Air Force Institute of Technology

AFIT Scholar

Theses and Dissertations Student Graduate Works

9-2021

Equichordal Tight Fusion Frames and Biangular
Orthopartitionable Tight Frames

Benjamin R. Mayo

Follow this and additional works at: https://scholar.afit.edu/etd

6‘ Part of the Applied Mathematics Commons

Recommended Citation

Mayo, Benjamin R., "Equichordal Tight Fusion Frames and Biangular Orthopartitionable Tight Frames"
(2021). Theses and Dissertations. 5070.

https://scholar.afit.edu/etd/5070

This Dissertation is brought to you for free and open access by the Student Graduate Works at AFIT Scholar. It has
been accepted for inclusion in Theses and Dissertations by an authorized administrator of AFIT Scholar. For more
information, please contact AFITENWL.Repository@us.af.mil.


https://scholar.afit.edu/
https://scholar.afit.edu/etd
https://scholar.afit.edu/graduate_works
https://scholar.afit.edu/etd?utm_source=scholar.afit.edu%2Fetd%2F5070&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/115?utm_source=scholar.afit.edu%2Fetd%2F5070&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholar.afit.edu/etd/5070?utm_source=scholar.afit.edu%2Fetd%2F5070&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:AFIT.ENWL.Repository@us.af.mil

Equichordal tight fusion frames and biangular
orthopartitionable tight frames

DISSERTATION

Benjamin R. Mayo, Maj, USAF
AFIT-ENC-DS-21-S-001

DEPARTMENT OF THE AIR FORCE
AIR UNIVERSITY

AIR FORCE INSTITUTE OF TECHNOLOGY

Wright-Patterson Air Force Base, Ohio

DISTRIBUTION STATEMENT A
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.



The views expressed in this document are those of the author and do not reflect the
official policy or position of the United States Air Force, the United States Department
of Defense or the United States Government. This material is declared a work of the
U.S. Government and is not subject to copyright protection in the United States.



AFIT-ENC-DS-21-S-001

EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

DISSERTATION

Presented to the Faculty
Graduate School of Engineering and Management
Air Force Institute of Technology
Air University
Air Education and Training Command
in Partial Fulfillment of the Requirements for the

Degree of Doctorate in Applied Mathematics

Benjamin R. Mayo, B.S., M.S.
Maj, USAF

10 August 2021

DISTRIBUTION STATEMENT A
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.



AFIT-ENC-DS-21-S-001

EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

DISSERTATION

Benjamin R. Mayo, B.S.; M.S.
Maj, USAF

Committee Membership:

Matthew Fickus, Ph.D.
Chairman

Dursun A. Bulutoglu, Ph.D.
Member

Raymond R. Hill, Ph.D.
Member

ADEDEJI B. BADIRU, Ph.D.

Dean, Graduate School of Engineering and Management



AFIT-ENC-DS-21-S-001

Dedicated to my mother, who fostered a love of math throughout my life, my father,
who encouraged a dedication to service and hard work, and my wife and daughter,
who put up with the many hours of math and hard work, as well as the sacrifices

they made while supporting me in this endeavor. You have made this all possible.

v



Acknowledgements

“The basic process involved is one of learning through failures.”
-J.T. Duane

I would like to sincerely thank my advisor, Dr. Matthew Fickus, for his consid-
erable guidance, and patient but persistent correction; Lt Col Andrew Geyer for his
insights into my career and work-life balance, as well as the many hours spent lis-
tening to his stories; Dr. Alan Lair for his instruction and for his willingness to take
far too much time to read through and correct some of my earliest assignments and
proofs. Without you gentlemen, these pages would be empty. I would also like to
thank my wife and daughter for giving me the best reasons to leave the office even
when my work was unfinished; it turns out you can think about a lot of math when
you're pushing a swing at the park. Without you two, none of the effort that went

into these pages would be worth it.

Benjamin R. Mayo



Table of Contents

Page

Acknowledgements ... ... v
ADStract . ..o viii
L. Introduction . . ... 1
1.1 Literature TeVIeW . ... ..ot 3

1.2 Novel contributions and dissertation outline......................... )

II.  Preliminaries ... ... .. ... ... e 8
2.1 Frame theory .. ... ... . 8

2.2 Fusion frames: a projection-based perspective ...................... 10

2.3 Fusion frames: a basis-based perspective.......... ... ... ... ..., 14

2.4 Naimark and spatial complements ........ ... ... ... ... ... ... ... 17

2.5 Compressed SENSING . . .. .ottt 19

2.6 Harmonic analysis .. .. ... ... 21

2.7 Difference sets ... ... 25

2.8 Group divisible designs. . ... ... 31

2.9 Mutually Unbiased Bases .. ........ ... i 33

ITI. Naimark-spatial orbits and categorization............... ... ... .. ..... 38
3.1 Naimark-spatial orbits ...... ... .. ... . 38

3.2 Naimark-spatial orbits when NV € {2,3} ........................... 43

3.3 Naimark-spatial orbits when f(D,N;R) =0 ....................... 47

3.4 Naimark-spatial orbits when N >4 and f(D,N,R) <0 ............. 48

3.5 Naimark-spatial orbits when f(D,N;R,) >0 ...................... 53

3.6 Existence of tight fusion frames .......... .. ... ... .. o L. 61

IV. Harmonic fusion frame construction........... ... .. ... .. ... ... ..... 64
4.1 Difference sets and families .......... ... ... ... ... . ... ... 64

4.2 Harmonic frames from divisible difference sets . ..................... 71

4.3 McFarland divisible difference sets ... ......... .. .. ... ... . L. 78

V. Biangular orthopartitionable tight frames............ .. ... ... .. ..... 84
5.1 Fundamental facts........ .. ... .. . . . . . . . .. .. 84

5.2 Equiangular tight frames and mutually unbiased bases .............. 86

5.3 Compressed sensing performance .............. ... .. .. ... .. ... 89

5.4 Steiner biangular orthopartitionable tight frames ................... 92

5.5 Steiner-McFarland equivalence ........... ... ... ... ... . ... ... ... 96

vi



VI. Conclusions and future work . . ... .

Bibliography

vii



AFIT-ENC-DS-21-S-001

Abstract

An equichordal tight fusion frame (ECTFF) is a sequence of equidimensional sub-
spaces of a Euclidean space that achieves equality in Conway, Hardin and Sloane’s
simplex bound, and so is a type of optimal Grassmannian code. In the special case
where its subspaces have dimension one, an ECTFF corresponds to an equiangular
tight frame (ETF); such frames have minimal coherence and so are useful for com-
pressed sensing. More generally, an ECTFF will yield a frame with minimal block
coherence when its subspaces are pairwise isoclinic, namely when it is an equi-isoclinic
tight fusion frame (EITFF). In this dissertation, we generalize the notion of an ETF
to that of a biangular orthopartitionable tight frame (BOPTF). Every BOPTF gener-
ates an ECTFF and has a coherence that rivals that of an ETF. Generalizing a recent
observation of King, we construct a new infinite family of BOPTFs whose ECTFF's
are actually equi-isoclinic. Such EITFF-generating BOPTFs are remarkable: having
both low coherence and minimal block coherence, they guarantee the efficient recovery
of signals that are either sparse or block sparse (without foreknowledge of the sparsity
type). We moreover show that such EITFF-generating BOPTF's are special, proving
that certain infinite families of BOPTFs (including an infinite number of those con-
structed by King from semiregular divisible difference sets) generate ECTFFs that are
not equi-isoclinic. Along the way, we discover several new methods for constructing

and comprehending ECTFFs.

viii



EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

I. Introduction

Let IF be either R or C. For any integers N > 1and D > R > 1, let {¢, . }00; X,
be a sequence of NR vectors in FP with the property that for any n = 1,..., N,
the subsequence {¢H7T}£1 is orthonormal. For any n;,n, = 1,..., N, the corre-
sponding cross-Gram matrix is the R x R matrix ®; ®, whose (r;,72)th entry is
(@5, ®,,,) (r1.72) = (P, 11+ Prgn)- For any such {g,,}2; 2 it is known (3, 39]

n=1, r=1»

that

A 1 NR—-D
U= max @5, P12 = VR max @5, @, llevo = \/ D=1 (1)

Here v is known as the block coherence of {¢, . }n_1 fi. As detailed in the next
chapter, any such {cpm}flejﬁzl achieves equality in the right-hand bound of (1)
if and only if the sequence {U,})_; of R-dimensional subspaces of F? defined by
U, = span{ep, .}, is an equichordal tight fusion frame (ECTFF) for FP, denoted
as ECTFF(D, N, R). Specifically, this occurs if and only if it is a tight fusion frame
(TFF) for FP, meaning that the corresponding rank-R projections {P,}\_, onto
{UN_| satisfy SN P, = AI for some A > 0 (tightness), and also has the trait
that ||P,, — P.,||mo is constant over all n; # ny (equichordality). Additionally,
{@n 10y ) achieves equality throughout (1) if and only if {U, }nen is an equi-
isoclinic tight fusion frame (EITFF) for FP, namely an ECTFF with the additional

property that there exists ¢ > 0 such that P, ,P,,P,, = ¢?P,, for all n; # ny (equi-



isoclinicity). These fusion frames are denoted EITFF(D, N, R). In the special case
where R = 1, (1) reduces to the Welch bound [40] on the coherence p of any sequence

{0, }2_, of unit-norm vectors in FL:

po= max [{@,,, en,)| =\ 5ix- (2)
n1#n2

For such a sequence {¢, }_,, it is known [37] that equality is achieved in (2) if and
only if it is an equiangular tight frame (ETF) for FP, meaning that 25:1 p,. s = Al
for some A > 0 (tightness) and [(¢,,,®,,)| is constant for all n; # ny; these are
denoted as ETF(D, N). If this condition is relaxed to allow for a second value, i.e.
there exists numbers B,C > 0 such that [(¢, ,®,,)| € {B,C} for all ny # ny,
{p, }_, is referred to as a biangular tight frame; in this case, if either A or B is
equal to zero, then {¢, }necn is called an orthobiangular tight frame (OBTF). OBTFs
recently arose as a study of frames with putatively minimal coherence [15].

ETFs and EITFFs naturally arise in compressed sensing where sufficiently sparse
signals are reconstructed from underdetermined linear measurements [7, 8]. To elab-

orate, for integers N > K > 0, a vector x in FY is K-sparse if
|Ixllo :=#{n=1,...,N:x(n) # 0} < K.

Using the orthogonal matching pursuit (OMP) algorithm [39], a K-sparse signal x can
be efficiently recovered from Zﬁ;l x(n)e,, provided K < 1 (p7' +1). In light of (2),
ETFs have minimal coherence p making them optimally suited for signal recovery.

More generally, a vector x in FN*% is K-block sparse if

#{n=1,...,N:dr=1,...,Rs.t. x(n,r) #0} < K.



Using the block orthogonal matching pursuit (BOMP) algorithm [9], a K-block sparse
signal x can be efficiently recovered provided K < % (v™' + 1). Inlight of (1), EITFFs
have minimal block coherence, v, which makes them optimally suited for signal re-
covery, provided the signal sparsity is “blocky”. Because of this, there has been a lot
of recent research devoted to the explicit construction of sequences of vectors with

small coherence or block coherence, with a particular interest in ETFs and EITFFs.

1.1 Literature review

ETF construction relates to a variety of mathematical disciplines and has been
thoroughly explored with new constructions becoming increasingly rare [21, 19]. A
real ETF with redundancy two (meaning N = 2D) exists if and only if a symmetric
conference matrix of size N exists [21]. ETFs with D = (N £ /N) exist whenever
there exists a self-adjoint complex Hadamard matrix with constant diagonal [38].
As explored in Chapter IV, harmonic ETFs arise from difference sets (DS) of finite
abelian groups [33, 37, 42, 6]. The Steiner method explored in Chapter V generates
ETF's using a balanced incomplete block design (BIBD) to carefully arrange regular
simplices with respect to each other [23]. This method generalizes to produce Tremain
ETFs from Steiner triple systems [16] as well as ETFs from hyperovals of projective
planes [22]. ETFs also arise from distance-regular antipodal covers of the complete
graph (DRACKNS) [4, 18] and association schemes [30, 29]. Outside of complex or real
spaces, [1] provides a computer proof of the existence of quaternionic ETFs, some of
which were explicitly formulated by [12]. Additionally, as an offshoot of the research
in this dissertation, we recently discovered yet another construction of ETFs from
generalizations of quantum-information-theoretic objects known as mutually unbiased
bases (MUBs) [19].

There are fewer known methods for constructing EITFFs. One simple method is to



tensor an ETF (D, N) with an orthonormal basis (ONB) of size R, or more generally,
to take a direct sum of EITFFs where £ and N are constant. Another method [27] in-
volves converting a complex EITFF (D, N, R) into areal EITFF(2D, N,2R), as well as
converting a quaternionic EITFF(D, N, R) into a complex EITFF(2D, N,2R). When
applied to the quaternionic ETFs from [1, 12], each of which can be considered an
EITFF(D, N, 1), [27] yields a complex EITFF(2D, N, 2) and a real EITFF(4D, N, 4).
Modifying [27], a complex symmetric conference matrix of size N gives rise to a real
EITFF(N, N, 2) [10, 11]. Recently, a harmonic EITFF(D, N, R) was constructed from
a semireqular divisible difference set (SR-DDS) [32], specifically one arising from a
Gordon-Mills-Welch [26] sum of a semiregular relative difference set (SR-RDS) and a
DS put forth in [28]. It was noted in this last case that such an EITFF would have
flat cross-Gram matrices, that is |(®} ®,,) (r1,72)] is constant for all ny # ny, a trait
unique to this type of construction thus far.

