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Abstract 

The ability to synthesize designer anisotropic materials using additive manufacturing 

techniques has exceeded the capabilities of many traditional material characterization 

methods. Such methods require precision machining of samples to exploit incident field 

configurations to be used in conjunction with tailored measurement fixtures. This 

machining process may cause structural damage for some candidates, while for others it 

may alter their anisotropic properties. In addition, traditional schemes are limited in their 

ability to provide sufficient independent data for anisotropic estimation. A free space 

method of material characterization that exploits far-zone scattered fields as a function of 

frequency, illumination angle, and polarization provides independent information not 

available from traditional methods. 

This research uses monostatic far-zone scattered field measurements to estimate the 

permittivity of anisotropic materials at X-band. In contrast with traditional subsample 

illumination methods, this effort examines the efficacy of whole-sample transverse 

electromagnetic (TEM) illumination in the estimation of anisotropic permittivity using 

radar cross section (RCS) measurement techniques. The research examines the impact that 

dielectric supports have on measurement error and uncertainty in permittivity estimates. 

The research follows an incremental approach, first demonstrating successful estimation 

of permittivity for isotropic spheres followed by a Teflon isotropic cube. The method is 

then applied to uniaxial and biaxial cubes with an estimated permittivity that is validated 

through comparisons with published data. 
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The method showed success for a material with high contrast between tensor axes but 

had increased uncertainty with materials of low real and imaginary permittivity. The 

research also indicated that uncertainty increases in lower loss tangent estimates due to 

mutual coupling between the dielectric support structure and the material under test. 

Finally, the method demonstrated that estimates of lossy biaxial permittivity is possible in 

a free space far-field context without the use of costly measurement facilities or complex 

hardware.  
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CHARACTERIZATION OF ANISOTROPIC MATERIALS 

USING SCATTERED FIELD MEASUREMENTS 

 
I. Introduction 

1.1  Problem Statement 

The materials community exists as a four-member fraternity comprised of those who 

design, synthesize, characterize, and apply materials across multiple disciplines. In the 

electromagnetics context, additive manufacturing and the ability to create microstructure 

arrays have opened the application space to new antennas, radomes, and artificial mediums 

not previously available [1]. Despite these advances, the ability to characterize the 

electromagnetic properties of these new materials has not appreciably changed in decades. 

The reason for this lag is the inherent limitation in exploiting the requisite material 

properties at the microscopic level using available macroscopic measurement techniques. 

As an example, consider the need to characterize the permittivity of a dielectric material 

(i.e., dielectric constant and loss tangent) which requires a minimum of 𝑛 independent 

measurements. This can be accomplished through multiple realizations of frequency, angle 

of incidence, polarization, sample geometry, and S-parameters. For isotropic materials, 

𝑛 = 2, uniaxial materials, 𝑛 = 4, and for biaxial materials, 𝑛 = 6 [2]. Beyond the biaxial 

case, the inclusion of off-diagonal tensor parameters (e.g., gyrotropic materials), 

permeability, or bi-anisotropy rapidly increases the number of required independent 

measurements to as many as 𝑛 = 72. The ability to synthesize designer anisotropic 

materials has exceeded the measurement diversity that can be achieved using common S-
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parameter methods. Successful anisotropic characterizations using modified S-parameter 

techniques have been reported by Knisely [3], Amert [4], and Scott [5]. 

Free-space scattered field measurements offer the potential for added data 

independence by varying target illumination, configuration, frequency, and polarization, 

all of which are fixed commodities in traditional methods. In addition, such a method may 

relieve the need to precisely machine samples to accommodate geometric- and field-

specific requirements of sample holders. To isolate where a scattered field approach to 

permittivity estimation fits within the larger context of dielectric characterization, consider 

the graphic shown in Figure 1. Here, the most common methods of dielectric material 

characterization are spatially distributed according to material category, specimen 

preparation, fixture type, and accuracy. The graphic has been modifed to include a blue 

oval and accompanying blue text which identifies the anticipated region of applicability 

for anisotropic scattered field measurements as compared to other methods, including 

focused beam systems (FBS) and transmission tunnels. The blue region of this graphic was 

selected since the accuracy for these methods are not anticipated to be greater than filled 

waveguide and, while they are broadband, they also require little if any sample preparation. 

However, FBS and transmission tunnel methods depart in similarity to a scattered field 

approach as their incident fields can significantly change as a function of sample thickness. 

The anisotropic scattered field approach is well-suited for non-destructive testing of bulk 

materials and may also provide options for thin films and sheets.  
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Figure 1. Map of common dielectric measurement techniques spatially distributed 
according to material category, specimen preparation, fixture type, and accuracy [6]. 
Note: a dark blue oval and accompanying blue text have been added to the graphic 
indicating the efficacy of the proposed method within the greater context of material 
characterization techniques. 

While Figure 1 depicts the suitability of various material measurement techniques 

based on material and fixture type, sample preparation, and general accuracy, it does not 

provide clarity regarding the connection between measurement technique, permittivity, and 

frequency as does the graphic shown in Figure 2. Here, the efficacy of free-space methods 

is shown to be of value over a wide band of frequencies ranging from 1-1100 GHz and 

over a wide dielectric constant of 1-60. However, the same graphic reveals a narrower 

Anisotropic Scattered Field Method
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region for loss tangent applicability (0.005-0.5) than other methods such as the two-port 

waveguide and open-ended coaxial probe. 

Figure 2. Comparison of dielectric measurement techniques as a function of complex 
permittivity and frequency [7]. Note: fonts with white backgrounds have been added 
for presentation purposes. 

While it is clear that free-space methods offer diversity in measurements, the question 

is whether that diversity will produce anisotropic tensor values with non-overlapping 

uncertainties and offer performance comparable to other free-space approaches such as the 

FBS and transmission tunnel. The answer lies in the ability to mitigate errors associated 

with free-space measurements and is dependent on samples of interest providing sufficient 

scattering behavior to exploit anisotropic scattering phenomena. 

1.2  Scope and Research Goals 

The principal scope of this research is to extend the work of Knisely [3, 8] in a free-

space scattered field context. Knisely demonstrated a square waveguide method of 

anisotropic estimation that achieved non-overlapping uncertainties for low-contrast 

biaxial and high-contrast uniaxial dielectric cubes (hereafter referred to as the “Knisely  

Cubes”). The biaxial representation of permittivity may be defined as  

 
𝜖𝑟 = [

𝜖𝑥𝑥 0 0
0 𝜖𝑦𝑦 0

0 0 𝜖𝑧𝑧

], (1.1) 
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where  𝜖𝑟 is the biaxial complex anisotropic tensor and 𝜖𝑚𝑛 = 𝜖𝑚𝑛
′ + 𝑗𝜖𝑚𝑛

′′   is the 

component in the 𝑚, 𝑛 directions 𝑥, 𝑦, 𝑎𝑛𝑑 𝑧. 𝜖𝑚𝑛′  is the dielectric constant and 𝜖𝑚𝑛′′  is the 

loss term (also expressed as loss tangent 𝑡𝑎𝑛 𝛿 = 𝜖𝑚𝑛
′′ 𝜖𝑚𝑛

′⁄ ). In the isotropic condition, 

𝜖𝑥𝑥 = 𝜖𝑦𝑦 = 𝜖𝑧𝑧, uniaxial condition, 𝜖𝑥𝑥 = 𝜖𝑦𝑦 ≠ 𝜖𝑧𝑧, and biaxial condition,                  

𝜖𝑥𝑥 ≠ 𝜖𝑦𝑦 ≠ 𝜖𝑧𝑧. Knisley’s work was limited to estimating 𝜖𝑚𝑛′  from 8.2-12.4 GHz based 

on the internal dimensions of X-band waveguide (22.86 mm x 10.16 mm) and the available 

additive technology used to create the cubes under test. This research will include the 

estimation of 𝜖𝑚𝑛′′  and examine broadband scattering from 6-18 GHz while maintaining 

8.2-12.4 GHz as a validation band for comparison with prior Knisely results. 

Knisely utilized a single waveguide mode to independently excite the biaxial 

components of the cubes under test. The waveguide provides an infinite sample 

environment which greatly simplifies the forward and inverse solutions. In a free-space 

context, the sample is finite, producing scattered fields in all three coordinate directions. 

There are four primary radiofrequency (RF) illumination scenarios capable of 

providing value-added scattering information, as shown in Figure 3. In the monostatic 

configuration, the transmit and receive antennas are coincident with each other. The bistatic 

configuration separates the transmit and receive antennas from the target by angle 𝜃. The 

defining metric for each of the four scenarios at a specific wavelength, 𝜆, is the distance, 

𝑅, between the transmit antenna (annotated by Tx) and the target, and between the target 

and the receive antenna (annotated by Rx). The relationship between 𝑅, 𝐷, and 𝜆 in each 

of the four quadrants of Figure 3 is referred to as the far-field criteria [9, 10]1 when the 

 
1 Bistatic near-field illumination may also be expressed with one leg as far-field and the other near-field. 
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phase taper across the target extent, 𝐷, at distance, 𝑅, is no greater than 𝜋 8⁄  (𝜆 16)⁄  as 

defined by 

Bistatic illumination is an attractive option for target illumination in that the scattered 

fields provide independent information not seen in a monostatic configuration. However, 

the added burden of target-receive mutual coupling and calibration complexities make a 

monostatic configuration favorable. Near-field illumination simultaneously provides all 

three scattered field components which are essential to identifying the independent biaxial 

parameters. Yet, the added complexity of separating the three components simultaneously 

makes monostatic far-field illumination the configuration of choice for this research. As 

the scattered field is a vector quantity having magnitude and phase, both are of interest to 

this research and useful for subsequent permittivity estimates from measured data. While 

the scattered field phase is measured directly by a coherent receiver, the scattered field 

magnitude will be converted to radar cross section (RCS), 𝜎, such that comparisons with 

prior efforts and existing nomenclature are preserved. RCS is defined as  

where 𝑟 is the distance from transmitter to target and 𝐸𝑠 and 𝐸𝑖 represent the scattered and 

incident fields respectively. In general, 𝐸𝑠 and 𝐸𝑖 are polarization-dependent and 

considered vector quantities. Here in (1.3) and for the remainder of this paper, it is assumed 

that 𝐸𝑠 and 𝐸𝑖 are co-polarized complex scalar quantities. In the monostatic far-field 

 
𝑅 ≫ 2

𝐷2

𝜆
 

𝑅 ≫ 𝐷   

𝑅 ≫ 𝜆.   

(1.2) 

 
𝜎 = lim

𝑟→∞
[4𝜋𝑟2

|𝐸𝑠|2

|𝐸𝑖|2
] ,  (1.3) 
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context, 𝐸𝑠 and 𝐸𝑖 are both identically measured at position 𝑟. In practice, the asymptotic 

limit of the distance between the transmit antenna and target is approximated by a finite 

distance satisfying the far-field criteria. The phase of the scattered field will be preserved 

as-is in keeping with prior efforts and existing nomenclature. 

Having examined the work of Knisely, an incremental extension limits the scope of 

this research to estimating the complex biaxial permittivity of the Knisely Cubes under 

monostatic RCS conditions from 6-18 GHz. In addition to the Knisely Cubes, an isotropic 

Teflon reference cube of equal dimensions to the Knisely Cube will be used to identify and 

mitigate errors associated with the technique. In addition, this helps to establish an 

automated scheme for estimating the complex permittivity of the anisotropic samples. A 

description of the cubes under consideration is shown in Figure 4. 

By extending the work of Knisely, this research offers the following contributions to 

anisotropic estimation: 

• Extension of biaxial estimation to a free-space far-field context. 

• Established biaxial estimation uncertainty for real and imaginary components. 

• Identified conditions for non-overlapping uncertainty among anisotropic axes. 

• Demonstrated isotropic inversion of anisotropic axes. 

• Defined use of azimuth- and frequency-dependent scattering information. 

• Demonstrated biaxial inversion without complex hardware or costly facilities. 
 

The goals of this research include the following: 

• Demonstrate the use of monostatic RCS measured data as a means of estimating 

complex biaxial permittivity. 
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• Define the advantages and disadvantages of using fixed frequency azimuthal RCS 

data versus RCS as a function of frequency to estimate biaxial permittivity. This 

includes the advantages and disadvantages of using the magnitude of the scattered 

field alone or incorporating phase as an independent contributor to accurate biaxial 

estimation. 

• Determine the conditions under which the method produces non-overlapping 

uncertainties. If the method produces overlapping uncertainties, then an anisotropic 

determination cannot be made for any individual material. 

• Identify the distinctives between the use of artificial media in waveguide (infinite) 

versus free space (finite). The inability to individually excite a permittivity tensor 

axis greatly increases the forward estimation and inverse problems.  

• Demonstrate the ability to estimate biaxial permittivity without the use of complex 

hardware or costly facilities. 
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Figure 3. Available target illumination choices. Monostatic far-field illumination (top 
left), monostatic near-field illumination (top right), bistatic far-field illumination 
(bottom left), and bistatic near-field illumination (bottom right). 
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Figure 4. Dielectric cubes used in research, each having a side 22.86 mm: (1) 
Teflon/Solid: Isotropic – no contrast, (2) Nylon/Low Loss Occlusions: Uniaxial - Low 
Contrast, (3) Nylon/Air Occlusions: Biaxial – Low Contrast, and (4) Nylon/ESD-
PETG Occlusions: Uniaxial - High Contrast. 

1.3  Limitations and Challenges 

Prior RCS measurement experience suggests that target-mount interactions will be a 

driving source of error, negatively impacting permittivity estimates. Creating a mounting 

structure that accurately and repeatably supports the cubes under test while minimizing 

target-mount interactions will be a challenge. Additionally, loss tangent is known to be 

more error prone than the dielectric constant in free-space methods. Seeking a best practice 

that encourages accurate estimates of loss tangent will also be a challenge. 

1.4  Resource Requirements 

Applied Research Associates in Dayton, Ohio has graciously offered the use of their 

state-of-the-art RCS measurement facilities, their expansive library of computational 

electromagnetics software, including FEKO, SENTRi, CST Microwave Studio®, and the 

Periodic Moment Method. These are in addition to their contingent of machine shop tools 

and workshop. In addition, the Air Force Institute of Technology (AFIT) has supplied the 

3D printed anisotropic Knisely Cubes whose permittivity was characterized in prior efforts 

and will provide traceability as a means of method validation. 

