compared to ground-based

or near-Earth orbital optical sensors. Of note, AFRL’s Space Vehicles Directorate

has begun the transition of pushing the bounds of SDA into cislunar space with the

creation of the Cislunar Highway Patrol System (CHPS) program. Once developed

and fielded, this satellite system intends to perform the search, detect, track, and

characterize missions within both cislunar space and the lunar exclusion zone, or a

spatial region imperceptible to Earth-based sensors due to lunar albedo [38].

2.5 Debris Risk to Spacecraft

A primary risk to orbiting SDA spacecraft will be collisions with natural and

manmade space debris. Risks from natural debris have been studied since the 1960s.

Davidson and Sandorff [40] analyzed methods for shielding spacecraft against cislu-

nar meteoroids in a 1963 NASA report, and Burbank, Cour-Palais, and McAllum

[41] presented equations for the flux of meteoroids in cislunar space in their 1965

study. More recently, accumulations of natural cislunar debris at the Earth-Moon L4

and L5 Lagrange points called the Kordylewski clouds were studied by Sĺız-Balogh,

Barta, and Horváth [42]. The risks posed by these debris accumulations to spacecraft

operating at L4 and L5 were analyzed by Boone and Bettinger [43].
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The risks posed by artificial space debris have also been studied for many years, no-

tably in Kessler’s 1978 paper on the creation of a debris belt around Earth [44]. Some

studies have investigated the potential risks from artificial debris beyond the near-

Earth environment. Boone and Bettinger [45] analyzed the propagation of cislunar

debris and risks to spacecraft for a variety of cislunar debris case studies. Spacecraft

explosions at the collinear Earth-Moon Lagrange points have also been studied by

Boone and Bettinger [46], as well as by Bandyopadhyay, Sharma, and Tewari [47].

Past studies of cislunar debris have found slight risks to spacecraft orbiting near Earth

and to spacecraft operating elsewhere in the Earth-Moon system.

2.6 Summary

This chapter reviewed background information related to cislunar trajectory mod-

els, periodic orbits, debris risks, and space domain awareness. Based on the research

conducted, the most applicable trajectory model is the CR3BP due to the simplicity,

ability to easily generate periodic orbits, and ability to simulate periodic orbits with

minimal to no ∆V required to model during the SDA simulations. However, it is still

useful to observe how the Moon’s eccentricity and Sun’s gravity change the motion of

the satellite, therefore cislunar periodic orbits are subject to these models to observe

dynamical variations in trajectory and ultimately show how stabilizing controllers

will be needed to maintain periodicity. Solar radiation would have an impact on

∆V required to maintain a trajectory, however, that is beyond the scope of this re-

search. A review of past literature has also indicated that certain perturbations may

be neglected due to their small impact on trajectory. For instance, Earth’s oblateness

effects and atmospheric drag are neglected since these perturbations significantly de-

crease at large distances from the Earth (what is seen by the majority of the orbits

analyzed).
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III. Methodology

3.1 Chapter Overview

The purpose of this chapter is to detail the methods used for analyzing cislunar

periodic orbits. Specifically, this chapter will derive the dynamical models for tra-

jectory propagation in cislunar space, present critical equations used for differential

correction, and present the SDA model used in this work. The equations of motion

for the CR3BP, ER3BP, and BCR4BP are developed and used to analyze dynam-

ical properties of the Earth-Moon system in Sections 3.3, 3.4, and 3.5 respectively.

Next, the equations used for differential correction in adjusting initial conditions

and/or determining ∆V required in higher fidelity models are presented in Section

3.6. The methodology behind the construction of periodic orbits and case scenarios

are presented in Section 3.7. The SDA model and equations used for simulations

are presented in Section 3.9. The debris survivability model used in this research is

presented in Section 3.10. The derivations and stability analysis in this chapter were

presented at the 2021 AAS/AIAA Astrodynamics Specialist Conference [48].

3.2 Non-Dimensional “Canonical” Units

For all trajectory models, a form of non-dimensional units referred to as “canoni-

cal units” are used as to simplify the problem in terms of dimensional magnitude and

allow trajectory solutions to be applied to any similar system with different gravita-

tional parameters. Canonical units are such that the universal gravitational constant

is defined as unity. In this canonical system, all distances are divided by a specified

distance unit (DU) as shown in Eq. (1):

xnd =
xd

DU
(1)
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where xnd is the non-dimensional position and xd is the dimensional position. In the

Earth-Moon system, the DU is the distance between the Earth and Moon.

A non-dimensional mass unit (MU) is created, defined as the sum of the Earth

and Moon masses. All masses are thus divided by this sum as shown in Eq. (2)

µi =
mi

MU
=

mi

me +mm

(2)

where µi and mi are the non-dimensional mass parameter and dimensional mass of

the ith body respectively.

The result of non-dimensionalizing the problem is that the synodic period of the

system is 2π. A non-dimensional time unit (TU) is created which is equal to the

period of the system divided by the non-dimensional period equal to 2π as shown in

Eq. (3):

TU =
Pd

2π
(3)

where Pd is the dimensional period of the Moon about the Earth. This TU is then

used to non-dimensionalize all times. For instance, the non-dimensional velocity is

shown in Eq. (4):

ṙnd = ṙd

(
TU

DU

)
(4)

The DU, TU, and MU used in this work are provided in the table below:

Table 1: Earth-Moon Canonical Characteristic Quantities

Parameter Value

Distance Unit (DU) 390,877.4158212686 km

Time Unit (TU) 4.4527 days

Mass Unit (MU) 6.0459×1024 kg
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3.3 The Circular Restricted Three-Body Problem

3.3.1 CR3BP Derivation and Equations of Motion

An Eulerian collinear configuration is used to derive the CR3BP equations of mo-

tion; however, another equally valid option is the Lagrangian triangular configuration.

Koon et al. [1] presented a method for deriving the CR3BP equations of motion using

Lagrangian mechanics. A modified version of this method which includes intermediate

steps is presented in this work.

To begin, the system will consist of three bodies modeled as point masses: the

Earth (E), Moon (M), and satellite (sat). The assumptions made during this deriva-

tion are as follows:

• me and mm are considerably larger than msat, such that msat is negligible and

does not affect the motion of the primary bodies

• E and M are in a circular, coplanar orbit about their barycenter

A non-dimensionalized mass parameter is defined as µ = mm/(me +mm) which will

also act as the non-dimensionalized mass of M , while the non-dimensional mass of

E is equal to 1 − µ. A coordinate system is created, herein defined as the synodic

reference frame which is represented by ŝ with coordinates (x, y, z). The synodic

reference frame is depicted with respect to the inertial reference frame in Fig. 5. The

inertial reference frame is represented by Î with coordinates (X,Y,Z).
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Figure 5: CR3BP Inertial (X,Y) and Synodic (x,y) Reference Frame

As shown in Fig 5, the synodic and inertial reference frames share the same origin:

the E-M barycenter. In this coordinate system, the position of the satellite is Î r⃗sat =

(X, Y, Z) in the inertial reference frame and ŝr⃗sat = (x, y, z) in the synodic reference

frame. The synodic frame is a rotating reference frame, which is rotated about the

shared third axis (pointed out of the page) by an angle, θ, and has an x -axis passing

through E and M . The angular velocity of the synodic reference frame with respect

to the inertial reference frame is unity in non-dimensional coordinates. The fixed

positions of E and M with respect to the origin in the synodic reference frame are

ŝr⃗e = (−µ, 0, 0) and ŝr⃗m = (1−µ, 0, 0) respectively. For the purpose of simplification,

the E and M non-dimensional mass parameters are set to µm = µ and µe = 1 − µ.

The scalar distance of sat with respect to E and M in the synodic reference frame is

written as Eqs. (5) and (6), respectively:

r2sat/e = (x+ µm)
2 + y2 + z2 (5)

r2sat/m = (x− µe)
2 + y2 + z2 (6)

With a coordinate transformation, the position of the satellite with respect to the
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origin is expressed in the inertial reference frame using synodic frame coordinates as

shown in Eq. (7):

Î r⃗sat =


X

Y

Z

 = C Î ŝ


x

y

z

 =


x cos θ − y sin θ

x sin θ + y cos θ

z

 (7)

where

C Î ŝ =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 (8)

C Î ŝ is a 3-axis rotation direction cosine matrix transforming the synodic reference

frame coordinates to be with respect to the inertial frame. Taking the derivative

with respect to time (denoted by a dot above the coordinate), the velocity terms are

obtained, shown in Eq. (9):

Î ˙⃗rsat =


Ẋ

Ẏ

Ż

 =


(ẋ− y) cos θ − (x+ ẏ) sin θ

(x+ ẏ) cos θ + (ẋ− y) sin θ

ż

 (9)

Note that this operation could have occurred in the synodic reference frame; how-

ever, utilization of the transport theorem would then be required. Also, the time

derivative of angle, θ, does not appear because the synodic period is 2π, making the

synodic rate θ̇ = 1 rad
TU

. Eq. (9) is often presented in literature with the absence of

the trignometric functions since they will be canceled out during the utilization of

Lagrange’s equation of motion. The masses are modeled as point masses, thus pro-

viding only translational kinetic energy. Therefore, the specific kinetic energy of the

satellite is calculated as

T =
1

2
(Ẋ2 + Ẏ 2 + Ż2) (10)
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substituting Eq. (9) into Eq. (10),

T =
1

2

([
(ẋ− y) cos θ − (x+ ẏ) sin θ

]2
+
[
(x+ ẏ) cos θ + (ẋ− y) sin θ

]2
+ ż2

)
(11)

The specific potential energy for the satellite is expressed as

U = − µe

rsat/e
− µm

rsat/m
(12)

where the datum is the satellite.

A system is holonomic if it is either unconstrained or its constraints (ϕ) may

be described as a function of only the generalized coordinates and time (i.e. ϕ =

ϕ(q1, ..., qn, t)). The CR3BP contains no constraints, therefore, it is a holonomic

system with the full form of Lagrange’s equation shown in Eq. (13) below:

d

dt

(
∂L

∂q̇k

)
− ∂L

∂qk
= Qk(np) (13)

where qk is the generalized coordinate, Qk(np) contains the non-potential generalized

forces and L is the Lagrangian, defined as the kinetic energy minus the potential

energy as shown in Eq. (14) below:

L = T − U (14)

Substituting Eqs. (11) and (12) into Eq. (14) results in Eq. (15):

L =
1

2

[[
(ẋ− y) cos θ − (x+ ẏ) sin θ

]2
+
[
(x+ ẏ) cos θ + (ẋ− y) sin θ

]2
+ ż2)

]

−
(
− µe

rsat/e
− µm

rsat/m

) (15)
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The CR3BP is without the presence of non-potential forces and, as a result, the

non-potential generalized force term in Eq. (13) is equal to zero resulting in the

following form of Lagrange’s equation of motion:

d

dt

(
∂L

∂q̇k

)
− ∂L

∂qk
= 0 (16)

In the CR3BP, there are three generalized coordinates: x, y, and z, which form

three equations of motion when using Lagrange’s equation. Substituting Eq. (15)

into Eq. (16) yields the following:

d

dt
(ẋ− y) = x+ ẏ − µeµm + µex

((x+ µm)2 + y2 + z2)3/2
+

µeµm − µmx

((x− µe)2 + y2 + z2)3/2

d

dt
(ẏ + x) = y − ẋ− µey

((x+ µm)2 + y2 + z2)3/2
− µmy

((x− µe)2 + y2 + z2)3/2
(17)

d

dt
ż = − µez

((x+ µm)2 + y2 + z2)3/2
− µmz

((x− µe)2 + y2 + z2)3/2

After further simplification of Eq. (17) and substituting in Eqs. (5) and (6), the

CR3BP equations of motion are derived, shown in Eq. (18):
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ẍ = x+ 2ẏ − (1− µ)(x+ µ)

r3sat/e
− µ(x− 1 + µ)

r3sat/m

ÿ = y − 2ẋ− (1− µ)y

r3sat/e
− µy

r3sat/m
(18)

z̈ = −(1− µ)z

r3sat/e
− µz

r3sat/m

Note that the use of transport theorem is not required due to the Lagrangian

originating from energy terms which are inertial and scalar. It is common practice

for the CR3BP equations of motion to be expressed in terms of a psuedo-potential

function, Ω, as shown in Eq. (19):

ẍ− 2ẏ = Ωx

ÿ + 2ẋ = Ωy (19)

z̈ = Ωz

where Ωx, Ωy, and Ωz are the partial derivatives with respect to x, y, and z of the

potential function, respectively. The psuedo-potential function is Eq. (20):

Ω = T0 − U =
1

2
(x2 + y2) +

1− µ

rsat/e
+

µ

rsat/m
(20)

where T0 contains those terms in the kinetic energy which are solely a function of the

generalized coordinates (x, y, z) and time (i.e. T0 = T (qi, t)). Constants used in the
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CR3BP analysis are shown in Table 2:

Table 2: CR3BP Constants

Parameter Value

G 6.674× 10−20Nkm3

kg2

me 5.9724× 1024 kg

mm 7.346× 1022 kg

Trajectories are determined by numerically integrating the equations of motions

with a given set of initial conditions. Initial conditions consist of a starting position

and velocity given in the form X =
[
x0 y0 z0 ẋ0 ẏ0 ż0

]
. In this research, MAT-

LAB’s ODE45 numerical integrator was used with absolute and relative tolerances

ranging from 2.5× 10−10 to 2.5× 10−8 DU.

3.3.2 Analytical Mechanics and Stability of the CR3BP

Greenwood [49] defines a conservative system to be a system which meets the

following criteria: The standard form of Lagrange’s equation (holonomic or nonholo-

nomic) applies, the Lagrangian function, L, is not an explicit function of time, and

any constraint equations can be expressed in the differential form
∑n

i=1 ajidqi = 0.

With all of these conditions applying, the CR3BP is a conservative system where the

Hamiltonian, H=
∑

k
∂L
∂q̇k

q̇k−L, is conserved (applicable for any conservative system).

In the case of the CR3BP, the Jacobi integral (also called the Jacobi Constant) is

conserved. Since the CR3BP does not contain any ignorable coordinates, the Jacobi

Constant is the only constant of motion. The equation for the Jacobi Constant is

shown in Eq. (21):

C = 2Ω−
√

ẋ2 + ẏ2 + ż2 (21)
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The Jacobi Constant provides a relative negative measure of energy, meaning that

a larger Jacobi Constant corresponds to less relative energy. The Jacobi Constant

provides a means of depicting relative zero velocity surfaces and curves. For instance,

by setting the velocity terms in Eq. (21) to zero, the zero velocity curves for all Jacobi

Constant values may be plotted as shown in Fig. 6:

Figure 6: Earth-Moon CR3BP Zero Velocity Curves

A system of any order has an analytical solution if the constants of integration

are greater than or equal to two times the degrees of freedom. In the CR3BP, there

are a total of three degrees of freedom (three translational from the third body, sat).

Since the number of constants of integration (one) are less than the degrees of freedom

(three), there exists no closed form analytical solution to the CR3BP, and, as a result,

numerical integration is required to produce approximate solutions.
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There exist well known equilibrium solutions to the CR3BP in which the position

of sat would appear to be unchanged with respect to time in the synodic reference

frame. However, in the inertial reference frame, these points would appear to move in

a perfectly circular orbit about the system barycenter. Often refereed to in literature

as Lagrange points or Libration points, these points of stability are found by setting

the velocity and acceleration terms in the equations of motion equal to zero. A

simplification to this process is the realization that z is decoupled from x and y.

Curtis [50] proves that for equilibrium conditions to hold true, the z -component of

position must equal zero. In the CR3BP, there are 5 non-oscillatory equilibrium

points, L1, L2, L3, L4, and L5. The existence of these points was thought to be

purely academic until 1906 with the discovery of the Trojan asteroids in the Sun-

Jupiter L4 and L5 points [51]. As an example, the locations of the Lagrange points

for the E-M system (µ = 0.012150586550569) are shown in Table 3 and are drawn

on the E-M synodic reference frame in Fig. 7 below:

Table 3: Non-Oscillatory Lagrange point locations in the Earth-Moon CR3BP Syn-
odic Reference Frame

Lagrange point x-position (DU) y-position (DU)

L1 0.8369 0

L2 1.1557 0

L3 -1.0050 0

L4 0.4878 0.8660

L5 0.4878 -0.8660
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Figure 7: Lagrange Points for the Earth-Moon System in the Synodic Reference
Frame

As shown in Fig. 7, equilateral triangles are formed between the E-M -L4 and E-

M -L5 points, while the L1,L2, and L3 Lagrange points are collinear with respect to the

two primary masses. Through linear stability analysis, the stable and unstable nature

of the Lagrange points may be proven [52]. The resulting conclusion is that the L1,L2

and L3 Lagrange points are unstable; meanwhile, the L4 and L5 Lagrange points are

infinitesimally stable as long as the following condition is met: mm < 0.0385(me+mm)

[7]. Essentially, there must be a significant mass difference between the two primary

masses. According to Bialynicki-Birula, “the stability of motion near L4 and L5 is

due to an intricate interplay between the potential forces and the Coriolis force” [53].

In this system, small differences in initial conditions lead to large differences in

state, causing the CR3BP to be extremely chaotic. A commonly used stabilizing

controller to mitigate this chaos is the use of propellant to adjust trajectory, more

specifically referred to as change in velocity, ∆V . ∆V expenditure is generally the
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limiting variable in space flight duration and longevity. The ∆V required for tra-

jectory adjustments can be significantly reduced if scheduled early enough in the

trajectory. For instance, Uphoff [54] showed that for his “BackFlip” orbit sequence,

a ∆V of 10 m/s can contribute to a change the trajectory by more than 10,000 km

when planned 10 to 15 hours in advance. In application to cycler orbits, Genova

and Aldrin [55] showed how ∆V ’s as low as 19 m/s per 26.3 days would ensure close

proximity Earth-Moon passes in their shamrock design. The result of this preparation

provides a low cost means for shuttling humans and supplies to and from the Moon, a

necessity when taking into consideration inevitably more frequent Earth-Moon travel

due to future developments of a lunar base.

3.4 The Elliptical Restricted Three-Body Problem

The ER3BP is a deviation of the CR3BP, with the Moon now in an elliptical orbit

about the Earth. This does two things: create a variable distance, r, between the

primaries and create a variable angular velocity of the Earth and Moon about their

barycenter, v̇. The assumptions for the ER3BP are as follows:

• me and mm are considerably larger than msat, such that msat is negligible and

does not affect the motion of the primary bodies

• At initial time, t = 0, the primary bodies are at their minimum distance between

one another
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3.4.1 ER3BP Derivation and Equations of Motion

The ER3BP derivation appears in significantly fewer publications than the CR3BP,

however, notable authors who have included this in their works include Szebehely

[11, 56], Arenstorf [57], and Brouke [58]. The differences between the CR3BP and

the ER3BP are highlighted in this derivation and additional equations presented.