While ETFs and EITFFs are sought after in compressed sensing, ECTFFs gener-
ally are not, since unlike EITFF's they may not have low block coherence v. However,
it is clear from (1) that every EITFF is also an ECTFF, meaning that each of the
EITFF constructions mentioned above also yields an ECTFF. Additionally, some of
the aforementioned EITFF construction methods generalize to the non-equi-isoclinic
case. For example, the method of [27] yields a real ECTFF(4D, N,4R) and com-
plex ECTFF(2D, N,2R) from a quaternionic ECTFF(D, N, R). Moreover, applying
[32] to infinite families of SR-DDSs like those discussed in Theorem 2.3.6, Corollary
2.3.8, and Result 2.3.9 of [36] yields ECTFFs. One of the earliest known proofs
of ECTFF existence is found in [5], which demonstrates the construction of a real

ECTFF(P, @, %) for any prime P provided there exists a Hadamard matrix of

size £, Zauner [43] demonstrated construction of real ECTFFs from BIBDs, where

a BIBD(V, K, A) results in an ECTFF(B,V,R) where R = 2V=1 and B = YE,

K-1



This construction is notable as it results in ECTFFs that are never equi-isoclinic.
An ECTFF(D, N, R) arises from an ETF(D, M) th?t can be partitioned into regular
simplices for their span. In this case, R = [D(ML__;)] 2 and N = Riﬂ [14]. ECTFFs are
not often sought in compressed sensing as the coherence p and block coherence v can
vary. However, the equichordality of ECTFFs is a requirement for equi-isoclinicity,
as can be seen in (1); this suggests that insights into new EITFF constructions may

come from the study of ECTFF construction, particularly those with unique traits

such as the flat cross-Gram matrices arising from King’s construction [32].

1.2 Novel contributions and dissertation outline

In this dissertation, inspired by King [32] and others [15], we introduce the fol-

N R

n=1, re1 il FP is a biangular orthopartitionable tight

lowing notion: we say that {¢,, .

frame (BOPTF) for FP if

L, Ny = MNg, T = To,
|<90n1,r17 Qong,r2>| = O, ny =n9, T 7£ 9, (3)

NR—D
DR(N—1)’ ny 7£ n2,

which we denote as a BOPTF(D, N, R). Note that if {¢,, ,}3_, *, is a BOPTF for

P, then the coherence j = %, which is on the order of the Welch bound for

NR vectors in FP: DJXA]?I;PU. This suggests that BOPTF's, while not as optimally
conditioned as ETFs, are well suited to the OMP algorithm. As noted in Chapter V,
for any BOPTF(D, N, R) {, . }o_; ., for F”, defining U, := span{ep,,,}/., for each
n yields an ECTFF(D, N, R) for FP. The ECTFFs generated in [32] all arise from
BOPTFs, but we took specific notice of the EITFF generated from the harmonic
BOPTF from Ionin’s construction of a SR-DDS [28]. This EITFF automatically has

optimally low block coherence v, but the fact that it arises from a BOPTF means



that it has low coherence ;1 as well. When used in an application, EITFF-generating
BOPTFs permit recovery of either sparse or block-sparse signals, allowing for the
relaxation of the signal model to allow for the two possibilities. We generalize King’s
construction, leading to new infinite families of EITFF-generating BOPTF's from ten-
sor products of ETFs and MUBs. This inspired a related method for constructing new
ETFs from ETF's tensored with mutually unbiased equiangular tight frames (MUETF)
[19]. We further show that not all BOPTF's are as well suited for compressed sensing,
finding new infinite families of BOPTFs with terrible v. In fact, by generalizing the
techniques from [31], we show that infinite families of SR-DDSs yield BOPTFs with
subspaces that are explicitly not equi-isoclinic. Along the way, we discover numerous
new facts relating various BOPTFs, EITFFs, and ECTFFs.

Specifically, in Chapter II, we provide the necessary definitions, methods, and
relationships currently known to the field. One such relationship is that every non-
trivial ECTFF(D, N, R) has both a Naimark complement and spatial complement,
both of which are also ECTFFs. We investigate this in Chapter III to show that
taking alternating Naimark and spatial complements of an initial ECTFF can lead to
infinite families of ECTFFs. In particular, Theorem 3.1.5 characterizes the families
of TFFs that arise from such Naimark-spatial sequences and provides a mechanism
for determining when these TFFs can be equi-isoclinic. Chapter IV focuses on har-
monic frame constructions over finite abelian groups, with Theorem 4.1.1 introduc-
ing families of harmonic EC/EITFFs constructed from difference sets and difference
families, and Theorem 4.2.1 generalizing King’s construction from [32] in terms of
Theorem 4.1.1. As previously mentioned, we note that these latter ECTFFs are gen-
erated from BOPTFs. In Chapter V, we investigate the construction of BOPTFs,
outlining BOPTF characteristics in Theorem 5.1.1. Inspired by the harmonic EITFFs

King generates from Ionin’s SR-DDS [32, 28], we introduce a new EITFF-generating



BOPTF construction from infinite families of ETFs and MUBs in Theorem 5.2.1.
We note that such EITFFs would have low coherence and optimal block coherence
in Theorems 5.3.1 and 5.3.2, increasing their utility in applications like compressed
sensing when the sparsity pattern is unknown. We further demonstrate that not
all BOPTFs are as useful by constructing infinite families of BOPTFs that generate
ECTFFs that are not equi-isoclinic in Theorems 5.4.1 — 5.5.1. Finally in Chapter VI,
we summarize these results and put forth potential methods for constructing new
EITFF-generating BOPTFs based on our research.

The material in this dissertation has been divided into three separate journal
articles. A paper under the title “Certifying the novelty of equichordal tight fusion
frames” has been submitted to Linear Algebra and its Applications in which we show
that the characterization of EI/ECTFFs via Naimark-spatial chains from Chapter I11
can be used to certify when an EI/ECTFF construction method is truly novel. We
demonstrate this by introducing the harmonic frame constructions from Chapter IV
and confirming they are truly new to the field. An article introducing the BOPTF
construction methods from Chapter V is currently in preparation for submission this
fall. As mentioned above, the method for constructing EITFF-generating BOPTFs
in Theorem 5.2.1 from ETFs and MUBs inspired a similar method for constructing
ETFs from MUETFs. This work was published in IEEE Transactions on Information
Theory [19].



II. Preliminaries

2.1 Frame theory

Let IF be either R or C and let H be a D-dimensional Hilbert space over F equipped
with an inner product (-,-)y that is conjugate linear in the first argument. Let N
be an arbitrary indexing set of size N. Equip FV := {x : N' — F} with the inner
product (x;,Xg)pv = ), o NWXQ(TL). The synthesis operator of a sequence of N
vectors {g, tnen in His @ : FV — H, ®&x := >, _\,x(n)p,. The adjoint of ® is
the analysis operator, ®* : H — TV (®*y)(n) = (p,,y)u. As a special case of this,
we sometimes regard a single vector ¢ in H as the synthesis operator ¢ : F — H,
where ¢(x) = x¢ whose adjoint is the linear functional ¢* : H — F, ¢*y = (¢,y).
In general, composing ® and ®* gives the frame operator ®®* : H — H, with
Q" =Y _\ ¢, and the Gram matriz ®*® : FN — FV, namely the operator
whose N x A matrix representation with respect to the standard bases {6, }nen for
FV has the (ng,n9)th entry (®*®)(ni,n2) :== (¢,,,¥,,). In the special case where
H = FP for some D-element index set, ® is the D x N matrix whose nth column
is ¢,,, @ is its N' x D conjugate (Hermitian) transpose, and ®®* and ®*P are the
D x D and N x N matrices whose entries are the complex dot products of the rows
and columns of ® with each other, respectively.

We say {¢,, }nen is a frame for H if there exist A, B with 0 < A < B < oo such
that A|ly|*> < 3,cn (@, ¥)|* < Blly|]? for all y in H. In this finite-dimensional
setting this occurs if and only if {,, }nen spans H, namely if and only if the frame
operator ®®* is invertible. The optimal frame bounds A, B correspond to the least

and greatest eigenvalues of ®®*, respectively. We say {,, tnenr is a tight frame when



® is perfectly conditioned, namely when there exists A > 0 such that

AllylP =Y~ Hewy)* = 127y, Vy € H.
neN
By polarization, this equates to having AI = ®®* = " . ¢, ¢%. In the special
case where each ¢,, is unit-norm it is referred to as a unit-norm tight frame (UNTF)
for H. For any n in A/, notice that the operator P,, = ¢, ¢ is the rank-1 projection
onto the one-dimensional subspace U,, = (¢g,,), or more specifically, the projection
onto its span. This means that AT =" _\-p,¢; = > .\ P, Taking the trace of

this equation gives

DA = Tr(AI) = Tr (Z Pn> =) Tr(P,) =N,

neN neN

therefore A = %. Now consider the following: for any sequence of N unit-norm

vectors in a D-dimensional Hilbert space, {¢,, }nenr, we have that

0<Tr (@0~ 31)°]

= Tr (an—%I)Q

neN

=N PP+ Y Te(P2) - BN T(P,I) + (X)) Te()

neN n’eN neN neN
n’#n

=3 Y T(P.Py)+ N+ L +D ()

neN n’eN
n'#n

=y Y m(p,P,) - X2

neN n’eN
n'#n

where equality is achieved if and only if {¢,, }nen is @ UNTF for H. Recalling that



P, = ¢, ¢, we get the lower bound for

neN n’eN
n'#n

=Y Te(puphpuer)

neN n'eN
n'#n

=Y ) Te(ehe,phen)

neN n’eN
n'#n

=) e P

neN n'eN
n'#n

Notice that this last term has N (/N — 1) summands, meaning that if we divide this

inequality by N(N — 1), we find the average value and can recover (2):

D]E[__Dl) S N(]\lf_l) Z Z |<Lpna¢n/>|2 S %162}\}/(|<90n780n’>|2

neN n'eN n#n!
n'#n

Here equality on the left occurs if and only if {¢p,, }nen is @ UNTF for H and equality

throughout occurs if and only if {¢,, },en is an ETF for H.

2.2 Fusion frames: a projection-based perspective

As discussed above, every UNTF for H yields a sequence of rank-1 (orthogonal)
projections that sum to a multiple of the identity. As a generalization of this, a
sequence of R-dimensional subspaces {U,, }nen of H with corresponding rank-R pro-

jections {P,}nen is known as a tight fusion frame (TFF) for H if there exists a

10



constant A such that

ZPn — AL

neN

Because Tr(AI) = > _\ Tr(P,), we can see that A = %. For any sequence {U, }nen

of R-dimensional subspaces of H, note that

OSTr[(ZPn— )} SN Te(p,p,) - MENED),

neN neN n’eN
n'#n

This provides us with the lower bound

R(NR—D) 1
ST < v D O TPaPu), (4)
neN n’eN
n'#n

with equality held in (4) if and only if {4, }nen is a TFF for H. The chordal distance
between any two of these subspaces is the scaled Frobenius (Hilbert-Schmidt) norm

of the difference of the corresponding orthogonal projection operators, P, , P,,,:

D=

diste (U, ,Un,) = \%HPM — P, [0 = {%Tr[(Pm - Pnz)z]} (5)

To continue, we express the chordal distance (5) between two subspaces U,,,, Uy, as

diStz(unlvum) = %”Pnl - Pn2”124‘ro = %TI‘ [(Pnl - Pnz)ﬂ =R- Tr<Pn1Pn2)' (6>

11



In particular, Tr(P,,P,,) is a real number, and so we continue (4) as

R(NR—D) 1
D(N-1) < N(N-1) Z Z Tr(Py, Pry)
n1EN naeN

ny#na

< max Tr(P,, P,,) (7)

ni1#ng

= R — min dist?Uy,,,Uy,,).

n1#ng

Equality holds throughout here if and only if {i, },ea is both a TEF for H (equality in
(6)) and {U,, }nen is equichordal, meaning diste (U, , Uy, ) is constant over all ny # no,
namely if and only if {U, },en is an ECTFF for H. Solving for the minimum chordal

distance reveals the simplex bound from [3],

N =

rr;in diste(Un, , Un,) < [R(DpiR) %]
ni1#ng

Thus, when such an ECTFF exists, it is an optimal Grassmannian code, that is,
an optimal packing of N points on the Grassmannian (space) that consists of all
R-dimensional subspaces of H. Other types of optimal Grassmannian packings arise
from alternative notions of distance. For example, the spectral distance between two

R-dimensional subspaces Uy, Uy of H is

[NIES

dists(Us, Us) = [1 — [[P1P2[3] 2. (8)

Before we demonstrate optimal packings with respect to spectral distance, we must

first consider the following.

Lemma 2.2.1. For any two rank-R projections P1, Py on a D-dimensional Hilbert

12



space H,
Tr(PPy) < R|[Pi P23, (9)

where equality holds in (9) if and only if there exists ¢ > 0 such that PyPyP| = 0?Py,

that is, if and only if their images are isoclinic [34].

PTOOf. Note that HP1P2||3 = 0'2 (PIPQ) = AmaX<P1P2<P1P2)*> = )\max(PIPQPl)-

max

Then since Rank(PngPl) = Rank(Ple) S R, and P2P1P2 = P1P2(P1P2)* t O,
TI'(P1P2) = TI'(P?PQ) = TI'(P1P2P1) S R)\max(PIPQPl) = RHP1P2H37

as claimed. Next, suppose that P;PyP; = ¢?P; for some ¢ > 0. Then the R
largest eigenvalues of P1P,P; are equal, and so (9) holds with equality. Conversely,
if equality holds then either P;PyP; = 0, in which case P,PyP; = ¢?P; with o = 0,
or PyPyP; # 0. In the latter case, having Tr(P;PyP1) = RAnax(P1PoPy) implies
that P;P,P; is a positive multiple of a rank-R projection. Furthermore, since the

image of P{P,P; is contained in that of Py, it is necessarily a positive multiple of

P;. [l

Lemma 2.2.1 gives us a second way to continue (4): for any sequence {U, }nen of

R-dimensional subspaces of H,

S < 35 TP, P

n1EN noeN

na#ny

<Y Y RIP,P,|3
n1EN no€N

na#ny

< N(N-1R max P, P 3.
ni1#nsg

13



This provides a so-called spectral bound,

N =

where {U, }nen achieves equality in (10) if and only if it is a TFF for H (4) such

that for every ny,ny in N, there exists o, », > 0 such that P,,,P,,P,, =02 | P,

ni,n2

2
n1,Mn2

2

Pnl H2 = Unl,ng

(Lemma 2.2.1), where moreover ||P,,, Py, [|3 = [|Pn,PuyPoyll2 = |0
is constant over all n; # ny. Specifically, we have equality in (10) if and only if
{U, }nen is an EITFF for H [17]. In this case, Tr(P,,P,,) = R||P,,P,,|3 = Ro? is
constant over all ny # ny, meaning that every EITFF for H is necessarily an ECTFF.
Expressing (10) in terms of the spectral distance (8) yields the spectral packing bound
from [5]:

Juin dist; Uny, Uno) = min (1= [Pr, Py 3) < 1= max [|Po,Pry3 < 1 = 537

2.3 Fusion frames: a basis-based perspective

For an alternative perspective on these same ideas, for any sequence {U, },en of
R-dimensional subspaces of H, and any R-element index set R, we can let {¢,, , }rer
be any ONB for U,,, and let ®,, be its synthesis operator. Here P, = ®,® for each
n implying that the frame operator of the concatenation {,, ,}nenrer of these N

orthonormal sequences is

@(I)* = Z (Pn,'rcp;kz,r = Z <Z Son,rso;.;,r> = Z (I)nq):b = Z Pn?