1 2 3 4
1. Teflon/Solid: Isotropic – No Contrast
2. Nylon/Low Loss Occlusions: Uniaxial – Low Contrast
3. Nylon/Air Occlusions: Biaxial – Low Contrast
4. Nylon/ESD-PETG Occlusions: Uniaxial – High Contrast

22.86 mm

22
.8

6 
m

m
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1.5  Organization 

This research utilizes measured monostatic RCS data to estimate complex biaxial 

permittivity. Chapter 2 discusses existing efforts to use RCS measurements as a means of 

estimating isotropic permittivity and the motivation for extending that work toward 

anisotropic permittivity. Chapter 3 discusses the methodology for the use of RCS 

measurements to estimate isotropic, uniaxial, and biaxial permittivity. This discussion 

includes the role of dielectric spheres in identifying common errors in RCS measurements 

and their impact on permittivity estimation, as well as the methodology in estimating the 

permittivity of uniaxial and biaxial cubes. Chapter 4 examines the validity of the method 

by comparing the estimated permittivity with legacy data for the isotropic, uniaxial, and 

biaxial dielectric cubes. A discussion of uncertainty evaluates the validity of the method 

by analyzing the presence of non-overlapping uncertainties and other factors impacting 

accurate biaxial estimates. Finally, Chapter 5 provides commentary on the efficacy of the 

method and its limitations and recommendations for further work. 
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II. Background and Motivation 

Methods of characterizing simple materials (i.e., linear, homogeneous, and isotropic) 

are ubiquitous among material measurement practitioners. Surveys of these methods and 

their respective applications have been widely reported [6, 7, 11-15]. These methods offer 

two distinct advantages over finite samples interrogated in free space by a planewave. First, 

since the incident field is concentrated in the sample, the signal-to-noise ratio is substantial, 

which limits uncertainty and enhances available receiver dynamic range for characterizing 

reflective or lossy materials. Second, the currents generated in materials are constrained to 

the direction of their incident field components as if the sample was infinite in extent2. This 

makes the use of straightforward inversion schemes such as Nicolson-Ross-Weir (NRW) 

possible [16, 17]. 

The principle disadvantage of traditional techniques, especially in anisotropic 

applications, is that the tensor axes must be aligned with the incident field components, 

making alignment of the material difficult without intentionally machining the sample or 

the sample holder. This assumes that the orientation of the material tensor axes is known, 

which for some materials may not be true. Additionally, some anisotropic materials cannot 

be machined without altering their permittivity in one or more of the tensor axes. A far-

field illumination provides incident angle and polarization diversity to accommodate the 

orientation of the tensor axes, making it an attractive method of sample interrogation. 

However, this flexibility comes at the cost of measurement errors induced by mutual 

 
2 This holds true for a biaxial material. If a gyrotropic material, whose off-axis tensor elements are non-zero, 
is placed in a rectangular waveguide, the fields inside the material will have components orthogonal to the 
incident field polarization. While those same field components will be evanescent and decay, the original 
infinite field distribution assumptions are no longer valid. 
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coupling between the material sample and the mounting structure; alignment errors 

between the sample geometry and the incident field; reduced signal-to-noise ratio; and 

perturbations in the incident field caused by the illuminating antenna itself or bistatic 

scattering from structures in the measurement environment. 

The next two sections describe existing work in estimating isotropic and anisotropic 

material permittivity using RCS measurements. The chapter concludes with a rationale for 

pursuing a biaxial RCS measurement approach to permittivity estimation considering prior 

efforts. 

2.1  Isotropic Permittivity Estimation using RCS Measurements 

In 1963, interest in the RCS measurements of dielectric coated spheres and cylinders 

was first reported by Swarner and Peters [18, 19]. Soon after, Abbato reported the use of 

monostatic RCS measurements as a means of estimating the permittivity of isotropic 

homogeneous spheres [20]. Spheres are attractive scattering models as they are not subject 

to physical alignment errors, their contact area with mounting structures is minimal, and 

their far-field scattering is easily computed by use of the Mie Series [21]. Abbato applied 

his approach to spheres whose radius lies in the range 3.6 < 𝑘𝑎 < 5.2, where 𝑘 is the 

wavenumber (2𝜋 𝜆⁄ ) and 𝑎 is the sphere radius. He utilized a graphical look-up table to 

compare pre-computed sphere RCS magnitude to measured RCS magnitude using a least 

squares approach. Abbato’s use of resonant-sized spheres and least squares inversion 

approach are directly applicable to the current effort. The sphere is not a suitable target for 

biaxial applications since most anisotropic geometries are inherently rectangular which is 

not useful in spherical coordinate applications. Following Abbato, in 1967 and 1970 
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respectively, Young [22] and Yu [23] presented bistatic RCS measurement techniques that 

estimated permittivity and permeability by exploiting approximations of the Mie series for 

small spheres of radius 𝑘𝑎 < 0.2. While both efforts successfully estimated permittivity 

and permeability using bistatic RCS measurements, the use of electrically small spheres is 

not helpful to anisotropic modeling. 

A significant pause in the literature occurred after Yu until 2009 when Ishikawa [24] 

proposed an RCS measurement technique to estimate the permittivity of electrically large 

cubes from bulk material. He isolated the front-face reflection of the total scattered field 

using time domain gating [25], making use of the plane wave Fresnel coefficient which, in 

the case of Ishikawa, relates sample permittivity, angle of incidence, and reflection 

coefficient at normal incidence for an infinite planar interface, 

where 𝜖𝑟 is the complex relative permittivity and Γ is the reflection coefficient at the 

interface between free space and the material under test. Ishikawa relates Γ to the measured 

RCS of an electrically large homogeneous plate using physical optics. This method may 

be extended to in-plane uniaxial permittivity as shown in Figure 5, in which Knisely’s cube 

orientations O-1 and O-5 present a homogeneous sample in the direction of propagation. 

Thus, extracting the front face reflection of the cube in either of these two orientations 

would be the same, as slices of the cube are taken at any point along the direction of 

propagation. This, of course, would restrict the method to sufficiently thick samples 

(electrically speaking) to separate the front and rear surface scattering as a function of time. 

However, in the other four orientations the sample appears as a volumetric effective media 

 
𝜖𝑟 = (

1 − Γ

1 + Γ
)
2

,  (2.1) 
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[26] and would present a different front face reflection at every slice along the direction of 

propagation, thus eliminating the technique for consideration of biaxial materials. A full 

free space RCS measurement approach illuminates the whole cube at any angle of 

incidence, viewing the array of occlusions as an effective anisotropic media (assuming 

spatial requirements were satisfied [27]). 

Figure 5. Biaxial Knisely Cube unit cell orientations with respect to incident field. For 
all orientations shown, the incident field originates from Port 1 (Knisely, 40). 

Eyraud [28] followed Ishikawa in 2015 with a bistatic RCS method of sphere 

permittivity estimation which utilized Bayesian estimation to incorporate measurement 

error directly into the inversion process. This is in contrast with the more typical application 

of uncertainty after the inversion process. A free space measurement of spheres is the least 

complicated target to measure as it affords the opportunity to optimize the measurement 

process and identify ways to increase inversion accuracy and efficiency. In 2016, Perret 
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[29] demonstrated a unique quasi-monostatic3 configuration to characterize low loss bulk 

dielectric materials with RCS measurements. His process was based on RFID technology 

which has a resonator in the presence of a dielectric whose resonant frequencies are known 

a priori. Perret related the change in resonance-Q of the measured backscatter signal to the 

permittivity of the resonator backing material. This method is not amenable to anisotropic 

characterization as the scattered fields will not align with the tensor axes in the presence of 

the resonant structure. 

Lastly, in 2021 Saleh [30] made a contribution by utilizing bistatic RCS measurements 

to characterize the permittivity of 3D printed spheres. The unique contribution from this 

work was the identification of the density of 3D printed elements required to produce 

various permittivities in anisotropic samples. The spheres themselves are modeled as 

though they are homogeneous and isotropic, whereas the dielectric cylinder comprising the 

spheres may be used in the construction of anisotropic arrays at the proper scale suggested 

by Kong and Collin [26, 27, 31]. Selah’s 3D printed spheres are comprised of a triangular 

mesh of cylinders just as one would create when using a full-wave solver. A sample of 

Sale’s dielectric spheres is shown in Figure 6. This work especially applies to the 

development of low contrast anisotropic bodies such as that used by Knisely [3]. 

 
3 Quasi-monostatic refers to the antenna arrangement whereby the transmit and receive antennas are 
physically close to each such that the bistatic angle between them and the target is negligible. The purpose 
for such an arrangement is to mitigate the strong impedance mismatch between the transmit antenna and free 
space which may consume much of the available receiver dynamic range. In larger RCS measurement 
facilities, this errant return and that from reflectors, walls, floor, ceiling, etc., is mitigated by the application 
of high-speed RF switching which turns the receiver on only when the target return is anticipated. 
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Figure 6. 3D printed homogeneous isotropic sphere comprised of dielectric cylinders 
in a triangular patch format (Saleh [30]) 

From Abbato to Saleh, RCS measurements have been used to characterize isotropic 

spheres and cubes of varying electrical size using both monostatic and bistatic illumination. 

These efforts demonstrate the efficacy of RCS measurements as a tool for inverting 

constitutive parameters, but none of them attempt to estimate anisotropic permittivity in a 

far-field context or define their associated uncertainties as in the case of the current 

research. 
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2.2  Anisotropic Permittivity Estimation using RCS Measurements 

To date, efforts to estimate anisotropic permittivity using RCS measurements have not 

been reported. However, in 2012, Hollander [32] reported on a method for extracting 

single- and double-negative metamaterial properties using an in-line transmit-receive 

antenna configuration with shaping lenses to limit the incident field from illuminating the 

sample edges. This approach is akin to the focused-beam system (FBS) methods developed 

by Schultz [33]. Also, in 2020, Gorman [34] demonstrated biaxial inversions of low and 

high contrast biaxial planar samples, again using a FBS. Gorman’s work, for his biaxial 

estimation, is directly applicable to this research but is limited to thin planar samples since 

the focused beam incident field does not offer a plane wave of extent. As such, a volumetric 

effective media model would exceed the plane  wave capability of the FBS and suffer from 

magnitude and phase illumination errors [35, 36]. The current research provides true 

planewave illumination over the full extent of the anisotropic model. While finite model 

illumination creates added complexity due to full-body scattering, it not only dramatically 

increases the experimental trade-space for diverse shapes and non-cooperative tensor 

alignment, but also provides a measurement context to analyze new effective media 

designs. 

2.3  Motivation 

As indicated by the literature, success has been widely reported in isotropic inversions 

using monostatic and bistatic RCS measurements. However, no work has been reported 

that utilizes far-zone scattered fields to estimate biaxial permittivity. As such, the call for 
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additional techniques to evaluate anisotropic materials without the need to accommodate 

specific sample holder geometries and their respective field configurations remains. 

The first step in this research is to demonstrate isotropic inversion capabilities for a 

wide range of dielectric spheres in the same context as Abbato [20]. The purpose of this 

task is to develop the requisite target illumination and mounting configurations, 

demonstrate the presence of practical signal-to-noise levels, and examine the physics 

associated with dielectric body scattering. 

Once competence has been demonstrated with isotropic spheres, the ability to estimate 

the permittivity of an isotropic cube will be shown. This exercise will inform the process 

as to mounting structure implications, forward solver requirements, measurement sampling 

issues, and inversion algorithm options. This will be followed by the estimating the 

permittivity of a anisotropic media consisting of low contrast and high contrast uniaxial 

cubes and a low contrast biaxial cube. Moving from isotropic to anisotropic media has 

anticipated challenges that include increased forward solver computation time, inversion 

scheme complexity, isolation of individual tensor parameters due to finite full-body 

scattering, and potentially overlapping uncertainty metrics due to measurements errors. 

An uncertainty model which incorporates all relevant error sources will be applied to 

permittivity estimates in Chapter 4. This will be followed in Chapter 5 by conclusions along 

with recommendations for future work. 
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III. Methodology 

In Chapter 2, prior efforts were identified from the literature that used RCS 

measurements of spheres to estimate isotropic permittivity. Spheres provide an entryway 

into the more complex measurements of anisotropic arbitrary-shaped materials by 

establishing an incident field, target support, sampling requirements, antenna and network 

analyzer configuration, calibration approach, and signal processing needs. This chapter 

opens with a permittivity estimate of five dielectric spheres of diverse permittivity. The 

premise is that if adequate isotropic permittivity estimation using RCS measurements is 

intractable, then pursuing a biaxial estimate is inappropriate. Following a successful 

demonstration using isotropic spheres, attention will turn toward the use of an isotropic 

cube, providing an incremental step toward the use of anisotropic cubes. 

3.1  Free Space Permittivity Estimation using Spheres 

A brief overview of scattering from dielectric spheres will be presented followed by a 

description of the measurement configuration, process, calibration, and inversion 

algorithm. Finally, uncertainty bounds in estimated permittivity based on errors in 

measured RCS magnitude, scattered field phase, and sphere radius will be provided. Five 

isotropic spheres were selected for analysis whose name, radius, and published permittivity 

are shown in Table 1. The criteria for sphere selection was permittivity diversity, 

availability, homogeneity, and sphericity. The range of dielectric constant selected is about 

1 < 𝜖𝑟
′ < 10 with a loss tangent range about 0.0001 < 𝑡𝑎𝑛𝛿 < 0.5 based on published 

estimates. For the sake of this research, it is assumed that these materials are non-dispersive 

within the primary frequency region of 8.2-12.4 GHz. 
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Table 1. Dielectric spheres selected for analysis. 

Sphere 
Material 

Radius 
(mm) 

Published 
Permittivity 

𝝐𝒓 𝒕𝒂𝒏𝜹 𝒇(𝑮𝑯𝒛) Ref 

Teflon 25.4 2.055 2.1e-4 9.816 [37] 

Polystyrene 2# 124.65 1.037 1.0e-4 3.25 [38, 39] 

Alumina 99.5% 12.7 9.8 1.0e-4 1.0 [40] 

Neoprene 25.4 2.84 4.8e-2 3.0 [41] 

Shungite* 18.56 x x x x 

*Sold as such x=Not available 

Sphere Scattering Review 

From (1.2), RCS, 𝜎, is restated here as 

where 𝑟 is the distance from emitter to target and 𝐸𝑠 and 𝐸𝑖 represent the scattered and 

incident fields respectively. In a monostatic far-field context, 𝐸𝑠 and 𝐸𝑖 are both identically 

located at position 𝑟. Balanis [21] represents the far-zone backscattered field of a dielectric 

sphere of radius, 𝑎, as 

where 𝐸0 is the magnitude of the incident field, 𝛽0 and 𝛽𝑑 are the free space and dielectric 

wavenumbers respectively. The parameters 𝑏𝑛 and 𝑐𝑛 are described by 

 
𝜎 = lim

𝑟→∞
[4𝜋𝑟2

|𝐸𝑠|2

|𝐸𝑖|2
] ,  (3.1) 

 
𝐸𝑠 = 𝑗𝐸0

𝑒−𝑗𝛽𝑟

𝛽𝑟
∑ 𝑗𝑛(−1)𝑛

𝑛(𝑛 + 1)

2
[𝑏𝑛 − 𝑐𝑛]

∞

𝑛=1

,  (3.2) 
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where 𝑎𝑛 = 𝑗−𝑛
(2𝑛+1)

𝑛(𝑛+1)
, 𝐽𝑛 and 𝐻𝑛

(2) indicate spherical Bessel and Hankel functions of the 

second kind respectively. The superscript, (′), indicates a first derivative with respect to 
𝛽𝑎. Inserting 𝑏𝑛 and 𝑐𝑛 into (3.2) in the context of (3.1) yields the intermediate solution 

 

whose sum, 𝜎𝑐, yields the complex far-zone scattered field. Taking |𝜎𝑐|2 we obtain the 
RCS formally defined in (3.1) as 
 

and whose phase is computed as 
 

The monostatic scattering mechanisms for a perfectly conducting sphere are limited to 

a specular term from the first-incident point followed in time by a creeping wave term at 