To start, the primary difference is that in the ER3BP, the non-dimensional distance

between the primaries is now variable as represented in Eq. (22):

r =
1− e2

1 + e cos v
=

p

1 + e cos v
(22)

where e is the eccentricity and v is the true anomaly of the Earth and Moon about

their barycenter with respect to the synodic reference frame. Likewise, the non-

dimensional angular velocity of the primaries about their common barycenter is now

variable as represented in Eq. (23):

v̇ =

√
1− e2

r2
=

√
p

r2
(23)

It is common practice to use a variant of the synodic reference frame which is

now pulsating. To do this, all distances in the x-y plane are divided by the variable

non-dimesnional distance between the primaries, r [58], as shown in Eq. (24) and

(25)

x =
xCR3BP

r
(24)

y =
yCR3BP

r
(25)

where xCR3BP and yCR3BP are the non-dimensional coordinates in the CR3BP synodic
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reference frame. Through this relationship, the distances of the primaries are now

stationary in the new pulsating synodic reference frame with coordinates (xe, ye) =

(−µ, 0) and (xm, ym) = (1− µ, 0).

The compilation of these changes transforms the ER3BP potential function (Ω̃)

into Eq (26):

Ω̃ =
r

p

[
1

2
(x2 + y2) +

µe

rsat/e
+

µm

rsat/m
+

1

2
µeµm

]
(26)

In order to simplify the equations of motion, it is common practice to make a

change of independent variables from time, t, to true anomaly, v [56, 58]. This

transformation is shown in Eq. (27):

dt =
r2
√
p
dv (27)

The ER3BP equations of motion are shown in Eq. (28):

x
′′ − 2y

′
= Ω̃x

.

y
′′
+ 2x

′
= Ω̃y (28)

z
′′
= Ω̃z

where the superscripts (
′
) and (

′′
) denote the first and second derivatives with respect

to true anomaly. Expanding out the partial derivatives of the potential function in

Eq. (28) yields the full form of the ER3BP equations of motion as shown in Eq. (29)
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x
′′
= 2y

′
+

r

p

[
x− (1− µ)(x+ µ)

r3sat/e
− µ(x− 1 + µ)

r3sat/m

]

.

y
′′
= −2x

′
+

r

p

[
y − (1− µ)y

r3sat/e
− µy

r3sat/m

]
(29)

z
′′
=

r

p

[
− (1− µ)z

r3sat/e
− µz

r3sat/m

]

3.4.2 Analytical Mechanics and Stability of the ER3BP

In the previous section, it was explained that the CR3BP is a conservative system

with the Jacobi integral being conserved, thus an integral of the motion and constant

of integration. However, when elliptical motion is applied to the Moon, the system

becomes non-conservative and the Jacobi integral is no longer an integral of the

motion [57, 58].

Brouke notes another differing characteristic: the ER3BP does not include any

natural families of periodic orbits in the sense of the circular problem [58]. Instead,

any period of a periodic orbit must be a multiple of 2π [58]. Similar to the CR3BP, the

ER3BP has a total of three degrees of freedom (three translational from the satellite).

Since the number of constants of integration (zero) are less than the degrees of freedom

(three), there exists no closed form analytical solution to the ER3BP, and, as a result,

numerical integration is required to produce solutions.

The oscillatory motion of the primaries about the synodic frame x-axis causes

stable points in the CR3BP to become unstable when applied to the ER3BP. Due to

this, the ER3BP contains no points of stability.
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3.5 The Bicircular Restricted Four-Body Problem

The BCR4BP is an extension of the CR3BP and consists of one body of negligible

mass under the gravitational influence of three other bodies which are in a perfectly

circular orbit around one another. This derivation specifically derives the equations

of motion for the Moon in a circular orbit about the Earth, and the Earth-Moon

barycenter in a circular orbit about the Sun, S.

3.5.1 BCR4BP Derivation and Equations of Motion

The BCR4BP is derived by making the following assumptions:

• The mass of sat is negligible compared to the masses of the other three bodies.

Therefore, it’s mass does not influence the motion of the three other bodies.

• E is in a circular orbit about S. M is in a circular orbit about E. Therefore

angular velocities are constant.

• At the initial time, θe and θS are equal to zero.

Similar to the CR3BP, the equations of motion will be with respect to the E-M

synodic reference frame. The diagram of the system is shown in Fig. 8 below:
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Figure 8: BCR4BP Inertial Reference frame (X,Y) and Synodic Reference Frame
(x,y)

The angle between the E-M synodic reference frame and the inertial frame is

θe = θ̇et while the angle the line connecting S and the synodic frame is θS = θ̇St

where θ̇S and θ̇e are the angular rates of the S about the inertial reference frame

and E about a shifted imaginary inertial reference frame (denoted by dotted lines

in Fig. 8), respectively. A new non-dimensional mass parameter is created for S,

µS = mS

me+mm
. A1 represents the scalar non-dimensional distance between S and

the inertial reference frame while A2 represents the scalar non-dimensional distance

between the inertial and synodic reference frames. Note that in this non-dimensional

coordinate system θ̇e is unity, while θ̇S is less than one. The angles θS and θe are

calculated from Eq. (30) and (31), respectively:

θS = θ̇St =

√
µS + 1

(A1 + A2)3
t (30)
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θe = θ̇et = (1)t (31)

The scalar distance of the satellite with respect to E, M, and S in the synodic

reference frame (x,y) is written as Eqs. (32), (33), and (34) respectively:

r2sat/e = (x+ µ)2 + y2 + z2 (32)

r2sat/m =
(
x− (1− µ)

)2
+ y2 + z2 (33)

r2sat/S = (x− xS)
2 + (y − yS)

2 + z2 (34)

and xS and yS are the scalar distances of S in x and y coordinates with respect to

the barycenter of the E-M synodic reference frame and are shown in Eqs. (35) and

(36) respectively:

xS = −(A1 + A2) cos (θS − θe) (35)

yS = −(A1 + A2) sin (θS − θe) (36)

As with the CR3BP, a coordinate transformation is needed to avoid having to

use the transport theorem when differentiating (either method is equally valid). This

coordinate transformation is used to represent the satellite in the inertial reference

frame whilst using synodic frame coordinates. An important distinction between the

CR3BP and the BCR4BP is that differentiation in the BCR4BP must be made with

the Inertial reference frame as the origin, which is now displaced from the synodic

reference frame. This transformation is shown in Eq. (37):
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Î r⃗sat =


X

Y

Z

 = C Î ŝ


x

y

z

+Î r⃗ŝ/Î =


x cos θe − y sin θe

x sin θe + y cos θe

z

+


A2 cos θS

A2 sin θS

0

 (37)

where C Î ŝ is a 3-axis rotation direction cosine matrix transforming the system from

the synodic reference frame to the inertial frame (see Eq. (8)) and Î r⃗ŝ/Î is the vector

distance of the synodic reference frame with respect to the inertial reference frame

when viewed from the inertial reference frame. Taking the derivative with respect to

time, the velocity terms are obtained, shown in Eq. (9):

Î ˙⃗rsat =


Ẋ

Ẏ

Ż

 =


(ẋ− y) cos θe − (x+ ẏ) sin θe − A2θ̇S sin θS

(x+ ẏ) cos θe + (ẋ− y) sin θe + A2θ̇S cos θS

ż

 (38)

Just as with all dynamical models studied in this paper, the gravitational bodies

are modeled as point masses, thus providing only translational kinetic energy. The

specific kinetic energy of the BCR4BP is shown in Eq. (39):

T =
1

2

[[
(ẋ− y) cos θe − (x+ ẏ) sin θe − A2θ̇S sin θS

]2
+
[
(x+ ẏ) cos θe + (ẋ− y) sin θe + A2θ̇S cos θS

]2
+ ż2

] (39)

The potential energy of the BCR4BP differs from that of the CR3BP due to the

addition of term due to the Sun’s gravitational attraction. The potential energy of

the BCR4BP is shown in Eq (40):
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U = −1− µ

rsat/e
− µ

rsat/m
− µS

rsat/S
(40)

As with the CR3BP, the BCR4BP is holonomic with no non-potential forces for the

same reason. Therefore, the following form of Lagrange’s equation of motion is used:

d

dt

(
∂L

∂q̇k

)
− ∂L

∂qk
= 0 (41)

where the Lagrangian is the kinetic energy minus the potential energy as shown in

Eq. (42):

L = T − U (42)

Substituting Eqs. (39) and (40) into Eq. (42) and substituting the result into Eq.

(41) and after simplification, the equations of motion for the BCR4BP are obtained

as shown in Eq. (43):

ẍ = x+ 2ẏ − (1− µ)(x+ µ)

r3sat/e
− µ(x− 1 + µ)

r3sat/m
− µS(x− xS)

r3sat/S
+ A2θ̇

2
S cos (θS − θe)

ÿ = y − 2ẋ− (1− µ)y

r3sat/e
− µy

r3sat/m
− µS(y − yS)

r3sat/S
+ A2θ̇

2
S sin (θS − θe) (43)

z̈ = −(1− µ)z

r3sat/e
− µz

r3sat/m
− µSz

r3sat/S

An important assumption to note in these equations is that at the beginning of

propagation, θS = 0; however, the Sun may be placed at any desired angle by adding

the desired starting angle inside the trignometric functions of Eqs. (43), (35), and
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(36). The BCR4BP uses the same values listed in Tables 1 and 2 with additional

quantities listed in the table below:

Table 4: BCR4BP Non-dimensional Constants

Parameter Value

A1 0.00118

A2 389.1725

µS 328900

θ̇S 0.0747

The values in Table 4 are obtained by dividing the scalar distances, times, and

masses by the values in Table 1.

3.5.2 Analytical Mechanics and Stability of the BCR4BP

In determining points of stability, the BCR4BP is closely approximated to a

CR3BP where the first primary is the Sun and the second primary is the E-M barycen-

ter. This is a conservative system where the Hamiltonian, H=
∑

k
∂L
∂q̇k

q̇k − L is con-

served. However, the Jacobi integral for this problem is slightly different in that it

is taken with respect to a new BCR4BP rotating reference frame where the x-axis is

aligned with the Sun and E-M barycenter and whose origin lies at the BCR4BP iner-

tial reference frame. This would alter the equations of motion from those presented

in Eq. (43). Just as with the cases of the CR3BP and ER3BP, there exists no closed

form analytical solution to the BCR4BP, and, as a result, numerical integration is

required to produce solutions.

The BCR4BP has 5 Lagrange points when approximated into a CR3BP. In this

system, µ ≈ 3.0394× 10−6. The L4 ad L5 points will still form an equilateral triangle

as with the E-M CR3BP, however, the change in µ value causes a shift in the collinear

L1, L2, and L3 points. Due to the significant size difference of the Sun when com-
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pared to the Earth and Moon, the L1 and L2 points are extremely close to the E-M

barycenter. In this example, the BCR4BP Lagrange points were first calculated in a

non-dimensional system where the sum of mS, me, and mm is one and then converted

to the canonical units previously discussed by scaling up a factor of A1 + A2. These

Lagrange points are taken with respect to the new BCR4BP rotating frame. The

BCR4BP Lagrange points are shown in Table 5 and plotted on Fig. 9:

Table 5: Non-Oscillatory Lagrange point locations in the Sun-Earth-Moon BCR4BP
Rotating Reference Frame

Lagrange point x-position (DU) y-position (DU)

L1 0.989987(A1 + A2) 0

L2 1.010074(A1 + A2) 0

L3 −1.000001(A1 + A2) 0

L4 0.4878(A1 + A2) 0.8660(A1 + A2)

L5 0.4878(A1 + A2) −0.8660(A1 + A2)

Figure 9: Lagrange Points for the Sun-Earth-Moon System in the BCR4BP Rotating
Reference Frame
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It is difficult to distinguish the L1, L2, and E-M barycenter in Fig. 9. Therefore,

a close up image is presented in Fig. 10:

Figure 10: L1 and L2 Points for the Sun-Earth-Moon System in the BCR4BP Rotating
Reference Frame

3.6 Differential Correction

Differential correction is used to correct a set of initial conditions to satisfy certain

criteria. For instance, differential correction is used in targeting problems if a desired

final position is specified. Differential correction, in terms of what was used in this

work, is also used for transitioning a trajectory between different dynamical model

(such as going from the CR3BP to the BCR4BP), or altering initial conditions to

account for variations in the attributes of the system (such as a different µ value).

The differential correction routines used in this work are outlined by Parker and

Anderson [12], and described in detail below. The differential correction relies on the

use of the state transition matrix (STM). The STM, Φ, provides mapping from the

errors in the initial conditions to the errors in the final state at a particular time. To

50



begin describing the STM, a state vector X is defined as Eq. (44)

X =
[
x y z ẋ ẏ ż

]
(44)

The STM is then,

Φ(t, t0) =
∂X(t)

∂X(t0)
=

Φrr Φrv

Φvr Φvv

 (45)

and relates the final conditions
(
r⃗(t) and v⃗(t)

)
to the initial conditions

(
r⃗0 and v⃗0)

)
conditions by:

δr⃗(t)
δv⃗(t)

 =

Φrr Φrv

Φvr Φvv

δr⃗0
δv⃗0

 (46)

in which Φrr, Φrv, Φvr, and Φvv are 3x3 sub-matrices which comprise the 6× 6 STM.

Note that the STM directly maps the deviations or errors in the state. In order to

solve for the STM which maps X(t) to X(t0), the STM is propagated for time t via

the relationship in Eq. (47):

Φ̇(t, t0) = A(t)Φ(t, t0) (47)

where the initial condition for Φ is the identity martix as shown in Eq. 48:

Φ(t0, t0) = I =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(48)

The A Matrix in Eq. (47) is solved by evaluating Eq. (49):
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A(t) =
∂Ẋ(t)

∂X(t)
=

a11 a12

a21 a22

 (49)

where

a11 =


∂ẋ
∂x

∂ẋ
∂y

∂ẋ
∂z

∂ẏ
∂x

∂ẏ
∂y

∂ẏ
∂z

∂ż
∂x

∂ż
∂y

∂ż
∂z

 a12 =


∂ẋ
∂ẋ

∂ẋ
∂ẏ

∂ẋ
∂ż

∂ẏ
∂ẋ

∂ẏ
∂ẏ

∂ẏ
∂ż

∂ż
∂ẋ

∂ż
∂ẏ

∂ż
∂ż



a21 =


∂ẍ
∂x

∂ẍ
∂y

∂ẍ
∂z

∂ÿ
∂x

∂ÿ
∂y

∂ÿ
∂z

∂z̈
∂x

∂z̈
∂y

∂z̈
∂z

 a22 =


∂ẍ
∂ẋ

∂ẍ
∂ẏ

∂ẍ
∂ż

∂ÿ
∂ẋ

∂ÿ
∂ẏ

∂ÿ
∂ż

∂z̈
∂ẋ

∂z̈
∂ẏ

∂z̈
∂ż


There are certain properties which the Φ matrix possesses such as:

Φ(t2, t0) = Φ(t2, t1)Φ(t1, t0) (50)

Φ−1(t, t0) = Φ(t0, t) (51)

With knowledge of the STM, differential correction may be performed via the

single and multiple shooting methods. For both methods, a set number of patchpoints

are chosen which allows for convergence of the algorithm outlined in Fig. 11.

3.6.1 Single Shooting Method

The first step in differential correction is the single shooting method. In the Single

Shooting method the patchpoint positions and times to travel between patchpoints

are held constant whilst the velocity is varied to a converged solution as to reach a

desired position in a desired amount of time. It is crucial that the initial velocity

guess is close to the solution or else the velocity will not converge. Likewise, orbital
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dynamics in cislunar periodic orbits are extremely chaotic, thus it is important to

impose enough patchpoints as to allow for a converged solution (especially around

sharp “turns” in the trajectory). The algorithm for utilizing this single shooting

method is shown in Fig. 11:

Figure 11: Single Shooting Method Algorithm

In the preceding algorithm, ε is the error tolerance, r⃗d is the desired position, and the

equation for the initial velocity change is calculated from Eq. (46) and shown in Eq.

(52):

δv⃗0 = Φ−1
rv δr⃗(t) (52)

If using the single shooting method for multiple points in a trajectory, then it is

critical to remember to propagate each respective point at the start time in the
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overall trajectory, as opposed to starting each point at t = 0.

3.6.2 Multiple Shooting Method

The multiple shooting method is used after the single shooting method to ad-

just position and times. The change in patchpoint position and times for a three-

pathchpoint segment is calculated from Eq. (53):



δR1

δt1

δR2

δt2

δR3

δt3


= MT (MMT )−1

[
δ∆V2

]
(53)

The goal with Eq. (53) is to reduce ∆V2 to zero. Note that ∆V2 = V +
2 − V −

2

where the the solo superscripts “-” and “+” represent the incoming and outgoing

parameters at a particular patchpoint. The M matrix is calculated by Eq. (54):

M =
[
∂∆V2

∂R1

∂∆V2

∂t1

∂∆V2

∂R2

δ∂V2

∂t2

∂∆V2

∂R3

∂∆V2

∂t3

]
(54)

where

∂∆V2

∂R1

= −∂V −
2

∂R+
1

= −B−1
12

∂∆V2

∂t1
= −∂V −

2

∂t+1
= B−1

12 V
+
1

∂∆V2

∂R2

= −∂V +
2

∂R−
2

− ∂V −
2

∂R+
2

= −B−1
32 A32 +B−1

12 A12

∂∆V2

∂t2
=

∂V +
2

∂t−2
− ∂V −

2

∂t+2
= B−1

32 A32V
+
2 −B−1

12 A12V
−
2
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∂∆V2

∂R3

=
∂V +

2

∂R−
3

= B−1
32

∂∆V2

∂t3
=

∂V +
2

∂t−3
= −B−1

32 V
−
3

which utilizes the notation in Eq. (55):

δR−
2

δV −
2

 =

A21 B21

C21 D21

∆R+
1

∆V +
1

 (55)

where the A21, B21, C21 andD21 sub-matrices form the STM mapping from patchpoint

1 to 2. Finally, to determine the new positions add the variation in position obtained

to the initial position as shown in Eqs. (56) and (57):

r⃗1new = r⃗+1old + δr⃗1 (56)

r⃗2new = r⃗−2old + δr⃗2 (57)

This process describes the multiple shooting method for 3 points; for more than

3 points, then a matrix form shown in Eq. (58) may be used:



δR1

δt1

δR2

δt2

δR3

δt3

δR4

δt4
...

δRn

δtn



= MT (MMT )−1


δ∆V2

δ∆V3

...

δ∆Vn−1

 (58)

55



From Eq. (58), the matrix M is equal to

M =


∂∆V2

∂R1

∂∆V2

∂t1

∂∆V2

∂R2

∂∆V2

∂t2

∂∆V2

∂R3

∂∆V2

∂t3
03x3 03x1 ... 03x3 03x1

03x3 03x1
∂∆V3

∂R2

∂∆V3

∂t2

∂∆V3

∂R3

∂∆V3

∂t3

∂∆V3

∂R4

∂∆V3

∂t4
... 03x3 03x1

...
...

...
...

...
...

...
...

...
...

...