(n,r)EN'XR neN reR neN neN
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namely the fusion frame operator of {Uy,}nen. In particular, {U, },en is a TFF for

H if and only if {¢,, .} mrenxr is a UNTF for H. With this in mind, note that

Tr(P,, P,,) = Tr(®, @, @, P )
= Tr(®;,,®, ®, ®,,)
= Tr(((I)le@nz)*@;l@m)

= ||@21¢7’L2 ||%‘I‘0'

With this, we see that the bound from (4) becomes

R(NR—D) 1 _ 1 * 2
D(N-1) < N(N-1) Z Z Tr(Pum) — N(N-1) Z Z “(I)nlq)ngHFrm (11)
n1EN noeN n1EN noeN

n1#£ng n1#£n2

where equality is achieved if and only if {U,, },en is @ TFF for H, namely if and only
if {¢,,,}nenrer is a UNTF for H. In this setting, the (N x R) x (M x R) Gram

matrix of {¢,, , }nen rer has entries

(‘I)*q)) ((nlvrl)a (n27T2)> = <<pn1,7“17 Song,r2> = <(I)n157”17 q)m(sr2> - ((I)jzlq)ng)(rh?ﬂ?)’

and so is naturally regarded as an N/ x A array (block matrix) of (R x R)-indexed
blocks. Specifically, for any nq,ny in N, the (ng,nz)th block is the corresponding
cross-Gram matrix ®; @, whose entries are inner products of members of our chosen
ONBs for U,,, and U,,,. We can express the chordal and spectral distances between

U,, and U, in terms of their cross-Gram matrix:

diStg(umvunz) =R - Tr(PmPnz) =R- ”cI);kzl(I)nng%roa

diStz(umvunz) =1- ”PanM“g =1- H(I):qu)ngHg

15



To formally prove this latter relationship, note

1Py Py [|2 = (| @, @, @0, P72
< (1@, 12/ ®5, @, ll2l| P72
= (|97, @,., 12,
197, @, 12 = || @, @, ®;, @, P, 2,2
< 1@y, [12]®,,, @, @y P72/ @y 12

= HPTL1PTL2 H2

As such the bounds (7) and (10) can alternatively be written as

R(NR—-D)

max [|®) @, |lro > \/ Fr—

O P |y > ) DEL 12
max max 7, @, > (12

D(N—1)>

where as before, equality holds if and only if {U,}nen is an ECTFF or EITFF for
H, respectively. Note that if the left inequality is scaled by V'R , we can combine
both inequalities as in (1). In the special case where R = 1 and for each n we have
U, = (p,,) where ||¢, | = 1, both inequalities in (12) reduce to the Welch bound (2),
and {Uy, }nen is an ECTFF/EITFF for H if and only if {¢,, }hen is an ETF for H.
For any ny,ny € N, let {0y, n, }rer be the singular values of ®; @, . Since
@, P, ll2 < [|®),, [|2]|®ny|l2 = 1 these values are bounded between 0 and 1. There
thus exists a corresponding sequence of angles {0, ,, n, }rer With 0 < 6, ,, < 7 and
c0S(0r.nymy) = Ornym, for all ¥ € R. These are known as the principal angles between

U,, and U,,. One can show that {U, },en is equi-isoclinic if and only if the value of

Oy ny ny 1S constant over all n; # ny. In terms of these angles, the chordal distance

16



between U, and U, is

[N

diste(Uny,Un,) = (R — Tr(P,, P,,))

— (R=_ o8 (Bry.ns)

reER

= () sin®(0rnims) |
( )

reR

[NIES

N

while their spectral distance is simply

=

dists (U, Us) = (1 — HP1P2H§)% =(1- afnax)% = (1 = cos*(Bmin)) ® = Sin(Oin)-

Though EITFFs are challenging to construct in general, some of them are trivial.
To elaborate, we can let H be a D-dimensional Hilbert space, and let {Uy, }nenr be N
copies of the entire space. It is then not hard to see that {U, },en is a TFF(D, N, D),
specifically one that is necessarily equi-isoclinic. Another option is to instead let
{@nrtnenrer be an ONB for H. In this case D = NR, and we can partition
{@nrtnenrer into N sets of ONBs for R-dimensional subspaces of H. Let {Uy, }nen
be these corresponding subspaces, then they constitute a TFF(NR, N, R), again, one

that is necessarily equi-isoclinic. These EITFFs can also be real by letting H = R”.

2.4 Naimark and spatial complements

Let {U,}nen be a TFF(D, N, R) for FP with D # NR. Additionally for each n
in NV, let {¢,, ,}rer be an ONB for U,,. Recall that if @ is the synthesis operator for

{0 Inenrer, then the fusion frame operator is

PP => $,8, =) P, =201
neN neN
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So %@*CID is an orthogonal projection operator with rank D and I — %‘I)*@ is
then an orthogonal projection operator with rank NR — D. If we scale this operator

by N%I_%D, that is let

T = N]I\%”—%D ( - %(I)*(I)) J

then the diagonal blocks of its Gram matrix will be R x R identities. Then

I ny = N9
% o ) )
vow o= .
*
_—NRfD(Dnlq)nﬂ sl 7& ny.

Then W is the synthesis operator for {%,, .} nenxr, a UNTF(NR — D, NR) for
some N R-dimensional Hilbert space K where {1, . },cr is orthonormal for all n. Ad-
ditionally, defining V,, := span{,, , }rer for all n in N, then {V, }nepr is a TFF(NR —
D,N,R) for K. Since ¥} ¥, =—-L_-® &

N D then

ng’

2
H\I’;‘;l\IJnQH%I‘O = ( . ) Hq):;l@ng“%r07

NR—-D

* 2 *

NR—-D

By (12), if {Up, }nen is an EC/EITFF for H, then {V,}nen is an EC/EITFF for K.
The spatial complement of any sequence {U,, } nen of R-dimensional subspaces of H
is {UL}en (with D # R). For such a sequence, the orthogonal projection operators

on the subspaces are {I — P, },cn where P, is the orthogonal projection operator

onto U,. Because ) .\ I—-P,)=NI->" _. P, itis clear the {U,},cr is a TFF

18



for H if and only if its spatial complement is as well. Additionally,

dist, (U

ny’

Uy,) = T =Pu) = T= Pk

2
= \%H(Pm - Pnz)”Fro

= diste(Up,, Uy, ),

therefore {U, }nen is an ECTFF if and only if {1 },cn is as well, specifically, {U, }nerr
is an ECTFF(D, N, R) if and only if {U; },.cn is an ECTFF(D, N, D—R). We caution
however, that the spatial complement of an EITFF(D, N, R) for H is not an EITFF

(D, N, D — R) for H, except in the special case where R = %D.

2.5 Compressed sensing

Let {®,, }nen be a sequence of N vectors in a D-dimensional Hilbert space H with
N > D. The spark of {¢, }nen is the size of the smallest subset K of A such that

{®,, }nex is linearly dependent:

spark ({@,, tnen) 1 = min{#(K) : K C N, {e,, }nex are linearly dependent}

= min{||x||o : x € Null(®),x # 0},

where [|x||o is the cardinality of the support of x. The spark is always bounded above
by dim(#) +1 = D + 1, and when {¢,, },en achieves this bound, it is known as a
full-spark frame for H. Let p be the coherence and ® be the synthesis operator for
{@,, }nen- A vector x is called K-sparse if at most K elements of x are non-zero.
Let y = ®x, for some K-sparse Xq. In general, there are an infinite number
of solutions x to ®x = y since, having N > D, Null(®) is non-trivial; however, if

spark{¢,, }nen > 2K, then xq is the unique K-sparse solution to y = ®x. To see
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this, suppose that spark{¢,, }nen > 2K, and x and xg are any two K-sparse solutions

to ®x’ =y, then
d(xg—x) =0,

meaning that xo—x € Null(®). If xo—x = 0, this is obviously the case. If we assume

otherwise, then
||x0 — x[|o > min{]|x[|o : x € Null(®),x # 0} = spark(®).

However, ||xo — x||o < [|Xol|o + ||X]|o < 2K, which is a contradiction.
A sequence {¢,, }nen is said to have the (K, 0) restricted isometry property (RIP)
if 0 < ¢ < 1 such that ||®xPx —I||2 < § for all K C N. The Gershgorin circle

theorem (GCT) states that if A is an eigenvalue of an N x N matrix A, then

A= A(m,m)| <> |A(m,n).

n=1
n#m

We can estimate ||®®, — I||2 using the GCT:

no €K
na#ni

Therefore, if (K —1)p < 1 (meaning spark{e,, }nex < /%—l— 1), ®x P is invertible,
meaning {,, tnex is linearly independent. If this is true for all K, then @ has the
(K,9) RIP.

Compressed sensing techniques focus on the recovery of such K-sparse signals from
underdetermined systems, e.g. solve y = ®x, exactly [7, 8]. Two popular methods

are orthogonal matching pursuit (OMP), and basis pursuit (BP) [39]. By Corollary
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3.6 of [39], both OMP and BP will recover x, exactly as long as K < 3 (l% + 1) (a
restriction on (13)).

If the signal x € FV*™® for some indexing sets A/, R, and we define x,,(r) := x(n, r),
we say that x is K-block sparse if x,, # 0 for at most K choices of n [9]. The
block coherence Rupg of any sequence {gom}ne N.rer Of vectors with the property that

{#n.r}rer is orthonormal for each n in N'[9] is
Ry = mas 5,8, (14
Theorem 3 of [9], gives that BOMP will recover a (K, R) block-sparse signal xq if

K<l <ﬁ + 1) .
Furthermore, combining (14) and (12) shows that the block coherence is bounded
below by ,/ %, with equality if and only if ® is the synthesis operator for an
EITFF, making them ideally suited for the BOMP algorithm.

2.6 Harmonic analysis

A character v : G — T := {z € C: |z| = 1} of a finite abelian group G of order
G is a homomorphism from G into the unit circle. The set of all characters for a
finite abelian group G is called the Pontryagin dual of G, denoted as Q\ . It is well-
known that G is itself a finite abelian group under entrywise multiplication, that is,
(M172)(9) := 7(9)12(g). In fact, G is isomorphic to G, and moreover g (v —=~(9))
is an isomorphism from G onto the dual of its dual. The synthesis operator of {7} g
is called the character table T : C9 — CY, which we regard as a G x G matrix T with
entries T'(g,7) := v(g). Its adjoint, I'* : CY — c9, (I'"x) (7) = (7, %), is the analysis

operator of the characters, namely the discrete Fourier transform (DFT) on G. It is
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well known that {v}_ g is an orthogonal basis for CY, with ||v]|*> = > g M@ =G
for each v in Q\, implying that I'T" = G1g,I'"T" = GI5. That is, %I‘ is unitary.

For any g € G, the corresponding translation operator T9 : C¢ — CY, is defined
by (T9%)(¢") := x(¢’ — g). For any v € G, the corresponding modulation operator
is MY : C9 — C9, (Mx)(g) := 7(g)x(g). Because G is also a finite abelian group,
we can also consider instances of translation and modulation operators over Q\ . for
any v € G, we have TV : cd — Cg, (Ty) () = y(v'v~1), while for any g € G
(under the aforementioned isomorphism between G and the dual of its dual) we have
My : C9 — C9, (M7y) () := g(7)y(7) = v(9)y (7). Translation and modulation are

conjugates via the DFT:
r'ry=m*r*, rM=T77I, ‘\m =17T", I'T'=MT.

For any x € CY, the corresponding filter is X : C9 — CY, X := > gec X(9) T
Here x = X4, is known as the impulse response of X. A G x G matrix X is a filter
if and only if it is G-circulant, that is, if and only if there exists some x € CY with
x(g,9") = X(g—¢') for all g, ¢’ € G; in this case, x is necessarily the Oth column of X,
namely its impulse response. The composition of two filters is also a filter. In fact,

for any x;,x, € CY,

X1 Xy = (Z Xl(g)Tg) (Z Xz(g)Tg> =D (1% x2) ()T,

geyg g€g geg

where x; * x3 € CY, (x; * x2)(g) = > _geg X1(9")xa(g — ¢') is the convolution of x;

and x,. The adjoint of a filter is also a filter: for any x € C9,

x = (3 X(g)Tg>* = X(g)T?,

9€g 9€g
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where x € CY, x(g) := x(—g) is the involution of x. Under DFTs, convolution and

involution correspond to entrywise multiplication and conjugation, respectively:

I'(x1 *x2) = (I'x1) © (I'xy),
I (x; ® x2) = 5(T"xy) * (%),
s = (I'x),

"% = (I'x)",

for all x1,X2,x € CY. From this, it follows that X is a filter if and only if it is
diagonalized by the characters of G (its Fourier basis), namely if and only if we can
write X = LT'DI* where D is the G x G matrix with D(v,v) = (I"x)(7). The
autocorrelation of any x € CY is x * X, namely the function whose DFT is the

entrywise-modulus-squared of that of x:

[T (x x%)](7) = (T"x) (1) (T"%)(7) = Tx)(N(T"x)(7) = [(Tx)(7)]*.