𝜏 = (𝑎/𝑐)(2 + 𝜋) [42]. In contrast, the combined monostatic scattered field from a 

homogeneous dielectric sphere is the superposition of numerous responses. These include 

the specular response, internal reflections, and resonances depending on electrical size of 

the sphere [43-45]. The computed normalized RCS of a perfect electrical conductor (PEC) 

sphere versus that of a Teflon sphere are shown as a function of free space 𝛽0𝑎 in Figure 7 

 
𝑏𝑛 =

−√𝜖𝑟𝐽𝑛
′ (𝛽0𝑎)𝐽𝑛(𝛽𝑑𝑎) + √𝜇𝑟𝐽𝑛(𝛽0𝑎)𝐽𝑛

′ (𝛽𝑑𝑎)

√𝜖𝑟𝐻̂𝑛2
′(𝛽0𝑎)𝐽𝑛(𝛽𝑑𝑎) − √𝜇𝑟𝐻̂𝑛

(2)(𝛽0𝑎)𝐽𝑛′ (𝛽𝑑𝑎)
𝑎𝑛  (3.3) 

 
𝑐𝑛 =

−√𝜖𝑟𝐽𝑛(𝛽0𝑎)𝐽𝑛
′ (𝛽𝑑𝑎) + √𝜇𝑟𝐽𝑛

′ (𝛽0𝑎)𝐽𝑛(𝛽𝑑𝑎)

√𝜖𝑟𝐻𝑛
(2)(𝛽0𝑎)𝐽𝑛(𝛽𝑑𝑎) − √𝜇𝑟𝐻𝑛2

′(𝛽0𝑎)𝐽𝑛′ (𝛽𝑑𝑎)
𝑎𝑛,  (3.4) 

 
𝜎𝑐 =

𝜆

2√𝜋
∑(−1)𝑛(2𝑛 + 1)[𝑏𝑛 − 𝑐𝑛],

∞

𝑛=1

 (3.5) 

 
𝜎 =

𝜆2

4𝜋
|∑(−1)𝑛(2𝑛 + 1)[𝑏𝑛 − 𝑐𝑛]

∞

𝑛=1

|

2

 (3.6) 

 
Φ = 𝑡𝑎𝑛−1 [

𝐼𝑚(𝜎𝑐)

𝑅𝑒(𝜎𝑐)
] .  (3.7) 
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Figure 7. Normalized RCS (σ/β0a) comparison between PEC sphere and Teflon 
sphere as a function of free space β0a. 

Measurement Configuration and Calibration 

The measurement configuration consisted of an Agilent E8364B Network Analyzer, 

Flam and Russel 6414 Diagonal Horn Antenna, and low-density foam mount. A photo of 

the measurement configuration with a 50.8 mm diameter Teflon sphere mounted on the 

low-density mount is shown in Figure 8. 
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Figure 8. Teflon sphere mounted on low density foam structure (foreground) with 
broadband feed antenna (background). Mylar tape used for stability to prevent 
background movement upon sphere removal. 

Low density polystyrene foam (one- or two-pound density) is a staple for mounting 

targets in RCS measurement systems with an open cell configuration that provides 

exceptional support strength while its permittivity of 𝜖𝑟′ = 1.038 − 𝑗10−5 delivers low 

monostatic RCS returns. The irregular addition of an inverted coffee cup is used to elevate 

the target (in this case a dielectric sphere) above the larger flat surface of the support 
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column below. The addition of mylar tape is used to secure the mounting structure such 

that insertion and removal of the target under test does not move the support structure from 

its original position. Such movement would negate the effectiveness of any post-

measurement processing schemes to mitigate unwanted clutter sources. 

The frequency of interest is from 8.2-12.4 GHz to validate results from biaxial 

assessments made by Knisely [3]. However, additional bandwidth from 6-13 GHz is 

utilized to ensure that later application of Fourier processing to mitigate extraneous 

scattering sources does not impinge on data within the desired 8.2-12.4 GHz region. Due 

to hardware limitations, measurements were limited to vertical polarization with respect to 

the horizon. The distance between the antenna and spheres was 3.8 m with a maximum 

target extent defined by the far field criteria (1.2) as 

This maximum target extent of 214 mm is more than all the spheres selected for this 

research (including the calibration cylinder (190.5 mm x 88.9 mm) except the Polystyrene 

2# sphere (249.3 mm). As the RCS profile of this sphere as a function of frequency will 

show in Chapter IV the very low dielectric constant of ~1.04 causes negligible refraction 

of the incident planewave into the sphere, which in turn causes the front and rear specular 

points to be the dominant features. Thus, slightly under-illuminating this sphere does not 

degrade its RCS profile. 

The RCS measurement scenario shown here can be viewed from the perspective of 

Linear Systems Theory. Whether an instrumentation radar, network analyzer, or Linear FM 

system is used to interrogate the target of interest, that signal at the receiver input is the 

 
𝐷𝑚𝑎𝑥 ≪ √

𝜆𝑚𝑖𝑛𝑅

2
~214 𝑚𝑚.  (3.8) 
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target’s complex4 measured scattered field, 𝐸𝑚𝑇 , resulting from the target’s actual 

(uncorrupted) scattered field, 𝐸𝑎𝑇(𝑓, 𝑝, 𝜃), corrupted by a band-limited complex linear 

system response 𝐻(𝑓, 𝑝, 𝜃) [46] which may be expressed as 

where 𝑓 is the operating frequency, 𝑝 is the transmit and receive polarization vector 

direction5, 𝜃 represents the generalized angle of incidence upon the target, and 𝐿 is loss in 

the system (RF cables, free space spreading loss, the frequency response of the illuminating 

antenna, duty cycle, and internal receiver losses)6. This system response, 𝐻, does not 

incorporate error associated with the incident field or any interactions between the target 

and its environment. At this point, the actual (uncorrupted) scattered field of the target and 

the system response are unknown. Repeating (3.9) for a reference of known scattered field, 

𝐸𝑎
𝑅 , may be expressed as 

where 𝐸𝑎𝑅(𝑓, 𝑝, 𝜃) and 𝐸𝑚𝑅 (𝑓, 𝑝, 𝜃) are the actual (uncorrupted) and measured complex 

scattered fields of the reference. The linear system relationship of (3.9) and (3.10) may be 

viewed graphically in Figure 9. 

 
4 Complex scattered field having both magnitude and phase. 
5 Polarization can take on multiple states, including linear, circular, and cross polarization. For the purposes 
of this research, all polarization is assumed to be linear, either vertical or horizontal with respect to gravity. 
6 Despite the use of a Linear Systems model to represent the RCS measurements system, not all signals 
comprising the system response are linear. For example, the antenna response as a function of frequency is 
usually quite non-linear. The reason a Linear Systems model is effective in the presence of non-linear 
features, is due to the linearization of those responses via the calibration process where the linear and non-
linear features of the system are canceled when the target response is divided by the reference response. The 
same system response is contained in both, nullifying the impact of non-linear system responses. Both linear 
and non-linear features of the target of interest are retained as they are not within the system response. 

 𝐸𝑚
𝑇 (𝑓, 𝑝, 𝜃) = 𝐻(𝑓, 𝑝, 𝐿)𝐸𝑎

𝑇(𝑓, 𝑝, 𝜃),  (3.9) 

 𝐸𝑚
𝑅 (𝑓, 𝑝, 𝜃) = 𝐻(𝑓, 𝑝, 𝐿)𝐸𝑎

𝑅(𝑓, 𝑝, 𝜃),  (3.10) 
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Figure 9. Linear Systems representation of an RCS measurement system. The top 
diagram represents the corruption of the uncorrupted target scattered field caused 
by the system response resulting in the measured target scattered field. The bottom 
diagram represents the corruption of the uncorrupted reference scattered field 
caused by the same system response resulting in the measured reference scattered 
field. 

With the measurement of a known reference, the system response is now determined 

by 

Inserting (3.11) into (3.9) yields the uncorrupted “calibrated” target scattered field as  

The calibrated phase of the complex scattered field 𝐸𝑎𝑇 in (3.12) is retained and of 

interest for later use in potential inversions from measured scattered fields to permittivity. 

The magnitude, however, is in units of Volts/meter and this research seeks RCS, a scalar 

quantity in units of square meters. Inserting 𝐸𝑎𝑇 into (3.1) with |𝐸𝑖| = 1 (𝑉/𝑚) and 

multiplying by the scalar 4𝜋 in the far field limit results in RCS (m2) [47] as described in 

(3.6), with the phase of 𝐸𝑎𝑇 described by (3.7) . The reference used for the five dielectric 

sphere measurements was a right circular cylinder, commonly referred to as a “Squat 

 
𝐻(𝑓, 𝑝,  𝐿) =

𝐸𝑚
𝑅 (𝑓, 𝑝, 𝜃)

𝐸𝑎𝑅(𝑓, 𝑝, 𝜃)
.  (3.11) 

 
𝐸𝑎
𝑇(𝑓, 𝑝, 𝜃) =

𝐸𝑚
𝑇 (𝑓, 𝑝, 𝜃)

𝐸𝑚
𝑅 (𝑓, 𝑝, 𝜃)

𝐸𝑎
𝑅(𝑓, 𝑝, 𝜃).  (3.12) 

System ResponseActual of Target Measured RCS of Target

System ResponseActual of Reference Measured of Reference
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Cylinder,”7 whose dimensions are 190.5 mm x 88.9 mm. The predicted RCS of the cylinder 

and its scattered field phase are shown in Figure 10. Cylinders are favored as calibration 

targets in RCS measurements due to their: 

1. Well-behaved broadband frequency response (beyond the resonance 
region). 

2. Ease of manufacturing and validation of as-built dimensions. 

3. Ease of computation using standard full-wave solvers. 

4. Ease of mounting on low density foam supports. 

5. Low interaction with foam support structures.  

 

 
Figure 10. Computed RCS (left) and far-zone scattered field phase (right) for a 190.5 
mm diameter calibration squat cylinder. 

The inherent assumption of (3.12) is that there are no extraneous contributions to the 

measured fields 𝐸𝑚𝑇  and 𝐸𝑚𝑅  other than the target and reference respectively. In practice, 

both quantities are perturbed by a variety of error sources, including noise, which must be 

 
7 The term squat cylinder refers to the ratio of the cylinder diameter to the height which is close to a factor 
of two. This ratio has been useful in providing a broadband flat frequency response while driving the first 
null of the resonance region lower in frequency. As the ratio of diameter to height increases, additional nulls 
appear in the spectrum and the cylinder loses its value as a reference target since its scattered field magnitude 
lies in the denominator of (3.12), resulting in near divide-by-zero scenarios.  
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mitigated if the desired 𝐸𝑎𝑇 is to have the least uncertainty. In the measured sphere 

configuration, the direct coupling between the network analyzer transmit and receive ports 

and the impedance discontinuity between the antenna and free space are the largest error 

sources, followed by internal reflections from the Agilent Network Analyzer, and assorted 

errors from RF connectors and the target mounting structure. A diagram of the 

measurement configuration and how these potential errors are manifested is shown in 

Figure 11, where blue represents range hardware or structures, green represents the sphere 

scattered field, and red represents undesired signals such as transmit-receive coupling 

through a broadband circulator, antenna mismatch at the feed point, antenna mismatch at 

the antenna-free space interface, sphere-foam mount scattered field, and side and back wall 

absorber scattered fields. 

Figure 11. Sphere RCS measurement configuration and error source identification. 
Blue represents range hardware or structure. Green represents sphere and desired 
scattered field. Red represents undesired signals: transmit-receive coupling through 
broadband circulator, antenna mismatch at feed point, antenna mismatch at antenna 
– free space interface, sphere-foam mount scattered field, and side and back wall 
absorber scattered field. 

Network 
Analyzer

12
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Many RCS measurement systems are equipped with high speed pin-diode switches 

which turn the receiver on only when the desired target return is expected.8 One example 

of such a switch is shown in Figure 12. While these switches are very effective in mitigating 

the contributions from a variety of extraneous signals, they are also costly to implement 

and, in some circumstances, difficult to use for untrained operators. In those cases, 

alternative methods must be employed to mitigate the contributions from unwanted signals 

that corrupt the measured scattered field 𝐸𝑚𝑇 . 

Figure 12. Sample high-speed RF pin diode switch. Image and component courtesy of 
Fairview Microwave (www.fairview.com). 

There are two principal methods of mitigating extraneous signal contributions in 

addition9 to the use of pin switches: vector background subtraction10 and software gating 

[48]. As a linear system, the total scattered field is the superposition of all the available 

 
8 This is often referred to as a receiver hardware gate. 
9 Pin switches do not preclude the use of vector background subtraction and additional software gating. Most 
often, the direct scattering from the target or reference mounting structure falls withing the pulse width of the 
pin switch, thus requiring additional techniques to mitigate its contribution to the total scattered field. 
10 Also commonly referred to as coherent background subtraction. 
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scattered fields that enter the receiver in addition to the target of interest.11 For example, 

assume that the scattered field is measured from a Teflon sphere mounted on a foam 

support column. The total complex signal at the receiver, 𝐸𝑚𝑇 , is the measured scattered 

field from the sphere, 𝐸𝑚𝑆 , in addition to the scattered field from: the foam column, 𝐸𝑚𝐶 ; the 

back wall, 𝐸𝑚𝑊; interactions between the sphere and the column, 𝐸𝑚𝐼 ; the impedance 

mismatch between the antenna and free space, 𝐸𝑚𝐴𝐹; the impedance mismatch between the 

coax and the antenna, 𝐸𝑚𝑉 ; the coupling between the transmit and receive channels, 𝐸𝑚𝑇𝑅; 

mismatches within the receiver itself, 𝐸𝑚𝑅𝑥; and receiver noise, 𝑁. This total received signal 

may be expressed as  

The same measurement is now considered without the sphere present expressed as the 

sphere background, 𝐸𝑚𝐵 , according to 

Note that in the background measurement all scattered field components remain except the 

target itself and any interactions between the target and the measurement environment. 

Subtracting (3.14) from (3.13) yields 

where 𝐸𝑚𝐷  is the complex difference between (3.14) and (3.13), and 𝑁𝑇 and 𝑁𝐵 are additive 

noise for the target and background measurements respectively, each is a circularly 

 
11 There are conditions under which superposition fails. For example, when a conductive target is placed on 
a conductive support structure, the incident field may induce shared currents on both the target and support 
when the frequency is sufficiently low. When this occurs, the scattering from the target and its support may 
be indistinguishable from the other. A similar problem occurs when a dielectric target is placed in contact 
with a dielectric support which directly impacts measurement uncertainty. 