03x3 03x1 03x3 03x1 ... ∂∆Vn−1

∂Rn−2

∂∆Vn−1

∂tn−2

∂∆Vn−1

∂Rn−1

∂∆Vn−1

∂tn−1

∂∆Vn−1

∂Rn

∂∆Vn−1

∂tn


(59)

where 03x3 is a 3x3 matrix of zeros and 03x1 is a 3x1 matrix of zeros. For correcting

the position, the following is used:

r⃗n−new = r⃗+n−old + δr⃗n (60)

3.7 Periodic Orbit Construction

Due to the complexities in dynamics and chaos in higher fidelity trajectory models,

periodic orbits are mainly found in the CR3BP or lower fidelity models such as the

2BP. In the CR3BP, the simplest way of creating or “discovering” these periodic orbits

is to start with an arbitrary initial position along the x-axis of the synodic reference

frame. The y-velocity is then adjusted until the trajectory closes in a periodic man-

ner. Thus, the initial conditions will take the form of X = (x0, 0, 0, 0, ẏ0, 0). Without

use of code which finds a converged near-by solution, this process becomes an artful

task which takes some skill, knowledge, and, above all, patience. It is possible to have

multiple periodic orbits lie in the same initial position, with varying velocities. To

demonstrate this as an example, the initial position of x = 1.15 will be taken. By ad-

justing the y-velocities, three periodic orbits in the CR3BP (µ = 0.012150584673414)

are created, shown in Fig. 12 with initial conditions shown in Table 6:
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Figure 12: Periodic Orbit Construction Example (x=1.15)

Table 6: Periodic Orbit Construction Example (Fig. 12) Initial Conditions

Periodic Orbit Ex. x0 ẏ0 T0

1 1.15 -0.5724 30.8

2 1.15 -1.585 6.4

3 1.15 -2.112 3.5

Throughout the construction of cislunar periodic orbits it was observed that sig-

nificantly more chaos was present when either of the following conditions were met:

• negative x0-position and negative y0-velocity

• positive x0-position and positive y0-velocity

When either of the above conditions were met, it was common for the trajectory to

spiral out of the Earth-Moon system. Therefore, for nearly all of the orbits analyzed

in this work, the initial conditions consisted of initial position and velocities which

were opposite in sign. Figs. 12, 18, 19 (Orbits 7-9), and 36 all consist of periodic

orbits that were discovered during this research. Other miscellaneous periodic orbits

discovered are shown in Fig. 13 with the corresponding initial conditions shown in

Table 7.
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Figure 13: Miscellaneous Discovered Periodic Orbits
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Table 7: Miscellaneous Discovered Periodic Orbits Initial Conditions

Misc Orbit x0 ẏ0 T0

1 -0.9 -0.099452 29.5

2 -0.8 0.38 12.6

3 -0.7 0.3865 25.2

4 -0.902627797776441 -0.42142 18.9

5 0.902627797776441 0.691 17.6

6 -1.15 -0.010244 25.2

7 -0.7 -0.065 12.5

8 -0.75 0.0794 18.9

9 -0.7 0.0212 25.1

10 -0.7 0.04115 31.4

11 -0.7 0.0085 44

12 -0.7 0.00074 81.9

13 -0.8 1.45 6.3

14 -0.7 1.2903 6.3

15 -0.9 1.51 12.45

16 -0.8 1.605 12.47

17 -0.7 1.099 50

18 -0.9 1.446 18.8

19 -0.7 0.959 40.0

20 -0.7 1.26 57.0

21 -0.7 1.35 69.0

22 -0.7 1.07 56.5

23 -0.9 1.82 12.2

24 -0.9 2.20583 31.85

Note that the initial conditions in Table 7 take the form of X = [x0, 0, 0, 0, ẏ0, 0]
T .

The orbits in Figs. 12, 13, 18, 19, and 36 may be used for a wide swath of missions,
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not limited to SDA. Such missions include re-supply, personnel transport, and space-

based infrastructure development. In particular, orbits which feature close proximity

passes of both gravitational bodies, identified herein as cycler orbits, may be extremely

useful for such mission sets. It may also be effective to transfer between these orbits

by utilizing the Lagrange points.

3.8 Families of Halo Orbits

In preparation for this work, families of halo orbits about the L1 and L2 Lagrange

points were created (µ = 0.012150584673414). By taking advantage of the symmetry

of the CR3BP about the x-z plane, initial conditions can be formed for periodic orbits

about the collinear Lagrange points; for the halo orbits, the initial conditions take the

form of X = [x0, 0, z0, 0, ẏ0, 0]
T . Following the method laid out by Grebow (2006),

the bifurcation with the planar Lyapunov orbits is used as the starting point for

forming halo orbits (orbit 1 in Tables 8 and 9) [2]. Using a continuation method, ever

increasing z0 values are found for the halo orbit initial conditions according to:

Xk+1 = Xk + d∆X (61)

where ∆X = [0, 0, 1, 0, 0, 0]T represents a shift in the z direction at each step

[2, 12]. After each shift, the new initial condition is corrected to form the periodic

Halo Orbit about L1 or L2 for the given z0 value. The initial conditions for some

members of the L1 and L2 Northern Halo Orbit families are given in Tables 8 and 9.
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Table 8: Family of L1 Northern Halo Orbits

Halo Orbit x0 z0 ẏ0 T0

1 0.823400 0 0.126232 2.742912

2 0.823391 0.024 0.135374 2.746862

3 0.823776 0.048 0.157540 2.757428

4 0.825081 0.072 0.184597 2.771716

5 0.827480 0.096 0.211253 2.784409

6 0.830970 0.120 0.234856 2.785808

Table 9: Family of L2 Northern Halo Orbits

Halo Orbit x0 z0 ẏ0 T0

1 1.180899 0 -0.155856 3.415531

2 1.180801 0.01 -0.156434 3.414713

3 1.180503 0.02 -0.158134 3.412257

4 1.179992 0.03 -0.160864 3.408149

5 1.179246 0.04 -0.164483 3.402362

6 1.178242 0.05 -0.168829 3.394850

Southern Halo Orbits can be formed in the same manner by using ∆X = [0, 0, −1, 0, 0, 0]T .

For the analysis performed in this paper, halo orbit 6 from Table 8 and halo orbit 6

from Table 9 will be used as Target orbits.

3.9 Space Domain Awareness Simulation Model

To determine if the Target satellites are visible, visual magnitude (Mv) of the

vehicles is calculated. The first step in calculating visual magnitude is to determine

the phase (or Sun) angle at every point in time. The phase angle is calculated from

Eq. (62):
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ϕ = arccos

(
r⃗Tar/sat · r⃗Tar/S

rTar/satrTar/S

)
(62)

where r⃗Tar/sat is the vector position of the target with respect to the sensor bearing

satellite, and r⃗Tar/S is the vector position of the target with respect to the Sun. In

this analysis, the target is modeled as a sphere; therefore, the phase function, Ψ,

becomes:

Ψ =
2

3

Cd

π
(sinϕ+ (π − ϕ) cosϕ) (63)

where Cd is the coefficient of diffuse reflection which is a function of the mean

wavelength. The visual magnitude, Mv, is then calculated by:

Mv = −26.8− 2.5 log10

(
A

r2Tar/sat

Ψ

)
(64)

where A is the surface area of the Target. The visual magnitude is, counterin-

tuitively, measured on a logarithmic scale in which lower numbers indicate brighter

objects. For comparison, Table 10 lists common visual magnitudes [59].

Table 10: Common Visual Magnitudes

Object Mv

Sun from Earth -26.8

Full Moon from Earth -12.5

Jupiter at brightest from Earth -2.7

Polaris from Earth 1.99

Naked Eye Limit Ability 6.0

Pluto from Earth 15.1

Hubble Space Telescope Ability 31

For this analysis, a Target is considered visible when it has a visual magnitude
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of Mv ≤ 18.5. Constants used in the SDA analysis were area of the Target, A, and

coefficient of diffuse reflection, Cd which were 2.25 m2 and 0.86, respectively. It is

critical to note that A is converted to kilometers before calculating Mv to match units

of r2.

Exclusion angles are also considered in this analysis, which are the angles between

the satellite-Target and satellite-gravitational body. When the angle between the

satellite-Target and satellite-gravitational body vectors are less than these exclusion

angles, the target is assumed to be imperceptible due to the Sun’s reflection onto the

respective gravitational body. Table 11 shows the exclusion angles used:

Table 11: Exclusion Angles

Object Value Mv

Sun 30◦ 35

Earth 15◦ 35

Moon 6◦ 35

For graphical purposes, high Mv values are assigned to angles which are less than

the exclusion angle as shown in Table 11. For instance, a Mv value of 35 would

correspond to a scenario in which the Target is imperceptible due to either the Sun,

Earth, or Moon’s exclusion angle.

3.10 Artificial Debris Propagation Analysis

The methodology used for determining risk to spacecraft with respect to debris

impact as discussed by Boone [3] was used for the debris propagation described in

this section. The simulation results for this analysis are showcased in Chapter VI.
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3.10.1 Debris Model

Debris will be assumed to be generated by a catastrophic battery explosion, and

the statistical catastrophic spacecraft mishap model developed by Boone and Bet-

tinger [45] based on the NOAA 16 satellite battery explosion will be used to determine

the particle masses (m) and velocities (v) resulting from the explosion. All particle

masses will be generated by selecting random numbers from a lognormal distribution

with mean of -1.7285 and standard deviation of 1.4511. Given a constant value for

particle kinetic energy (KE), the particle speed can be calculated from particle mass

as Eq (65):

v =

√
2

m
KE (65)

A particle kinetic energy of about 580 J will be used based on the median kinetic

energies of particles released from the NOAA 16 battery explosion. All particles will

be assigned a random direction for their velocity vector to represent an omnidirec-

tional explosion. Typically, this model results in 2,500 to 3,000 debris particles that

are given an average ∆V of approximately 100 m/s.

3.10.2 Survivability Model

The survivability model used by Boone and Bettinger [45] for analyzing surviv-

ability of cislunar spacecraft is applied to evaluate the risks due to debris for this

research. This model is a variation on the Poisson aircraft survivability developed by

Ball [60]. In this model, the debris number density ρ within a spherical “danger zone”

with volume VDZ surrounding a notional spacecraft threatened by debris is used to

calculate the probability of hazard to the notional spacecraft. A smaller spherical

region called the “hazard zone” with volume VHZ bounds this notional spacecraft.

The radii of the danger zone and hazard zone are 10, 000 km and 500 m respectively.
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The expected number of hits, E, to this hazard zone is given by Eq. (66):

E = ρVHZ (66)

Any particle that enters the hazard zone sphere that would cause critical damage

to the spacecraft if it struck the spacecraft is considered to significantly threaten the

spacecraft and represents a “hazard.” A diagram illustrating the hazard zone and

danger zone is shown in Fig. 14:

Figure 14: Diagram Showing Hazard Zone and Danger Zone for Survivability Model

The probability of causing critical damage given that an impact occurs is the prob-

ability of kill with a hit, PK|H . PK|H is determined using a vulnerability model that

depends on the properties of the debris in the vicinity of the spacecraft, which is dis-

cussed in greater detail in the next section. Given a value for PK|H , the instantaneous
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probability of spacecraft hazard is expressed by Eq. (67):

PHZ = 1− e−EPK|H (67)

The total probability of hazard during a simulation with a start time of t0 and an

end time of tf is given by Eq. (68):

(PHZ)t =

∫ tf

t0

PHZ(t) dt (68)

3.10.3 Vulnerability Models

Two differing methods were used to determine PK|H throughout this research.

The first consists of a logistic model that depends on the properties of the debris

in the vicinity of the spacecraft, particularly debris mass. The initial rationale for

excluding particle velocity in the model was that particle mass was assumed to have a

stronger relationship with collision damage [3]. The equation for the mass-dependent

PK|H is shown in Eq. 69:

PK|H = A+
K − A

(C +Qe−B∗m)1/v
(69)

where A = 0, B = 3, C = 1, K = 1, Q = 0.1, and v = 0.05. Plotting this equation

vs. mass obtains Fig. 15:
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Figure 15: Mass-Dependent Logistic Curve Model [3]

As shown in Fig. 15, PK|H was assumed to trend towards 100% as a particles

mass approached 2 kg, the upper limit of particle masses in this model.

The second method to solve for PK|H improves on the first model by using a more

realistic PK|H model that incorporates both particle mass and velocity. This PK|H

model utilizes ballistic limit equations, which define the impact conditions that will

consistently cause failure of a spacecraft shield [61]. To generate a model for PK|H ,

the following Whipple shield performance equation from Christiansen [62] is used:

dc = kl
[
tw
( σ
40

)0.5
+ CLtbρb

][
cos(θ)

]−11/16
ρ−0.5
p V −2/3 (70)

The parameters in this equation and their assumed values are given in Table 12. The

assumed shield parameters represent an aluminumWhipple shield consisting of a front

bumper at a standoff distance from a rear wall, as described by Christiansen [61]. The

projectiles are assumed to represent aluminum debris particles, so the diameter of the

debris particles dp can be calculated from the mass.
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Table 12: Parameters in Ballistic Limit Equation

Parameter

Symbol
Meaning Assumed Value

dc

Critical projectile

diameter causing shield

failure (cm)

Calculated through Eq.

70

dp
Actual projectile

diameter (cm)

Calculated from average

mass of particles in

danger zone

θ

Impact angle measured

relative to surface

normal

Random variable, limited

to 0 ≤ θ ≤ 65◦

V Projectile speed (km/s)

Average speed of

particles in danger zone

relative to spacecraft

ρp
Density of projectile

(g/cm3)
2.70

tw
Shield rear wall thickness

(cm)
0.32

tb
Shield bumper thickness

(cm)
0.127

ρb
Shield bumper density

(g/cm3)
2.70

σ
Shield rear wall yield

stress (ksi)
57

kl Empirical constant 1.9

CL

Empirical constant

(cm3/g)
0.37
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Failure of the shield occurs when the diameter of the projectile that strikes the

shield exceeds the critical diameter for the impact, i.e., dp > dc. The critical diameter

depends on the projectile velocity and the impact angle, and the projectile diameter

depends on the projectile’s mass. The average velocity and mass of particles within

the danger zone is used to calculate dc and dp, and the impact angle is represented

using a random variable.

For a cubic spacecraft, the distribution of observed impact angles is likely to

be non-uniform. Normal impacts are more likely than glancing impacts due to the

larger area available to hit for normal impacts. The probability of striking a given

face (and thus having a certain impact angle) may be calculated using the ratio of

the presented size of that face when compared to all other faces available to hit.

Calculating impact angle probabilities for a two-dimensional case where particles

approach a square spacecraft at all angles uniformly between 0 and 360◦ and then

conducting a Monte Carlo simulation leads to the distribution of impact angles shown

in Fig. 16. This distribution of impact angles is used as the distribution for the impact

angle random variable θ in the ballistic limit equation. Note that impact angles above

65◦ are set equal to 65◦ in the ballistic limit equation due to an increase in shield

damage for highly oblique impacts, as recommended by Christiansen [61, 62].
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Figure 16: Histogram Showing Distribution of Impact Angles in Monte Carlo Simu-
lation

The probability of shield failure is calculated using the fraction of impact angles

that caused failure of the shield for a given projectile mass and velocity according to

the ballistic limit equation in Eq. 70. The average masses and velocities of particles

in the danger zone are used as the projectile mass and velocity, respectively. A failure

of the shield does not necessarily mean the spacecraft will suffer critical damage, so

PK|H is calculated by multiplying the probability of shield failure by 50%.

The variation in the resulting PK|H model with particle mass and velocity is shown

in Fig. 17. Note that PK|H does not exceed 50%. The jumps in the PK|H curves are

a result of the impact angle restriction used by Christiansen [61, 62]. When oblique

impacts at angles greater than 65◦ become capable of penetrating the spacecraft

shield, all remaining impact angles between 65◦ and 90◦ will also penetrate the shield,

so the PK|H curve jumps up to its maximum value of 50%. The shapes of the curves

are quite similar to the mass-dependent logistic curve model from Fig. 15.
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Figure 17: Variation in Ballistic Limit Vulnerability Model with Debris Particle Mass
and Velocity

3.11 Summary

This chapter derived the dynamical models used to describe the motion of a space-

craft in the Earth-Moon system. Specifically, Eqs. (18), (29), and (43) were used to

model the CR3BP, ER3BP, and BCR4BP, respectively. Differential correction tech-

niques were presented in the form of the single and multiple shooting methods. These

techniques are used in adjusting periodic orbits for a standardized µ value as well as

approximating error when transitioning between dynamical models. The methodol-

ogy behind periodic orbit construction and how the halo orbits in this study were

derived was explained. Analytical techniques for determining if an object in cislunar

space is visible was explained. Finally, the models used in the debris analysis were

detailed.
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IV. Mission Simulations and Dynamical Variations

4.1 Chapter Overview

Earth-Moon periodic orbits are analyzed, both individually and in constellations

with one another, for timely identification and tracking of notional satellites in Lya-

punov and halo orbits about the L1 and L2 Lagrange points. The orbits analyzed are

created and modeled in the Circular Restricted Three-Body Problem (CR3BP). In

performing the SDA simulations, Systems Tool Kit (STK) was utilized to model the

sensors and dynamics [63]. Data was extracted from the simulation and plotted for

analysis. SDA effectiveness is determined as a function of SDA coverage, orbital pe-

riod (i.e., revisit time), and propellant costs for all cislunar periodic orbits. Notional

space-to-space sensors are used to determine limitations of periodic orbit geometry for

the SDA missions as a function of capability, range, and Sun/Earth/Moon exclusion

angles. Visual magnitude (see Section 3.9) is used in determining if a target satellite

is visible.

Once SDA simulations are complete, the cislunar periodic orbits are subject to

the ER3BP and BCR4BP dynamics as to ascertain the changes in trajectory under

different dynamical assumptions. The implementation of multiple dynamical models

is sought in order to compare orbit maintenance costs when transitioning to higher

fidelity models. Through means of differential correction, it is shown how much error,

in terms of ∆V , the BCR4BP dynamics introduce on the CR3BP solutions for a given

number of patchpoints.

The methodology of this research under different conditions was presented at

the 2021 Advanced Maui Optical and Space Surveillance Technologies Conference

(AMOS), as well as the 2021 AIAA ASCEND conference [64, 65].
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4.2 Cislunar Periodic Orbits Analyzed

This research consisted of analyzing 12 cislunar periodic orbits for their effective-

ness of Lyapunov and halo orbit monitoring. These orbits are shown in the Earth-

Moon system in Figs. 18 and 19 below:

Figure 18: Cislunar Periodic Orbits 1-6
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Figure 19: Cislunar Periodic Orbits 7-12

Orbits 1-9 were generated or “discovered” using methods presented in Section 3.7

while Orbits 10-12 were obtained through the works of Arenstorf [25, 26].