For any subset D of a finite abelian group G, the characteristic function of D is

defined as

1,geg,
0,9¢09,

Xp(9) =

which we can also think of as a vector where the gth entry is 1 whenever ¢ is in D and
0 otherwise. The autocorrelation of the characteristic function of any such D C G,

(Xp*Xp)(g) is equal to the number of (unique) ways that a specific g can be written
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as the difference of elements of D :

(Xp * Xp)( Z Xp(9 -9

g'eg

= ZXD(Q —d)

deD

= Xpld—yg) (15)

deD
=#{d:d—geD}

— 4{(d,d)eDxD:g=d—d}.

The annihilator of any subgroup H of G is Ht = {y € G- v(h) = 1,Vh € H},
which is itself a subgroup of the Pontryagin dual G. The mapping g-+H (n+ n(g))
is a well-known isomorphism onto the Pontryagin dual of H*. In particular, note that
#(H*) = #(G/H) = &, where #(H) = H. The Poisson summation formula (PSF)
states that for any subgroup H of G, I'"x,, = HX4. (“the DFT of a comb is a

comb”). To see this, note that for any n € H*,

(T'X3) (0 Z n(9) X9 Z =H.
geg heH
Additionally, we have that

GH = GlIxull? = ITXl* = D IT"X ()P = GH + Y [T ()],

veG YEHL

which implies that |[T*x,,(7)|?> = 0 for all v ¢ H*+. Applying I' to both sides, we see
that the PSF may be equivalently stated as I')X,,. = %XH.

For any subgroup H of G, the corresponding downsampling and upsampling op-
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erators are

x(9), g € H,
0, g¢H,

LC9=C" (Ly)h):=y(h), 1:C*=C% (1x)(9) =

respectively. Here 1 is an isometry with 1% =] satisfying "1 =J,1= 1. The DFT

(over G) of 1 x € CY is the periodic extension of the DFT (over H) of x € C™:

(Tg 1t x)(y) =D _(9) = y()x(h) = (T3x)(7).

geg heH

Meanwhile, the DFT (over H) of | y € C* is the periodization of the DFT (over G)

of y € CY:
(T3, Ly)(HY) = () => @)X @)y(9) = £ (Tgy)m ™).
hEH geg neHL

2.7 Difference sets

A subset D of an abelian group G is known as a difference set (DS) for G if
there exists a constant A > 0 such that #(A,) = A for all ¢ # 0 € G, where
A, :={(d1,d2) € D: g=dy —dy}. This is often demonstrated via a table indexed by

elements of D whose (dy, d2)th entry is d; — dy. This is known as a difference table.

Example 2.7.1. When G = Z;, the set D = {0, 1,3} has difference table

-0 1 3
0[0 6 4
111 0 5
313 2 0

It is clear that each non-zero element of Z; appears once in the table, meaning A = 1
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and the autocorrelation of X, has entries

3,9=0,

1, g#0.

(Xp *Xp) (9) =

More generally, a set of subsets {D, },cn of an abelian group G is a difference
family (D, N,A) for G if there exists a constant A > 0 with > _ . #(A, ) = A for
all g # 0 € G where A, , := {(dy,d3) € D,, : g = dy — dp}. A difference set can be
thought of as a difference family where NV =1 (only one member of the family). For
a difference family there is a difference table for each member of the family. Unlike
a difference set, however, the members of G do not need to show up equally in each

table, but rather equally across all tables.

Example 2.7.2. The family {(1,4);(2,3)} is a difference family for G = Z5. The
members are Dy = {1,4} and D; = {2, 3}, with difference tables

—(14 —23
1102 2|04
4130 3110

Note how not all elements of Z5 appear in either table, but each element appears once

across both (again A = 1).

One way to generate a difference family is to start with a difference set as your first
member, then add shifts of that difference set to create more members. Obviously if
Dy is a difference set, then D; = g+D, is as well. This is because any d;, dy € D; have
corresponding d}d, € Dy with dy — dy = (d} + g) — (d5 + g) = d} — d,. Lemma 2.7.3
provides a helpful relationship between difference sets, difference families, and the

auto-correlation of the characteristic function.
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Lemma 2.7.3. Let {D, }nen be a family of N subsets of a finite abelian group G.

(a) A subset D, is a difference set if and only if (Xp, * X_p, )(g) is constant for

allge G, g #0.

(b) {Dn}nen is a difference family if and only if 3 \(Xp, * X_p,)(9) is constant
forallge G,g#0.

Proof. Notice that for any subset D,,, (Xp, * X _p,)(9) is equal to the number of times
g shows up in the difference table for D,,. Then for (a), recall that D, is a difference
set for G if and only if there exists A > 0 such that each non-zero element of G appears
in the difference table A times. This happens if and only if (X * X _p, )(g) = A for
all g #0€g.

For (b), recall that {D,},ccan is a difference family for G if and only if there
exists a A > 0 such that ), #(An4) = A for all non-zero g € G. Again, from (15)
we see that #(An,) = (Xp, * X_p,)(9). The result follows from this substitution

into the definition. O

For a finite abelian group G of order G < oo, we say that a D-element subset
D C G is a divisible difference set (%, H, D, Ay, Ay) for some subgroup H (H-DDS)
for G if there exists constants Aj, Ay such that #(A,) = A; for all non-identity
members of H and #(As) = A, for all g that are members of G but not members of
‘H. Difference sets like those in Example 2.7.1 are a special case of DDS where H = 1
(H = {0}). In the case where A; = 0, D is referred to as an H-relative difference set

(%,H,D,\) (H-RDS) for G, where A = A,.

Example 2.7.4. The set D = {1,2,4,8} is a (6,2,4,2,1) divisible difference set for
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72, as can be seen in the following difference table:

2|11 0 10 6 -
413 2 0 B8
817 6 4 0

Here we see that H = {0,6}, with 6 appearing twice in the difference table (meaning

A1 = 2) and the other elements (Z;5\H) each appear once (A; = 1). This equates to
Xp * X_p =400 + 2X30 (0} T Xo\n-
An H-DDS is semiregular if Ay # D and D? = A,G. In this case, there is no

choice for the values of Ay or Ay, as shown in the following lemma.

Lemma 2.7.5. Let G be a finite abelian group with Pontryagin dual G. Let H be
a subgroup of G, and let D be a non-empty proper subgroup of G. Then D is a

semireqular H-DDS for G if and only if there exists C' > 0 such that

0, yeHv#1,
C,v&H,

(" Xp) (VI =

for all v € é, v % 1. In this case, D is an 'H—DDS(%,H,D,AI,AQ), where

_ D(DH-G) D2 _ DH(G-D)
M=%my . M=% =Ty

In the special case where D is an H-RDS, then

A=0, AN=L2=D  (¢c=6¢1D
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Proof. Note that D is an ‘H-DDS if and only if

Xp*X_p= D50 + Al(X’H — 50) + AQ(XQ — X?—[)
= (D — A1)dp + (A — Ao) Xy + Aol

Applying the DFT and PSF, this equates to having

[(T*Xp) (NP = (D = A1) + (A = Ao) H X301 (7) + MG ()
D—A(A — A H + MG,y =1,
D —A(Ay — Ao)H, e HN\{1}, (16)
D — Ay, v & HL

When we evaluate this at v = 1, we see that D* = D + (H — 1)A; + (G — H)A,.
Then, when H # G, we have that D is an H—DDS(%, H,D, Ay, \y) for G if and only
if Ay = z25[D(D —1) — (H —1)A4], and
D2 - A2G7 S HL\{1}7

D — Ala Y ¢ HL.

(T Xp) (VI =

Now recall that an H—DDS(%, H, D, Ay, A\y) is semiregular if and only if D? —AyG =0
and D — A; # 0. Note that if both D? — AyG = 0 and D — A; = 0, then (16) becomes

D?* =D — A (A, — Ay)H + AyG = (D — Ay)H + D?,

resulting in Ay = D and therefore 0 = D? — Ab,G = D(D — @), contradicting the
assumption that D is a nonempty proper subset of G. Thus, under our assumptions,

semiregularity equates to the sole condition that D? = A,G. In this case we have
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that %2 = Ay = = [D(D — 1) — (H — 1)A;], meaning that

N 1 [D2*(G—H) _ D(DH-G)
Al__ﬁ[ G _D(D_l)}_ G(H-1) >

and D—A; = Déigf__ll;). Together, we see that, under the assumption that @ # D # G,

a subset D is a semiregular ’H—DDS(%, H,D, Ay, Ay) if and only if

0, ~yeH\{1},

DH(G—D) i
w0 TEHT

e 2 *
A= B Ay = 22 and [(D"X) ()] =

In addition, if D is any subset of G satisfying @ # D C G and

0, v e HH\{1},
C,v¢&H,

(T Xp) (V) =

for some constant C' # 0, then
I"(Xp* X_p) = D?*6, + CXQA\Hl = D6, + CX? .
Again, applying the character table and PSF,

Xp * X_p = 5(D’1+ CG8 — Ex;5,)

CG(H-1 2
(D* — %)60 + é(D2 - C_HG)XH\{O} + %Xg\q-p

Q=

meaning D is an H—DDS(%, H,D, Ay, Ay) with Ay = %2, and is therefore semiregular.
In the special case where D is an H-RDS, recall that A; = % = (0. Then

DH -G =0and C = %. Since all differences between unique elements of D are
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elements of G\H,

D(D—1)=D?—-D = Ay(G — H) = \yG — Ay H.

Semiregularity requires that A;G = D?. Substituting into the previous equation

shows that

D = AH. [l

2.8 Group divisible designs

A group divisible design (GDD) is a set of vertices V along with a set B of subsets
of V (each with K elements) known as blocks as well as a partition U of V known as

groupings such that for any two distinct vertices, either:
(i) they lie in a common grouping and no common block, or
(ii) they do not lie in a common grouping and do lie in exactly A common blocks.

We refer to such objects as a GDD(V, K, A). Our focus is exclusively on uniform
GDDs, those with the property that all groupings have the same cardinality M. In
this case, we regard V = M x U where M is an indexing set of size M. In the
case where M = 1 (meaning U = V), a GDD(V, K, A) is commonly known as a
BIBD(V, K, A). Let X € {0,1}%*Y be the incidence matrix of a GDD, meaning

1, veb,
0, v ¢&b.

X(b,v) =

Any uniform GDD(V, K, A) has the following features:
(i) X1y = K1z,
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(i) XT15 = R1y (where R = 58X = %),

(iii) XTX = RIy @ Iy + A(Jy — L) @ Iy = RIy + AJy — ATV @ J .

A Latin square is a combinatorial design of N elements in an N x N array such
that each element appears in every row and column exactly once. If two or more
Latin squares can be overlaid onto one another in such a way that every possible
combination of pairs of elements appears exactly once, then they are all mutually
orthogonal Latin squares (MOLS). MOLS are in fact a special kind of uniform GDD
where K = U [13].

Lemma 2.8.1. Given a GDD(V, K, 1) of type MY (uniform), then U > K. More-
over, U = K if and only if the U submatrices of the adjacency matriz X represent

U—-2 MOLS.

Proof. First, assume K > U. Then by the pigeonhole principle at least one grouping
contains two points vy, vy of the first block. However, this means that v, v, lie in
both a common grouping and a common block, a contradiction.

For the second claim, let us assume that X' = U. Then the adjacency matrix X
can be divided into U submatrices, each of size B x M where each column consists

of R ones and B — R zeroes. First, notice that

Without loss of generality, we can arrange the rows of X such that the first two blocks
are Iy ® 1,7 and 137 ® Ip,. This means that the remaining U — 2 blocks consist of
M x M permutation matrices. Notice that the first two blocks can represent every
combination of row and column of an M x M matrix. For each block, we can assign

a symbol to represent a specific row vector, say {1 00... 0] — 1, [0 10... 0] — 2,
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o [() 00... m} — m. Then each row of X becomes a 1 x U row vector of a matrix
IT1. Letting the first two entries of each row represent the row and column entries of
an M x M matrix, the following U — 2 columns then represent U — 2 Latin squares,
and every combination of (my, my) where my,mq € {1,2,..., M} is contained in any

pair of columns, otherwise known as MOLS. O

2.9 Mutually Unbiased Bases

For an arbitrary indexing set D of size D, let {vg}4ep and {ug}sep be distinct
ONBs for some D-dimensional Hilbert space H. The bases {v,}4ep and {ug}4ep are
said to be mutually unbiased if |(vg,, ug,)|” = + for all dy,dy in D. For the sake of
simplicity, we will often refer to a set of MUBs by their synthesis operators, e.g., if
{V,.}nen are the synthesis operators for N MUBs for a D-dimensional Hilbert space,
we refer to {V,, }hen as an MUB(D, N). For example, {Vy, V,, V3} is an MUB(2, 3)
for C2:

V3 =+ )
01 1 -1 v2 1 —1
because |(V;‘“Vn2) (all,alz)}2 = % for any distinct ny,ny in {1,2,3} and any dj, ds in
{1,2}. Note that this also means that V V, = \%Jz for all ny # na.
There are three known methods for constructing MUBs. First, Theorem 4.1 from

[25] states that for any finite abelian group G with subgroup H, the existence a
semiregular H-RDS(D, H, D, A) for G is equivalent to the existence of H + 1 MUBs.
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To see this, recall from Lemma 2.7.5 that

D?, v =1,
(T*Xp) NP =4 0, veH:v#1, (17)
A

and that D = % Let {¢,} ~eg be the harmonic frame arising from D. Then for any

1,72 In QA,
ey e = 1Y e e, @] =D 71@)29)Xo(9)
deD geg
=3 nl9)Xple)] =15 @ xp) ()|
geg

Combining this with (17), we can see that when ~; and 7, are in the same coset of H*
(meaning that v; ', is in %), they form an ONB for their span. Note that #(H*') =
#(G/M) = & = D. This means that if we arrange the frame vectors according to
the cosets of H*, every coset group forms an ONB for some D-dimensional Hilbert
space. Next, note that if 7; and v, are not in the same coset of H* (meaning v; ',

is not in H=), their modulus-squared inner product is

Therefore this arrangement constitutes an MUB(D,H). If we include the DxD identity
matrix, the number of MUBs becomes H + 1. For any prime power (), the set
D = {(x,2%);x € F?} is an RDS(Q,Q,Q,1) for G = F? x F? with respect to
H = {0} x F9, therefore for any prime power @), there exists an MUB(Q, Q + 1) [41].
Additionally, there is a real MUB(Q), %) for any prime power () that is also a power

of 4 (the proof of which is outside the scope of this dissertation).
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Second, MUBs can be combined to create new MUBs. Let {V,})_, be an
MUB(B, N) and {V,,}_, be an MUB(C, M) where M < N. Then {U,, ® V,, }}_|

m=

is an MUB(BC, M). To see this, note that (Um ® Vm)*(Um ® Vm) = Ipc. Since
. 2
U;, U,.|"=4J and

both {U,,}M_, and {V,,}}_, are MUBs, for distinct my, ms,
}ijVm!z = £J. This is similarly true for {U,, ® V,,}27_, since it follows that
* 2 % * 2
}<Um1 ® le) (Um2 ® Vm2)‘ - |(Um1Um2) ® (Vm1Vm2>| - %JDlDz'
The third method comes from MOLS. If {®¥;}7_, is a set of J MOLS of size N, it

is possible to use them to construct J + 2 MUBs of size N2.