 𝐸𝑚
𝑇 = 𝐸𝑚

𝑆 + 𝐸𝑚
𝐶 + 𝐸𝑚

𝑊 + 𝐸𝑚
𝐼 + 𝐸𝑚

𝐴𝐹 + 𝐸𝑚
𝑉 + 𝐸𝑚

𝑇𝑅 + 𝐸𝑚
𝑅𝑥 +𝑁𝑇 .  (3.13) 

𝐸𝑚
𝐵 = 0 + 𝐸𝑚

𝐶 + 𝐸𝑚
𝑊 + 0 + 𝐸𝑚

𝐴𝐹 + 𝐸𝑚
𝑉 + 𝐸𝑚

𝑇𝑅 + 𝐸𝑚
𝑅𝑥 + 𝑁𝐵.  (3.14) 

 𝐸𝑚
𝐷 = 𝐸𝑚

𝑠 + 𝐸𝑚
𝐼 +𝑁𝑇 − 𝑁𝐵,  (3.15) 
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complex Gaussian independent random variable with zero mean and identical variance 

⟨|𝑁|2⟩ since the receive channel is the same for the target and background measurements 

[46]12. Subtracting the background from the target is the same as multiplying the 

background by the phasor term 𝑒𝑗𝜋. Since 𝑁 is circularly Gaussian, this complex multiply 

has no effect on the distribution of 𝑁 [49]. It can also be shown that the difference between 

the target and background noise has zero mean and variance 2⟨|𝑁|2⟩ and standard deviation 

√2⟨|𝑁|2⟩ = √2√⟨|𝑁|2⟩. This is an important result in that the noise standard deviation 

increases by a factor of two during the subtraction process illustrated in Figure 13. While 

this increase is not usually the driver in measurement uncertainty, it can be a factor for 

measurements of low-level scattered fields whose magnitude is close to the noise 

magnitude in the receiver. This condition is usually referred to as low signal-to-noise-ratio 

or abbreviated as low SNR. From a measurement practitioner standpoint, the doubling of 

the noise standard deviation results in a loss of sensitivity of               

20 log10 [√2√⟨|𝑁|2⟩] = 20 log10√⟨|𝑁|2⟩ + 3 𝑑𝐵, or a 3dB increase in the minimum 

detectable signal [50]. 

 

 
12 Despite the target and background measurements traveling through the same channel architecture, the real 
and imaginary components of the noise may have different variances due to what is referred to as an 
imbalance in I/Q Circularity. While this is possible in radar receivers and network analyzers, most 
contemporary versions of these instruments do not have this problem. In those that do, this imbalance may 
be incorporated into an uncertainty model. 
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Figure 13. Demonstration of subtraction between two independent circularly 
Gaussian random variables N1 and N2, generated with 1000 samples from the 
MATLAB Gaussian random number generator. As expected, the variance of the 
subtracted random variables (N2-N1) is twice that of only one random variable (N1). 

The calibration function of (3.12) may now incorporate vector background subtraction 

and be restated as  

where the new variables 𝐸𝑚
𝑇𝑏 and 𝐸𝑚

𝑅𝑏  represent the target and reference background 

scattered fields respectively 13.  

 
13 Target and reference backgrounds are listed separately to indicate that there may be two completely 
independent mounting structures for the target and reference shapes, each having a very different scattered 
field response as a function of frequency, polarization, and incident angle. 

 
𝐸𝑎
𝑇(𝑓, 𝑝, 𝜃) =

𝐸𝑚
𝑇 (𝑓, 𝑝, 𝜃) − 𝐸𝑚

𝑇𝑏(𝑓, 𝑝, 𝜃)

𝐸𝑚𝑅 (𝑓, 𝑝, 𝜃) − 𝐸𝑚
𝑅𝑏(𝑓, 𝑝, 𝜃)

𝐸𝑎
𝑅(𝑓, 𝑝, 𝜃),  (3.16) 
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As previously stated, there are two principle means of mitigating unwanted sources of 

error in RCS measurements in addition to hardware gates: vector background subtraction 

and software gating. Having described vector background subtraction, attention will now 

be given to software gating which may be applied directly in some commercial network 

analyzers or in software applications such as MATLAB. 

Referring again to a linear systems model of the RCS measurement system, the 

calibrated measurement of the target under test in (3.16) can be viewed from either the 

frequency domain or time domain via the Fourier Transform pair 

The software gate is a time domain function 𝑔(𝑡) in the time domain or 𝐺(𝑓) in the 

frequency domain. The role of 𝑔(𝑡) is to isolate desired signals from unwanted signals in 

the time domain by attenuating the contribution of the unwanted signals. This can be 

performed in the time domain as a Hadamard Product 𝐸𝑎𝑇(𝑡, 𝑝, 𝜃) ⊙ 𝑔(𝑡) or as a 

convolution in the frequency domain as 𝐸𝑎𝑇(𝑓, 𝑝, 𝜃) ∗ 𝐺(𝑓). The Fourier Transform pair of 

a sample software gate is shown in Figure 14. 

 𝐸𝑎
𝑇(𝑓, 𝑝, 𝜃) ⟺ 𝐸𝑎

𝑇(𝑡, 𝑝, 𝜃).  (3.17) 
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Figure 14. Sample software gate applied in either the time domain as a Hadamard 
product (left) or in the frequency domain as a convolution (right). The time domain 
plot (left) is shown in decibel format while the real portion of the frequency domain 
gate is shown to be consistent with traditional nomenclature for each domain. 

In this research, the time domain gate, 𝑔(𝑡), was applied using a Finite Impulse 

Response (FIR) low-pass filter defined by Lathi [51]. Such a design provides a quality flat 

magnitude response in the passband as well as linear phase, and steep skirts for effective 

cutoff. Numerous approaches to software gating have been reported, each with their own 

advantages and disadvantages [52-56]. 

To illustrate the application of software gating, consider two scattering sources, one of 

whom is desired at 0 ns while the other is located 2 ns away and is lower in magnitude by 

10 dB. This type of separation in time may correspond in practice to the difference in time 

between the scattering response of a target and that of the mismatch between the antenna 

and free space. The frequency and time dependent response of the superposition of these 

two sources are shown in Figure 15.  
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Figure 15. Simulated frequency domain (left) and time domain (right) responses from 
two scattering sources illuminated from 8.2-12.4 GHz, one located at t=0 ns with a 
magnitude 0.0 dB and the second source at t=2 ns with a magnitude of -10 dB 
compared to the first. In both plots, the black curve corresponds to the original signal 
while the red curve corresponds to the application of a multiplicative Finite Impulse 
Response (FIR) low pass filter or gate in the time domain. This filter excludes the 
secondary lower response from the combined signal. Note the slight degradation in 
the frequency response due to coupling between the two signals in time. 

To further illustrate the impact of vector subtraction and time gating on calibration, 

consider the implementation of (3.12) and (3.16) in the frequency and time domain in 

Figure 16 and Figure 17, respectively. In both figures, four curves are presented with their 

calibration function or its Fourier Transform to the right. In both figures, the magenta curve 

shows the Teflon sphere plus the background without any subtraction or gating applied to 

(3.12). The black curve shows the Teflon sphere with background subtraction but without 

any gating applied to (3.16). The red curve shows the Teflon sphere with both vector 

subtraction and gating applied to (3.16). Finally, the blue curve shows the optimal 

subtracted background with gating applied to (3.16), inserting 𝐸𝑚2

𝑇𝑏 − 𝐸𝑚1

𝑇𝑏  into the 

numerator of (3.16), providing practitioners with the minimum RCS (noise or clutter limit) 

under the current measurement configuration and the maximum possible separation 

between the signal of interest and the noise or clutter limit. At the bottom of the time 
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domain presentation of Figure 17, letters A-E at the bottom of the time domain plot indicate 

the location of identifiable structures in the chamber with respect to the position of the 

target: A: Antenna Interface, B: Absorber Wall Near Antenna, C: Teflon Sphere, D: Back 

Wall Absorber, and E: Transmit/Receive Coupling. 

Figure 16. Illustration of the impact of vector subtraction on calibration using (3.12) 
and (3.16) in the frequency domain. Four curves are presented with their calibration 
function to the right. The magenta curve shows the Teflon sphere plus the 
background without any subtraction or gating applied to (3.12). The black curve 
shows the Teflon sphere with background subtraction but without any gating applied 
to (3.16). The red curve shows the Teflon sphere with both vector subtraction and 
gating applied to (3.16). The blue curve shows the optimal subtracted background 
with gating applied to (3.16), providing practitioners with the minimum RCS (noise 
or clutter limit) under the current measurement configuration and the maximum 
possible separation between the signal of interest and the noise or clutter limit. 

  

FIR Filter Gate
Convolution Operator
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Figure 17. Illustration of the impact of vector subtraction on calibration using (3.12) 
and (3.16) in the time domain. Four curves are presented with the Fourier Transform 
of their calibration function to the right. The magenta curve shows the Teflon sphere 
plus the background without any subtraction or gating applied to (3.12). The black 
curve shows the Teflon sphere with background subtraction but without any gating 
applied to (3.16). The red curve shows the Teflon sphere with both vector subtraction 
and gating applied to (3.16). The blue curve shows the optimal subtracted background 
with gating applied to (3.16), providing practitioners with the minimum RCS (noise 
or clutter limit) under the current measurement configuration and the maximum 
possible separation between the signal of interest and the noise or clutter limit. Letters 
at the bottom of the time domain plot indicate the location of identifiable structures 
in chamber with respect to the position of the target: A: Antenna Interface, B: 
Absorber Wall Near Antenna, C: Teflon Sphere, D: Back Wall Absorber, and E: 
Transmit/Receive Coupling. 

The frequency and time domain presentations shown in Figure 16 and Figure 17 reveal 

that both vector background subtraction and time domain gating are essential tools in 

recovering the measured scattered field of interest. To determine the efficacy of the 

calibration and signal recovery process, the RCS and time domain responses of the Teflon 

sphere are compared with the same presentations created from the Mie Series shown in 

Figure 18. The time presentation clearly reveals that the scattered field profile as a function 

Fourier Transform
FIR Filter Gate

Convolution Operator
A B C D E
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of time is well represented. However, there is an equally clear error manifesting as a bias 

in the frequency domain. This error cannot be related to errors in sphere diameter or the 

Mie series dielectric constant as minor errors in either would result in a shift of the 

frequency response to the left or right. In addition, the error cannot be associated with 

illumination irregularities since the sphere was physically placed at the mid-height of the 

calibration cylinder, thus receiving the same incident field distribution. Rather, the bias is 

directly associated with an additional loss component corrupting the inherent loss term of 

the sphere permittivity. In other words, the Teflon sphere is no longer Teflon when in the 

presence of the dielectric support structure. Rather, the calibrated-subtracted response is 

now the Teflon sphere in the presence of the dielectric support. This is an important 

conclusion potentially limiting the efficacy of this method – specifically at perpendicular 

polarization with respect to the target support normal and in the context of a low loss 

tangent target. Also, while traditional low-density Polystyrene foam is the support 

structure-of-choice by RCS measurement practitioners, those supports are most commonly 

open-cell configurations, causing their effective permittivity to be close to air. Whereas, 

the inverted Polystyrene coffee cup support is a closed-cell structure and may have 

perturbed the Teflon sphere in ways that an open-cell foam would not.  
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Figure 18. Measured RCS of 50.8 mm Teflon sphere using vector background 
subtraction and time domain gating in the frequency domain (left-black) and time 
domain (right-black). The Mie series for the Teflon sphere in the frequency and time 
domain is shown by the red curve. The visible bias error in the frequency domain is 
caused by imposed loss due to the presence of the foam support. 

To establish a first-order estimate of the impact of the coffee cup support (Polystyrene 

𝜖𝑟
′ = 2.5 − 𝑗0.00041) in contact14 with the sphere (Teflon/PTFE 𝜖𝑟′ = 2.5 − 𝑗0.00041), a 

full-wave solution of the sphere over the coffee cup bottom disk was computed from            

8-12 GHz with results shown in Figure 19. The presence of the Polystyrene support 

accounted for the measured loss of magnitude across the spectrum. The central issue related 

to the presence of the Polystyrene disk is that it denies any opportunity to achieve a quality 

loss tangent estimate of the Teflon as shown in Figure 20. Here, the effective Teflon sphere 

permittivity was computed with the Mie Series using a complex permittivity of                 

𝜖𝑟
′ = 2.05 − 𝑗0.0123 resulting in very good agreement with the measured RCS. While the 

dielectric constant remains unchanged, the presence of the Polystyrene structure is a 

limiting factor in quality inversions despite the use of measurement best practices. This 

error will inevitably impact the scattered fields and subsequent inversions for the other 

 
14 Due to mesh restrictions in FEKO, the Teflon sphere was placed 0.508 mm (0.02 inches) above the 
Polystyrene disk. 
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spheres and the four dielectric cubes yet to be presented. An additional way to understand 

the impact of the presence of the Polystyrene support, the RCS of the disk itself, is 

examined in Figure 21. The RCS of the Polystyrene disk by itself compared to the RCS of 

the Teflon sphere while on the mount is negligible. This underscores the impact of mutual 

coupling between the sphere and the disk as a primary source of measured scattered field 

error and not the direct scattering from the mount itself. 

Thus far, the impact of the disk as an error source has been limited to vertical 

polarization. Due to hardware limitations at the time of sphere testing, the antenna was 

limited to vertical polarization. However, both polarizations were utilized at the time of 

cube testing in a modified measurement configuration that will be described in Section 3.2. 

 

Figure 19. FEKO representation of a Teflon sphere (εr=2.05-j0.00041) 0.508 mm 
above a Polystyrene disk (εr=2. 5-j0.00041) with thickness of 1.651 mm and a diameter 
of 69.85 mm (left) and RCS vs Frequency (right) of the measured sphere (black), 
FEKO prediction of the sphere alone (red), and FEKO prediction of the sphere on 
top of the Polystyrene (blue). 
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Figure 20. Measured RCS of Teflon sphere (εr=2.05-j0.00041) mounted on 
Polystyrene disk (εr=2. 5-j0.00041) (black) with an estimated effective permittivity of 
the same sphere using the Mie series (εr=2.05-j0.0123) (red). 
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Figure 21. FEKO RCS of Teflon sphere mounted on Polystyrene disk (black), FEKO 
RCS of Teflon sphere alone (red), and FEKO RCS of Polystyrene disk alone (blue). 

Having established a foundation for dielectric sphere scattering, a configuration to measure 

it, and mutual coupling as the most significant error impacting a quality inversion, the 

following order of measurements is used for each of the five dielectric spheres under 

consideration and forms the baseline procedure to be used for measuring the RCS of the 

four dielectric cubes: 

1. Target Background: Measure the frequency response of the sphere mounting 
structure without the sphere present. 

2. Target Sphere: Measure the frequency response of the sphere mounting 
structure with the sphere present. 

3. Reference Background: Measure the frequency response of the reference 
mounting structure without the reference present. 
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4. Reference Cylinder: Measure the frequency response of the reference mounting 
structure with the reference present. 

5. Apply (3.16) with time domain gating. 

6. Estimate the sphere permittivity. 

 

Sphere Permittivity Estimation. 

Permittivity inversion for the spheres is achieved through a non-linear optimizer which 

minimizes the least squares difference between the measured and estimated broadband 

RCS magnitude and scattered field phase. This broadband approach exploits variations in 

the frequency response assuming the sphere permittivity is constant over the band of 

interest. This approach limits the efficacy of the method to non-dispersive materials or 

dispersive materials over a narrow bandwidth. The optimizer minimizes the objective 

function, 𝑓𝑜𝑏𝑗, according to 

where 𝜎𝑚 and 𝜎𝑒 are the measured and estimated mean-subtracted 20𝑙𝑜𝑔(𝜎𝑐) from (3.6) 

respectively. 𝜙̅𝑚 and  𝜙̅𝑒 are the measured and estimated mean-subtracted 𝑡𝑎𝑛−1(𝜎𝑐) from 

(3.7) respectively. 𝑁 is the number of frequencies used in the minimization and 𝑘 is the 

frequency index selected from the available measured bandwidth. The range of 𝑘 is 

selected based on artifacts imposed by the FIR filter at the band edges. Inclusion of band 

edge artifacts imposes artificial errors in permittivity estimation. Subtraction of the mean 

minimizes magnitude and phase bias from calibration errors and mutual coupling between 

the sphere and its mount as described earlier. 