4.2.1 Discovered Cislunar Periodic Orbits Initial Conditions

Throughout this research, various cislunar periodic orbits were discovered using

the methods presented in Section 3.7. From the discovered cislunar periodic orbits,

9 were chosen (Orbits 1-9 in Figs. 18 and 19) and analyzed for their effectiveness

of Lyapunov and halo orbit monitoring. Their initial conditions and approximate

periods are presented in Table 13 below:

74



Table 13: Generated Cislunar Periodic Orbit Initial Conditions in Analysis

Orbit x0 ẏ0 T0

1 1.2 -1.05 6.193

2 1.2 -0.768486 12.206

3 1.0 -1.497625 17.785

4 1.105 -0.570184254 29.99

5 1.15 -2.1116 3.42

6 0.82 0.6558356 11.45

7 1.15 -1.585 6.335

8 2.0 -1.624 30.936

9 1.15 -0.5724 30.819

These initial conditions correspond to a non-dimensional mass parameter of µ =

0.012150584673414. It is important to note that the initial conditions for these orbits

take the state X =
[
x0 0 0 0 ẏ0 0

]
.

4.2.2 Corrected Cislunar Periodic Orbits Initial Conditions

Cislunar periodic orbits which have been presented in previous literature were also

analyzed in this work. Specifically, Orbits 10-12 were found in works from Arenstorf

[25, 26]. It is important to note that in the original works in which these orbits

were presented, a non-dimensional mass parameter of µ = 0.012277471, which was

commonly used in the 1960s by Arenstorf and his contemporaries such as Davidson

[66]. The original initial conditions (corresponding to the original µ value used) are

given in Table 14:
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Table 14: Cislunar Periodic Orbits (From Previous Literature) Initial Conditions
Used in Analysis

Orbit x0 z0 ẏ0 T0

10 0.994 0 -2.113898796694 5.4368

11 0.994 0 -2.031732629557 11.1243

12 0.9765 0 -1.690574108489 12.3287

The values in Table 14 were corrected for a modern µ value (µ = 0.012150584673414)

using differential correction with 21 patchpoints combined with trial and error of

changing the initial y-velocity to ensure periodicity for at least two periods on each

orbit of the periodic orbits. The corrected initial conditions for each cislunar periodic

orbit in the CR3BP are shown in Table 15:

Table 15: Corrected Cislunar Periodic Orbit Initial Conditions in CR3BP

Parameter Orbit 10 Orbit 11 Orbit 12

x0 0.993999897750721 0.994000000062232 0.976500014687630

y0 -3.7306354×10−8 -2.123829160152473 ×10−9 0

z0 0 -1.936516349916483 ×10−9 -1.6769213 ×10−8

ẋ0 0.003741232665221 0.001967678410973 0.008008641313757

ẏ0 -2.122884103965 -2.0413426475 -1.6768357651

ż0 0 -1.169055050872915 ×10−6 0

T0 5.4368 11.1243 12.3287

The periodic orbit initial conditions shown in Table 15 are corrected to allow at

least two full repeating periods where no propellant would be required in the CR3BP.

4.3 Target Lyapunov and Halo Orbits Initial Conditions

For this analysis the orbits which were having surveillance conducted on them in-

cluded Lyapunov and halo orbits about the L1 and L2 Lagrange points. The lyapunov
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orbits used were orbit 1 from Tables 8 (L1 orbiting) and 9 (L2 orbiting) while the halo

orbits used were halo orbit 6 from Tables 8 (L1 orbiting) and 9 (L2 orbiting). The

initial conditions for these orbits are shown in Tables 16 and 17 with more significant

figures presented:

Table 16: Target Lyapunov Orbits Initial Conditions Used in Analysis

Parameter Lyapunov Orbit

L1 L2

x0 0.8234 1.180898552288355

y0 0 0

z0 0 0

ẋ0 0 0

ẏ0 0.126231741541912 -0.155856223405548

ż0 0 0

T0 2.742912136313352 3.415530868817168

Table 17: Target Halo Orbits Initial Conditions Used in Analysis

Parameter Halo Orbit

L1 L2

x0 0.830969944755594 1.178242316313596

y0 0 0

z0 0.12 0.05

ẋ0 0 0

ẏ0 0.234855901450957 -0.168829207277012

ż0 0 0

T0 2.785808231211621 3.394850343537553

Note that the orbits presented in Tables 16 and 17 were created in the CR3BP

with a non-dimensional mass parameter of µ = 0.012150584673414.
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4.4 Simulations

In this analysis STK’s Astrogator system was used to perform all simulations.

While all orbits were propagated in a Earth-Moon CR3BP model within STK, Sun

exclusion angles were also considered with the Sun located by a realistic ephemeris

model which is built into STK. All four scenarios were simulated for two different

scenario start conditions as to obtain data for different Sun angles. The two start-

ing dates were 28 Mar 2021 and 29 Oct 2021. The vector range data during the

simulations was obtained in 15 minute intervals.

An efficient way of comparing the effectiveness of each cislunar periodic orbit is

to reduce as many differences between the scenarios as possible. In reducing free

variables between scenarios, the same number of sensor satellites and Targets were

chosen for each periodic orbit scenario. For each scenario, 2 Targets were chosen to be

traversing the halo orbit trajectory with twelve sensor bearing satellites orbiting the

periodic orbit. Each scenario was propagated for approximately 30 days (6.7375 TU).

The Lyapunov and halo orbits begin to noticeably diverge from their periodic trajec-

tory after this time, therefore 30 days was chosen to allow for periodicity throughout

the scenario. Both the sensor satellites and Targets were spaced out evenly in time

in their respective orbit such that at the beginning of the scenario there was always

one satellite in the orbits initial conditions. A Target is assumed to be viewable if

at least one of the twelve sensor bearing satellites is able to view it based on visual

magnitude.

4.4.1 Single Cislunar Periodic Orbit Simulations

The first stage of this analysis is to analyze all twelve cislunar periodic orbits

separately for their effectiveness at monitoring the Targets in all four example sce-

narios. Each scenario was given it’s own table such that monitoring Targets in L1
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Lyapunov, L2 Lyapunov, L1 halo, and L2 halo orbits correspond to Tables 18, 19,

20, and 21 respectively. The results include the percentage of time the Targets in the

Lyapunov/halo orbit were visible based on visual magnitude. In all resulting tables

the top three orbits which had the highest performance (most time on average ob-

serving the Targets) are highlighted green. To assist with visualizing the scenarios,

simulations in STK for cislunar periodic orbits 1, 6, and 9 (descending order) for both

the L1 and L2 Lyapunov orbit scenarios are shown below in Fig. 20:

Figure 20: SDA Single Orbit Simulation Visuals for Select Orbits
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As shown in Fig. 20 the blue orbit depicts the Moon’s orbit about the Earth,

the green orbit depicts the cislunar periodic orbit, and the red orbit depicts the

Target’s orbit. The sensors on each friendly satellite are also shown pointing at the

Targets. These depict 6 of the total 48 scenarios (4 scenarios for each cislunar periodic

orbit) played out. The results of the single cislunar periodic orbit SDA scenarios are

presented in Tables 18-21:

Table 18: L1 Lyapunov Orbit Targets Surveillance Results (% Time Visible)

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 96.39% 97.12% 97.43% 99.76% 97.68%

2 96.81% 95.80% 93.34% 96.56% 95.63%

3 93.06% 91.46% 95.32% 96.63% 94.12%

4 93.34% 90.56% 100.00% 90.80% 93.68%

5 93.58% 92.99% 94.10% 95.21% 93.97%

6 95.70% 100.00% 100.00% 96.36% 98.02%

7 94.38% 92.40% 92.26% 97.85% 94.22%

8 94.10% 94.69% 94.31% 93.37% 94.12%

9 94.90% 100.00% 99.86% 97.71% 98.12%

10 81.99% 86.85% 91.12% 91.64% 87.90%

11 75.05% 62.63% 72.24% 70.40% 70.08%

12 97.05% 98.30% 99.41% 99.41% 98.54%
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Table 19: L2 Lyapunov Orbit Targets Surveillance Results (% Time Visible)

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 100.00% 100.00% 100.00% 97.02% 99.26%

2 98.23% 92.05% 89.38% 93.72% 93.35%

3 90.84% 97.85% 85.22% 94.52% 92.11%

4 96.15% 93.48% 93.58% 94.86% 94.52%

5 93.89% 90.42% 98.13% 90.63% 93.27%

6 99.20% 100.00% 96.53% 100.00% 98.93%

7 96.60% 94.52% 97.22% 91.85% 95.05%

8 90.98% 92.47% 83.87% 91.98% 89.83%

9 100.00% 98.06% 100.00% 97.71% 98.94%

10 81.30% 77.76% 79.74% 70.82% 77.41%

11 64.19% 53.78% 62.77% 64.82% 61.39%

12 100.00% 97.19% 100.00% 98.44% 98.91%
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Table 20: L1 Halo Orbit Targets Surveillance Results (% Time Visible)

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 99.83% 99.79% 99.72% 98.99% 99.58%

2 96.84% 97.22% 100.00% 97.54% 97.90%

3 100.00% 100.00% 98.13% 99.17% 99.33%

4 99.20% 98.82% 100.00% 100.00% 99.51%

5 96.25% 96.43% 96.22% 96.39% 96.32%

6 100.00% 100.00% 96.77% 100.00% 99.19%

7 97.88% 98.23% 99.34% 99.24% 98.67%

8 100.00% 96.70% 93.93% 97.81% 97.11%

9 94.24% 100.00% 100.00% 100.00% 98.56%

10 100.00% 100.00% 100.00% 100.00% 100.00%

11 97.50% 92.26% 93.20% 97.26% 95.06%

12 100.00% 100.00% 100.00% 100.00% 100.00%
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Table 21: L2 Halo Orbit Targets Surveillance Results (% Time Visible)

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 100.00% 100.00% 100.00% 97.54% 99.39%

2 97.54% 92.82% 93.51% 94.38% 94.56%

3 91.22% 99.90% 84.91% 94.41% 92.61%

4 96.70% 94.03% 93.23% 95.35% 94.83%

5 95.04% 92.16% 98.82% 91.29% 94.33%

6 99.27% 100.00% 97.54% 100.00% 99.20%

7 96.56% 95.04% 99.55% 93.41% 96.14%

8 91.88% 95.35% 83.07% 93.44% 90.94%

9 100.00% 98.47% 100.00% 98.79% 99.32%

10 82.93% 79.70% 85.77% 70.99% 79.85%

11 75.36% 64.78% 75.92% 61.21% 69.32%

12 100.00% 97.95% 100.00% 98.58% 99.13%

The cislunar periodic orbits analyzed overall performed exceptionally well in mon-

itoring L1/L2 Lyapunov and halo orbits. Nearly every scenario saw all twelve orbits

have an average Target visibility of 90% or more. In terms of performance across the

orbits, with respect to L1 Lyapunov monitoring, Orbit 12 had the highest average

percentage of Target visibility with 98.54%. Orbits 6 and 9 were nearly identical in

performance to Orbit 12, hosting a 98.12% and 98.02% Target visibility respectively.

With regards to monitoring the L1 halo orbit, Orbit 10 and 12 were shown to be

the most effective with both displaying a 100% average visibility of the Target over

the 30 day simulation. This is attributed to both orbits featuring close proximity L1

passes which place the satellites in these orbits extremely close to the Targets. It

is reasonable that these orbits performed similar: while Orbit 10 may only have 2

passes of L1 for one period, its period is one of the shortest analyzed. On the other
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hand, Orbit 12 has a little over twice the period as Orbit 10, however, it features

more instances with close proximity L1 passes.

Orbit 1 was shown to be the most effective at monitoring both L2 Lyapunov and

halo orbits. A key feature of Orbit 1 is it’s long dwell time on the backside of the

Moon. For a twelve satellite constellation and Orbit 1’s relatively short period, when

compared to other orbits analyzed, there are always 2-3 sensor bearing satellites on

the backside of the Moon providing excellent viewing angles of L2. Orbits 6 and 9

were close seconds in L2 orbit surveillance, with there being less than a percentage

difference in results. This is to be expected since Orbits 6 and 9 both feature a long

dwell time about the Moon.

4.4.2 Cislunar Periodic Orbit Constellation Simulations

The four best performing cislunar periodic orbits from the previous section were

chosen to create constellations with one another to analyze the effectiveness of mon-

itoring Lyapunov and halo orbits about the L1 and L2 Lagrange points. Orbits 1,

6, 9, and 12 were chosen because they did consistently well in 2 or more of the

simulations presented in Tables 18-21. As with the single cislunar periodic orbits

simulations, in the constellation simulations there are a total of twelve sensor bearing

satellites distributed amongst the respective cislunar periodic orbits in each scenario.

For instance, if the constellation consists of 2 cislunar periodic orbits (such as 1+6)

then each will consist of six sensor bearing satellites. Conversely, if the constellation

consists of three cislunar periodic orbits (such as 1+6+9) then each will consist of

four sensor bearing satellites. For all orbits, the satellites (whether it be a sensor

satellite or Target) were spaced out evenly in time in their respective orbit such that

at the beginning of the scenario there was always one spacecraft in the orbits initial

conditions. To assist with visualizing the scenarios, simulations in STK for cislunar
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periodic orbits 1+6 and 1+6+9 for both the L1 and L2 Lyapunov orbit scenarios are

shown below in Fig. 21:

Figure 21: SDA Constellation Orbit Simulation Visuals for Select Orbits

As shown in Fig. 21, when the four satellites are spread out across Orbit 9, there

is not enough time in the simulation for the sensor satellites to collectively traverse

the entire trajectory. This is due to the long period which Orbit 9 features. The

results of the constellation simulations are presented in Tables 22-25 below:
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Table 22: L1 Lyapunov Orbit Targets Surveillance Results (% Time Visible) for
Cislunar Periodic Orbit Constellations

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 + 6 93.48% 94.14% 95.45% 97.02% 95.02%

1 + 9 97.74% 96.25% 93.13% 97.54% 96.17%

1 + 12 93.82% 92.68% 95.28% 94.24% 94.01%

6 + 9 99.79% 99.44% 97.61% 99.44% 99.07%

6 + 12 90.22% 91.92% 98.96% 93.48% 93.65%

9 + 12 95.49% 100.00% 100.00% 100.00% 98.87%

1 + 6 + 9 91.85% 86.22% 91.36% 90.60% 90.01%

1 + 6 + 12 75.50% 68.60% 84.04% 77.65% 76.45%

1 + 9 + 12 84.14% 84.52% 90.49% 90.70% 87.46%

6 + 9 + 12 90.32% 94.07% 90.32% 94.07% 92.20%

Table 23: L2 Lyapunov Orbit Targets Surveillance Results (% Time Visible) for
Cislunar Periodic Orbit Constellations

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 + 6 98.37% 98.30% 99.51% 96.60% 98.20%

1 + 9 99.13% 99.83% 90.28% 96.98% 96.56%

1 + 12 87.51% 91.74% 90.15% 96.11% 91.38%

6 + 9 97.88% 100.00% 93.55% 91.29% 95.68%

6 + 12 92.92% 93.72% 91.29% 93.37% 92.83%

9 + 12 100.00% 100.00% 100.00% 100.00% 100.00%

1 + 6 + 9 95.98% 96.81% 94.80% 97.71% 96.33%

1 + 6 + 12 91.26% 96.46% 94.27% 96.81% 94.7%

1 + 9 + 12 90.60% 96.77% 92.26% 95.80% 93.86%

6 + 9 + 12 95.45% 93.03% 86.05% 95.91% 92.61%
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Table 24: L1 Halo Orbit Targets Surveillance Results (% Time Visible) for Cislunar
Periodic Orbit Constellations

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 + 6 96.77% 100.00% 96.29% 100.00% 98.27%

1 + 9 96.60% 99.62% 96.32% 99.83% 98.09%

1 + 12 99.83% 96.46% 98.23% 99.10% 98.41%

6 + 9 100.00% 100.00% 99.79% 100.00% 99.95%

6 + 12 92.82% 99.55% 98.68% 100.00% 97.76%

9 + 12 99.51% 100.00% 100.00% 100.00% 99.88%

1 + 6 + 9 98.72% 95.21% 97.22% 99.41% 97.64%

1 + 6 + 12 95.00% 89.90% 95.59% 98.02% 94.63%

1 + 9 + 12 88.69% 95.21% 94.62% 98.72% 94.31%

6 + 9 + 12 79.98% 100.00% 79.98% 100.00% 89.99%

Table 25: L2 Halo Orbit Targets Surveillance Results (% Time Visible) for Cislunar
Periodic Orbit Constellations

Start Date: 28 Mar 2021 29 Oct 2021

Orbit Target 1 Target 2 Target 1 Target 2 Average

1 + 6 99.48% 98.82% 99.48% 97.09% 98.72%

1 + 9 100.00% 99.55% 93.44% 97.19% 97.55%

1 + 12 89.04% 91.98% 91.98% 96.22% 92.31%

6 + 9 98.54% 100.00% 95.94% 93.16% 96.91%

6 + 12 93.58% 94.52% 91.33% 94.48% 93.48%

9 + 12 100.00% 100.00% 100.00% 100.00% 100.00%

1 + 6 + 9 96.88% 97.71% 97.68% 98.65% 97.73%

1 + 6 + 12 93.30% 97.71% 95.87% 98.09% 96.24%

1 + 9 + 12 90.84% 97.71% 95.94% 96.70% 95.30%

6 + 9 + 12 94.80% 90.87% 85.11% 95.25% 91.51%

87



When put in two-orbit constellations with one another, there appears to be slight

improvement in Target visibility time for all scenarios except the L1 halo orbit case.

However, when put in three-orbit constellations with one another, there is a slight

decrease in performance. These results, particularly the improvements in target obser-

vation from two-orbit constellations, differ from those presented in previous research

[65]. This is likely due to the larger body of cislunar periodic orbits analyzed in this

research.

For monitoring both the L1 Lyapunov and halo orbits, cislunar periodic orbit

combination 6+9 proved to have the best performance, showcasing a 99.07% average

visibility of the L1 Lyapunov Targets and a 99.95% average visibility of the L1 halo

Targets. Orbit geometry is the key factor in these results. Orbit 6 features a loop

about the Moon which nearly intersects L1. With six sensor satellites spread out

across the orbit, there will always be one or two that are near this critical node.

Similarly, there is a significant portion of Orbit 9 which is between the Earth and

Moon and fully encapsulate L1. These factors provide many opportunities for varying

viewing angles between Orbits 6 and 9 while also providing minimal interference due

to exclusion angles.

For monitoring both the L2 Lyapunov and halo orbits, cislunar periodic orbit

combination 9+12 proved to have the best performance, showcasing a 100% average

visibility of the Targets. These results are attributed to orbit geometry for both

Orbits 9 and 12. The large loops which are located on the L2 side of the Moon

provide for a high probability of viewing the Targets with no risk of issues caused by

Earth exclusion angles and minimal risk of issues from lunar exclusion angles.
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4.5 Variations in Trajectory in Higher Fidelity Models

A particularly interesting study is the dynamical evolution from the CR3BP to

higher fidelity models, such as the ER3BP and BCR4BP. While Orbits 1-12 are

periodic in the CR3BP, they rapidly become unstable with the introduction of more

perturbations, such as the Moon’s eccentricity or the Sun’s gravitational force. In this

section, cislunar periodic orbits are propagated using the ER3BP and BCR4BP. The

dynamical variations in these periodic orbits when transitioning between dynamical

models are analyzed and discussed with plots presented.