Example 2.9.1. Let ¥, ¥y be 3 x3 MOLS, each consisting of the numbers {1, 2, 3}.

Let ¥ be their overlay.

11213 11213 11]22/33
W, =312, Y2 =1|2[3|1, ¥ =|32[|13|21|
213/1 311[2 23(31]12

For each row r and column ¢ in ¥; and W, we create the 1 X 4 row vector

(ryc, ¥qi(r,c), ¥y(r,c)). We can then concatenate these row vectors into the 9 x 4
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matrix II,

1111
1222
1333
2132
II=12213
2321
3123
3231

3312

We now let each each entry II(i,j) € {1,2,3} correspond with the binary vectors
{5?,5;,6g}. If we replace each entry with the corresponding binary vector, we

generate the adjacency matrix X of a GDD(12,4, 1) of type 3%,

100100100100
100010010010
100001001001
010100001010
X=1010010100001
010001010100
001100010001
001010001100

001001100010

MU-1) _

T 3 ones per column of X. Let H be the character

Note that there are R =

table for G = Zs. If x, is the vth column of X, let ¥, be the 9 x 3 matrix where the
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row corresponding to the rth one in x, is the rth row of H while all other rows are

filled with zeroes. Let W = [¥; Wy - Wiy, then W is the 9 x 36 matrix,

11100 000 011 1/00 0|00 O
lww?00 000 000 011 1100 0
lw?> w00 0 00 01111

00 0/11 1100 01 ww?00 0[00 0

=100 01 ww? 00 000 01 ww?[00 0

o o o o o O
o
[en}
[en}
e}
(e}

00 01w w00 000 000 0|1 ww?
00 000 011 1[1lw?w|00 000 0

00 000 01 ww?00 0[lw? w|00 0

00 000 0/1w?w|00 0(00 01w w

This gives an MUB(9,4).
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III. Naimark-spatial orbits and categorization

3.1 Naimark-spatial orbits

Recall from the previous chapter that a Naimark complement of any TFF(D, N, R)
with D # NR,isa TFF(NR—D, N, R), and it is real or equi-isoclinic or equichordal if
the original TFF is as well. Additionally, the spatial complement of any TFF(D, N, R)
with D # R is a TFF(D, N, D — R), and equichordality is preserved (though equi-
isoclinicity is not, unless D = 2R). The Naimark complement of a Naimark com-
plement (and similarly for a spatial complement) is the original TFF (up to unitary
transformation). However, as we explain below, taking alternating Naimark and spa-
tial complements of any TFF(D, N, R) generates an infinite sequence of TFFs with

distinct parameters (provided either N > 5 or N =4 and D # 2R).

Example 3.1.1. Taking four copies of the scalar 1 in R yields an ETF(1,4), which can
be considered an EITFF(1,4,1). Because D = 1 = R, it has no spatial complement.
However, the Naimark complement is a real EITFF(3,4,1), with each line containing
one of the four vertices of a regular tetrahedron centered at the origin. While its
Naimark complement is the original EITFF(1,4,1) its spatial complement is a real
ECTFF(3,4,2). Continuing to take alternating Naimark and spatial complements
results in an infinite sequence of ECTFFs (all of which are real) with the following

(D, N, R) parameters:
(1,4,1) < (3,4,1) < (3,4,2) ©Q (5,4,2) <> (5,4,3) < (7,4,3) <> (7,4,4) ICAREE

Example 3.1.2. Now consider the real EITFF(4,4,1) consisting of the four canonical
axes of R*. Because D = 4 = NR, this EITFF has no Naimark complement, but its

spatial complement is a real ECTFF(4,4,3). Continuing to take alternating Naimark
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and spatial complements yields another infinite sequence of ECTFFs (again, all of
which are real) with the following (D, N, R) parameters:

(4,4,1) © (4,4,3) € (8,4,3) & (3,4,5) © (12,4,5) & (12,4,7) < (16,4,7) & -

S S S S

Example 3.1.3. Sequences like those shown in the previous two examples can also
be bi-infinite. It is known that an ETF(3,7) exists [21] and can be considered an
EITFF(3,7,1). Note that NR # D # R, and that the sequence of ECTFF parameters
from alternating Naimark and spatial complements depends on the order in which

they are applied:
e (11,7,2) < (3,7,2) «» (3,7,1) < (4,7,1) +> (4,7,3) ICAREE (18)

The existence of these infinite families of Naimark and spatial complements makes
it difficult to determine if a potentially “new” EI/ECTFF construction is truly novel.
We want a way of categorizing a distinct family in such a way as to easily determine
if any EI/ECTFF can be generated via such a Naimark-spatial manner from a known

construction. To that end, we formalize the following definitions and concepts.

Definition 3.1.4. Let v,0 : R* — R3, where v(D,N,R) := (NR — D, N, R), and
o(D,N,R) := (D,N,D — R). The Naimark-spatial sequence of (D,N,R) € Z?
with N > 1 is the doubly infinite sequence {(D¥), N, RF))}%e_ _ where we denote

(DO, N, R®) = (D, N, R) and
V(_D(2J+1)7 N, R(2J+1)) — (D(QJ)7 N, R(2J)) — O'(D(2J_1), N, R(2J_1)), vJ € 7Z.

The (Naimark-spatial) orbit of (D, N, R) is its orbit of (D, N, R) under the action of
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the group generated by v and o, namely the set

Orb(D, N, R) := {(D'®) N,R¥®)) . K ¢ 7}.

Notice here that v and o are operations on the TFF parameter triples that repre-
sent the changes that take place under a Naimark or spatial complement, respectively.
Because of this, ¥ and o are involutions (their own inverses), and the notation pro-
vided in the definition of the Naimark-spatial sequence allows us to easily associate
the parameter values associated with taking alternating Naimark and spatial comple-

ments, regardless of which complement is taken first:

- (DY N, R = ¢(v(a(D, N, R))),
(D2 N, R"?) = y(a(D, N, R)),
(DY N, REVY = ¢(D, N, R),
(DO N, ROY=(D,N,R), (19)
(DW N, RWY = y(D, N, R),
(D@ N, R®) = o(v(D,N,R)),

(D® N, R®) = v(c(v(D,N,R))), ---.

Even though the middle parameter N is unchanged by the actions of either v or o,
it is used to evaluate v. Our definition of Orb(D, N, R) is then the orbit of (D, N, R)
under the action of the group generated by v and o.

For any existing TFF(D, N, R), the parameters of its Naimark or spatial comple-
ments will equal v(D, N, R) or o(D, N, R), respectively. Therefore Orb(D, N, R) con-
tains the parameter triples for any TFF that can be obtained via alternating Naimark

and spatial complements. As we have seen, however, not every TFF(D, N, R) has a
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Naimark or spatial complement, therefore Orb(D, N, R) may contain triples for which
no TFF can exist. For example, (1,4,0) is an element of Orb(1,4, 1), but no TFF(1,4,0)
exists. However, we can say that a TFF(D', N, R') exists for every (D', N,R') in
Orb(D, N, R) if and only if it is contained in {(D’', N,R') € Z* : 0 < R' < D' < NR'}.
Because v and o change the values for D', R', and NR', but Orb(D, N, R) is invari-
ant under both operations, we can say that this occurs if and only if Orb(D, N, R) is
contained in {(D', N,R') € Z*: D' > 0, R’ > 0}.

Here we introduce the function fy(D, R): fy : R* — R, where

f~(D,R) = f(D,N,R) = DNR — D* — NR*. (20)

(See (6.3) of [1] for a function of (D, N, R) that previously arose in the study of the
ECTFFs and only differs from f by a function of N.) Notice that the value of (20)

is invariant under v and o:

f(e(D,N,R)) = f(D,N,D — R),
= DN(D — R) — D>~ N(D — R)?,
= D*N — DNR — D* — D?N +2DNR — NR?,
= DNR—-D?> - NR?
= f(D,N,R).
fW(D,N,R)) = f(NR—D,N,R),
=(NR—D)NR— (NR - D)* - NR?,
= (NR)* -~ DNR— (NR)* +2DNR — D* — NR?
= DNR— D? - NR?,

= f(D,N,R).
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This means that for all (D', N, R') in Orb(D, N, R), f.(D',R') = fx(D, R), and this
is also true for all TFF(D’, N, R’) with parameters in Orb(D, N, R).

For any integer N > 0, this function is a quadratic form of (D, R):
D
f~(D,R) := f(D,N,R) = DNR — D? - NR* = [p R} . (21)

This 2 x 2 matrix has characteristic polynomial

A+l _% 2 N(N—4)
= A+ DA+ N) = =N+ (N+1)x - 52
TN+ N
2

which has eigenvalues A = ${—(N+1)£[(N+ 1)24N (N —4)]2}. Notice that the lesser
eigenvalue £ {—(Ny) —[(N + 1)2+N(N—4)]%} is negative, while its greater eigenvalue
%{—(N1)+[(N+1)2—I—N(N—4)]%} will be zero when N = 4, negative when N < 4, and
positive for N > 0. In these three cases, the level set {(D, R) € R*: fx(D, R) = C}
for some C' € R generates an ellipse, one or two parallel lines, or a hyperbola, respec-
tively. From any point on this level set, taking the Naimark complement moves to
another point on the level set horizontally, while taking a spatial complement moves
to another point vertically. Note that this will be the same point if D = NR — D or
R = D— R, respectively. Applying alternating Naimark and spatial involutions moves
from point to point along the level set via an alternating sequence of corresponding
horizontal and vertical steps. These alternating paths only generate a finite number
of distinct points when 1 < N < 4; meanwhile, when N > 4, the nature of the path
is dependent on the value of C'. When C' < 0, the path infinitely bounces between
two parallel lines when N = 4, but when N > 4, the path alternates along the two
connected components of a hyperbola. However, when C' > 0 (which is only possible

when N > 4), the path interlaces along a single connected component of a hyperbola
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that lies in the first quadrant. In this last case, we will show that the orbit contains

a unique point (Dg, N, Ry) that is considered minimal, meaning that
0<Do<NRy—Doy and 0< Ry < Dy— Ry, ie, 0<222 <Ry <Eo. (22

We summarize these results in Theorem 3.1.5, and prove each component in the

following sections.

Theorem 3.1.5. Take (D,N,R) such that 1 < R < D < NR and N > 1. Let
f(D,N,R) = DNR — D* — NR?. Then

(a) If f(D,N,R) < 0, then the existence of real and/or equichordal and/or equi-
isoclinic TEF(D, N, R) is fully characterized. In particular, any such TFF is 0b-
tained via alternating Naimark-spatial complements of a trivial TFF (Do, N, Ry ),

namely one with either Dy = Ry or Dy = NRy.

(b) If f(D,N,R) > 0, then every TFF(D, N, R) can be obtained via iterated alter-
nating Naimark-spatial complements of one whose parameters (Do, N, Ry) are

minimal in the sense of (22).

In this latter case, any such TFF(D, N, R) can only be equi-isoclinic if D = Dy and
D € {Dy, NRy — Do}, and will only be real and/or equichordal if the TFF(Dy, N, Ry)

15 as well.

3.2 Naimark-spatial orbits when N € {2,3}

As mentioned before, when N € {2, 3}, the orbit of any triple (D, N, R) under v

and o is necessarily finite. For example, when N = 2, said orbit contains at most
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eight points:

o e3(D,2,R) < (2R— D,2,R) > 2R—D,2,R— D) < (—D,2, R — D)
&(=D,2,—R) < (D —2R,2,—R) <> (D —2R,2,D — R) + (D,2,D — R)

o

?(D,Z,R) e (23)

Notice that if a TFF(D,2, R) exists, a TFF(—D,2,—R) cannot. Similarly, when

N =3, Orb(D, 3, R) consists of at most twelve distinct points:

- (D,3,R) < (3R—D,3,R) <> (3R — D,3,2R — D) +» (3R — 2D, 3,2R — D)
<(3R—2D,3,R— D)« (—D,3,R— D) ¢+ (-D,3,—R) ++ (D — 3R, 3,—R)
&(D=3R,3,D—2R) + (2D —3R,3,D — 2R) «> (2D — 3R,3,D — R)

<(D,3,D—R) < (D,3,R) ¢ --- . (24)

Again, we see that Orb(D, 3, R) contains both points (D, 3, R) and (—D, 3, —R). Due
to this, the set of triples generated via this Naimark-spatial chain from a TFF(D, 2, R)
or TFF(D, 3, R) are properly contained within Orb(D, 2, R) and Orb(D, 3, R), respec-
tively. Given that the parameters of these TFFs must be integers, it logically follows

that there are few choices for D and R when 1 < N < 4.

Theorem 3.2.1. Let D and R be positive integers.