 
𝑓𝑜𝑏𝑗 = 𝑚𝑖𝑛∑[|𝜎̅𝑚 − 𝜎𝑒(𝜖𝑟)|𝑘 + |𝜙̅𝑚 − 𝜙̅𝑒(𝜖𝑟)|𝑘]

𝑁

𝑘=1

 (3.18) 
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Explanation of Sphere Results. 

The inversion process (3.18) was applied to the calibrated scattered field measurements 

of the five dielectric spheres described in Table 1 with the estimated permittivity for each, 

including differences as compared to published data (Table 1) and Von Hippel [39] shown 

in Table 2. Teflon, Acrylic and Alumina Oxide dielectric constants were within 0.1-0.49% 

of published values respectively. However, there was variance between their estimated and 

published loss tangents ranging from 1348-206% which is consistent with the mutual 

coupling between the spheres and the mounting disk. The Neoprene and Shungite dielectric 

variances are driven by unavailability of published permittivity data at X-band. 

Table 2. Estimated permittivity of five dielectric spheres from inversion process with 
percent difference from various published sources and compared with Von Hippel. 

Sphere Material 

Estimated 
Permittivity 

Difference % 
Published Von Hippel 

𝝐𝒓 𝒕𝒂𝒏 𝜹 𝝐𝒓 𝒕𝒂𝒏 𝜹 𝝐𝒓 𝒕𝒂𝒏 𝜹 f (GHz) 

Teflon 2.053 3.04e-3 0.10 1348 2.08 3.7e-3 10 

Polystyrene 2# 1.041 1.77e-3 0.36 1670 1.03 1.0e-4 3 

Alumina 99.5% 9.848 3.06e-4 0.49 206 8.80 3.0e-4 1 

Neoprene 3.726 1.78e-2 6.85 48 2.84 4.8e-2 3 

Shungite 2.085 5.14e-1 x x x x x 

 

To better visualize the convergence of the inversion algorithm as a function of 

permittivity, consider the mapping of the inverse of the objective function, 1

𝑓𝑜𝑏𝑗
, (3.18) at 

10 GHz shown in Figure 22. In the case of Teflon (Figure 22 – left), there is great 
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responsiveness to the dielectric constant but no definable minimum with respect to the 

imaginary term. As loss increases as in the case of the Shungite sample, a well-defined 

minimum develops as shown in Figure 22 (right). 

Figure 22. Inverse objective function mapping of low loss Teflon (left) and high loss 
Shungite (right). Mappings reveal the presence or absence of a global minimum along 
the real and imaginary axes. 

A sensitivity analysis of RCS (3.6) as a function of real and imaginary components of 

permittivity is shown in Figure 23. Variations in real permittivity result in shifting 

magnitude and frequency response whereas variations in imaginary permittivity results 

primarily in a magnitude shift as a bias for two orders of magnitude from the near-lossless 

case. From these observations, it is important to note the following: 

• A minimal change in RCS occurs as dielectric loss changes by an order of 

magnitude. 

• An RCS measurement error of even 0.5 dB can result in an imaginary 

permittivity error of two orders of magnitude from the near-lossless condition. 
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These observations are consistent with the objective function for Teflon shown in 

Figure 22 (left). The response of RCS magnitude to variations in permittivity (real and 

imaginary) is an important result and will help determine initial guesses for estimation of 

anisotropic permittivity. 

Figure 23. Sensitivity of RCS magnitude for dielectric sphere εr=2.0-j10-4 versus Δε′r 
(left) and Δε′′r (right). 

The results of the permittivity estimate for each sphere is shown as a comparison 

between the measured and inverted RCS and scattered field phase in Figure 24 through 

Figure 28. Each reconstruction shows excellent agreement with the measured data. While 

this agreement reflects a quality representation of the dielectric constant, it is not a quality 

representation of the loss tangent. Even in the case of a perfect measurement (e.g., no errors 

in calibration, incident field, diameter, etc.), the measured sphere scattered field will be 

corrupted by coupling between the sphere and the dielectric mounting surface. 
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Figure 24. Comparison between measured and inverted RCS (left) and far-zone 
scattered field phase (right) for a Teflon sphere a=25.4 mm. 

 
Figure 25. Comparison between measured and inverted RCS (left) and far-zone 
scattered field phase (right) for a Polystyrene Foam 2# sphere a=124.65 mm 

 
Figure 26. Comparison between measured and inverted RCS (left) and far-zone 
scattered field phase (right) for an Alumina Oxide (99.5%) sphere a=12.7 mm. 
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Figure 27. Comparison between measured and inverted RCS (left) and far-zone 
scattered field phase (right) for a Neoprene Rubber sphere a=25.4 mm. 

 
Figure 28. Comparison between measured and inverted RCS (left) and far-zone 
scattered field phase (right) for a Shungite sphere a=18.56 mm. 

Uncertainty Considerations for Spheres. 

To quantify uncertainty for each sphere measurement, a 1000-trial Monte Carlo 

approach was applied with uniformly distributed variables, |𝜎̅𝑚|, 𝜙̅𝑚, and sphere diameter, 

𝑑. The limits of the Monte Carlo input distributions, based on far-field measurement 

requirements and physical diameter limitations are [-0.5, 0.5] dB, [-10, 10] degrees           

and [-.05, .05] mm respectively. The Monte Carlo process is shown graphically in Figure 

29. The Monte Carlo results versus published values are shown in Table 3. It’s important 
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to note that the Monte Carlo simulation does not include uncertainty contributions due to 

coupling between the target and support as this requires a priori knowledge of the material 

parameters. 

 
Figure 29. Monte Carlo 1000 trial uncertainty flow diagram reflecting percent 
difference between 2 Std Dev dielectric constant and loss tangent with same published 
values for the material shown in red. 

 
Table 3. Monte Carlo uncertainty of measured dielectric constant and loss tangent of 
six dielectric spheres expressed as a percentage from the inverted complex 
permittivity. 

Sphere 
Material 

Measured Permittivity 
Uncertainty (±%) 

Measured Loss Tangent 
Uncertainty (±%) 

Teflon 0.58 68 

Polystyrene  0.04 26 

Alumina  0.24 278 

Neoprene  0.16 10 

Shungite 2.53 6 

(3.8)

[-0.5, 0.5]

(3.9)

[-10, 10] [-0.05, 0.05]

Trial(k)

%
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Sphere Permittivity Summary 

A monostatic scattered field measurement system is presented as a tool for estimating 

the permittivity of isotropic spheres. The spheres are used as a first step in identifying 

critical measurement issues prior to estimating anisotropic permittivity using other shapes 

such as cuboids. A linear systems model is applied to the measurement system to mitigate 

system response and assorted measurement errors via vector background subtraction and 

time domain gating. Mutual coupling between the spheres and their dielectric support were 

shown to increase uncertainty in loss tangent estimates by approximately two orders of 

magnitude. A non-linear least squares optimization minimized the difference between 

measured complex scattered fields and the predicted fields from the Mie Series. The 

measured scattered fields from five dielectric spheres were inverted to estimate their 

respective complex permittivity and corresponding reconstructed complex scattered fields. 

A 1000-trial Monte Carlo uncertainty analysis was performed for the spheres revealing 

their two standard deviation difference with the same dielectric published permittivity. 

The next section will address estimation of permittivity using isotropic and anisotropic 

cubes with a desire to match results from prior efforts by Knisely [3, 8]. Design parameters 

for effective media will be discussed along with FEKO as a forward solver choice. The 

section will close with a discussion on measurement methodology for the isotropic and 

isotropic cubes. 

3.2  Estimation of Permittivity using Dielectric Cubes  

The prior section showed success in estimating the dielectric constant of spheres at X-band, 

but significant error was seen in loss tangent estimation due to mutual coupling with the 
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dielectric target support. In this section we examine the use of dielectric cubes as a means 

of estimating anisotropic permittivity as described by (1.1). Represented in a rectangular 

coordinate system, dielectric cubes offer the potential of exciting one tensor axis at a time 

based on the polarization vector of the incident field. Unlike the sphere which is aspect 

invariant, the cube scattered field has three degrees of freedom with respect to the incident 

field vector: azimuth, elevation, and roll as shown in Figure 30. This measurement diversity 

provides independent scattered field information to aid in estimating permittivity but also 

increases uncertainty due to positioning errors in each of the three directions. Illumination 

in azimuth, elevation and roll is achieved by 90-degree rotation of the cube and then 

rotation is performed along the azimuth axis. 

 
Figure 30. Biaxial cube showing three degrees of freedom. 

The measured RCS from this three-dimensional data space can be viewed as a function 

of frequency, azimuth, and polarization at a time as shown in Figure 31. Here, the plot x-

axis corresponds to incidence angle (degrees) with respect to the normal of the openings to 

Roll

Elevation

Azimuth
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the air-filled occlusions (Figure 30) and the plot y-axis corresponds to the illumination 

frequency (GHz). The RCS magnitude (dBsm) is displayed as color whose corresponding 

RCS values are displayed at the color bar to the right of the plot. Above and below the plot 

are renderings of the biaxial cube in their respective orientations with respect to the incident 

field. While the primary frequency of interest is 8-12 GHz for validation purposes, the band 

of frequencies tested may be significantly wider as shown in the plot (4-20 GHz) to identify 

trends in scattering that may not be apparent in a narrower band. The interference patterns 

along the azimuth and frequency axes may offer insight as to incident angles or frequencies 

of interest to be used in the inversion process. For example, at approximately 8 GHz and 

12 GHz respectively, there is a strong interference pattern which may indicate useful fixed 

frequency opportunities to estimate permittivity. However, 6 GHz, 10 GHz, and 14 GHz, 

RCS reside in a null and would not be a reliable data source due to the increased presence 

of noise resulting in increased uncertainty. The response below 6 GHz is outside the 

operational specifications of the radiating antenna and is thus dominated by error and not 

useful for inversion purposes. The global RCS representation for all four cubes is shown 

in Figure 32. Fixed frequency “slices” of Figure 31 along the azimuth direction show a 

one-dimensional extraction from the global presentation as shown in Figure 33.  

One-dimensional slices from the global presentation provide detailed insight into the 

scattering as a function of azimuth and frequency. The slices can also be produced at fixed 

azimuth angles with frequency dependent responses as shown in Figure 34. In both fixed 

frequency and fixed azimuth representations of RCS, permittivity contrast between tensor 

parameters can be gleaned by changes in magnitude and frequency response for each 

polarization. For example, consider the RCS of the high contrast biaxial Knisely Cube 
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compared to RCS of a Teflon cube of the same size at 8 GHz as a function of azimuth and 

the same RCS as a function of frequency at a fixed azimuth of zero degrees shown in  

Figure 35. Scattering from the cube forces the periodicity of the fixed frequency 

representation to be 90 degrees. However, the differences and similarities at the principle 

azimuth angles of 𝑛𝜋 2⁄  reveal how close or dissimilar the dielectric constant is for each at 

that angle and polarization. In the case of the frequency dependent representation, an 

increase of dielectric constant causes a contraction within the frequency response and a 

magnitude shift. Both cause-and-effect observations are essential to initial estimates in the 

inversion process. Beginning with a reference material whose permittivity is well known, 

one can make educated guess regarding initial tensor axis permittivity. Achieving a close 

approximation to the actual permittivity can be performed manually which then affords a 

minimum amount of automated optimization by the full wave forward solver. Without this 

initial estimate concept, the optimizer will inevitably spend valuable time seeking a better 

estimate. 
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Figure 31. Global presentation of measured RCS of Knisely low contrast biaxial cube 
as a function of frequency and azimuth. Above and below the global plot are the 
orientations of the cube with respect to the incident field. 
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Figure 32. Measured global RCS presentations VV (left) and HH (right) from top to 
bottom: Teflon, low contrast uniaxial, low contrast biaxial, and high contrast 
uniaxial. Color axis the same for all except high contrast uniaxial for presentation 
purposes. 
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Figure 33. Fixed frequency azimuth-dependent slices from global measured RCS 
presentation of Knisely biaxial low contrast cube. 6, 10 and 14 GHz (left) and 8 and 
12 GHz (right). 

 
Figure 34. Fixed azimuth frequency-dependent slices from global measured RCS 
presentation of Knisely biaxial low contrast cube. 0 and 90 degrees (left) and 45 and 
135 degrees (right). 
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Figure 35. Measured RCS of high contrast uniaxial cube vs isotropic Teflon cube of 
same dimensions. Fixed frequency azimuth-dependent slice at 8 GHz (left) and fixed 
azimuth frequency-dependent slice at 90 degrees. Magnitude differences and 
similarities at specific angles (left) reflect excitation of primary tensor parameters for 
each material. Magnitude differences and frequency response contraction at 90 
degrees azimuth (right) reflect excitation of primary tensor parameters for each 
material. 

Legacy and Traceability with Prior Work. 

The work of Knisely was selected as a launching point for this research for the 

following reasons: 

• Existing 3D printed uniaxial and biaxial cubes designed for the TE10 mode 

dimension of the X-band waveguide (22.86 mm on a side) were readily 

available and their orthogonal three-axis geometry is well-suitable for biaxial 

estimation. 

• The existing cubes are available in low contrast and high contrast geometries 

which is helpful for challenging inversion schemes. 

• Quality waveguide measurements for the all chosen cubes provide legacy data 

and a means of validation for current results. 
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• Comparisons between waveguide samples (infinite in extent) and free space 

illumination (finite) provides opportunity for understanding limits of artificial 

dielectric designs. 

Use of FEKO as a Forward Solver. 

The Mie Series provided an efficient modal solution as a scattered field forward solver 

in the case of spheres. The illumination of cubes beyond the Rayleigh region but 

electrically small for physical optics requires the use of a full-wave solver. There are 

several government and commercial codes available to predict the scattered fields of 

dielectric targets. At the inception of this research, comparisons were made between CST 

Microwave Studio, SENTRi, (DoD-owned) and FEKO for use as a forward solver. While 

each one has advantages and limitations such as types of problems solved, memory usage, 

cost, availability, ease-of-use, etc., FEKO has the most intuitive operational design and the 

opportunity to examine differences between the use of surface equivalent currents (SEP) 

and volumetric currents (VEP) in solving for the scattered fields. For isotropic cubes, 

FEKO was directed to use an SEP approach which is far more efficient than VEP based on 

the number of mesh elements. In the case of anisotropy, FEKO does not support SEP and 

utilizes the finite element method (FEM). FEKO is also equipped with internal 

optimization capabilities, making external interfaces to codes such as MATLAB 

unnecessary. 