All cislunar periodic orbits were propagated in the ER3BP with an eccentricity

value of e = 0.0549 used for the Moon’s orbit. In terms of BCR4BP propagation, the

Sun was assumed to be initially aligned with the Earth and Moon at an angle of zero

degrees. The constants used in the BCR4BP propagation are shown in Table 4.

Propagating each periodic orbit for one period resulted in Figs. 22-33 correspond-

ing to cislunar periodic orbits 1-12. For all figures, the left image is the original

CR3BP propagation, the middle image is the ER3BP propagation, and the right

image is the BCR4BP propagation.

Figure 22: Propagation of Cislunar Periodic Orbit 1 via all Dynamical Models
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Figure 23: Propagation of Cislunar Periodic Orbit 2 via all Dynamical Models

Figure 24: Propagation of Cislunar Periodic Orbit 3 via all Dynamical Models

Figure 25: Propagation of Cislunar Periodic Orbit 4 via all Dynamical Models
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Figure 26: Propagation of Cislunar Periodic Orbit 5 via all Dynamical Models

Figure 27: Propagation of Cislunar Periodic Orbit 6 via all Dynamical Models

Figure 28: Propagation of Cislunar Periodic Orbit 7 via all Dynamical Models
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Figure 29: Propagation of Cislunar Periodic Orbit 8 via all Dynamical Models

Figure 30: Propagation of Cislunar Periodic Orbit 9 via all Dynamical Models

Figure 31: Propagation of Cislunar Periodic Orbit 10 via all Dynamical Models
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Figure 32: Propagation of Cislunar Periodic Orbit 11 via all Dynamical Models

Figure 33: Propagation of Cislunar Periodic Orbit 12 via all Dynamical Models

It was observed that for the majority of these orbits, propagations in the ER3BP

had significantly higher perturbative effects than the BCR4BP. This is expected due

to the proximity of the Moon compared to the Sun. Since the Sun is approximately

389 times further away from the synodic reference frame origin than the Moon, the

addition of solar gravitational influences is dwarfed when compared to any changes in

the motion of the Moon while the satellite is in the Earth-Moon sphere of influence.

If the periodic trajectory would traverse translunar1 space, the effects of solar influ-

ences would begin to become more significant and surpass the effects of the Moon’s

eccentricity.

1The term “translunar” refers to the volume of space beyond the Moon and its orbit.
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Initial conditions which produce stable one-period periodic orbits in the CR3BP

produce noticeably unstable trajectories in the higher fidelity models if left uncor-

rected. To combat perturbations which force cislunar periodic orbits in the CR3BP

to become non-periodic in higher fidelity models, stabilizing controllers are used. The

most obvious form of a stabilizing controller is propellant expenditure, commonly ref-

ereed to as ∆V . ∆V expenditure paired with altered initial conditions found through

differential correction via the single/multiple shooting method may provide the lowest

cost solution to stability in higher fidelity models. Nonetheless, it is expected that

differential correction will only lower the ∆V required for maintenance as opposed

to eliminate the need altogether. Differential correction may be used for another

purpose than changing the initial conditions: ∆V required to maintain periodicity

in higher fidelity models may be found through differential correction in the single

shooting method.

4.6 BCR4BP Correction Analysis

As discussed previously in Section 3.3, a commonly used stabilizing controller to

mitigate chaos is the use of propellant to adjust trajectory, more specifically referred

to as change in velocity, ∆V . ∆V expenditure is generally the limiting variable and

dominant cost in space flight duration and longevity. However, the ∆V required

for trajectory adjustments can be significantly reduced if scheduled early enough in

the trajectory. While the orbits analyzed in this work are periodic in the CR3BP,

potentially requiring no ∆V , these orbits become more chaotic when subject to higher

fidelity models such as the BCR4BP. One solution would be to implement a controller

to correct back to the CR3BP reference orbit by expending ∆V . However, one could

also perform the same corrective methods in the BCR4BP dynamics to again generate

periodic, or nearly periodic, solutions. It is shown here how much error the BCR4BP
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dynamics introduce on the CR3BP solutions found previously and how correcting in

the new dynamics minimizes those errors.

The methodology begins by using the initial conditions found in Tables 13 and 15

to create 21 patchpoints based on the CR3BP solution, then using the single shooting

method to update the velocities in the BCR4BP. The amount of velocity correction

is calculated as the sum of the individual ∆V ’s generated by the shooting method at

the first patch point and each of the 19 middle patchpoints (a 20 patchpoint sum).

The last point is excluded in the addition as it is in the same location as the first

patchpoint. The analysis was performed on four different starting angles for the

Sun with respect to the synodic reference frame x-axis for each orbit to show that

the correction is time dependent. To assist in visualisation, the trajectories between

patchpoints for 3 of the 12 orbits (orbits 1, 2, and 3) are shown in Fig. 34. The results

of this analysis are presented in Table 26 with the amount of correction or error in

∆V shown as ∆eV in units of meters/second calculated for one period of each orbit.

Figure 34: Cislunar Periodic Orbits 1-3 Subject to the Single Shooting Method in
BCR4BP
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Table 26: Approximate ∆eV Per Period Required to Maintain Orbit with 21 patch-
points in BCR4BP (in m/s)

Initial Sun Position: 0◦ 90◦ 180◦ 270◦ Average

Orbit 1 ∆eV 2.169 1.090 2.189 1.090 1.635

Orbit 2 ∆eV 4.023 2.036 4.060 2.036 3.039

Orbit 3 ∆eV 6.439 3.706 6.481 3.707 5.083

Orbit 4 ∆eV 6.670 3.541 6.716 3.548 5.119

Orbit 5 ∆eV 1.166 0.589 1.176 0.589 0.880

Orbit 6 ∆eV 2.491 1.534 2.506 1.534 2.016

Orbit 7 ∆eV 2.125 1.076 2.144 1.077 1.606

Orbit 8 ∆eV 17.143 8.762 17.408 8.757 12.993

Orbit 9 ∆eV 6.755 3.902 6.807 3.899 5.341

Orbit 10 ∆eV 2.387 1.204 2.404 1.204 1.800

Orbit 11 ∆eV 5.060 2.801 5.095 2.797 3.938

Orbit 12 ∆eV 5.243 2.646 5.287 2.643 3.955

It is important to note that these ∆eV values change depending on the number of

patchpoints chosen. At first glance of Table 26 it appears that Orbit 5 provides the

least amount of error when transitioning from the CR3BP to the BCR4BP. However,

this is to be expected because it hosts the shortest period. To more accurately

compare the difference in error between orbits, it is beneficial to calculate the unit

∆eV , that is, the average ∆eV required per one time unit (4.4527 days). To accomplish

this, the averages of Table 26 were divided by their respective orbit’s non-dimensional

period. The unit ∆eV (in meters/second) for each cislunar periodic orbit in the

BCR4BP is shown in Table 27:
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Table 27: Approximate Unit ∆eV Required to Maintain Orbit with 21 patchpoints
in BCR4BP (in m/s)

Average

Orbit 1 Unit ∆eV 0.264

Orbit 2 Unit ∆eV 0.249

Orbit 3 Unit ∆eV 0.286

Orbit 4 Unit ∆eV 0.171

Orbit 5 Unit ∆eV 0.257

Orbit 6 Unit ∆eV 0.176

Orbit 7 Unit ∆eV 0.254

Orbit 8 Unit ∆eV 0.420

Orbit 9 Unit ∆eV 0.173

Orbit 10 Unit ∆eV 0.331

Orbit 11 Unit ∆eV 0.354

Orbit 12 Unit ∆eV 0.321

Therefore, based on Table 27, Orbit 4 provides the least amount of error per time

unit when transitioning to a higher fidelity model such as the BCR4BP. This is a hint

that Orbit 4 will likely also be the most efficient in terms of propellant expenditure

required to maintain trajectory in real life. This is to be expected since the majority

of Orbit 4’s trajectory is far from the Earth in terms of flyby distance which causes a

low perturbation effect due to the Earth. Orbit 8 proved to have the most errors when

transitioning from the CR3BP to the BCR4BP. This is to be expected since Orbit 8

has a trajectory which frequently passes between the Earth and Moon and features

close proximity Earth passes. These results show promise for cislunar periodic orbits

requiring low propellant expenditure in practice.
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4.7 Summary and Recommendations

The cislunar periodic orbits analyzed in this work are ideal candidates for cislu-

nar SDA mission architectures due to their periodicity and ability to traverse a wide

expansion of cislunar space capturing various viewing angles on the Targets. This

chapter sought to present and compare of the effectiveness of twelve different cislunar

periodic orbits, both individually and when combined with one another, when subject

to the SDA mission architecture of monitoring Targets in L1/L2 Lyapunov and halo

orbits. All periodic orbit initial conditions were generated with a non-dimensional

mass parameter of µ = 0.012150584673414. The halo orbit initial conditions were

found by taking advantage of the symmetry about the x-z plane, and using a con-

tinuation method to form families of potential orbits. These periodic orbits and

combination of periodic orbits were then subject to simulations in which the visual

magnitude was recorded with Sun, Earth, and Moon exclusion angles also considered.

When comparing the individual cislunar periodic orbits analyzed, Orbit 12 has

the highest average L1 Lyapunov orbit visibility, Orbits 10 and 12 share the highest

average L1 halo orbit visibility, and Orbit 1 has the highest average visibility for

both the L2 Lyapunov and halo orbits. However, when combining these orbits in

constellations with one another, the results were slightly different. Orbit constellation

6+9 has the highest average L1 Lyapunov orbit visibility, orbit constellation 9+12

has the highest average L2 Lyapunov orbit visibility, Orbits 10 and 12 remain to

have the highest average visibility for the L1 halo orbit, and orbit constellation 9+12

has the highest average L2 halo orbit visibility. While combining these orbits in

constellations, specifically in two orbit constellations, did provide better results, the

improvements were generally less than a percentage point. Therefore, for simplicity,

it is recommended using single cislunar periodic orbits to conduct SDA for particular

Lagrange points with the optimal cislunar periodic orbit depending on the mission.
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When applied to reality, there are many more perturbations which the satellites

will experience. These added perturbations induce further chaos and disturb the

satellites from their periodic trajectories. BCR4BP ∆eV analysis was performed to

calculate the approximate ∆V error (∆eV ) when transitioning from the CR3BP to

the BCR4BP. Solving for the ∆eV required per time unit in the BCR4BP showed that

Orbit 4 had the lowest required propellant expenditure on average. However, Orbits 6

and 9 have only a 0.005 and 0.002 m/s higher unit ∆eV , making them nearly identical

in expenditure. Thus, due to the effectiveness in detection ability coupled with low

∆eV when transitioning to the BCR4BP, Orbits 6 and 9 show a high potential of

success in being applied to cislunar SDA.
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V. Proposed Space Domain Awareness Taxonomy

5.1 Chapter Overview

With the space beyond geosynchronous orbit likely to become competitive and

congested in the coming decades, a new way of classifying Space Domain Awareness

(SDA) missions which encompass the entire Earth-Moon system is advocated, to in-

clude the spatial expanses in the outside vicinity of the Earth’s gravitational sphere

of influence. Attaining space situational and wider space domain awareness in the

future will require a field of view not limited to the traditional bounds of geosyn-

chronous orbit. In this work, a new taxonomy for the classification of SDA regions is

presented. This new taxonomy will enable a spatial division of the national SDA mis-

sion portfolio, with specific regions corresponding to compounding distances from the

Earth and varying SDA mission subsets, to include space traffic management, space

control, lunar/Lagrange point surveillance, space weather observation, and planetary

defense. This research is in the process of being published in Air and Space Power

Journal (ASPJ).

5.2 Current Space Domain Awareness: Structure and Missions

Currently, the USSF uses an SDA taxonomy comprising 5 altitude delimited re-

gions: very low Earth orbit (VLEO), low Earth orbit (LEO), medium Earth orbit

(MEO), geosynchronous Earth orbit (GEO), and XGEO. While LEO, MEO, and

GEO are all universally standard orbital regions, AFRL defines VLEO as a high-drag

environment with altitudes only previously considered as part of the de-orbit phase

of space operations. First employed by AFRL in 2020, the term “XGEO” is used

to describe distances beyond the GEO belt, with “XGEO” denoting some multiple

“X” of the GEO radial [67]. Although the inclusion of XGEO into the current SDA
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taxonomy serves to highlight the necessary pivot to cislunar space awareness, the

existing region-based model is limited and fails to adequately capture the scope of

the Earth-Moon system.

Based on requirements of securing full domain awareness in near-Earth space and

beyond, five distinct missions can be identified as comprising the broader endeavor

to attain SDA:

• Space Traffic Management: Similar to Air Traffic Management and – from

a localized perspective – Sea Traffic Management, the mission of Space Traffic

Management seeks to promote safe access to and operations in the space domain.

Baseline operations include the SSA function of space catalog maintenance and

orbit prediction in order to ensure collision avoidance between resident space

objects, such as active and retired satellites, rocket bodies, and space debris.

Of note, the space debris population is continuously growing due to the lower-

ing of launch costs; the expansion of space mission architectures; the increasing

reliance on space communication, commerce and defense; and the emergence

of new space-faring nations. The pursuance of Space Traffic Management is

increasingly important in low Earth orbit (LEO) due to the increasingly con-

gested nature of this orbital regime due to its ease of access and proximity to

terrestrial space users. In coming years, the LEO Space Traffic Management

problem will dramatically increase with the expansion of mega-constellations

and introduction of new private/commercial and state-affiliated players into

the space operations arena [68].

• Space Control: The U.S. has a vested interest in securing space superiority in

order to ensure unrestricted access to and use of space to fulfill national security

objectives, support terrestrial military campaigns, and, ultimately, preserve na-

tional sovereignty. Space control represents a military-centric mission intended
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to counter the growing competitive and contested nature of space, and is “a mix-

ture of defensive and offensive measures. . . and is particularly important during

periods of increased international tensions or hostilities” [69]. One subset of the

Space Control mission will mirror actions performed in the maritime domain:

the protection of U.S. economic interests amidst the growing competitive nature

of the space domain. This subset mission was discussed in July 2020, when the

Commander of the Space Vehicles Directorate at the Air Force Research Labo-

ratory (AFRL), Colonel Eric Felt stated that “our mission in the Space Force

will become to protect. . . commerce, and I. . . talk about it in terms of protecting

the ‘celestial lines of commerce,’ or the space lines of commerce” [37].

• Lunar/Lagrange Point Surveillance: A subset both Space Traffic Manage-

ment and Space Control, this mission focuses on the surveillance of lunar orbit,

the Earth-Moon corridor comprising of the Moon and both the L1 and L2 La-

grange points, and the vicinity of the unstable L3 and stable L4/L5 Lagrange

points. These regions are of particular interest due in part to the growing

international and commercial interest in cislunar and lunar exploration. In par-

ticular, the Lagrange points proffer lucrative positions within the Earth-Moon

system for a variety of missions, to include scientific monitoring of space weather

and celestial bodies, as well as intra-system SSA. Consequently, surveillance of

satellites operating at the Lagrange points bolsters orbit de-confliction and colli-

sion avoidance within the purview of Space Traffic Management, and the general

tracking of potentially hostile space vehicles for the Space Control mission.

• Space Weather: Space represents a challenging operating domain for both

manned and unmanned space vehicles due in large part to the natural environ-

mental conditions. The dynamic space weather in the Solar System is primarily

a function of solar activity via the generation of thermal radiation, ionizing
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particles, and plasma. With events such as solar flares and coronal mass ejec-

tions, the Sun imperils satellites and their constituent electronic equipment and

sensitive payloads with radiation and high-energy particles which may cause

temporary or even permanent damage based on the intensity of the event [70].

Tracking Space Weather contributes to the general SDA mission and enables

both the forecasting and warning of natural environmental events in order to

protect space vehicles operating within the Earth-Moon system.

• Planetary Defense: Apart from tracking manmade objects, debris, and space

weather, another mission of SDA is the tracking of objects outside of the Earth-

Moon system for the purposes of Planetary Defense. Asteroids, meteors, and

comets orbiting the Sun are classified as Near-Earth Objects (NEOs) when their

orbits bring them within 30 million miles of Earth’s orbit. NEOs pose an impact

risk to both the Earth and Moon, and the active searching for and tracking of

these objects enables the overall Planetary Defense mission. Currently, NASA

manages this mission by providing early detection, tracking, and characteri-

zation of NEOs; in addition, NASA develops strategies and technologies for

mitigating potentially hazardous objects, and plays a lead role in coordinating

U.S. Government planning in response to an actual impact threat [71].

5.3 Proposed SDA Taxonomy

The increasing spatial scope of space operations will necessitate an SDA taxon-

omy which considers the entire Earth-Moon system rather than the near-Earth space

region confined by geosynchronous and geostationary Earth orbits (GSO/GEO). The

proposed SDA taxonomy comprises five distinct regions radiating outward from the

Earth as shown in Fig. 35. These regions relate to different dynamical zones of op-

eration within the Earth-Moon system, with each containing different potential SDA
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missions and space system requirements for access to and operation in these regions.

Some regions present more challenges to maintain a specified trajectory due to the

chaotic nature of the Earth-Moon system (such as near the Earth SOI), while other

regions contain more perturbations which may lead to higher propellant expenditures

required (such as those regions near Earth or beyond the Earth SOI). Each region is

described below with a corresponding identification of the associated spatial distance

as measured radially from the center of the Earth in terms of kilometers and the

canonical unit XGEO, or some multiple “X” of the GEO radial distance (or, 42,164

km above the Earth’s center). The radius of the Earth is assumed to be 6378 km. For

convenience, Table 28 outlines the metric and XGEO distance of each SDA region.

Other key locations within the Earth-Moon system, such as the Moon and Lagrange

points, are also given for comparison purposes (values are based on the Earth-Moon

non-dimensional mass parameter, µ=0.01215058655). Distances are also expressed

using the “DU” non-dimensional distance unit in Table 28, which is a classical and

commonly used canonical unit defined as 1 DU equaling 384,400 km, or the mean

distance between the Earth and Moon.

• The first three SDA regions all contain a similar naming convention exploiting

the notion that space is the “ultimate high ground.” The first region, or Low

Ground SDA (LG-SDA), encompasses “near Earth space,” which includes

the common orbital regimes of LEO, MEO, and GSO/GEO. Specifically, LG-

SDA extends from the Von Karman Line (∼100 km from the surface of the

Earth), a nominal delimitation for the start of space, out to super-synchronous

orbit beyond GEO (42,464 km from the center of the Earth), an orbital regime

approximately 300 km above GEO typically used for spacecraft disposal at mis-

sion end-of-life. The LG-SDA region contains most current space operations, to

include both Earth and space surveillance missions, and represents the highest
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density of resident space objects and debris to search, detect, track, character-

ize, and catalog for the general ground- and space-based SDA mission. In terms

of the XGEO canonical unit, the LG-SDA region extends from the planetary

surface to about 1XGEO.

• Next, Mid-Ground SDA (MG-SDA) denotes SDA operations occurring in

the region of space commonly referred to as “cislunar,” or the spherical vol-

ume of space extending from super-synchronous orbit to the Moon’s orbit. The

MG-SDA region also contains all five Lagrange points and extends 15,000 km

beyond the collinear L2 Lagrange point (∼465,000 km). Therefore, MG-SDA

encompasses space operations occurring from ∼42,500 km to 480,000 km as

measured from the Earth’s center, or between 1-11.4XGEO. Plans and devel-

opments of space-based infrastructure, both nationally and internationally, in

cislunar space are rapidly growing, thus making MG-SDA an attractive region

for performing SDA in the near future.