(a) A TFF(D,2, R) exists if and only if R € {£,D}. Such TFFs are necessarily

equi-isoclinic, and can be chosen to be real.
(b) A TFF(D,3, R) exists if and only if R € {£,%,22 D}. Such TFFs are neces-
sarily equi-isoclinic when R € {%, %, D}, equichordal when R = %, and can be

chosen to be real.
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Proof. Let H be a D-dimensional Hilbert space. Recall from Chapter II that any
TFF(D,N,R) with R € {£,D} is automatically equi-isoclinic, and such a trivial
EITFF(D, N, R) exists whenever (D, N, R) € Z3 satisfies D > 0, N > 1 as well as
R € {£,D}. Then for (a), it is sufficient to show that R € {£, D} for any possible
TFF(D,2, R).

Let {U;,Us} be a TFF for H, with corresponding rank-R projections P; and Ps.
We know that these projections satisfy Py + Py = %I (tightness). This suggests that
1 is an eigenvalue for %I — P, because P, = %I — Py. Therefore 1 € % -1, % )
Solving for R shows that R =D or R = %, respectively.

For (b), we first show that if a TFF(D, 3, R) exists, then it is either the case that
R= % or R > %. To see this, let {Uy,Us,Us} be such a TFF for H with corresponding
rank-R projections {Pq, Py, P3}. Again, we know that P; + Py, + P3 = %21 and
therefore P +Py = %%I—Pg. If we consider P, +P5 as an operator, it has eigenvalues
{38 — 1,38} with multiplicities R and D — R, respectively. Let A be the largest
eigenvalue of P; 4+ Py, meaning \ = %. If U, C Z/l;, then Py + Py is the projection
onto U; + Uy, meaning A = %% =1and R = %. Otherwise, there must exist y1,yo
with y; € Uy and yo € Us and (y1,y2) # 0. In this case, A = % > 1.

Here we make use of a well-known fact from matrix analysis. Let B be any
self-adjoint operator on H. Without loss of generality, its eigenvalues {bs}2 , can
be ordered as by > by > ... > bs1 > bg. For some ¢ € H with ||¢] = 1, let
A = B + pp* be the rank-1 “update” of B. The eigenvalues for A, {aq}2 , will

interlace with {bs}2_,, that is
a; > by >ay>by> ... > ag_1 > bg_1 > aqg > by.

Here since A > 1, meaning that it is strictly greater than the largest eigenvalue of Py,

and P; + P, is obtained from P, via R iterative rank-1 “updates” we know that the
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multiplicity of A\, D — R, is at most R, therefore R > %.
With this, we note that if a TFF(D, 3, R) exists, then either R € {%, %, D} or

% < R < D. For the latter case, recall that the Naimark complement for such a

TFF would be a TFF(D,3,D — R) with D — R < D — £ = 2 From before, we

know that D — R = %, meaning R = %. As first noted, any TFF(D, 3, R) with
R € {%,D} must be equi-isoclinic. Additionally, if R = %, a TFF(D, 3, %) must
also be equi-isoclinic, as it is the Naimark complement of a TFF(%, 3, %), which is
necessarily equi-isoclinic as it has equal “D” and “R” parameters. Additionally, a

TFF(D, N, %) cannot be equi-isoclinic because % < R < D, but it is the spatial
complement of a TFF(D, 3, %), which as noted above is necessarily equi-isoclinic
(and therefore equichordal). Conversely, the construction methods at the beginning
of this proof show that a trivial real TFF(D, N, R) exists whenever R € {£, D}. One
can also take the Naimark complement of a trivial real TFF(Z,3, 2) to create a real
TFF (D, 3, %), or take the spatial complement of a trivial real TFF(D, 3, %) to yield

a TFF(D, 3, 22). O

From this it is clear that at most only a small portion of an orbit such as (23)
or (24) will correspond to parameters where a TFF can exist. Specifically, because a
TFF(R, 2, R) has no spatial complement and a TFF(2R, 2, R) has no Naimark com-
plement, the parameters of any TFF(D, 2, R) exist on one of two types of “Naimark-

spatial paths,” each only of length two:
(R.2,R) < (R,2,R),  (2R,2,R) & (2R,2,R). (25)

Similarly, because there is no Naimark complement for a TFF (3R, 3, R) and no spatial

complement for a TFF(R, 3, R), the parameters of any TFF(D, 3, R) exist in a path
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of length four. These are of the form
(3R,3,R) <> (3R, 3,2R) Q (3R,3,2R) < (3R, 3, R) (26)

when R € {£,22} or the form

(R,3,R) < (2R3, R) < (2R,3, R) < (R.3, R) (27)

when R € {£,D}. We see so far that the Naimark-spatial orbit structure from
Definition 3.1.4 does not provide much insight for a TFF(D, N, R) with N < 4,
and this will also be the case when f(D,N,R) = 0. However, the utility of these
Naimark-spatial orbits will be clear with respect to the study of TFFs with either
f(D,N,R) >0 or when N >4 and f(D,N,R) <0.

3.3 Naimark-spatial orbits when f(D,N,R) =0
As the next theorem shows, TFF(D, N, R) with f(D, N, R) = 0 are rare.

Theorem 3.3.1. If f(D,N,R) := DNR — D* — NR?> =0 for some (D,N,R) € Z?
with D >0, N > 1 and R > 0 then N =4 and D = 2R. In this case, Orb(D, N, R)

15 a singleton set.

Proof. Let N be any positive integer. The quadratic form fy of (21) arises from a
negative definite matrix whenever N < 4. Because of this, if (D, N, R) € Z? satisfies
fn(D,R) = f(D,N,R) = 0 the fact that D > 0, N > 1, and R > 1 implies that
N > 4. Using the quadratic formula, we can determine that fy is the union of the

1
two lines in the (D, R)-plane with slopes % {1 + (%) 2] . Notice that if N > 4, then
1 1
(54)2 = L [N(N —4)]2 must be irrational. This can be seen by completing the

square, N(N — 4) = (N — 2)? — 4; the only perfect squares whose difference is 4
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are 4 and 0. This contradicts the fact that D and R are positive integers, requiring
N = 4, in which case the lines are both equal with slope % We see that (D, N, R) is

necessarily (2R, 4, R), a point that is fixed under the operations of both v and o

V(2R,4,R) = (AR — 2R, 4, R) = (2R, 4, R),

o(2R,4,R) = (2R,4,2R — R) = (2R, 4, R).

Therefore, Orb(D, N, R) = Orb(2R, 4, R) = {(2R,4, R)} is a singleton set. O

Because D = 2R, we see from this result that if such a TFF(D, N, R) with
f(D,N,R) = 0 exists, both its Naimark and spatial complements exist. More-
over, if said TFF(D, N, R) is real and/or equichordal and/or equi-isoclinic, so are

the Naimark and spatial complements.

3.4 Naimark-spatial orbits when N >4 and f(D,N,R) <0

When N > 4 and C < 0, the level set of the form {(D, R) € R? : fy(D,R) = C}
consists of either the two connected components of a single hyperbola (N > 4) or a
union of two parallel lines (N = 4). For any fixed N, applying v or ¢ to any (D, N, R)
in the level set corresponds to moving horizontally or vertically, respectively, from one
of these connected components to the other. The Naimark-spatial path generated by
iteratively applying v and o in an alternating fashion yields an infinite “staircase”
of (D, R) pairs of arbitrarily large positive and negative values. It is clear that any
(D, R) pair with a non-positive entry in either coordinate cannot correspond to the
parameters of a TFF(D, N, R); however, we now show that any remaining “positive
pairs” in this staircase correspond to the parameters of a TFF if and only if the
minimal pair (Do, Ry) of this set equates to a trivial TFF(Dy, N, Ry). Specifically,

this occurs if and only if either Dy = Ry or Dy = NR,,.
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Theorem 3.4.1. If f(D,N,R) := DNR — D* — NR? < 0 for some (D,N,R) € Z?
with D >0, N >4 and R > 0 then

Orb*(D, N, R) := {(D', N, R') € Orb(D, N, R) : D' > 0, R’ > 0}

is an infinite proper subset of Orb(D, N, R), and contains no (Do, N, Ry) that satis-
fies (22), but does contain a unique point (Do, N, Ry) such that Dy < D" and Ry < R’
for all (D', N,R') € Orb™ (D, N, R).

If Ry ¢ {2, Do} then for any (D',N,R') € Orb(D,N,R), no TFF(D',N, R)
eists. If instead Ry € {82, Dy} then a TFF(Dy, N, Ry) exists, and Orb™ (D, N, R) is
the set of (D', N, R') for which there exists a TFF (D', N, R') that can be obtained from
it via iterated alternating Naimark and spatial complements. In this case, any such
TFF(D', N, R') is necessarily equichordal, but can only be equi-isoclinic if R = Ry
and D' € {Dy, NRy— Do}. Moreover, in this case (Do, N, Ry) is the only point
(D',N,R') € Orb™ (D, N, R) with R' € {£", D'}.

Proof. Let (D, N,R) € R® with N >4 and f(D, N, R) < 0. First note that either
(D<NR—Dand R>D—R)or (D>NR—D and R< D — R). (28)
To see this, consider

(NR—2D)(D —2R) = DNR — 2D* —2NR* + 4DR
= (DNR — D* - NR?) — (D* —4DR + NR?)
= f(D,N,R) — (D —2R)* — (N — 4)R?

< 0,

therefore the quantities NR — 2D and D — 2R cannot have the same sign. For any
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fixed (D, N,R) € Z? with N >4 and f(D, N, R) < 0, we can assume without loss of
generality that D < NR — D (otherwise, we could apply v to achieve this). By (28)
we see that D < NR — D, meaning that we can assume that the Naimark-spatial
sequence {(D¥) N, RE) e of (D, N, R) (from Definition 3.1.4) has D < D),
Note that if we were to replace (D, N, R) with v(D, N, R), this would shift and
reverse { D) N, RE) 12 hut Orb(D, N, R) = Orb(D¥) N, R5) . K € 7Z) would
remain unchanged. Since f(D, N, R) is constant throughout this sequence, that is,
f(DE) N RE)) = f(D, N, R) for all K, combining this assumption with (28) shows
that

D/=D — p@) o pRI+Y) - pERI-Y) . R — RRITY vy 7,

Y

Notably, both {DF)}%__and {RF)}%e_ _ are nondecreasing and unbounded both

above and below. We then define

Ko :=min{K : D) > 0 and R > 0}, D,:= D" R, := R¥0).

With this in mind, the positive orbit

Orb*(D, N, R) := {(D',N,R') € Orb(D,N,R) : D' > 0, R’ > 0},

can be re-expressed as

Orb™(D, N, R) = {(DY) N, R¥)) : K > K},

and so is an infinite proper subset of Orb(D, N, R). From this it is also clear
that (Do, N, Ry) € Orb™(D, N, R) satisfies Dy < D' and Ry < R’ for all possible
(D',N,R') € Orb*(D, N, R), and that such a point is necessarily unique. We cau-

tion however that (Dy, N, Ry) is not “minimal” in the sense of (22). Indeed, for any
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(Do, N, Ry) € Orb(D,N,R) we have N > 4 and f(Dy, N,Ry) = f(D,N,R) < 0,
implying via (28) a contradiction of (22).

Continuing, note that since (D, N, Ry) lies in Orb™ (D, N, R) while the point
(DW= N R(Fo=1)) does not, we have both Dy > 0 and R, > 0 while either
Do) < (0 or R¥Eo—1) < (. The ramifications of this fact depend on whether

K is even or odd. If K is even,

(Do~ N, REoT) = (DE) N, RO = (Dy, N, Ry) = (Do, N, Dy — Ry),

implying D=1 = Dy > 0 and so Dy — Ry = R¥o=D < 0. If instead K is odd,

(D(KO_1)7N7 R(Ko_l)) = V<D(K0)a N7 R(KO)) = V(D0>N7 RO) = (NRO - D07N7 RD)7

implying REo~Y = Ry > 0 and so NRy — Dy = D 0~1) < (. Thus, in general,
either Dy < Ry or NRy < Dy. Note that both of these inequalities cannot hold
simultaneously: since Ry > 0, having NRy < Dy < Ry implies N < 1, a contradiction.
In particular, any TFF(Dg, N, Ro) has either a Naimark or spatial complement but
not the other.

Note that if a TFF(Dg, N, Ry) exists then the parameters of any TFF(D', N, R/)
constructed from it via iterated alternating Naimark and spatial complements satisfy
D'>0,R >0and (D',N,R') € Orb(D, N, R), that is, (D', N, R') € Orb™ (D, N, R).
Conversely, if a TFF(Dy, N, Ry) exists then for any (D', N,R') € Orb™(D, N, R),
a TFF(D', N, R') can be constructed from it in this way. To be precise, writing
(D',N,R") = (D% N, R¥)) where K, > Ky, a TFF(D',N, R') arises from a
TFF(Dy, N, Ry) via K; — Ky such complements in total, beginning with a Naimark
complement when K, is even and with a spatial complement when K, is odd.

Here we see that by the same logic, if a TFF(D’, N, R’) exists for some arbitrary
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(D',N,R') € Orb*(D, N, R) then a TFF(Dy, N, Ry) can be constructed from it by
applying these same complements in the reverse order.

Now note that if Ry ¢ {%, Dg} then since Dy < Ry or NRy < Dy in general,
either Dy < Ry or NRy < Dy. In either case, recall from Theorem 3.2.1 that such a
TFF(Dy, N, Ry) does not exist. This in turn implies that no TFF(D’, N, R’) exists for
any (D', N, R') € Orb(D, N, R): such a TFF is nonsensical if either D’ < 0 or R’ <0,
while if D’ > 0 and R’ > 0 then (D', N, R’') € Orb™ (D, N, R), and so the existence of
a TFF(D', N, R") would imply that a TFF(Dy, R, Ny) exists, a contradiction.

If instead Ry € {%, Dy}, as we assume to be the case for the remainder of this
proof, recall from Theorem 3.2.1 that a TFF(Dy, N, Ry) exists, and that any such
TFF is necessarily equi-isoclinic. In this case, as already noted above, Orb™ (D, N, R)
is the set of (D', N, R’) for which there exists a TFF(D’, N, R) that can be obtained
from it via iterated alternating Naimark and spatial complements, and so any such
TFF(D’, N, R') is necessarily equichordal.