Range Configuration and Calibration 

Facility and equipment availability prevented the use of the same measurement 

configuration presented in Section 3.1 to be used for cube scattered field measurements. 
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Recognizing the polarization limitation of the previous configuration, a MVG QH2000 

dual-polarized feed antenna was used to illuminate the cubes from 91.44 cm away. Using 

(1.2), the target maximum extent 𝐷𝑚𝑎𝑥  is expressed as 

Using the maximum frequency of 12.4 GHz for Knisely validation at 91.44 cm provides 

a maximum target extent of 𝐷𝑚𝑎𝑥 ≪ 105.1 𝑚𝑚. Since the maximum extent of the cubes 

of interest are 32.3 mm (22.86 mm cube at 45 degrees), a margin of 3.25x satisfies the far 

field criteria. 

In the previous section on measured sphere scattering, a squat cylinder whose diameter 

was 190.5 mm was used as a calibration device to mitigate unwanted system response from 

perturbing the incident field. That same cylinder is too large for the new measurement 

configuration and was replaced by three canonical PEC shapes: 

• Squat cylinder: Diameter = 22.1996 mm Height = 11.0744 mm. 

• Cube at broadside: Side length = 22.86 mm. 

• Sphere: Diameter = 15.875 mm. 

As a means of demonstrating adequate illumination using the new feed antenna, shorter 

distance to target, and new calibration cylinder, the RCS of the cylinder (calibration 

reference = cube), cube (calibration reference = cylinder), and sphere (calibration reference 

= cube) are shown in Figure 36. Excellent agreement is shown between the calibrated 

measurements and the FEKO predicted responses for the cylinder and cube, especially 

within the X-band region. The sphere response has been perturbed by the presence of the 

 
𝐷𝑚𝑎𝑥 ≪ √

𝜆𝑚𝑖𝑛𝑅

2
~214 𝑚𝑚.  (3.19) 
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support structure, primarily at VV polarization, which is expected in view of the prior 

discussion on mutual coupling. 

 
Figure 36. Comparison of measured RCS of canonical PEC targets to predicted RCS 
using FEKO: squat cylinder VV (upper left) and HH (upper right), squat cylinder 
VV (middle left) and HH (middle right), sphere VV (lower left) and HH (lower right). 
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Measurement and Inversion Methodology 

The cubes will be measured and inverted in the following order of increasing 

complexity: 

1. Teflon: Isotropic 

2. Nylon with low loss filled occlusions: Uniaxial/Low contrast 

3. Nylon with ESD-PETG filled occlusions: Uniaxial/High contrast 

4. Nylon with air occlusion: Biaxial/Low Contrast 

Prior to cube measurements, the scattered field from the cube and cylinder were each 

measured over the 4-20 GHz band along with background fields at both VV and HH (TE 

and TM) polarizations. All cubes were illuminated from 4-20 GHz with VV and HH (TE 

and TM) polarizations for each cube orientation. All cubes were rotated through a 360-

degree aperture with a frequency sweep occurring every degree. 

Since Teflon is isotropic, the cube was measured in one orientation with zero azimuth 

marked by the normal to one cube face parallel to the incident field direction of 

propagation. Each frequency sweep was calibrated according to (3.16) with FIR gating 

applied. The uniaxial and biaxial cubes were measured in three orthogonal orientations 

defined by Knisely as O-1, O-5, and O-4. Measurement and calibration were the same as 

for Teflon. 

Inverting the cube measurements into permittivity will follow an iterative man-in-the-

loop (IMIL) approach, combining known frequency and azimuth dependent behavior with 

the Nelder-Mead non-linear least squares optimization by which the measured and 

estimated RCS is compared and minimized in a least squares sense. To aid in determining 

initial permittivity estimates, known changes in frequency shift and magnitude bias for 
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perturbations in real and imaginary permittivity are computed and shown in Figure 37. 

Here the shift in global minimum in frequency and magnitude tracks for changes in 

complex permittivity. Given initial assumptions of real and imaginary tensor parameters 

combined with estimated changes in global minimum frequency and magnitude          

(Figure 37), a user may converge on a solution. Then, a narrowly scoped iterative search 

along the real and imaginary tensor axes for a least-squares minimum provides the optimal 

estimate for permittivity. The minimal least squares difference between the calibrated 

complex scattered field and the estimated complex scattered field is stated as 

 
𝑓𝑜𝑏𝑗 = 𝑚𝑖𝑛∑|𝐸𝑎

𝑇 − 𝐸𝑒
𝑇(𝜖𝑟)|𝑘

𝑁

𝑘=1

 (3.20) 

where 𝐸𝑎𝑇 is the calibrated complex scattered field, 𝐸𝑒𝑇(𝜖𝑟) is the estimated complex 

scattered field from the trial permittivity, and 𝑘 is the index corresponding to the frequency 

or azimuth angle of interest. In general, 𝑓𝑜𝑏𝑗 is not limited to frequency or azimuth 

dependence, but can be a mixture of estimates from frequency, azimuth, and polarization 

simultaneously. 

Permittivity Estimation Summary 

A method for estimating the permittivity of isotropic, uniaxial, and biaxial cubes has 

been presented. A rationale for anisotropic cube selection as a means of traceability with 

prior efforts along with the use of FEKO as a forward solver was provided. Distinctions 

between sphere and cube measurement configurations were detailed including selection of 

calibration reference shapes. Finally, measurement and inversion procedures were outlined 

for all four dielectric cubes being analyzed. The next chapter reveals the scattered field 
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measurements associated with each cube and the results of their respective inversion 

processes. Finally, a discussion of estimation uncertainty will be provided. 

 
Figure 37. FEKO RCS of arbitrary dielectric cube (L=22.86 mm) demonstrating 
shifts in global minimum in frequency and magnitude for variances in real and 
imaginary permittivity. 

dB
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IV. Results and Analysis 

4.1  Measured Scattered Field Comparisons 

Before presenting estimated permittivity results for each cube, a comparison is made 

between the cubes for frequency- and azimuth-dependent scattered fields. Consider the 

comparison between the measured Teflon, low contrast uniaxial, and low contrast biaxial 

scattered fields from 8-12 GHz for the in-plane (O-1 and O-5) and out-of-plane (O-4) axes 

shown in Figure 38.15 The value of this presentation lies in the comparison of the null 

frequency and level with respect to the Teflon null whose isotropic permittivity is 𝜖𝑟 =

2.05 − 𝑗0.00041. A similar comparison between the measured Teflon cube and high 

contrast uniaxial cube is shown in Figure 39. A qualitative analysis of the estimated 

permittivity of each tensor axis, in-plane (O-1 and O-5) and out-of-plane (O-4), is shown 

in Table 4 where the unknown permittivity is compared to Teflon (T) based on null 

frequency and null level. Such analyses inform initial estimates for permittivity inversion 

whose convergence history for each of the four measured cubes is shown in the Appendix. 

 
15 The in-plane orientation is defined as those tensor axes (occlusion axes) that are transverse to the direction 
of propagation, whereas the out-of-plane orientation is defined as the single tensor axis (occlusion axis) that 
is in the direction of propagation. 
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Figure 38. Measured frequency-dependent RCS comparison between Teflon, low 
contrast uniaxial, and low contrast biaxial cubes. The in-plane tensor axes O-1 and 
O-5 are shown left and middle respectively with out-of-plane axis O-4 shown right. 

 
Figure 39. Measured frequency-dependent RCS comparison between Teflon and high 
contrast uniaxial cubes. The in-plane tensor axes O-1 and O-5 are shown left and 
middle respectively with out-of-plane axis O-4 shown right. 

Table 4. Qualitative analysis of estimated permittivity for each tensor axis, in-plane 
(O-1 and O-5) and out-of-plane (O-4). Unknown permittivity is compared to Teflon 
(T) based on null frequency and null level. 

 In-Plane 
O-1 (VV) 

In-Plane 
O-5 (HH) 

Out-of-Plane 
O-4 (HH) 

Cube Name Null 
Freq 

Null  
Level 

Null 
Freq 

Null  
Level 

Null 
Freq 

Null  
Level 

Low Contrast Uniaxial 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′~𝑇* 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ > 𝑇 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ > 𝑇 

Low Contrast Biaxial 𝜖𝑟
′ < 𝑇 𝜖𝑟

′′ ≫ 𝑇* 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ ≫ 𝑇 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ ≫ 𝑇 

High Contrast Uniaxial 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ ≫ 𝑇 𝜖𝑟
′ > 𝑇 𝜖𝑟

′′ ≫ 𝑇 𝜖𝑟
′ ≫ 𝑇 𝜖𝑟

′′ ≫ 𝑇 

* Teflon null level is excessively low compared to the other in-plane (O-5) and out-of-
plane (O-4) axes. This may be due to mutual coupling with support structure. 
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The scattered field from each cube is measured as a function of frequency and azimuth. 

Having made frequency dependent comparisons of the scattered fields with respect to 

Teflon, a comparison is now made between the same scattered fields as a function of 

azimuth to identify potential ways to exploit such information for inversion purposes. A 

principal distinction between the frequency and azimuth-dependent measurements is the 

fixed cube orientation (O-1, O-5, and O-4) for frequency-dependence and variable 

orientation for the azimuth dependent measurements. Under the later, an HH-polarized 

incident field at zero azimuth begins with O-5 and transitions to O-4 at 90-degrees azimuth. 

A depiction of this orientation transition is shown in the first comparison where a 360-

degree plot of RCS at 8 GHz for all cubes using both VV and HH polarizations is shown 

in Figure 40. Here there are noticeable differences between the RCS of the different cubes, 

but the same sinusoidal response due to the same shape and size of each cube. Under ideal 

conditions, an azimuth-dependent measurement of a cube may be limited to 90 degrees of 

illumination as it repeats every 90 degrees. However, a combination of cube manufacturing 

irregularities combined with target mounting and rotational errors make a full rotation an 

asset for quality checks. To examine the potential for azimuth dependent exploitation, the 

same arbitrary cube shown in Figure 37 is examined for known changes in RCS magnitude 

and scattered field phase bias resulting from perturbations in the real and imaginary 

permittivity as shown in Figure 41. Here, measurable shifts in magnitude and phase 

behavior are the result of changes in real and imaginary permittivity. As in the frequency-

dependent case, such analyses inform initial estimates for permittivity inversion. 
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Figure 40. Measured azimuth dependent RCS comparison at 8 GHz using VV (left) 
and HH (right) polarization for Teflon, low contrast uniaxial, low contrast biaxial, 
and high contrast uniaxial cubes. 

 
Figure 41. FEKO RCS and scattered field phase of arbitrary dielectric cube (L=22.86 
mm) demonstrating shifts in global minimum magnitude and phase for variances in 
real and imaginary permittivity. RCS shifts (top left) and scattered field phase (top 
right) versus real permittivity and RCS shifts (bottom left) and scattered field phase 
(bottom right) versus imaginary permittivity 
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The Use of Measured Phase in Inversions 

Complex measured scattered fields provide independent information to the inversion 

algorithm expressed in (3.18) in addition to magnitude-only data (RCS). An inversion was 

performed on the Teflon cube using measured RCS-only at 8 GHz across the full 360-

degree rotation aperture. The inverted permittivity for VV polarization was                         

𝜖𝑟 = 1.955 − 𝑗0.00226 and for HH polarization was 𝜖𝑟 = 2.036 − 𝑗0.00105. Inverted 

RCS as a function of azimuth was reconstructed using the inverted permittivity for each 

polarization and is shown in Figure 43. 

 
Figure 42. RCS of Teflon cube measured versus inverted at 8 GHz VV (left) and HH 
(right). Inversion used RCS only without phase. 

Inverted phase as a function of azimuth was reconstructed using the inverted permittivity 

for each polarization and is shown in Figure 43. 
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Figure 43. Measured scattered field phase compared to FEKO inverted phase for 
Teflon at 8 GHz using VV polarization (left) and HH polarization (right). Comparison 
reveals rotational procession and offset in the Styrofoam support superimposed on 
azimuth rotation. A two-step phase correction scheme mitigates most rotational 
errors. 

The calibrated phase shown in the black curves has significant error as compared to the 

inverted azimuth-dependent RCS phase (red) and not valued added data for inversion. The 

difference between the measured and predicted phase is due to two errors: a procession in 

the Styrofoam support column as the rotator moves in azimuth and a lateral offset in the 

target, either directly from the target itself or the foam column not centered on the azimuth 

rotator. The procession is due to a column tilt caused by a variance in thickness created by 

a chemical reaction as the glue between the column and wooden base was cured. To 

estimate the full procession offset, consider the maximum phase error in Figure 43 from 

the measured phase to the inverted phase which is 47.28 degrees. At 8 GHz, this is 

equivalent to a maximum procession displacement of the target, 𝑃𝑚𝑎𝑥, 

The phase of the measured scattered field, Φ, (3.7) is now corrected by 
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𝑃𝑚𝑎𝑥 =

47.28𝑑𝑒𝑔

360𝑑𝑒𝑔 𝜆⁄

299.7925𝑚𝑚 𝑛𝑠⁄

8𝐺𝐻𝑧
∼ 4.922 𝑚𝑚 .  (4.1) 



  71  

where Φ𝑃
′  is the procession corrected phase and 𝜃 is the azimuth angle of incidence. A 

second correction remains due to an offset from the center of rotation. The remaining phase 

error due to this displacement, 𝐷𝑚𝑎𝑥, is 

The displacement corrected phase of the measured scattered field, Φ𝑃
′′, (4.2) is now 

corrected by 

where Φ𝑃
′  is the procession corrected phase and 𝜃 is the azimuth angle of incidence. The 

final corrected phase is shown in the blue curves of Figure 43. While the procession error 

is the same for all cubes, the displacement error is local to each cube based on the accuracy 

of placement on the support. Now that a phase corrected scheme has been shown, the 

inverted permittivity of the Teflon based on the full complex scattered field is shown in 

Figure 44. The inverted RCS based on the addition of phase information into the inversion 

process made no distinguishable difference in the quality of the inversion as seen in Figure 

44. A summary of the differences in the inversions with and without the use of phase is 

shown in Table 5. 

 

 Φ𝑃
′ = Φ𝑃𝑒

𝑗𝛽0𝑃𝑚𝑎𝑥𝑠𝑖𝑛𝜃,  
(4.2) 

 
𝐷𝑚𝑎𝑥 =

23.06 𝑑𝑒𝑔

360𝑑𝑒𝑔 𝜆⁄

299.7925𝑚𝑚 𝑛𝑠⁄

8𝐺𝐻𝑧
∼ 2.400 𝑚𝑚.  (4.3) 

 Φ𝑃
′′ = Φ𝑃

′ 𝑒𝑗𝛽0𝐷𝑚𝑎𝑥𝑠𝑖𝑛(𝜃 2⁄ ),  
(4.4) 
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Figure 44. RCS of Teflon cube measured versus inverted at 8 GHz VV (left) and HH 
(right). Inversion used RCS and phase data. 

Table 5. Comparison of inverted Teflon permittivity at 8 GHz using RCS alone versus 
the addition of phase information at both VV and HH polarizations. 