• High-Ground SDA (HG-SDA) is the next region in the proposed SDA

taxonomy, and is associated with the translunar1 orbital regime of the Earth-

Moon system. The HG-SDA spherical region begins at the outer boundary of

the MG-SDA region (480,000 km) and extends to 25,000 km below the Earth

gravitational SOI, a demarcation occurring at approximately 925,000 km from

the Earth (or, 21.9XGEO). The Earth’s graviational SOI is calculated from Eq.

(71):

rSOI = rS/e

(
me

mS

) 2
5

(71)

where rSOI is the radius of the Earth’s sphere of influence with respect to the

1The term “translunar” refers to the volume of space beyond the Moon and its orbit.
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Sun, rS/e is the distance to the Sun with respect to the Earth, me is the mass

of the Earth, and mS is the mass of the Sun. At the Earth SOI, the effects of

solar gravity begin to supersede that of Earth’s gravity. Therefore, HG-SDA

will be defined as SDA operations occurring between 480,000-900,000 km, or

11.4-21.3XGEO.

• Beyond the HG-SDA layer is the Parapet SDA (P-SDA) region, a spherical

volume containing the demarcation of the Earth-Moon gravitational sphere of

influence, and extending 25,000 km both above and below said boundary. The

gravitational SOI is loosely analogous to the dynamical “wall” or “fence” of

the Earth-Moon system and, as a result, the P-SDA region derives its name

from the parapet of a castle wall, or the protected walkway and/or battlement

located on top of a castle wall [72]. In terms of spatial distance, P-SDA defines

operations occurring between 900,000-950,000 km, or 21.3-22.5XGEO. Orbital

trajectories residing exclusively within the P-SDA region are challenging to

define and maintain due to the chaotic instabilities of the Earth-Moon gravita-

tional system at this distance. As a result, space systems seeking to perform a

P-SDA mission will likely require orbits that traverse other regions within the

Earth-Moon system so as to deliver the necessary transit times in and around

the sphere of influence.

• The final region within the proposed taxonomy is referred to as Fence Line

SDA (FL-SDA). Continuing the analogy of the gravitational SOI resembling

a pseudo-barrier, FL-SDA embodies the concept of performing surveillance and

security operations outside of a given fence or wall that may surround a forward

operating base in theater, or a secure installation. Space system orbits within

the FL-SDA region are still influenced by the gravity of the Earth-Moon system;

however, the gravitational influences of the Sun have a greater effect on the
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trajectory. Tertiary bodies external to the Earth-Moon system also become

increasingly relevant at this distance. A given SDA mission could extend well

beyond the Earth SOI based on the needs of the mission and the corresponding

design of the orbital trajectory, therefore, an outer boundary for the FL-SDA

is only estimated herein. For the purposes of this paper, the FL-SDA region

starts at 950,000 km from the Earth and extends to approximately 2.3M km,

or 22.5-55XGEO.

Table 28: Distance Measurements of SDA Regions and Locations of Interest within
the Earth-Moon System (measured with respect to the Earth Center)
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Figure 35: Proposed Earth-Moon System SDA Taxonomy (not to scale)

5.4 Mission Mapping and Orbits within Proposed Taxonomy

Although an SDA taxonomy can be proposed, its usability and attractiveness for

implementation ultimately arises with a discussion of mission allocation per region

comprising the taxonomy, as well as the types of trajectories which can be generated

to perform these missions. A cursory mapping of SDA missions to each region is

given in Table 29 with corresponding spatial bounds expressed in XGEO units as a

reference (and reiteration) of the size of each region. Nominally, the Space Traffic

Management mission will reside in the regions closest to the Earth and Moon, specif-

ically LG-SDA and MG-SDA, due to issues related to orbital congestion and collision

avoidance between spacecraft and resident space objects (e.g., debris). The Space

Control mission will similarly reside in regions where Space Traffic Management is a
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priority. However, the inclusion of HG-SDA as a potential region for Space Control

is provided in Table 29 due to the vantage point that translunar space proffers for

‘inward’ surveillance of the Earth, Moon, and orbital regimes of interest in the LG-

and MG-SDA regions. Overall, the Space Weather mission can be performed in any

orbital regime within the Earth-Moon system based on specific program needs, such

as scientific observation or warning. In Table 29, the outer regions of HG-SDA, P-

SDA, and FL-SDA are identified as potential areas for Space Weather missions due

to their distance from both the Earth and Moon, thereby proffering an ‘outward’

surveillance perspective for pseudo-early warning of Space Weather events. While

true early warning of events such as solar flares and coronal mass ejections occur at

the Sun-Earth Lagrange Points, the placement of monitoring spacecraft in trajecto-

ries traversing HG-SDA or outer regions enable a second-tier for warning and event

intensity. As previously stated, surveillance of the Moon and Earth-Moon Lagrange

points is of interest due to the planned infrastructure development at or near these

locations in the coming years. Specifically, the collinear L1 and L2 Lagrange points

around the Moon have become a focus for mission planners due to their proximity to

the Moon. For instance, the Lunar Gateway, a critical component of NASA’s Artemis

program which will provide “vital support for a long-term human return to the lunar

surface [and] a staging point for deep space exploration,” is planned to orbit near L2

[73]. Therefore, the lunar and Lagrange point surveillance mission will occur in either

the MG-SDA or HG-SDA region.

The final mission set, Planetary Defense, is identified herein as appropriate for

the P- and FL-SDA regions. These regions give the ultimate vantage point for the

‘outward’ surveillance of NEOs and other transient asteroids/meteoroids which may

pass near or traverse the Earth SOI. Early warning is critical to averting and/or

preparing for catastrophe arising from an NEO or similar piece of cosmic debris,
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and the stand-off distance of approximately 21-55 XGEO established by the P- and

FL-SDA regions contribute to an early warning posture for Planetary Defense. In

addition to surveillance, the vast spatial volumes of the P- and FL-SDA regions also

enable the fielding of defensive systems to deflect and/or destroy potential threats

arising from outside the Earth-Moon system.

Table 29: Mapping of SDA Missions to Proposed Spatial Regions

Multi-body gravitational systems are inherently chaotic, therefore, small changes

to the initial position and velocity of a spacecraft can generate large changes in over-

all trajectory. Despite the chaotic challenges posed by gravitational fields such as

the Earth-Moon system, periodic orbits are indeed possible which permit repeating

trajectories which are beneficial for a variety of missions sets, especially SDA. Dif-

ferent dynamical models can be employed to explore and generate periodic orbits,

with all models seeking to simplify the gravitational field by examining the complex

dynamical interactions of a limited number of bodies. Using the dynamics assumed

by the circular restricted three-body problem (CR3BP), a trajectory model which
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considers only the gravitational influences of the Earth and Moon on the spacecraft,

example periodic orbits were generated which correspond to each region comprising

the proposed SDA taxonomy, and are shown in Fig. 36. In Fig. 36(a), the dotted/-

dashed line identifies geosynchronous orbit in relation to the example LG-SDA orbit;

for Figs. 36(b)-36(f), the dotted/dashed line identifies the Earth SOI. The unique

design of each example periodic orbit is the result of trajectory generation performed

with respect to the synodic reference frame, a rotating refence frame with the Earth

and Moon held on the x-axis. While the exact shape of a given orbit will change

based on the perspective of the viewer (e.g., from the Earth or Sun), the spatial

volume within which a given orbit traverses remains the same. As a result, periodic

orbits can be built which provide surveillance coverage to key locations within the

Earth-Moon system, to include the Moon, Lagrange Points, Earth SOI, and outside

the Earth SOI.

Figure 36: Example SDA Orbits: (a) Low Ground SDA; (b) Mid-Ground SDA; (c)
Mid-Ground SDA; (d) High Ground SDA; (e) Parapet SDA; and (f) Fence Line SDA
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The initial conditions for the orbits in Fig. 36 are shown in Table 30:

Table 30: Initial Conditions for Fig. 36 (µ = 0.012150584673414)

Parameter (a) (b) (c) (d) (e) (f)

x0 0.05 -0.9 1.105 -1.05 0.9026 -2.5

y0 0 0 0 0 0 -0.5

z0 0 0 0 0 0 0

ẋ0 0 0 0 -0.04 0 -0.15

ẏ0 3.95 -0.099452 -0.57019 -0.08101 0.6566173 1.85

ż0 0 0 0 0 0 0

T0 0.3 35.0 31.0 12.5 11.0 150

For any space mission, two (of many) critical decisions center around mode of

orbit access and mission lifetime. While the former decision focuses on the type

of launch vehicle required to reach a particular orbital regime and whether a given

spacecraft will be the primary or secondary/rideshare payload, the latter decision

addresses lifetime, in part, as a function of total propellant availability and the ability

to perform orbital maneuvers (e.g., orbit maintenance). Within the Earth-Moon

system, spacecraft can be injected into periodic orbits such as those portrayed in Fig.

36 via direct launch from either the Earth or Moon. Only launch from the Earth is

currently feasible, but the construction of lunar infrastructure in coming decades will

enable the launching of spacecraft into periodic orbits which pass near the Moon (e.g.,

Figs. 36(c), 36(e)) at relatively low propellant cost. By comparison, lunar launch

will require less propellant than conventional Earth-based launch due to a weaker

gravitational field and the absence of virtually any atmosphere. Regarding orbit

maintenance, periodic orbits in the Earth-Moon system may remain stable for weeks

depending on the selected geometry, particularly how closely a trajectory passes by

the Earth, Moon, or the various Lagrange Points. We assess that orbit maintenance,
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or the expenditure of propellant to maintain a desired orbital geometry, will take on

the order of 10-100’s of meters per second of ∆V per period depending on the distance

of the orbit from the Earth. This low-order amount of required propellant for orbit

maintenance will enhance any SDA mission in terms of lifetime and desirability for

implementation. A second consideration for mission lifetime is the actual time-based

lifetime of a spacecraft measured in weeks, months, or years depending on the type of

spacecraft, intended mission, and the orbital period (T). For spacecraft operating with

the LG-SDA region, the period will be in the range 1.5 ≤ T ≤ 24.2 hours, depending

on the orbital regime. Moving higher into the remaining regions, the period will be

highly variable based on the selected geometry of a periodic orbit. For example, the

period for the orbits in Figs. 36(b) and 36(c) are approximately 152 and 135 days,

respectively. The variation in period between these orbits is due to the difference in

geometric complexity, with the orbit in Fig. 36(b) featuring more looped segments

and a longer orbital path than that in Fig. 36(c). Due to the simplistic geometries

selected for Figs. 36(d) and 36(e), coupled with the distance of these orbits from

the Earth, the periods are comparatively lower at approximately 56 and 48 days,

respectively. Finally, Fig. 36(e) features the longest period of the example orbits

at about 651 days. This duration, approximately 1.75 years, is a function of the

complex switch-back design of the orbit and the spatial volume traversed outside the

SOI, where orbital velocity is the lowest of the examples presented herein. When

designing SDA missions in any of these proposed regions, the duration of a single

period will influence the number of spacecraft to perform the mission. In order to

provide a desired level of sensor coverage and re-visit time in a particular region,

multiple spacecraft will likely be needed – either with phased operation in the same

periodic orbit, or with the spacecraft spread over different, yet similar periodic orbits.

For example, the need for a constellation of SDA spacecraft will likely be important
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for the planetary defense mission in the FL-SDA region. Due to a single period

being on the order of approximately 1-1.5 years, numerous spacecraft - potentially

on the mega-constellation scale - may be needed to provide a timely and persistent

monitoring and defense posture for threats external to the Earth-Moon system.

5.5 Summary

With the development and growth of the USSF, new policy and doctrine will

develop with the aim of securing U.S. space dominance. As such, new terminology

will be vital to viewing space as a warfighting domain, as well as better describing

missions - such as SDA - which ensure the continuous protection of U.S. space assets.

This work serves to propose a new SDA taxonomy for future missions contained in

or around the Earth-Moon system that will assist in the development of new proce-

dures when discussing SDA missions in the Earth-Moon system. Five SDA regions

were presented in this work: Low-Ground SDA (LG-SDA), Mid-Ground SDA (MG-

SDA), High-Ground SDA (HG-SDA), Parapet SDA (P-SDA), and Fence Line SDA

(FL-SDA). Particular points in the Earth-Moon system, such as Lagrange points,

and regions in which trajectory dynamics become chaotic, such as near the Earth

SOI, are markers for regional boundaries in this new taxonomy. All proposed regions

correspond to varying distances away from the Earth and varying SDA mission sub-

sets, to include space traffic management, space control, space weather observation,

lunar/Lagrange point surveillance, and planetary defense. Each region is described

with a corresponding identification of the associated spatial distance as measured

radially from the center of the Earth in terms of kilometers and the canonical unit

XGEO, a common unit used by AFRL when describing regions past GEO.

In the early years of spaceflight, space operations primarily consisted of near-

Earth missions with few spacecraft ever venturing to the Moon. As time progressed,
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more and more missions began extending beyond the confines of geosynchronous

orbit. This pattern continues to today, with the contemporary space domain facing

increasing concerted efforts around the world to reach and operate within the cislunar

environment. The future will likely see a similar trend of extending outward to the

new high-grounds with missions becoming more and more frequent near the Moon,

in the High-Ground SDA region, and beyond. As such, it is important to develop

policy and terminology which will address the evolving SDA mission, one which will

come to embrace the entirety of the Earth-Moon system and its celestial environs.
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VI. Artificial Debris Propagation in Cislunar Periodic
Orbits

6.1 Chapter Overview

This chapter seeks to analyze the potential debris-related consequences of a catas-

trophic explosion on-board spacecraft traveling along select cislunar periodic orbits,

identified herein as Debris Orbits. This case study features cislunar periodic orbits

with host notional spacecraft that are subjected to catastrophic breakup events at

various location along their trajectories, which are simulated using the dynamics of

the bicircular restricted four-body problem (BCR4BP). Analysis of the survivability

of another notional spacecraft traveling along the same periodic orbit, displaced one

run1 ahead of where the mishap occurs, is then conducted to quantify the risks from

the debris event to another spacecraft operating in a theoretical cislunar periodic

orbit constellation. Finally, the orbital states of debris fragments at the end of the

simulation window will be used to evaluate the potential risk to orbital regimes near

Earth and the Moon due to a cislunar periodic orbit debris event. Each case study

showed debris that spread throughout cislunar space; however, the overall risk to any

one spacecraft was very low in each case.

Credit is given to Nathan Boone who assisted with this portion of the research.

Specifically, Cislunar periodic orbit initial conditions and mishap locations were given

to Boone to perform debris simulations; Boone wrote his thesis [3] on cislunar debris

propagation following a catastrophic spacecraft mishap. Results of these simulations

are presented in this Chapter. Part of this research was presented at the 2021 AAS/A-

IAA Astrodynamics Specialist Conference [74] and is currently under review for the

Journal of Space Safety Engineering.

1Each simulations consists of 8 “runs” which are locations which the catastrophic explosion takes
place. The run locations were chosen to be at critical parts of the orbit, such as near Lagrange
points, close approaches to the Earth and/or the Moon, or near trajectory crossings.
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6.2 Rationale of Debris Analysis

Despite programmatic efforts to mitigate the onset of spacecraft failure, mishaps

may occur and threaten not only the mission integrity of a given spacecraft, but also

the safety of other spacecraft in a given orbital regime. A catastrophic spacecraft

mishap, such as a breakup event in a cislunar periodic orbit, may generate a signif-

icant number of artificial debris fragments that could threaten other spacecraft in

cislunar space, especially if those spacecraft are operating in a cislunar periodic con-

stellation. In addition, the close approaches to the Earth and Moon present in some

periodic orbits may cause the debris from a catastrophic mishap to threaten other

spacecraft operating near these bodies. To date, the most famous spacecraft mishap

that generated debris in cislunar space is the Apollo 13 oxygen tank explosion. This

event created a debris cloud that trailed the Apollo 13 vehicle along its translunar

trajectory and precluded the on-board sextant device from sighting stars for naviga-

tion [75]. A recent debris propagation study [45] demonstrated that the debris from a

similar debris-generating event could potentially threaten spacecraft in both the low

Earth orbit (LEO) and geostationary Earth orbit (GEO) environments as the debris

fragments traverse those orbital regimes during their circulation of wider cislunar

space. Future lunar missions could also be threatened by debris circulating cislunar

space on short- and long time-scales alike, with debris potentially posing a risk for

missions operating weeks or even years following a given breakup event. Overall, re-

search into cislunar periodic orbit debris propagation enhances operational planning

for future Earth-Moon space traffic management and develops an understanding of

the debris-related consequences of spacecraft mishaps along cislunar periodic orbits.
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6.3 Cislunar Periodic Orbits Used for Debris Propagation

The first cislunar periodic orbit example to be analyzed is the Interstellar Bound-

ary Explorer (IBEX), whose initial conditions were obtained from Dichmann [76]. In

2011, the IBEX was set to perform an extended mission and, in doing so, transferred

into an orbit which was near 3:1 resonance with the Moon [77]. In reality, this or-

bit contains oscillations making it quasi-periodic [76], meaning that it maintains the

same general shape with slight variation of path on each period. While not an exact

periodic orbit, this orbit is still included in this research due to its real-world appli-

cation. A top-down view of this quasi-periodic orbit with annotated run locations is

shown in Fig. 37.

Figure 37: IBEX Quasi-Periodic Orbit w/ Mishap Annotation

The second, third, and fourth cislunar periodic orbit examples to be analyzed

are trajectories formulated by Arenstorf [25, 26]. These cislunar periodic orbits use

a non-dimensional mass parameter of µ = 0.012277471, which was commonly used

in the 1960s by Arenstorf and his contemporaries such as Davidson [66]. Top-down

views of these periodic orbits with annotated run locations are given in Figs. 38,
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39, and 40. These examples feature planar trajectories that reside in the x-y plane

with z = 0. Of note, periodic orbit 3 in Fig. 39 is symmetric about the x-axis and

encompasses both the L1 and L3 points; alternatively, periodic orbit 4 in Fig. 40 is

symmetric about the x- and y-axis and features proximity passes of the Earth, the

Moon, and L3.

Figure 38: Debris Orbit 2 w/ Mishap Annotation

Figure 39: Debris Orbit 3 w/ Mishap Annotation
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Figure 40: Debris Orbit 4 w/ Mishap Annotation

The fifth and final periodic orbit example to be analyzed is a three-dimensional

trajectory formulated by Vaquero and Howell [78, 79]. a top-down view of this orbit

with annotated run locations is shown in Fig. 41.

Figure 41: Debris Orbit 5 w/ Mishap Annotation

Since the orbits in Figs. 37-41 were initially created with varying µ values, the
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initial conditions were corrected via differential correction in the CR3BP to fit a

standard non-dimensional mass parameter, µ = 0.012150584673414. The µ value

provided by Dichmann [76] for the IBEX was nearly equivalent to the µ value used in

this analysis, therefore no correction was performed on the IBEX initial conditions.