Next, we show that if (D', N,R) € Orb™(D,N,R) satisfies R’ € {%, D'}
then it is necessarily the case that (D', N, R') = (Do, N, Ry). If D' = NR' then
both (D', N,R') = (NR',N,(N — 1)R') and (D', N, R') have all positive entries
while v(D', N, R") = (0, N, R’) does not. In this case, (D', N, R') is necessarily the
minimally-indexed member of {(D®) N, R\ that has all-positive entries,
that is, (D', N,R') = (D¥0) N, REo)) = (Dy, N, Ry). Similarly, if D' = R’ then
both v(D', N, R') = (N — 1)R', N, R’) and (D', N, R") have all positive entries while
o(D',N,R') = (R, N,0) does not, and so

(D',N,R') = (D¥0) N REOY = (Dy, N, Ry).

To conclude, fix any (D', N, R') € Orb™ (D, N, R) for which an EITFF(D’, N, R)
exists. We will show that R = Ry and D' € {Do, NRy— Do}. If D' = NR/,
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then as noted above, (D', N, R') = (Dy, N, Ry) and therefore we have R’ = Rj and
D' = Dy € {Dy,NRy— Dy}. If instead D' < NR' then this EITFF(D', N, R')
has a Naimark complement, and at least one of these two Naimark complementary
TFFs is an EITFF(D", N, R') where D" € {D/,NR' — D'} and D" < NR — D".
In fact, since (D", N, R') € Orb(D, N, R) we have f(D",N,R') = f(D,N,R) < 0
and so (28) gives D" < NR' — D" and R' > D" — R'. Now recall from Theo-
rem 3.2.1 that any such EITFF(D”, N, R’) with D" < 2R’ necessarily has D" = R’
Since (D”,N,R') € Orb*(D, N, R) satisfies D" = R’ recall from above that we
have that (D", N,R') = (Dy,N,Rp). Thus, R\ = Ry and Dy = D" where
D" e {D',NR — D'} = {D',NRy — D'}, that is, D' € {Do, NRy — Dy}. O

Combining Theorems 3.2.1 and 3.4.1 fully characterizes the existence of all (real
and/or equichordal and/or equi-isoclinic) TFF(D, N, R) with f(D, N,R) < 0. It is
important to note here that the nonexistence implications of Theorem 3.4.1 show
that satisfying the basic requirement of R < D < NR is not sufficient to prove a
TFF(D, N, R) exists. For example, even though 2 < 7 < (4)(2), no TFF(7,4,2)
exists as its Naimark complement would be a TFF(1,4,2) and 2 £ 1. Similarly, no
TFF(5,4,4) exists even though 4 < 5 < (4)(4), otherwise its spatial complement
TFF (5,4, 1) would have to exist, and 5 £ (4)(1). Rather than imply anything about
the existence of a TFF(D, N, R) directly, having f(D, N, R) < 0 simply implies that

the existence problem is already settled.

3.5 Naimark-spatial orbits when f(D,N,R,) > 0

Due to the importance of this case in the study of still-open problems regarding

the existence of (real and/or equichordal and/or equi-isoclinic) TFFs, we begin with
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an example. For the aforementioned EITFF(3,7,1) considered in (18),

F(3.1) = £(3,7,1) = 3)(7(1) = (3)* = (T)(1)* = 5> 0.

In this case {(D, R) € R*: f;(D,R) = TDR — D? — TR? = 5}, the corresponding level
set of the quadratic form f7, is a hyperbola that contains (3,1). As can be seen in
Figure 1, one of the two connected components of this hyperbola is contained in the
subset {(D, R) € R? : 0 < R < D < TR} of the first quadrant of the (D, R)-plane. (Its
other connected component is the negation of this one.) As such, any ECTFF(D, 7, R)
whose (D, R) parameters lie on this hyperbola has both a Naimark and spatial com-
plement. Their (D', R') parameters are obtained by moving horizontally or vertically,
respectively, from (D, R) to another point on this hyperbola. Interestingly, the path
from (3,1) to (4,1) to (4,3) to (17, 3), etc., (alternating complements, beginning with
Naimark) “interweaves” with that from (3,1) to (3,2) to (11,2) to (11,9), etc., (al-
ternating complements, beginning with spatial). From this graph, it is clear that
Orb(3,7,1) is infinite and moreover contains a unique point (Dy,7, Ry) such that
Dy < D and Ry < R for all (D,7,R) € Orb(3,7,1), namely (Do, 7, Ry) = (3,7,1).
It is also clear that (3,7,1) is also the only point of Orb(3,7,1) that lies both below
and to the left of its spatial and Naimark-complementary cousins, namely that sat-
isfies (22). In the next result, we formally state and prove these and other claims in

general.

Theorem 3.5.1. If f(D,N,R) := DNR — D* — NR?* > 0 for some (D,N,R) € Z?
with D > 0, N > 1 and R > 0 then N > 4 and Orb(D, N, R) is an infinite subset
of {(D',N,R) € Z3: D' >0,R >0} that contains a unique point (Do, N, Ry) that
satisfies (22). Moreover, Dy < D' and Ry < R’ for all (D', N, R") € Orb(D, N, R).

Here, if a TFF(D, N, R) exists then Orb(D, N, R) is the set of (D', N,R') for
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Figure 1. The Naimark-spatial orbit of an ETF(3,7), regarded as an EITFF(3,7,1). Each
node indicates the (D, R) parameters of an ECTFF(D, 7, R) that can be obtained from the
EITFF(3,7,1) via iterated alternating Naimark and spatial complements; see (18). The
hyperbola on which they lie is a level set of the quadratic form f;(D,R) = f(D,7,R) =
7TDR — D? — 7R? of (21) at “elevation” f;(3,1) =5 > 0. Here, since the function f of (20)
is invariant under the Naimark and spatial involutions of Definition 3.1.4, taking a
Naimark or spatial complement of one of these ECTFFs corresponds to traversing
horizontally or vertically, respectively, from one node on this hyperbola to another.
Since f7(3,1) = 5 > 0, this component of this hyperbola lies between the lines with
slopes 1[1 + (N1\74)%} that form the zero set of this quadratic form. These two slopes are
themselves between % and 1, meaning any ECTFF(D,7, R) whose (D, R) parameters lie
on this hyperbola has both a Naimark and spatial complement. From this graph, it is
intuitively obvious that this orbit is infinite and contains exactly one point (Dy, Ry) =
(3,1) that lies both below and to the left of its nearest neighbors, that is, is minimal in
the sense of (22). This point is also minimal in the sense that both Dy < D and Ry < R
for all other nodes (D, R). To be clear, however, there are points on this component of
this hyperbola with lesser values of D and R. In Theorem 3.5.1, we verify that these
phenomena occur in general whenever f(D,N,R) > 0.

which there exists a TFF(D', N, R'") that can be obtained from it via iterated alternat-
ing Naimark and spatial complements. Any such TFF(D', N, R") can only be equi-
isoclinic if R' = Ry and D' € {Dy, NRy — Dy}.

Proof. Recall that the matrix that gives rise to the quadratic form fy of (21) is
negative semidefinite when N € {2,3,4}. As such, if f(D,N,R) > 0 for some
(D,N,R) € Z® with N > 1 then N > 4. Accordingly, for the remainder of the proof

let N > 4 be a fixed integer. As noted in the proof of Theorem 3.3.1, for such N,
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the zero set of fy is the union of the two (distinct) lines in the (D, R)-plane with

slopes (1 + (N]Q‘l)%]. These slopes are bounded above by 1 and below by +: since

N(N —4) < (N —2)% we have (X4)z < 822 =1 — 2 and so & < L[1 — (24)3).

Note fy is negative at nonzero points of these bounding lines:

fn(D,2)y=DN2 —D* - N(B)?= D% <,

fn(D,D)=DND — D> - ND* = —-D? <0, (29)

for all D # 0. Meanwhile it is positive at the nonzero points on the line of slope %:

for all D # 0. In particular, {(D,R) € R?: fy(D, R) > 0} is a subset of the union
of the first and third quadrants, with its first-quadrant component lying within the

cone 0 < % < R < D, that is,

{(D,R)eR*:D>0,R>0, fy(D,R) >0} C{(D,R) € R*:0< R< D < NR}.
(30)

At this stage, fix positive integers D and R such that f(D, N, R) > 0, let
C = f(D, N, R), and define Orb(D, N, R) as in Definition 3.1.4. Note that (D, N, R)

is a point in the set
{(D')N,R)YeZ*:D >0,R >0, f(D',N,R) = C}. (31)

To show that Orb(D, N, R) is contained in {(D',N,R)€Z*:D >0, R> 0} as
claimed it thus suffices to show that (31) is invariant under both v and o. To

see this, note that if (D', N,R') € Z? then v(D',N,R') = (NR' — D', N, R') and
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o(D',N,R') = (D',N,D' — R') lie in Z? and satisfy

f(V(D/7N7R,)) = f(O-(D,>N’R/)) = f(D/7N7R,) =C.

Moreover, by (30), 0 < R' < D’ < NR' and so all entries of both v(D’, N, R') and
o(D', N, R) are positive.

We next show that Orb(D, N, R) contains a point (Dy, N, Ry) that is minimal in
the sense of (22). Let Ry := min{R : (D', N,R') € Orb(D, N,R)}. (This is well-
defined since Orb(D, N, R) is contained in {(D’, N,R') € Z*: D > 0, R > 0}.) Take
Dy such that (Dy, N, Ry) € Orb(D, N, R). By applying v if necessary, we may assume
without loss of generality that 0 < Dy < NRy— Dy, namely that (Dg, N, Ry) satisfies
the first condition of (22). At the same time, note that since
(Do, N, Dy — Ry) = (Do, N,Ry) € Orb(D, N, R), the definition of Ry gives that
0 < Ry < Dy — Ry, namely that (Dgy, N, Ry) also satisfies the second condition
of (22).

As we now explain, (Dy, N, Ry) is also a minimal point of Orb(D, N, R) in
the traditional sense, that is, it satisfies Dy < D’ and Ry < R’ for all possible
(D',N, R) € Orb(D, N, R). To see this, let {(DY) N RF)}%_ _ be the Naimark
spatial sequence of (Dy, N, Ry) as defined by (19) when (D©, N, R©)) := (Dy, N, Ry).
We caution that since (Do, IV, Ry) is not necessarily equal to (D, N, R), their respec-
tive Naimark-spatial sequences might not be equal. That said, because we know that
(Do, N, Ry) € Orb(D, N, R), each of these two sequences can be obtained by shifting
and /or reversing the other, and Orb(Dy, N, Ry) = Orb(D, N, R) regardless.

To proceed, we formally prove something evidenced in graphs of such orbits, such
as Figure 1: when N > 4, any rightwards move in Orb(D, N, R) is followed by one
upwards, while any upwards move is followed by one rightwards. To be precise, if

(D',N,R') € Orb(D, N, R) and D' < NR'— D’ (that is, if the first entry of (D', N, R')
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is no more than that of v(D’, N, R')), then since N >4 (and so § < N — 2),

D'<Y¥R <(N-2)R =(N-1)R -R, ie, R<(N-1)R-D,

namely that the third entry of v(D’, N, R') is less than that of

o(v(D',N,R)) =c(NR — D',N,R) = (NR = D',(N —1)R — D). (32)

Similarly, if (D', N, R') € Orb(D, N, R) and R’ < D' — R’ (that is, if the third entry
of (D', N, R') is no more than that of o(D’, N, R’)) then

NR <Y¥D' <(N-2)D'=(N-1)D' - D', ie, D <(N-1)D —NR,

namely that the first entry of o(D’, N, R') is less than that of

v(e(D',N,R)) =v(D',N,D' —=R)=((N-1)D' = NR,D'— R).  (33)

In particular, since Dy < N Ry — Dy, iteratively applying these facts to the positively-

indexed portion of the Naimark-spatial sequence (19) of (Dy, N, Ry) gives

Do =D < DU = p® ~ pB — p@ ~ pi) _ ...

Y

(34)
Ry=R9 = RM « R® = RO « R = RG) ...

where D71 = D@J) « DI+ and RE/-D « D) = DRI+ for all J > 1. Since

Ry < D — Ry, iteratively applying these same facts to the negatively-indexed portion
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of this sequence also gives

Dy = DO — ph - p=2) — p(=3) - p=4) — p=5) ... 7
(35)
Ry = R© < RED = (-2  R(=3) — R4  R(=5) — ... 7

where D240 < D(=2)) — D2/-1) apnd RE2HD = D2 < DE2J-1) for all
J > 1. (We leave formal inductive proofs of these facts to the interested reader.)
In particular, Orb(D, N, R) has infinite cardinality, and both Dy < D’ and Ry < R’
for all (D', N,R') € Orb(D,N,R). In fact, our argument implies that any such

(Do, N, Ry) € Orb(D, N, R) that satisfies (22) necessarily has both

Dy =min{D": (D', N,R") € Orb(D, N, R)},

Ry =min{R' : (D', N,R') € Orb(D, N, R)},

and so such a point (Dy, N, Ry) is necessarily unique.

To prove the final parts of this result, recall that since fx(D, R) > 0, Orb(D, N, R)
is contained in {(D',N,R') € Z*: D' > 0, R’ > 0}, and so any TFF(D’, N, R') with
(D',N,R’) € Orb(D, N, R) has both a Naimark and spatial complement. More-
over, since any member of Orb(D, N, R) can be obtained from any other via it-
erated alternating Naimark and spatial involutions, if a (real and/or equichordal)
TFF(D', N, R') exists for any (D', N,R') € Orb(D, N, R) then one exists for all
(D',N,R) € Orb(D,N,R). In this case, Orb(D, N, R) is the set of (D', N,R')
for which there exists a TFF(D’, N, R') that can be obtained from a TFF(D, N, R)
in this manner. Only a scant few of these might be equi-isoclinic. To see this,
assume an EITFF(D’, N, R') exists for some (D', N,R') € Orb(D,N,R). By tak-
ing its Naimark complement if necessary, we then have that an EITFF(D” N, R')
exists for some (D", N,R') € Orb(D, N, R) that satisfies D” < NR' — D" where
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D" € {D',NR' — D'}. From Section 2, recall that an EITFF(D"”, N, R’) can only
exist if either 2R’ < D" or D" = R'. The latter case cannot happen here since (29)
gives f(D",N,D") < 0 whereas the invariance of f over Orb(D, N, R) guarantees
f(D",N,R") = f(D,N,R) > 0. Thus, 2R’ < D". Since (D", N, R') € Orb(D, N, R)
satisfies both D” < NR'— D” and 2R’ < D", it is minimal (22), implying R’ = Ry

and D" = Dy (and so D’ € {Dy, NRy — Dy}), as claimed. O

As we have just seen, when f(D, N, R) > 0, there are only ever at most two choices
of triples in the infinite orbit of (D, N, R) for which a corresponding EITFF might
exist (and at most one such choice when Dy = N Ry— Dy), namely those corresponding
to the lowest point(s) {(Dy, Ry), (NRy — Dy, Ro)} on the “Naimark-spatial path” on
its associated hyperbola. We remark that more generally, by combining (34) and (35)
with how the singular values of cross-Gram matrices evolve with respect to Naimark
and spatial complements as shown in Section 2 of [20], one finds that for any J >
1, there are at least J distinct principal angles between any two subspaces of any
TFF(DY) N, R¥)) when either K > 2J or K < —2J — 1 (under the assumptions
and notation of Theorem 3.5.1 and its above proof).