Inversion 
Basis 

Permittivity (real) Permittivity (imaginary) 

VV HH VV HH 

RCS Only 1.955 2.036 0.00442 0.00214 

RCS with Phase 1.957 2.038 0.00440 0.00278 

NIST Permittivity 2.05 2.05 0.00041 0.00041 

 

Isotropic Teflon Permittivity Estimate 

The Teflon cube is isotropic and non-dispersive such that both azimuth-dependent and 

frequency-dependent inversions are possible. An inversion of the Teflon cube measured 

azimuth-dependent RCS was performed at 8, 9, 10, 11, and 12 GHz for VV and HH 

polarizations, the results of which are shown in Figure 45. The permittivity estimates in the 

plot (shown by “x”) are superimposed with the value published by NIST (blue-dash curve). 

The real values show close agreement with NIST while the imaginary values diverge form 
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NIST by an order of magnitude. This substantial error in imaginary inversion is consistent 

with the results of the sphere inversions shown in Chapter 3 for low loss dielectric spheres. 

 
Figure 45. Estimated Teflon permittivity real (left) and imaginary (right) for VV and 
HH polarizations using azimuth-dependent measured RCS. 

Uniaxial Low Contrast Permittivity Estimate. 

The stated goal of this research was to compare the inversions from the current research 

with those of Knisely measured in waveguide. Three anisotropic cubes available for study 

in this regard are a low contrast uniaxial, high contrast uniaxial, and low contrast biaxial 

cube. Direct comparisons are available for the high contrast uniaxial and low contrast 

biaxial cubes. The low contrast comparison is a qualitative comparison as the Knisely Cube 

occlusions are air-filled while the filler for the current research was a Nylon-based material. 

The uniaxial low contrast cube is comprised of an array of 49 (7x7) occlusions 

measuring 1.5875 mm x 1.5875 mm x 22.86 mm as shown by Knisely in Figure 46. Each 

occlusion is filled with a Nylon-based material. As an artificial dielectric, the three 

anisotropic cubes used in this research (uniaxial and biaxial) can be described by two 

permittivity tensors as shown in Figure 47. This presents a problem in that there is no 

common third axis, thus requiring a rotation of the cube orientation 90 degrees in elevation 
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to appropriately excite the three axes in one tensor. However, to demonstrate the technique 

of anisotropic inversion and minimize measurement error induced by physically 

repositioning the cubes, orientations O-1, O-5, and O-4 will be estimated according to the 

nomenclature of Knisely (Figure 5). While this minimizes error, it also assumes that the 

permittivity of interest is constant over the measured band. In the work of Knisely, the 

permittivity of each cube was nearly constant across X-band and thus provides a validation 

metric for this research. The azimuth-dependent inversion used for Teflon was applicable 

because an isotropic homogenous material can be thought of as a three-dimensional array 

of spatially distributed scatterers (e.g. spheres) on a single rectangular coordinate system. 

This is not the case for the extruded occlusions of the current cubes. The use of a dual-

polarized feed antenna permits the collection of VV and HH polarizations by a 90-degree 

azimuth rotation. This movement has significantly less error than repositioning the cube 

on the support structure. Thus, the order of measurement each of the three anisotropic cubes 

is O-1 (VV) and O-5 (HH) at zero degrees azimuth, and at 90 degrees azimuth (HH) to 

excite the third tensor axis using orientation O-4.  
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Figure 46. Configuration of uniaxial occlusions [8]. 

 

 
Figure 47. Diagram of permittivity tensors for each anisotropic cube. Knisely 
orientations O-1, O-3, and O-5 (left) and O-2, O-4, and O-6 (right). The base molecule 
shown is an extruded rectangle representing a biaxial configuration whereas the 
uniaxial molecule is an extruded square. 

The RCS of the low contrast uniaxial cube was measured at the requisite zero- and 90-

degree incident angles. Three frequencies and their corresponding RCS levels were 

selected as input to the least squares optimization for each measurement to estimate 

permittivity. The inverted RCS is overlaid with the measured RCS for comparisons as 

shown in Figure 48. The inverted RCS values are within 1 dB for all cases. 

Array 1

Array 2
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Figure 48. Comparison between measured and inverted RCS of low contrast uniaxial 
cube: O-1 (left), O-5 (middle), and O-4 (right). 

The inverted permittivity (real) is plotted over the original Knisely data for this same 

cube in Figure 49. This figure, extracted from [8] and courtesy of Alexander Knisely, 

shows the original dielectric constant for each tensor axis compared to the current research. 

The Knisely cube in this instance was air-filled which would naturally result in a lower 

permittivity than the current Nylon-filled cube which is reflected in the data of Figure 49. 

A frequency of 10 GHz was selected as a representative frequency over which the 

permittivity was estimated. 
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Figure 49. Low contrast uniaxial (occlusion-filled) inverted permittivity (real) 
overlaid with Knisely (occlusion air-filled) square waveguide results [8]. A frequency 
of 10 GHz was selected as a representative frequency over which the permittivity was 
estimated. Original plot courtesy of Alexander Knisely. Y-axis has been expanded for 
presentation purposes. 

Uniaxial High Contrast Permittivity Estimate. 

The uniaxial high contrast cube has the same construction as the uniaxial low contrast 

cube (Nylon), except that the occlusions are filled with ESD-PETG material. The RCS of 

the high contrast biaxial cube was measured at the requisite zero- and ninety-degree 

incident angles. Three frequencies and their corresponding RCS values were selected as 

input to the least squares optimization for each measurement to estimate permittivity. The 

inverted RCS is overlaid with the measured RCS for comparison in Figure 50. The inverted 

RCS values demonstrate the efficacy of the method providing quality RCS reconstructions 

for all but two points: a deep null in the O-1 orientation which may be due to the influence 

of the dielectric support at that frequency since the RCS level is exceeding low; and the 

second is a ~2 dB error in the O-4 high contrast orientation of the third point. This may be 

X = O-1 
X = O-5
X = O-4 
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due to coupling between the high permittivity axis and the other two axes. The inverted 

permittivity (real) is plotted over the original Knisely data for this same cube in Figure 51. 

This figure, extracted from [8] and courtesy of Alexander Knisely, shows the original 

dielectric constant for each tensor axis compared to the current research. The current 

inversion shows a higher out-of-plane permittivity as Knisely and a lower than expected 

in-plane permittivity. 

 
Figure 50. Comparison between measured and inverted RCS of high contrast uniaxial 
cube: O-1 (left), O-5 (middle), and O-4 (right). 

 
Figure 51. High contrast uniaxial inverted permittivity (real) overlaid with Knisely 
square waveguide results [8]. A frequency of 10 GHz was selected as a representative 
frequency over which the permittivity was estimated. Original plot courtesy of 
Alexander Knisely. There is a known discrepancy between the original plot legend 
(right) and published Knisely orientation definitions. 

X = O-1 
X = O-5
X = O-4 
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Biaxial Low Contrast Permittivity Estimate 

The biaxial low contrast cube has a 9 x 6 array of air-filled occlusions measuring 1 mm 

x 2.79 mm x 22.86 mm. The RCS of this cube was predicted in FEKO in the O-1, O5, and 

O4 orientations and compared to the measured RCS. The three-dimensional FEKO model 

including air-filled occlusions is shown in Figure 52. The RCS of this cube was measured 

at the requisite zero- and ninety-degree incident angles. Three frequencies and their 

corresponding measured RCS values were selected as input to the least squares 

optimization for each measurement to estimate permittivity. The inverted RCS is overlaid 

with the measured RCS and predicted FEKO response for comparison in Figure 53. The 

measured and inverted permittivity at each orientation reveal a variance with the stipulated 

permittivity (real) used for prediction. In each case, the shift in measured and inverted 

permittivity (real) with respect to the predicted RCS reveals a smaller effective dielectric 

constant than what was assumed 𝜖𝑟 ≈ 2.8655 − 0.04𝑗 [3]. A comparison between Knisely 

and the current research for inverted real and imaginary permittivity is shown in Table 6. 

 
Figure 52. Three-dimensional FEKO model including air-filled occlusions used to 
compute RCS in the O-1, O-5, and O-4 orientations. 
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Figure 53. Comparison between measured, predicted, and inverted RCS of low 
contrast biaxial cube: O-1 (left), O-5 (middle), and O-4 (right). 

Table 6. Estimated permittivity comparison between Knisely low contrast biaxial 
cube and current research inversion for all three measured orientations O-1, O-5, and 
O-4. 

Sample 
Orientation 

Permittivity 
(real) 

Permittivity 
(imaginary) 

Current Knisely ∆% Current Knisely ∆% 

In-Plane (O-1) 1.765 1.989 11.3 0.067 0.037 81.1 

In-Plane (O-5) 2.012 2.209 8.9 0.046 0.053 13.2 

Out-of-Plane (O-4) 2.435 2.274 7.1 0.079 0.055 43.6 

4.2  Summary of Results 

The proposed method for estimating permittivity was applied to all four cubes 

identified in Chapter I and shown in Figure 4. Comparisons were made between the 

measured and inverted RCS for the in-plane and out-of-plane axes along with differences 

between the estimated permittivity and that published by Knisely.  

In the case of the Teflon cube, the permittivity was estimated from azimuth-dependent 

RCS data at 9, 10, 11, and 12 GHz. The estimates for the real component varied from the 

published NIST values by 4.6% and 0.68% respectively for the VV and HH polarizations. 

The estimated imaginary permittivity varied by an order of magnitude from the published 

NIST values for both polarizations. 
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The low contrast uniaxial cube was filled with a Nylon material in contrast with the 

Knisely cube whose occlusions were air-filled. As such, a direct comparison was not 

possible. However, a qualitative comparison shows reasonable shifts in the complex 

permittivity based on the inclusion of the Nylon filler and known shifts as previously 

defined. The inverted RCS based on the estimated permittivity is within 1 dB for all points 

chosen. The high contrast uniaxial cube displayed excellent agreement with Knisley for 

real permittivity with an estimated difference at 10 GHz of 0.1% for in-plane orientation 

O-1, 10.2% for in-plane orientation O-5, and between 9.8%-16.7% for the out-of-plane 

orientation. 

Finally, the low contrast biaxial cube showed variances from Knisely for real 

permittivity from 8.9%-11.3% for the in-plane axes and 7.1% for the out-of-plane axis. The 

imaginary permittivity demonstrated high variances from Knisely showing 13.2%-81.1% 

for the in-plane axes and 43.6% for the out-of-plane axis. Additionally, the predicted RCS 

of this cube was made with FEKO and overlaid with the measured RCS and compared with 

the inverted RCS values. The variances between the predicted and measured RCS for the 

low contrast biaxial cube consistently showed a shift in frequency content and magnitude 

consistent with a lower dielectric constant for the measured RCS. This can be associated 

with a variance between the actual dielectric constant, the permittivity used by FEKO to 

compute the cube RCS at X-band. The other principal source of error impacting 

permittivity estimation is the cube of interest in contact with the polystyrene target support 

previously described. The impact of this error will be described in more depth in the next 

section along with other uncertainty components. 
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4.3 Uncertainty Considerations 

The free space inversion method presented in this research is subject to a variety of 

errors that include incident field perturbations, target-mount mutual coupling, dynamic 

range limitations in subtraction, calibration errors, noise, dimensional errors either in 

estimation or manufacturing tolerances, alignment of samples with the incident field, and 

receiver anomalies. These error sources, while certainly numerous, do not have the same 

impact on scattered field measurements and subsequent inversions. Only target-mount 

mutual coupling, calibration bias, and sample alignment errors produce enough errors in 

measurement to be considered for an RMS estimate. The small dimension of the cubes 

alleviates concerns about incident field perturbations. Dynamic range limits and thermal 

noise contributions have been mitigated using vector background subtraction and software 

gating. Dimensional estimation using a micrometer is accurate to fractions of a millimeter 

and are not relevant. Manufacturing tolerances of the cubes impact assumptions about their 

scattering behavior and not measurement accuracy. This research utilizes a method that 

relies on the magnitude of RCS as a function of azimuth and frequency. As such, errors 

that impact measured RCS will be considered. A Root Mean Square (RMS) uncertainty 

estimate will combine the impact of calibration magnitude bias, sample alignment in 

azimuth, elevation, and roll (includes polarization misalignment), and mutual coupling. 

Calibration phase is not considered in the inversion process and therefore not incorporated 

into the error estimate. In addition to the RMS error estimate, the Teflon cube will act as a 

representative in examining target-mount mutual coupling, both as a function of frequency 

and azimuth. 
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Target-Mount Coupling Errors 

Mutual coupling between spheres and their mounting structure was reported in   

Chapter III. It was assumed that such coupling errors would also be present when using 

cubes. A representative view of mutual coupling between Teflon and its Polystyrene mount 

is shown in Figure 54 - Figure 57 respectively. In Figure 54, the vector subtraction is 

applied between the complex signature of the Teflon cube mounted on the Polystyrene disk 

and the disk itself. This subtraction removed any direct scattering from the disk while 

leaving any mutual coupling behind. Figure 54 reveals approximately 0.8 dB or error due 

to mutual coupling using HH polarization. In Figure 55, the same operations were 

performed using VV polarization and there is negligible coupling remaining. These two 

representative examples of mutual coupling are based on frequency-dependent scattering 

data. The same subtraction operation was applied to the cube-on-foam scenario in Figure 

56 (HH) and Figure 57 (VV). In Figure 56, a bias of about 0.8-1.0 dB is shown across the 

entire rotating aperture. However, in Figure 57 there is negligible impact from the presence 

of the Polystyrene disk. 
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Figure 54. Representative RCS impact of Teflon cube mounted on Polystyrene 
support disk as a function of frequency using HH polarization. RCS of Teflon cube 
on disk, disk alone, and complex subtraction (left). Expanded view of teflon cube 
mounted on cube and subtracted RCS (right). 

 

 
Figure 55. Representative RCS impact of Teflon cube mounted on Polystyrene 
support disk as a function of frequency using VV polarization. RCS of Teflon cube 
on disk, disk alone, and complex subtraction (left). Expanded view of teflon cube 
mounted on cube and subtracted RCS (right). 
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Figure 56. Representative RCS impact of Teflon cube mounted on Polystyrene 
support disk as a function of azimuth at 10 GHz using HH polarization. RCS of Teflon 
cube on disk, disk alone, and complex subtraction (left). Expanded view of teflon cube 
mounted on cube and subtracted RCS (right). 

 
Figure 57. Representative RCS impact of Teflon cube mounted on Polystyrene 
support disk as a function of azimuth at 10 GHz using VV polarization. RCS of Teflon 
cube on disk, disk alone, and complex subtraction (left). Expanded view of Teflon 
cube mounted on cube 

Root Mean Square Error Estimate 

The largest uncertainty associated with calibration error is the leveling of the reference 

target and target under test (accounted by roll and elevation error). When the reference 

target is not level, the scattered field is less than it should be and forces the calibrated RCS 

to be higher than it should be. In practice, such errors are limited to ±0.5 dB. In the same 
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way, when the target suffers alignment errors, the calibrated RCS is pushed lower than it 

should be. Azimuth, elevation, and roll alignment errors are estimated to be ±0.2 degrees. 