The initial conditions for Debris Orbits 2, 3, and 4 were previously presented in Table

15. The initial conditions for the IBEX and corrected initial conditions for Debris

Orbit 5 are shown in Table 31:

Table 31: IBEX and Debris Orbit 5 Initial Conditions Used in Debris Analysis

IBEX Debris Orbit 5

x0 -0.6546 0.886004483448809

y0 -0.0126 0.000000000069543

z0 0.1162 -0.001000000180988

ẋ0 0.5619 0.000026138540531

ẏ0 -0.1561 0.6091208

ż0 -0.1723 0.000000275457282

T0 6.5 17.0

The sixth, seventh, eighth, and ninth cislunar periodic orbits analyzed are tra-

jectories whose initial conditions were recently discovered during this research and

analyzed in SDA scenarios previously in Chapter IV. These orbits feature planar

trajectories that reside in the x-y plane with z = ż = 0. Top-down views of these

periodic orbits with annotated run locations are given in Figs. 42, 43, 44, and 45.
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Figure 42: Debris Orbit 6 w/ Mishap Annotation

Figure 43: Debris Orbit 7 w/ Mishap Annotation
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Figure 44: Debris Orbit 8 w/ Mishap Annotation

Figure 45: Debris Orbit 9 w/ Mishap Annotation

The initial conditions of Debris Orbits 6-9 were previously presented in Table 13.

As shown above, periodic orbits 6 and 9 are symmetric about the x-axis; alternatively,

periodic orbits 7 and 8 are symmetric about both the x- and y-axis. Debris Orbit

7 features a close proximity pass of the Earth, while Debris Orbit 9 features a close

proximity pass of the Moon. Debris Orbits 8 and 9 encompass the L1, L3, L4, and
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L5 Lagrange points; alternatively, Debris Orbits 6 and 7 encompass both the L1 and

L2 Lagrange points, with Debris Orbit 7 also encompassing the L3 Lagrange point.

6.4 Results and Discussion

In order to study debris propagation in cislunar periodic orbits, a notional space-

craft is assumed to be traveling along a cislunar periodic orbit trajectory prior to

undergoing a catastrophic mishap. Mishaps are simulated at critical parts of the or-

bit, such as near Lagrange points, close approaches to the Earth and/or the Moon,

or near trajectory crossings. This will maximize the probability of collateral dam-

age occurring, thus providing an upper bound on the expected amount of damage

such mishaps could cause. The cislunar periodic orbits analyzed consisted of four

custom trajectories, three presented by Arenstorf [26], one presented by Vaquero and

Howell [78, 79], and one used by the Interstellar Boundary Explorer (IBEX) space-

craft. Between these nine orbits, two different vulnerability models (one which was

mass-dependent and another which was mass and velocity-dependent) were used to

determine probability of kill for the spacecraft hit by the debris. Initial analysis

provided results for the IBEX and Debris orbits 2-5 using the mass-dependent vul-

nerability model. Later in the research, a new vulnerability model was created and

the IBEX as well as Debris Orbits 6-9 were analyzed using this new model.

6.4.1 Mass-Dependent Results

During initial analysis, the IBEX and Debris Orbits 2-5 were subject to the mass-

dependent vulnerability model. This analysis was performed before the mass and ve-

locity dependent vulnerability model was created. Prior to simulations, all Debris Or-

bit initial conditions were adjusted for a standardized µ value of 0.012150584673414.

For each cislunar periodic orbit, catastrophic spacecraft mishaps were simulated for
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8 different initial starting locations (or run), with debris particle trajectories prop-

agated 50 days from the time of the mishap. A notional spacecraft is located at a

phase offset (one run ahead) from each mishap location and the mass-dependent sur-

vivability model is applied to assess the total probability of hazard to this spacecraft

due to collisions with space debris. In addition, the risks to spacecraft near Earth

and elsewhere in cislunar space are evaluated based on the number of particles that

feature a perigee that is within GEO altitude, or orbit within either the lunar or

Earth sphere of influence (SOI) at the end of each simulation.

Figures 46-51 show debris propagation snapshots at 6 TU elapsed time for all 8

simulation runs across each of the five cislunar periodic orbits. Subplots (a) through

(h) corresponding to Runs 1 through 8, respectively. The green circle marks the

location of the Earth, the black circle marks the location of the Moon, and the red

crosses mark the locations of the Lagrange points. The yellow line indicates the

current direction to the Sun, the blue star (*) indicates the location of the non-

mishap spacecraft, and the black dots represent debris particles. Due to the three-

dimensional geometry of the IBEX orbit, there are additional debris propagation

snapshots showing the z-direction in Fig. 47 for 1, 3, 6, and 9 TU elapsed time. For

Orbits 1-5, the starting locations of each run, along with the mishap time (in Time

Units), and the corresponding total probability of hazard to the nearby spacecraft

are shown in Tables 32, 34, 36, 38, and 40 for Debris Orbits 1-5, respectively. The

locations of all particles in the Earth-Moon system at the end of each run are given

in Tables 33, 35, 37, 39, and 41 for Debris Orbits 1-5, respectively.
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Figure 46: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for IBEX

Figure 47: Three-Dimensional Debris Propagation Snapshot at ∆T = 1, 3, 6, 9 TU
Elapsed Time for IBEX (Run 3)

Table 32: Total Probability of Hazard for Catastrophic Mishaps in IBEX
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Table 33: Number of Debris Particles at Simulation End for IBEX

For all mishap location runs of the IBEX, there is minimal risk of either an Earth

or lunar impact. The vast majority of particles remained on the same IBEX-shaped

trajectory after mishap occurred. This is likely due to the great distance between the

trajectory and Moon, coupled with the absence of near-Earth passes. With the debris

field remaining primarily along the orbit path (the most of all the orbits analyzed),

the IBEX features the highest risk to collision with the notional spacecraft, even

though the risk is relatively low. In terms of geometry, the debris after all runs for

IBEX formed the appearance of a rotating elliptical orbit about the Earth. Across

all 8 runs of the IBEX, the average relative speed of the debris particles (with respect

to the notional spacecraft) contained in the danger zone was 902 m/s.

The next orbit analyzed was presented in the work of Arenstorf [25, 26] in the

1960s. Results of this orbit are shown below:
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Figure 48: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 2

Table 34: Total Probability of Hazard for Catastrophic Mishaps in Debris Orbit 2
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Table 35: Number of Debris Particles at Simulation End for Debris Orbit 2

When compared to the IBEX, there are significantly more instances in Debris

Orbit 2 in which the particles impacted the Moon. This is to be expected since there

is a close proximity lunar pass along the Debris Orbit 2 trajectory. However, Run 1

was the only mishap location which resulted in a small but notable number of Earth

impacts. The comparatively higher number of lunar impacts are likely due to the

mishap occurring so close to the Moon that any change in initial condition causes a

large change in particle trajectory. Both Runs 7 and 8 resulted in the largest amount

of particles impacting the Moon, which is due to the velocity in both of these runs

pointing in the direction of the Moon, thus causing the debris cloud to intersect the

Moon.

In terms of the geometry of the particle cloud, the debris particles in Runs 2 and

8 appear to form a rotating elliptical orbit about the Earth. In Runs 6 and 7 the

debris particles scatter all across the system, thus highlighting the chaotic nature

of the gravitational dynamics within the Earth-Moon system. Across all 8 runs of

Debris Orbit 2, the average relative speed of the debris particles (with respect to the

notional spacecraft) contained in the danger zone was 633 m/s. This represents the

second lowest relative speed of all of the orbits analyzed.

Similar to Orbit 2, Orbit 3 was also presented in the work of Arenstorf[25, 26] in

the 1960’s. Results of this orbit are shown below:
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Figure 49: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 3

Table 36: Total Probability of Hazard for Catastrophic Mishaps in Debris Orbit 3
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Table 37: Number of Debris Particles at Simulation End for Debris Orbit 3

The risks to the notional spacecraft remain small with Debris Orbit 3, however,

Debris Orbit 3 simulations did result in some risk to other regions of cislunar space.

Orbit 3 resulted in a significant number of both Earth and Moon impacts from the

debris particles. In particular, Run 7 resulted in 777 particles impacting the Moon,

and 808 particles escaping the Earth-Moon system. This is likely due to the mishap

occurring in close proximity to the Earth. At this location, the gravitational effects

of the Earth are the strongest, thus leading to large changes in final state (i.e. leaving

the Earth-Moon system). Similarly, since the trajectory has a relatively close Earth-

pass feature, there is a substantial amount of particles in each run which end with a

perigee within GEO. However, it appears the greatest risk of this periodic orbit is to

the lunar environment, in particular with impacts to the Moon.

With regards to geometry, the debris particles in Runs 1, 2, 3, and 4 initially ap-

pear to have a highly elliptical rotating orbit about the Earth. However, the apogee of

this pseudo-elliptical orbit is past the Moon, thus this shape quickly diminished once

the rotation of the orbit “crashes” into the Moon causing debris particles to scatter.

In Runs 5, 6, and 7 the debris particles stay fairly compact along the trajectory until

the section of the orbit which has a close proximity pass of the Moon. Similar to Runs

1, 2, 3, and 4, at this location the debris particles scatter leaving a slight resemblance

of a rotating elliptical orbit as the scenario continues. Run 8 is unique in that the
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debris particles scatter almost instantly due to the close proximity of the Moon at the

time of mishap. Once scattered, the particles appear to collect into a more scattered

form of the rotating elliptical orbit which is seen in other cases. There is significant

motion in the z-direction when particles pass the Moon, especially in Run 8, where

the explosion occurs just prior to the Moon.

Across all 8 runs of Debris Orbit 3, the average relative speed of the debris particles

(with respect to the notional spacecraft) contained in the danger zone was 1643

m/s. This was the second highest of all of the orbits analyzed in this work. The

large relative speed is attributed to the short period which contains frequent close

encounters with both gravitational bodies, thus more instances in the trajectory where

large speeds are reached.

As with Debris Orbits 2 and 3, Debris Orbit 4 was also presented in the work of

Arenstorf [25, 26] in the 1960’s. Results of this orbit are shown below:

Figure 50: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 4
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Table 38: Total Probability of Hazard for Catastrophic Mishaps in Debris Orbit 4

Table 39: Number of Debris Particles at Simulation End for Debris Orbit 4

Although the risks to the notional spacecraft are again small, the Debris Orbit

4 simulations resulted in some risk to other regions of cislunar space. Debris Orbit

4 simulations resulted in a greater risks to spacecraft near Earth than any other

periodic orbit simulated. In each run, over 1,000 particles ended the simulation with

perigees within GEO altitude. In addition, many of the simulation runs saw hundreds

of particles pass close enough to the Earth to enter the atmosphere. These particles

would pose small risks to spacecraft at all orbital altitudes around Earth.

Another potential concern could be the close approaches to the Moon. The debris

cloud passes the Moon about once per month, and it undergoes dramatic changes to
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its orbit with each pass. Run 6, which ends near the time when the debris cloud is

passing the Moon, resulted in over 500 particles within the lunar SOI at the end of

the simulation, which could lead to a small risk to lunar spacecraft. The significant

number of particles that impact the Moon could also threaten to contaminate the

lunar environment.

In terms of geometry, the debris cloud in Runs 1 and 3 appears to follow the

original trajectory, while in Runs 2, 4, 6, 7, and 8 the particles appear to follow their

own rotating elliptical orbit about the Earth. Run 5 appears to be a hybrid, having

instances throughout the scenario when it appears to be following the trajectory and

other instances when it appears in its own rotating elliptical orbit. In all runs, each

time the debris particle cloud passes the Moon, many particles are given significant

velocity in the z-direction and enter orbits that are out of the Earth-Moon plane.

Debris Orbit 4 had the highest average relative speed of the debris particles (with

respect to the notional spacecraft) contained in the danger zone, with an average

speed of 2,864 m/s across all 8 runs. This is due to Orbit 5 having the closest and

most frequent near-planetary body passes. Many of the runs also had the mishap

occur near a gravitational body, causing the debris to scatter at critical nodes in the

orbit, thus disrupting its state and changing its condition in a significant manner.

The last orbit analyzed in this work was presented more recently in work conducted

by Vaquero and Howell [78, 79]. Results for Debris Orbit 5 are shown below:
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Figure 51: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 5

Table 40: Total Probability of Hazard for Catastrophic Mishaps in Debris Orbit 5
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Table 41: Number of Debris Particles at Simulation End for Debris Orbit 5

The low speed and long period of Debris Orbit 5 means that the debris cloud does

not have time to reach the notional spacecraft by the end of the 50-day simulation.

The risk to the notional spacecraft is very low as a result. There is also minimal risk

to spacecraft near Earth due to the high altitude of this periodic orbit trajectory,

with few particles passing within GEO altitude. Perhaps the greatest risk from this

periodic orbit is to the lunar environment. The orbit appears to have an energy level

close enough to the energy level of lunar orbits that some particles can enter unstable

lunar orbits. This is especially apparent in Run 1, and it is also apparent to a lesser

extent in Run 8. After the explosion near the Moon, a ring of particles forms around

the Moon. The orbits of these particles are unstable, and many particles are ejected

from lunar orbit as the simulation progresses, but many have not left lunar orbit by

the time the 50-day simulation concludes. This may create some long-term concern

to spacecraft in lunar orbit.

The geometry of the debris cloud for Debris Orbit 5 in all runs stayed compact

for the longest amount of time when compared to all orbits analyzed in this work. In

most instances the cloud is simply stretched, resembling a snake as the approximate

centroid of the cloud follows the original trajectory. This is due to a combination

of no near-Earth passes and the long period throughout most of which the particle

cloud is far away from any gravitational body. Once the cloud of debris passes the
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Moon, the particles scatter all across cislunar space, still rotating about the Earth in

the same clockwise direction.

Debris Orbit 5 had the lowest average relative speed of debris with respect to the

notional satellite across all 8 runs, with an average relative speed of 504 m/s. The

long period of this orbit and its large distance from other gravitational bodies means

that the particles move relatively slowly with respect to the notional spacecraft.

6.4.2 Mass and Velocity-Dependent Results

Later in this research, a new model was created by Boone which takes into account

both the debris mass and velocity in determining probability of kill. Four discovered

cislunar periodic orbits were subject to this new model while the IBEX trajectory

was carried over and analyzed to compare the results between models. For each

cislunar periodic orbit, catastrophic spacecraft mishaps are simulated for 8 runs. Each

run simulated the mishap at different initial starting locations, with debris particle

trajectories propagated 4π TU (54.57 days) from the time of the mishap. A notional

spacecraft is located at a phase offset (one run ahead) from each mishap location

and the survivability model is applied to assess the total probability of hazard to this

spacecraft due to collisions with space debris. In addition, the risks to spacecraft near

Earth and elsewhere in cislunar space are evaluated based on the number of particles

that feature a perigee that is within GEO altitude or orbit within either the lunar or

Earth sphere of influence (SOI) at the end of each simulation.

Figures 52-57 show debris propagation snapshots at 6 TU elapsed time for all 8

simulation runs across each of the five cislunar periodic orbits. Subplots (a) through

(h) corresponding to Runs 1 through 8, respectively. The green circle marks the

location of the Earth, the black circle marks the location of the Moon, and the red

crosses mark the locations of the Lagrange points. The yellow line indicates the
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current direction to the Sun, the blue star (*) indicates the location of the non-

mishap spacecraft, and the black dots represent debris particles. Due to the three-

dimensional geometry of the IBEX orbit, there are additional debris propagation

snapshots showing the z-direction in Fig. 53 for 1, 3, 6, and 9 TU elapsed time. For

the IBEX and Debris Orbits 6-9, the starting locations of each run, along with the

mishap time (in Time Units), and the corresponding total probability of hazard to

the nearby spacecraft are shown in Tables 42, 44, 46, 48, and 50 respectively. The

locations of all particles in the Earth-Moon system at the end of each run are given

in Tables 43, 45, 47, 49, and 51 for the IBEX and Debris Orbits 6-9, respectively.

The IBEX was again analyzed using this new model. The results are shown below:

Figure 52: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for IBEX
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Figure 53: Three-Dimensional Debris Propagation Snapshot at ∆T = 1, 3, 6, 9 TU
Elapsed Time for IBEX (Run 3)

Table 42: Total Probability of Hazard to Notional Spacecraft for Catastrophic
Mishaps in IBEX
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Table 43: Number of Debris Particles at Simulation End for IBEX

For all mishap location runs of the IBEX, there is minimal risk of either an Earth

or lunar impact, with the vast majority of particles remained on the same IBEX-

shaped trajectory after mishap occurred. This is likely due to the great distance

between the trajectory and Moon, coupled with the absence of near-Earth passes.

With the debris field remaining primarily along the orbital path, the most observed

of all the orbits analyzed herein, the IBEX features the highest risk to the notional

spacecraft with an average PHZ of 5.54 × 10−10%. In terms of geometry, the debris

after all runs for the IBEX formed the appearance of a rotating elliptical orbit about

the Earth. Across all 8 runs of the IBEX, the average relative speed of the debris

particles (with respect to the notional spacecraft) contained in the danger zone was

876 m/s.

The next orbit, Debris Orbit 6, studied features a close transit of the L2 point,

and the effectiveness of this orbit for monitoring spacecraft in L1/L2 Lyapunove and

halo orbits was presented previously in Chapter IV. Results for this orbit are shown

below:
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Figure 54: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 6

Table 44: Total Probability of Hazard to Notional Spacecraft for Catastrophic
Mishaps in Debris Orbit 6

141



Table 45: Number of Debris Particles at Simulation End for Debris Orbit 6

The risks to the notional spacecraft remain extremely small in Orbit 6. When

compared to the IBEX, there are significantly more lunar impacts with number of

particles that impacted the Moon is fairly comparable across all runs in Orbit 6. This

is to be expected since the trajectory encapsulates the Moon, with a close proximity

pass of the L2 Lagrange point. Overall, the risk of an Earth impact is low, and there

were a maximum of three particles on a trajectory that intersected the Earth the

Earth in Run 4. It is expected that these particles would be so small that they would

burn up upon reentry. The vast majority of debris particles had an end state which

was orbiting the Earth above GEO.

In terms of the geometry of the particle cloud, the debris particles in Runs 2,

3, and 8 begin to form a rotating elliptical orbit about the Earth. However, the

apogee of this pseudo-elliptical orbit is past the Moon, and intersecting the Moon

causes the debris particles to scatter. While somewhat dispersed, the overall elliptical

shape remains intact. In Runs 4 and 5, the particles scatter in all directions, thus

highlighting the chaotic nature of the system. The debris particles in Runs 6 and 7

scatter immediately due to their close initial proximity to the Moon. Across Runs 2-8

(since Run 1 posed no risk to the notional spacecraft), the average relative speed of

debris in the danger zone with respect to the notional spacecraft was 1171 m/s. This

represents the second highest relative speed of all of the orbits analyzed, which may
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be due to the relatively short period combined with close- to mid- range Earth/Moon

passes.