The predicted value of the reference target has been mitigated through proper dimension 

estimation and sufficient computational meshing in FEKO. The RMS estimate in 

permittivity estimation is stated for real and imaginary components separately as 

𝛿𝜖𝑟
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and 
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where 𝛿𝜖𝑟𝑟𝑒𝑎𝑙is RMS error estimate for permittivity (real), 𝛿𝜖𝑟
𝑖𝑚𝑎𝑔is RMS error estimate 

for permittivity (imaginary), θ is azimuth error, 𝜙 is elevation error, 𝛼 is roll error, 𝛾 is 

calibration magnitude bias, and 𝐶 is the error due to mutual coupling between the cube and 

mount. The error in azimuth, elevation, and roll are equally ±0.2 degrees, calibration bias 

is +0.5 dB, and the coupling error is -1.0 dB. 

 

 

 



  87  

The Nyquist sampling interval for a 22.86 mm cube at 12 GHz is 28.6 degrees 

according to 

Δ𝜃 = 𝑡𝑎𝑛−1 (
𝜆

2𝐷
) , (4.6) 

where 𝜆 is the operating wavelength and 𝐷 is the maximum dimension of the target under 

illumination. Since the estimated error in alignment is 0.2 degrees, a small fraction of the 

Nyquist sampling criteria, any minor alignment error in azimuth, roll and elevation will 

produce negligible changes in RCS as shown in Figure 58. Here, the Teflon baseline at 

broadside was compared to the RCS at 8, 10, and 12 GHz. 

 
Figure 58. Change in RCS for baseline Teflon RCS versus 0.2-degree alignment error. 
Note: Y-Axis is in thousandths of one dB. 
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Such small changes in RCS warrant a modified version of (4.4) and (4.5) as 

𝛿𝜖𝑟
𝑟𝑒𝑎𝑙 = √(|

𝜕𝜖𝑟
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2
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 (4.7) 

and 
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2

. (4.8) 

The RMS error is now driven by the calibration bias and mutual coupling with the 

target support. The impact of these errors on RMS permittivity uncertainty is summarized 

in Table 7. The pattern revealed in the earlier presentation of sphere permittivity inversions 

is that uncertainty is reduced with increasing loss as is shown in the objective function 

images of Figure 22. The fundamental question is whether uncertainty bounds provide 

decision making capability to discern anisotropy in measured orthogonal axes. To address 

this question, the inverted real and imaginary permittivity for each cube is overlaid with 

their individual axis uncertainty in Figure 59 through Figure 62. In the case of the Teflon 

cube (Figure 59), the real and imaginary axes have overlapping uncertainty which is to be 

expected as an isotropic sample. It is clear from the low contrast biaxial cube (Figure 60) 

and the low contrast uniaxial cube (Figure 61) that their overlapping uncertainties prevent 

any definitive identification of these two cubes as anisotropic. As in the case of Teflon, the 

in-plane uncertainty for the two uniaxial cubes is expected as their permittivity is designed 

to be the same. However, the difference in uncertainty between the low and high contrast 

cubes can be erroneously associated with their low contrast condition. This conclusion is 

set aside by the uncertainty of the high contrast uniaxial cube (Figure 62) which clearly 
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shows non-overlapping uncertainty between the in-plane and out-of-plane axes, not 

because of differences in permittivity (contrast) but instead is the direct result of a high loss 

tangent. This result is consistent with the objective function for the sphere inversions 

shown earlier in Figure 22. The high loss of the high contrast sample greatly reduces 

uncertainty and provide a clear context where this method may be most useful. 

Table 7. RMS Error in real and imaginary permittivity for each cube and their 
respective in-plane orientations (O-1 and O-5) and out-pf-plane orientation (O-4). 
LCB=Low Contrast Biaxial. LCU=Low Contrast Uniaxial. HCU=High Contrast 
Uniaxial. 

 Permittivity (real) Permittivity (imaginary) 

Teflon VV 1.955 ± 0.547 (28%) 0.00442 ± 0.0027 (61%) 

Teflon HH 2.036 ± 0.466 (23%) 0.00214 ± 0.0050 (234%) 

LCB O-1 1.765 ± 0.360 (20.4%) 0.067 ± 0.033 (49.3%) 

LCB O-5 2.012 ± 0.308 (15.3%) 0.046 ± 0.029 (63.0%) 

LCB O-4 2.435 ± 0.357 (14.7%) 0.079 ± 0.046 (58.2%) 

LCU O-1 2.286 ± 0.237 (10.4%) 0.059 ± 0.029 (49.2%) 

LCU O-5 2.344 ± 0.054 (2.3%) 0.043 ± 0.048 (111%) 

LCU O-4 2.410 ± 0.114 (4.7%) 0.072 ± 0.023 (31.9%) 

HCU O-1 2.975 ± 0.002 (0.07%) 0.213 ± 0.009 (4.2%) 

HCU O-5 2.738 ± 0.009 (0.33%) 0.202 ± 0.013 (6.4%) 

HCU O-4 5.598 ± 0.135 (2.4%) 0.478 ± 0.049 (10.3%) 
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Figure 59. Teflon permittivity uncertainty bounds real (left) and imaginary (right) 
at 8 GHz for VV and HH polarizations. 

 

 
Figure 60. Low contrast biaxial permittivity uncertainty bounds real (left) and 
imaginary (right) at X-band for O-1, O-5, and O-4 orientations. 
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Figure 61. Low contrast uniaxial permittivity uncertainty bounds real (left) and 
imaginary (right) at X-band for O-1, O-5, and O-4 orientations. 

 

Figure 62. High Contrast uniaxial permittivity uncertainty bounds real (left) and 
imaginary (right) at X-band for O-1, O-5, and O-4 orientations. 

Error Comparison with Focused Beam System 

Apart from the current research, two additional free space methods are the focused 

beam system (FBS) and the absorber-lined transmission tunnel as shown in Figure 63 and  

Figure 64 respectively. 
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Figure 63. Notional absorber-lined transmission tunnel. 

 

 
Figure 64. Typical focused beam system (FBS) configuration showing lenses, feed 
antennas, and sample mounting structure (left). Same system showing material 
coupon mounted within support frame (right). Used by permission. Photo courtesy of 
the Compass Technology 

While neither of these methods offer full plane wave illumination of a bulk material 

such as cubes or spheres, they are the closest method available to compare error estimates. 

The transmission tunnel has no formal definition or design parameters within the material 

measurement community, and the efficacy of this system is dependent on a number of 

variables such as antenna beamwidth, cross-sectional area of the tunnel with respect to 

wavelength, distance to sample, and type and placement of absorber. Due to the lack of 

uniformity in the use of the transmission tunnel, errors related to the FBS will be considered 

in comparison to the current research. 

The FBS is a two-port S-parameter measurement technique whose structure is 

comprised of two sets of dielectric lenses, each fed by an independent source antenna [33]. 
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The lenses create a shaped Gaussian beam whose “Gaussian waist” [35] halfway between 

the lenses provides a non-uniform planewave in that single plane transverse to the direction 

of propagation. The amplitude distribution of the Gaussian aperture decays to about -20 dB 

at the sample edges compared to the peak at the center of the Gaussian waist. The FBS is 

designed to illuminate flat panel sheets whose thickness is less than ½-wavelength in the 

material. While the current research relies on accurate measurements of RCS, the FBS is 

dependent on accurate measurements of forward and reverse S-parameter magnitude and 

phase. 

Schultz [33] has provided a RMS error estimate for the FBS based on errors in network 

analyzer magnitude and phase for forward and reverse S-parameters S11 and S21 and sample 

thickness errors. Applying (4.4) and (4.5), Schultz states the FBS RMS error as 
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√
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𝛿|𝑡||)

2

,

(4.7) 

where 𝛿𝜖 is the RMS in complex permittivity16, |S11| is the magnitude of the complex 

reflection S-parameter S11, Φ11 is the phase of the complex reflection S-parameter 

S11, |S21| is the magnitude of the complex reflection S-parameter S21, Φ21 is the phase of 

the complex reflection S-parameter S21, and 𝑡 is the material thickness. Assuming a 

thickness error of ±0.0127 mm, phase error of ±0.2 degrees, and an amplitude error of 

±0.5% plus an absolute error of 0.001. Using a representative permittivity 𝜖𝑟 = 3 − 𝑗0.01, 

 
16 Separable for individual estimated of 𝜖𝑟′  and 𝜖𝑟′′. 
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Schultz estimates an average RMS error for a sample thickness of ¼-wavelength of 0.6% 

(real) and 100% (imaginary). The errors increase dramatically as the sample thickness 

approaches ½-wavelength as predicted. 

It is clear from the uncertainty analysis for both the FBS and current method, that the 

FBS has lower uncertainties than the current method, especially for low permittivity and 

low loss materials. However, the FBS is not suited for thick anisotropic structures, and 

another method, such as the one presented here, provides full-body plane wave illumination 

at multiple angles of incidence and polarizations. This cannot be found in any other current 

method of anisotropic estimation. With increased control over mounting structure coupling 

and revised calibration schemes that provide a more predictable alignment with the incident 

field, the method of characterizing anisotropic materials using scattered fields has the 

capacity to significantly reduce uncertainties and find application in a variety of contexts. 
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V. Conclusion 

5.1  Discussion 

A free space method for estimating anisotropic material parameters using scattered 

field measurements has been presented. The method, an extension of the work of Knisely 

who measured the anisotropic properties of dielectric cubes in waveguide, utilized 

monostatic RCS measurements of those same cubes in a free space far-zone context. The 

method was first applied to a series of dielectric spheres to identify major contributors of 

error in the far field context and to show that quality inversions of isotropic materials was 

possible prior to venturing into anisotropic territory. A Monte Carlo uncertainty analysis 

of the sphere permittivity and loss tangent estimates was performed resulting in errors of 

0.04-2.53% for permittivity (real) and from 6-278% for loss tangent estimates. A 

fundamental conclusion here was that inversion uncertainty was exaggerated for low loss 

materials but greatly reduced for high loss materials, a conclusion that is relevant for 

anisotropic cubes as well. 

The research made the following contributions to the material measurement 

community: 

• Extension of biaxial estimation to a free-space far-field context. 

• Established biaxial estimation uncertainty for real and imaginary components. 

• Identified conditions for non-overlapping uncertainty among anisotropic axes. 

• Demonstrated isotropic inversion of anisotropic axes. 

• Defined use of azimuth- and frequency-dependent scattering information. 

• Demonstrated biaxial inversion without complex hardware or costly facilities. 
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The method successfully estimated the dielectric constant of isotropic, uniaxial, and 

biaxial cubes at X-band. For isotropic inversion, measured azimuth-dependent RCS data 

was utilized, while for anisotropic inversion, measured frequency-dependent RCS data was 

used. In direct comparisons with Knisely biaxial data, the real permittivity varied from 

5.9%-9.4% for the in-plane axes and 7% for the out-of-plane axis. The imaginary 

permittivity demonstrated high variance from Knisely showing 13.2%-81.1% for the in-

plane axes and 43.6% for the out-of-plane axis. 

An uncertainty RMS estimate identified significant error margins for low loss materials 

such as Teflon, indicating that this method is not suitable in those cases. However, the same 

uncertainty analysis revealed that for larger loss materials, error margins were driven down 

as low as 2.4% in the case of the high contrast uniaxial cube (O-4), making this method a 

suitable candidate for permittivity estimation in those instances. 

The research demonstrated the artificial media measured by Knisely in waveguide 

proved sufficiently large as an array of occlusions in the finite context. In addition, 

inversions of the anisotropic axes under isotropic assumptions proved especially helpful 

for two reason. First, a complex plane optimization for two unknown variables (i.e. 

permittivity real and imaginary for one axis) is far more efficient than a complete biaxial 

inversion with six unknown terms. Such an inversion takes multiple days without the 

guarantee of a unique solution. The second reason is that the apparent lack of mutual 

coupling between tensor axes has implications for additive manufacturing of anisotropic 

samples – especially when printing occlusions which may have edges, corners, and points. 

Such geometric features become costly to print with respect to time and equipment 
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complexity when the radii of these geometric features are forced to be more restrictive than 

necessary.  

Finally, the method demonstrated that estimates of high loss biaxial permittivity is 

possible using monostatic RCS measurements without the need for complex hardware or 

access to costly facilities. 

5.2  Future Work 

Numerous efforts have been reported on artificial dielectric arrays. These designs 

would be aided by using a validation test bed for estimating their effective permittivity. 

The current measurement configuration and inversion scheme is ideal for such a validation 

test bed. 

The use of honeycomb “core” is commonplace in aircraft design. Core is by its very 

design is an anisotropic structure. Coating all surfaces of these cores with carbon-based 

materials, commonly referred to as “loaded core,” creates entirely new anisotropic 

absorbing structures. Measuring the RCS of these loaded cores in concert with the 

permittivity estimation technique presented here would provide a useful tool in optimizing 

the loading process. 

The presence of a target support is a principle source of error in this research. The use 

of inverted Stewart platforms (string support systems) are used by some RCS test ranges 

to support targets by means support strings, thus mitigating coupling between the target 

and support structure. A small version of what is used in the RCS measurement community 

would provide a means of supporting anisotropic cubes and other shapes without the 

presence of coupling errors. 
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This work focused on the use of spheres and cubes because their local coordinate 

systems lent themselves to inversions that could readily be adapted to their coordinate 

systems (i.e. Mie series, isolated tensor inversions). In addition, these shapes were the first 

step in seeking the permittivity of more complex shapes. The use of alternative shapes or 

unknown tensor axis orientations would require adaptation of the current inversion scheme 

to accommodate these new coordinate systems and provide a next step toward arbitrary-

shaped inversions. 

The measurement of sample S-parameters in a waveguide provides an infinite sample 

context. This context constrains the incident field to the excitation of a single tensor axis 

at one time. In the free space context, the finite nature of the target imposes currents 

radiating in all directions, causing coupling between the tensor axes. This is not a result of 

off-diagonal tensor elements, but the simple realization that corners and edges radiate in 

all directions, regardless of the direction of the source within the material. A rigorous 

treatment of this coupling would provide insight into how much variance between 

measured and predicted results is from axis coupling and other error sources. 

The current research focused on the scattered fields from isolated targets. However, by 

coating a variety of canonical shapes with unknown materials in concert with FEKO or 

other suitable forward solvers, the complex scattered fields may be used to identify the 

permittivity, permeability, and other electromagnetic scattering behaviors. 

Finally, the current research focused on monostatic RCS measurements as the data 

engine for inversions, where a future approach may focus on bistatic RCS measurements 

that may offer additional independent information toward successful inversions. 
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Appendix: Inversion Convergence History 

The inversion convergence history for Teflon, low contrast uniaxial, high contrast 

uniaxial, and  low contrast biaxial cubes and their respective orientations is shown in Figure 

65, Figure 66, Figure 67 and Figure 68 respectively. 

 

 
Figure 65. Teflon inversion convergence history under VV and HH polarizations for 
real permittivity (left), imaginary permittivity (middle), and the inversion objective 
function (right). 

 

 
Figure 66. Low contrast uniaxial inversion convergence history for orientations O-1, 
O-5, and O-4 for real permittivity (left), imaginary permittivity (middle), and the 
inversion objective function (right). 
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Figure 67. High contrast uniaxial inversion convergence history for orientations O-
1, O-5, and O-4 for real permittivity (left), imaginary permittivity (middle), and the 
inversion objective function (right). 

 

 
Figure 68. Low contrast biaxial inversion convergence history for orientations O-1, 
O-5, and O-4 for real permittivity (left), imaginary permittivity (middle), and the 
inversion objective function (right). 
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