Like Debris Orbit 6, Debris Orbit 7 was previously analyzed for it’s effectiveness

in variouus SDA mission architectures in Chapter IV. Results for Debris Orbit 7 are

shown below:

Figure 55: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 7

Table 46: Total Probability of Hazard to Notional Spacecraft for Catastrophic
Mishaps in Debris Orbit 7
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Table 47: Number of Debris Particles at Simulation End for Debris Orbit 7

The risks to the notional spacecraft remain small for Debris Orbit 7, with Run 1

featuring zero risk. This means that there were no particles that entered the notional

spacecraft’s danger zone. However, the Debris Orbit 7 simulations did result in some

risk to other regions of cislunar space. There were a significant number of both Earth

and Moon impacts, and many of the simulation runs saw hundreds of particles pass

close enough to the Earth to enter the atmosphere. The number of Earth impacts was

fairly consistent in all runs, ranging from approximately 100 to 230 particles. This is

likely due to the close-proximity Earth passes featured in this orbit. Once again, it is

expected that these particles would burn up during reentry into Earth’s atmosphere

due to their physical size and mass, thus causing no appreciable risk to ground-based

equipment and/or personnel. However, due to the orbit’s close approaches to the

Earth, all runs result in approximately 2,000-2,5000 particles maintaining a perigee

within GEO. This debris population could pose risks to spacecraft in near-Earth

space.

The geometry of the debris particle cloud in Runs 1, 5, and 8 stays densely com-

pact, and most particles remain along the original trajectory for the entire simulation.

The debris particles in Runs 2, 3, 6, and 7 initially appear to have a rotating pseudo-

elliptical orbit about the Earth. However, as with some Runs in Orbit 6, the apogee

of this rotating pseudo-elliptical orbit is past the Moon, thus this shape quickly di-
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minishes as the debris particles scatter upon a close approach with the Moon. In Run

4, the debris particles loosely follow along the original trajectory’s path for the entire

simulation. Across all 8 runs of Debris Orbit 7, the average relative speed of debris

in the danger zone with respect to the notional spacecraft was 1384 m/s. This was

the highest of all of the orbits analyzed in this study. The large relative speed is at-

tributed to the short period which contains frequent close encounters with the Earth,

thus leading to more instances in the trajectory where large speeds are reached.

The next orbit analyzed is Debris Orbit 8. The results of Debris Orbit 8 simula-

tions are shown below:

Figure 56: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 8
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Table 48: Total Probability of Hazard to Notional Spacecraft for Catastrophic
Mishaps in Debris Orbit 8

Table 49: Number of Debris Particles at Simulation End for Debris Orbit 8

As with the previous orbits, the risk to the notional spacecraft remains small

with Debris Orbit 8. There is also minimal risk to spacecraft near Earth due to the

high altitude of this periodic orbit trajectory, with few particles passing within GEO

altitude. Runs 1 and 3 were the only ones to have debris particles impact the Earth.

However, it was only a small amount in both cases. Perhaps the greatest risk from

this periodic orbit is to the lunar environment. All runs saw a consistent number

of debris particles impacting the Moon, ranging from approximately 20 to 90. The

majority of particles across all runs ended in an Earth orbit outside of GEO. However,
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the trajectory path does have close passes and/or encapsulates many Lagrange points,

which could create concern for satellites orbiting these points.

In terms of debris particle geometry, Runs 1, 2, 3, 5, 6, 7, and 8 featured the

debris loosely scattering across the whole system with there being a slightly more

dense collection centered on the trajectory path. Run 4 formed a rotating circular

orbit about the Earth. However, as with certain runs in Debris Orbits 6 and 7,

the apogee of this pseudo-elliptical orbit is past the Moon, thus this shape quickly

dissipates once the rotation of the orbit intersects the Moon and the debris particles

scatter.

Across all 8 runs of Debris Orbit 8, the average relative speed of debris in the

danger zone with respect to the notional spacecraft was 561 m/s. This was the lowest

of all of the orbits analyzed in this work and is attributed to the long period and

large distance from the Earth (compared to the other orbits analyzed).

Similar to Debris Orbits 6 and 7, Debris Orbit 9 was also recently discovered and

presented for SDA analysis in Chapter IV. The results of Debris Orbit 9 simulations

are shown below:
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Figure 57: Debris Propagation Snapshot at ∆T = 6 TU Elapsed Time for Debris
Orbit 9

Table 50: Total Probability of Hazard to Notional Spacecraft for Catastrophic
Mishaps in Debris Orbit 9
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Table 51: Number of Debris Particles at Simulation End for Debris Orbit 9

As with all other orbits analyzed, the risk to the notional spacecraft remain small

in Debris Orbit 9. Risk to the Earth and Earth-orbiting satellites is low, with many

runs featuring no Earth impacts.The number of debris particles which end with a

perigee within GEO remains below 200 across all runs. Similar to Orbit 8, the greatest

risk from a mishap in Debris Orbit 9 appears to be to the lunar environment. Debris

Orbit 9 has the most lunar impacts than any other orbit analyzed. This is expected

due to the close proximity lunar pass with which this orbit features. Dramatic changes

occur in the debris particles motion with every close proximity pass of the Moon,

leading to concerns as the scenario propagates for longer periods of time. Close

proximity Lagrange point passes is another aspect of this orbit, thus increasing risk

to satellites orbiting about the L1, L3, L4, and L5 Lagrange points.

The debris cloud in Runs 1, 2, 3, and 8 forms a rotating psuedo-elliptical orbit

about the Earth. However, as with certain runs in Debris Orbits 6, 7 and 8, the

apogee of this pseudo-elliptical orbit is past the Moon, so the debris particles scatter

when they encounter the Moon. Run 4 had a dense cluster of debris particles which

followed the trajectory path. The debris clouds in Runs 5, 6, and 7 appear to follow

the original trajectory with the particles forming a dense cluster until they reached

the Moon, which led to the cluster being dispersed. Across all 8 runs of Orbit 9,

the average relative speed of debris in the danger zone with respect to the notional
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spacecraft was 687 m/s, the second lowest of the periodic orbits analyzed.

6.5 Summary

This chapter sought to analyze the debris-related consequences of a catastrophic

spacecraft mishap occurring along cislunar periodic orbits. Specifically, two vulnera-

bility models (one which was dependent on mass and the other which was dependent

on mass and velocity) were applied to five cislunar periodic orbits each. Each model

consisted of simulating eight mishap scenarios at various critical nodes of each orbit.

The IBEX orbit was used across both vulnerability models to compare any differences

in results and show the impact of debris velocity on the probability of kill to the no-

tional spacecraft. For both models, the results were extremely similar, leading to

the conclusion that adding velocity to the vulnerability model minimally impacts the

probability of kill. The mishap scenarios seen in this study could occur during SDA

missions comprising two or more notional spacecraft, with one spacecraft suffering

the mishap, and the other imperiled by the resulting debris cloud during the duration

of each simulation. Particular points of interest in this investigation included the

Earth, Moon, and notional spacecraft. While there were anticipated risks to other

useful regions of cislunar space, such as the Lagrange points, the true magnitude of

these risks remains unknown. In this study, the IBEX (Debris Orbit 1) featured the

highest risk to other spacecraft, granted this risk was extremely low. It did, however,

have the lowest risk of collision with spacecraft in Earth or lunar orbit, the lowest

risk of impacting either the Earth or Moon, and the lowest number of debris particles

escape the Earth-Moon system. Conversely, Debris Orbits 4 and 7 featured the high

risk of collision with the Earth. However, it is expected this debris would burn up

in the Earth’s atmosphere upon entry. Debris along Orbits 2, 3, 4, 7, 8, and 9 all

featured moderate to high risk of a Moon collision. Debris Orbits 2, 3, 4, 5, 6, 7, 8,

150



and 9 all had a moderate to large amount of debris which escaped the Earth-Moon

system.

Each case study threatens unique regions of cislunar space; however, the overall

risk to the notional spacecraft was very low in each case. Thus, SDAmissions are likely

to be minimally affected if a nearby satellite in a cislunar periodic orbit undergoes

a breakup event. This is largely due to the wide expanse of cislunar space. When

compared to LEO, which is heavily congested with space objects, cislunar space is

larger and has fewer space objects. However, impacts with the Moon, or intersections

with congested orbits near Earth, would remain a concern. The location of the

mishap along the periodic orbit has a significant impact on the severity, especially with

respect to collisions with gravitational bodies. Periodic orbits with initial trajectories

that featured close approaches to the Earth or Moon had the greatest probability of

collision with one of these bodies.

Future studies of cislunar debris propagation and survivability assessment could

analyze other case study scenarios, such as catastrophic mishaps within larger SDA

constellations (i.e., more spacecraft in a given periodic orbit), or catastrophic mishaps

within SDA constellations featuring two or more cislunar periodic orbit types. In ad-

dition, while the dynamical model in the present research incorporated four-body as-

sumptions for trajectory propagation, future research could incorporate an ephemeris-

based gravitational model to propagate debris orbits within the lunar SOI and esti-

mate the hazard to spacecraft in lunar orbit to such debris. Finally, extending the

simulation time could yield insight into long-term debris propagation behavior and

spacecraft risk within the Earth-Moon system. For longer simulations, debris would

likely only travel along the periodic orbit for a maximum of one or two periods after

the mishap due to the chaotic nature of the BCR4BP.
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VII. Conclusions and Recommendations

7.1 Conclusions of Research

In the early years of spaceflight, space operations primarily consisted of near-

Earth missions with few spacecraft ever venturing to the Moon. As time progressed,

more and more missions began extending beyond the confines of geosynchronous

orbit. This pattern continues to today, with the contemporary space domain facing

increasing concerted efforts around the world to reach and operate within the cislunar

environment. The future will likely see a similar trend of extending outward to the

new high-grounds with missions becoming more and more frequent near the Moon and

beyond. With various countries now looking to expand their infrastructure in space,

safe cislunar space traffic management techniques coupled with the development of

new policy and terminology which embrace the entirety of the Earth-Moon system

and its celestial environs are vital for the continued protection of space assets.

This research included an in-depth analysis of cislunar periodic orbits. In par-

ticular, the dynamics, construction, effectiveness in space domain awareness (SDA)

missions, and debris risks from an onboard explosion were recorded. Over 30 cislunar

periodic orbits were discovered in this work and presented in Figs. 12, 13, 18, 19

(Orbits 7-9), and 36. These orbits may be used for a wide swath of missions, not lim-

ited to SDA. Such missions include re-supply, personnel transport, and space-based

infrastructure development. Orbits which feature close proximity passes of both the

Earth and Moon, identified herein as cycler orbits, may be extremely useful for such

mission sets.

The cislunar periodic orbits analyzed in this work are ideal candidates for cislunar

SDA mission architectures, such as monitoring L1/L2 Lyapunov and halo orbits. This

is due to their ability to traverse a wide expanse of cislunar space while capturing
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various viewing angles on targets. Chapter IV sought to present and compare the

effectiveness of twelve different cislunar periodic orbits, both individually and in com-

bination with one another, when subject to the monitoring of targets in four SDA mis-

sion architectures: L1 Lyapunov orbit surveillance, L2 Lyapunov orbit surveillance,

L1 halo orbit surveillance, and L2 halo orbit surveillance. Nine of the twelve orbits

analyzed in Chapter IV were generated in the circular restricted three-body problem

(CR3BP) with a non-dimensional mass parameter of µ = 0.012150584673414. The

other three were obtained from previous literature and corrected to use the same stan-

dardized µ value. These orbits were then subject to a simulation in which the visual

magnitude was recorded with Sun, Earth, and Moon exclusion angles considered. A

cutoff visual magnitude of 18.5 was instituted to determine if a target was observable.

While the cislunar periodic orbits analyzed in this work are periodic in the CR3BP,

they rapidly become more chaotic with the introduction of additional perturbations,

such as the Moon’s eccentricity or the Sun’s gravitational force. Bicircular restricted

four-body problem (BCR4BP) ∆eV analysis was performed to calculate the approxi-

mate error in ∆V when transitioning cislunar periodic orbits from the CR3BP to the

BCR4BP. The results of this work show cislunar periodic orbits to be highly effective

in monitoring Lyapunov and halo orbits about the Earth-Moon L1 and L2 Lagrange

points.

A new taxonomy for the classification of SDA regions in the Earth-Moon sys-

tem was introduced which will enable a spatial division of the national SDA mission

portfolio. Five SDA regions were presented in this taxonomy: Low-Ground SDA

(LG-SDA), Mid-Ground SDA (MG-SDA), High-Ground SDA (HG-SDA), Parapet

SDA (P-SDA), and Fence Line SDA (FL-SDA). Particular points in the Earth-Moon

system, such as Lagrange points, and regions in which trajectory dynamics become

chaotic, such as near the Earth SOI, are markers for regional boundaries. All pro-
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posed regions correspond to varying distances away from the Earth and varying SDA

mission subsets, to include space traffic management, space control, space weather

observation, lunar/Lagrange point surveillance, and planetary defense. Each region

is described with a corresponding identification of the associated spatial distance as

measured radially from the center of the Earth in terms of kilometers and the canon-

ical unit XGEO, a common unit used by AFRL when describing regions past GEO.

Mishaps in the form of catastrophic spacecraft explosions were simulated along

selected cislunar periodic orbits to analyze potential risk to the Earth, Moon, and a

notional satellite in the same orbit. Two vulnerability models were used in assessing

probability of kill of the notional spacecraft: one which was mass-dependent and one

which was mass and velocity dependent with respect to the artificial debris. The

Interstellar Boundary Explorer (IBEX) orbit was used in both models to compare

them. The vulnerability models showed consistent results, leading to the conclusion

that adding velocity to the model minimally impacts the probability of kill. In all

debris simulations, risk to the notional satellite in the orbit was low, leading to the

conclusion that SDA missions are likely to be minimally affected if a nearby satellite

in a cislunar periodic orbit undergoes a breakup event. This is largely due to the

wide expanse of cislunar space. However, impacts with the Moon, or intersections

with congested orbits near Earth, would remain a concern. The location of the mishap

along the cislunar periodic orbit has a significant impact on the severity, especially

with respect to collisions with gravitational bodies. Cislunar periodic orbits with

trajectories that featured close approaches to the Earth or Moon had the greatest

probability of collision with one of these bodies.

In conclusion, the SDA simulations showed cislunar periodic orbits to be extremely

effective in monitoring Lyapunov and halo orbits about the L1 and L2 Lagrange

points. Further analysis into the propellant expenditure (∆V ) is required to ade-
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quately determine the feasibility of cislunar periodic orbits in a real world, highly

perturbative, environment. However, if the required ∆V is indeed low, cislunar peri-

odic orbits are ideal candidates for SDA and surveillance of various points in cislunar

space, to include the Moon and Lagrange points.

7.2 Significance of Research

This research provided one of the first in-depth analysis of cislunar periodic or-

bits for SDA mission architectures. This understanding will be valuable in creating

avenues for advanced space traffic management and monitoring techniques for cislu-

nar objects. It is vital to have a complete understanding and awareness of all space

objects in any region of cislunar space. This knowledge optimizes mission readiness

while avoiding catastrophic collisions. During this research, over 30 cislunar periodic

orbits were also discovered. These new orbits create a wide range of viewing angles

for various regions of cislunar space while also featuring close proximity passes to

critical points such as the Moon and Lagrange points. Due to this, these orbits may

be applied to a wide swath of missions in the Earth-Moon system.

With nations and private companies looking to expand infrastructure into cislunar

space and beyond, the techniques which have been used and focused on near-Earth

space in the past must be modified. New policy and terminology will undoubtedly be

required in the coming decades. The SDA taxonomy presented in this research aims

to assist with this effort. This new taxonomy embraces the entirety of the Earth-

Moon system and enables a spacial division of the national SDA mission portfolio,

with specific regions corresponding to compounding distances from the Earth and

varying SDA mission subsets.

This research also provided the first study into debris related consequences should

a mishap occur along a cislunar periodic orbit. As orbits in cislunar space become
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more crowded, the importance of keeping this region free from hazardous artificial

debris will begin to grow. Although the risk to another satellite in the a cislunar

periodic orbit which had a mishap occur in is assessed to be low, spacecraft in other

orbital regions such as LEO may be at a greater threat.

7.3 Publications and Scholarly Efforts

The following list of publications and scholarly efforts illustrates the impactful

nature of this research on the wider community at the time of this thesis submission.

7.3.1 Journal Manuscripts under Review

1. Wilmer, A. P., Bettinger, R. A., “Beyond the High Ground: A Proposed Space

Domain Awareness Taxonomy for Earth-Moon System Operations,” Air &

Space Power Journal.

2. Wilmer, A. P., Boone, N. R., Bettinger, R. A., “Debris Propagation and Space-

craft Survivability Assessment for Catastrophic Mishaps Occurring in Cislunar

Periodic Orbits,” Journal of Space Safety Engineering.

7.3.2 Conference Papers

1. Wilmer, A. P., Bettinger R. A., Little B. D., “Cislunar Periodic Orbit Con-

stellation Assessment for Space Domain Awareness of L1 and L2 Halo Orbits,”

2021 ASCEND Conference, Las Vegas, NV, November 2021.

2. Wilmer, A. P., Bettinger R. A., Little B. D., “Preliminary Viability Assessment

of Cislunar Periodic Orbits for Space Domain Awareness,” 2021 Advanced Maui

Optical and Space Surveillance Technologies Conference (AMOS), Maui, HI,

September 2021.
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3. Wilmer, A. P., Bettinger R. A., “Lagrangian Derivation and Stability Analysis

of Multi-Body Gravitational Dynamical Models with Application to Cislunar

Periodic Orbit Propagation,” 2021 AAS/AIAA Astrodynamics Specialist Con-

ference, Big Sky, MT, August 2021.

4. Wilmer, A. P., Boone, N. R., Bettinger, R. A., “Artificial Debris Propagation

in Cislunar Periodic Orbits,” 2021 AAS/AIAA Astrodynamics Specialist Con-

ference, Big Sky, MT, August 2021.

7.3.3 Scholarly Presentations

1. Wilmer, A. P., Bettinger R. A., “Preliminary Space Domain Awareness Assess-

ment of Cislunar Periodic Orbits for Lagrange Point Surveillance,” 2nd Cislunar

Security Conference, John Hopkins Applied Physics Laboratory, MD, November

2021.

7.4 Recommendations for Future Work

The analysis conducted in the present research may be expanded with follow-on

research. Various avenues for future development in this field include:

• Describe how detailed a Target is if it is under the visual magnitude cutoff for

being viewable. Questions which should be answered include: Are capabilities

of this spacecraft able to be identified? Which country does this spacecraft

belong to?

• Research into the difficulty of SDA on cislunar periodic orbits. Essentially, how

difficult is orbit determination on cislunar periodic orbits.
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• Development of a study which looks into the effectiveness of cislunar periodic

orbits in other mission sets such as re-supply, personnel transport, and space-

based infrastructure development.

• Increase the number of cislunar periodic orbits analyzed in the SDA model.

• Increase the number of notional satellite in cislunar periodic orbits for the

mishap scenarios.

• Discover more cislunar periodic orbits which may aid in future missions.

• Increase the number of notional satellites in cislunar periodic orbits for the

mishap scenarios.

• Longer simulations to characterize longevity of debris.
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