We also remark that when f(D, N, R) > 0, (34) and (35) imply that (D, N, Ry)
is the only point (D', N, R’) of Orb(D, N, R) that might be a fixed point of either v or
o, that is, have either D' = NR'— D’ or R' = D — R'. Here, unlike in Theorem 3.3.1,
it cannot be a fixed point of both: if Dy = NRy — Dy and Ry = Dy — Ry then we
have that 4Ry = 2Dy = NRy implying Ny = 4 and Dy = 2Ry, and subsequently
f(D,N,R) = f(Do, N,Ry) = f(2Rp,4, Ry) = 0, a contradiction. In such cases, the
graph of the orbit is not “braided” like that of Figure 1, but rather appears as two
copies of the same path emanating from (Dy, Ry). For context, note that in the proof
of Theorem 3.4.1 we showed that no point (D, N, R) with N >4 and f(D,N,R) <0

can be a fixed point of either v or o.
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We further note that the mapping (D, R) — (NR— D, (N —1)R — D) essentially
seen in (32) is a linear transformation with inverse (D, R) — (N—1)D—NR, D—R),
cf. (33). It turns out that its 2 x 2 matrix representation is diagonalizable provided
N > 4. This permits one to derive explicit closed-form expressions for all members
of a Naimark-spatial sequence in terms of (D, N, R) and K. We do not do so here,
since in our opinion, their technical nature only serves to obscure the delicate yet

elementary arguments we have used up to this point.

3.6 Existence of tight fusion frames

As we have exhausted the cases above, we conclude this chapter with a proof for

Theorem 3.1.5:

Proof of Theorem 3.1.5. Fix any TFF(D, N, R) where (D, N, R) € Z3 satisfies D > 0,
N > 1 and R > 0. We usually assume N > 1 by convention to avoid dividing
by 0 in (1). That said, if one wishes to more generally consider TFFs for H that
consist of a single subspace U, note that necessarily Y = H. This TFF(D,1, D)
has neither a Naimark or spatial complement, but is vacuously equi-isoclinic, and
(Do, N, Ro) = (D, 1, D) satisfies Ry = D € {D} = {£2, Do}. That is, (i) applies even
in this degenerate case.

Now for the moment assume that this TFF(D, N, R) arises from a TFF(Dy, N, Ry)
via iterated alternating Naimark and spatial complements. Clearly, if one of these
two TFFs is real and/or equichordal then the other is as well. Further recall that
since f is invariant with respect to v and o, f(D,N,R) = f(Dy, N, Ry). In this
case, if Ry € {82, Dy} then we have that f(D, N, R) < 0 since it is either the case
that f(D,N,R) = f(NRy, N,Ry) = —NRZ% or f(D,N,R) = f(Ro, N, Ry) = —R2. If
instead (Dy, N, Ry) satisfies (22) then 0 < 4Ry < 2Dy < NRy and so N > 4, at which

point Theorem 3.4.1 implies that f(Dy, N, Ry) > 0. We now use Theorems 3.2.1-3.5.1
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to show that this TFF(D, N, R) indeed arises in exactly one of these two ways.

If N =2 then f(D, N, R) < 0 and Theorem 3.2.1 gives that R € {£, D}, meaning
that we can choose our desired TFF(Dy, N, Ry) to be this TFF(D, N, R). To be clear,
in light of (25), we are also free to choose our TFF(Dy, N, Ry) to be the spatial or
Naimark complement of this TFF(D, N, R) when R = % and R = D, respectively.
Regardless, (Dy, N, Ry) = (D, N, R). Here, the necessary conditions that R = Ry
and D € {Dy, NRy — Dy} are automatically satisfied.

If N =3 then f(D,N,R) < 0 and Theorem 3.2.1 gives that R is 2, 2, 22 or
D. When either R = £ or R = D we can just let our desired TFF(Dj, N, Ry) be
this TFF(D, N, R). If instead R = £ then (27) suggests we let our TFF(Dy, N, Ry)
be the Naimark complement of this TFF(D, N, R), implying that we have Ry = Dy,
since (Do, N, Rg) = v(D,3,2) = (£,3,2). Similarly, if R = 22 then (26) suggests
we let our TFF(Dy, N, Ry) be the spatial complement of this TFF(D, N, R), implying
(Do, N,Ry) = o(D,3,22) = (D,3,2) and so Ry = £¢. In fact, by (26) and (27),

o
when R is %, %, % or D we must choose (D, N, Ry) to be

('D7 37 %)7 (2 37 2)7 (‘D7 37 2)7 (‘D7 37 D)?

respectively. To be clear, though there is a unique choice of (Dy, N, Ry) in each case,
the corresponding TFF(Dy, N, Ry) is not necessarily unique. When R = % for ex-
ample, both the Naimark complement of our given TFF(D, N, R) and the Naimark
complement of its spatial complement are suitable TFF(Dy, N, Ry). In all but the
third of these four cases, (D, N, R) satisfies R = Ry and D € {Dy, NRy — Dy }. Mean-
while, in the third case, R = %, implying R < D < 2R and so no EITFF(D, N, R)
exists. Thus, when N = 3, if an EITFF(D, N, R) exists then indeed R = R, and
D € {Dy, NRy — Dy}, as needed.

Next consider the case where N > 4 and f(D, N, R) < 0. Here, Theorem 3.4.1
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gives that this TFF(D, N, R) arises via iterated alternating Naimark complements
from a TFF(Dy, N, Ry) with Ry € {£¢, Do} that is necessarily equi-isoclinic. Theo-
rem 3.4.1 gives that this (Dy, N, Ro) is unique: if (D', N, R') € Orb* (D, N, R) satisfies
R € {2, D'} then (D', N, R') = (D, N, Ry) where

Dy = min{D’: (D', N, R') € Orb™ (D, N, R)},

Ry =min{R': (D', N,R') € Orb*(D, N, R)}.

In fact, recalling from the proof of Theorem 3.4.1 that no member of the Naimark-
spatial sequence of (D, N, R) is a fixed point of either v or o, our TFF(Dy, N, Ry)
is itself unique. Theorem 3.4.1 further gives that this TFF(D, N, R) is equi-isoclinic
only if R = Ry and D € {Dy, NRy — Dy}.

Next, in the case where f(D,N,R) = 0, Theorem 3.3.1 gives that N = 4
and D = 2R. In this case, letting TFF(Dy, N, Ry) be this TFF(D, N, R) we have
(Do, N, Ry) = (D, N,R) = (2R, 4, R) which satisfies (22). More generally, we could
take TFF(Dy, N, Ry) to be any TFF obtained from this TFF(D, N, R) via iterated
alternating Naimark and spatial complements. Regardless, (Dy, N, Ry) = (2R, 4, R).
Here, R = Ry and the condition D € {Dy, NRy — Dy} is automatically satisfied since
D = 2R and {Dy, NRy — Dy} = {2R)}.

Finally, in the case where f(D, N, R) > 0, we can see from Theorem 3.5.1 that
this TFF(D, N, R) arises via iterated alternating Naimark and spatial complements
from a TFF(Dy, N, Ry) where (D, N, Ry) is the unique member of Orb(D, N, R) that
satisfies (22). (In fact, a careful analysis of the proof of Theorem 3.5.1 reveals that
this TFF(Dy, N, Rp) is itself unique when 4Ry < 2Dy < N Ry, but is only unique up to
spatial or Naimark complements when either 2Ry = Dg or 2Dy = N Ry, respectively.)
Theorem 3.5.1 moreover gives that this TFF(D, N, R) can only be equi-isoclinic if
R=Ryand D € {Dy, NRy — Dy}. O
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IV. Harmonic fusion frame construction

4.1 Difference sets and families

Given a finite abelian group G with nonempty subset D of size D, the harmonic
frame that corresponds to G is the restriction of the character table I' of G to the

subset D, namely {¢,} C C” with ¢, (d) := fv(d). Effectively, a harmonic

veG
frame is built by extracting the rows of the character table that correspond to the
subset D and reforming them into the synthesis operator of the frame. Harmonic

frames are studied to exploit both the underlying character structure and the fact

that any harmonic frame is automatically tight:

P (d,d) =Y ®(d,7)®(v.d)

veG

=5 T(d,y)*(v,d)

~veG

= 5(IT*)(d, d')

= SI(d,d').

Our focus here is to determine how the harmonic frame generated from the character
table I is affected by our choice of the set D in relation to a subgroup H. To that

end, we will investigate how the D is related to cosets of H.

Theorem 4.1.1. Let G be the Pontryagin dual of an abelian group G of G < co. Let
H be a subgroup of G of order H, and D be a subset of G with cardinality D # 0. Let
{Pntnens be the harmonic frame arising from D, with ¢, € CP, P, = \Fv(d). For
any g € G let Dy :=H N (D —g). Let U, = span{ep., },cnr, and for any v € G, let
., be the synthesis operator for {@., }nent, namely the D x Ht-indexed matriz with

entries ®.(d,n) = ., (d) = \/Lﬁv(d)n(d).
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Then {Uy} 31 cg e i o TFF(D, H, &) for CP if and only if #(Dy) = 22 for all

g € G. Furthermore, under this assumption, {uv}w{ Lel/Ht s an:
(a) ECTFF(D, H, %) for CP if and only if {Dy}yineg/u is a difference family for
H;
(b) EITFF(D, H, %) for CP if and only if each D, is a difference set for H.

Proof. For the first claim, we have ®.(d,n) = ., (d) = yn(d) = v(d)n(d) for all  in

G, d in D and 7 in H*. Now consider the Gram matrix of {pn bnent:

(@) (0,7) =D (e (d) = 5> n0r) () Xpl9) = 5 (T"Xp) (n(1) ™).
deD geg

Notice that this only depends on elements of H* and is therefore invariant with

respect to 7. This means that {¢., },cx is orthonormal for all 7 in G if and only if

) _ D,n=1, ,
(T*xp) (n(n)™") = v, € H,
0, n#1,

namely if and only if

. D, ~v=1,
I*xp) (v) =
0, yeH"v#1,

or equivalently, that X, © (I'"Xp) = Dé,. This tells us something about the nature

of D and H*, and we can use the PSF to determine the equivalent relationship

between D and H:

D1 =T (Dé) =T (X3 © (T*Xp)) = (TX3e) * (TT*Xp)
=5 ($x5) * (GXp) = & (X * Xp) -
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Here we have that ()X * Xp) (9) = 22 for all g € G. This shows that {U, }nen is
orthonormal if and only if (X4, * Xp) (¢) is constant for all g € G. Specifically, this

happens if and only if for all g € G,

= (X *Xp) (@) =D Xnuld)Xplg—9) =D Xn(—9")Xplg+ ")

g'eg g"€g

=#HN(D—g) =#(DNH+g)) =#(Dy)

Therefore {¢., },ent is orthonormal if and only if #(D,) is constant for all g € G.
More specifically, #(D,) = % and {UW}W’HJ-EQA/HJ- is a TFF(D, H, %) for CP.

For the remainder of this proof, we assume that for all g € G, #(D,) = % (a
constant). We already have that PP = Iy forall v € G. For any v, ve € @\,

consider the corresponding cross-Gram matrix:

(@5, 2.,) (71, m2) = (o> Prama)
=5 (% 'mne ) (9)Xp(9)

geg

= L(T*Xp) (73 'mnz ).

Here we notice that for any fixed 71,72, the value of (®2 ®_ )(1m1,72) depends only on
the quotient of the characters. That is, ® ®. is an H--circulant matrix (filter) with
impulse response f where () = 5(I'*Xp) (717, 'n). We can thus diagonalize ®% ®_
with the Fourier basis. To elaborate, it is well known that g +H +— (n — n(g)) is an
isomorphism from G/H onto the Pontryagin dual of H*. Under this identification,

the DFT of f over H' becomes

(T3 D) (g +HY) =D nl@fn) =35> 19T x0) 17 )X (7)-

neH+ veG
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We now express this in terms of the character table of G, denoted I':

(T35 (g +H) = 5 D [Xoe © (T 2TX0) | (1)7(—9)

veG

= 5{T o © (T Txp) |} (—0).
Here distributing I" gives

T [Xoe © (T 0" Xp) | = STX0) + (DT 2TX0) = 636, « (M7 7).

is the spectrum of the

Altogether, we see that {2[x;, * (MW{HQXD)](Q)}MHEQ/H

. - .
cross-Gram matrix ®7 ®.,. As expected, when 7, = 79, every eigenvalue becomes

G (DH

b1 (X * Xp)(—9) = $5# (D-y) = 55 (%') = 1,

since 7@ = I. To further simplify this expression for the spectrum of ®7 ®_ . note

that for any v € QA,

Xz * (MXp)) (9) = D> X919 — 9)Xpl9 — o)
g'eg
= Xu(—g"(g+ ) Xplg+9").
g""€G

Notice that X3, (—9) = X_4(9) = X3(9) since H is a subgroup. Then we have that

(X * (M7Xp)) (9) D X979 Xpy(9")

g"'€g

=7(9) (I‘*X’Hﬁ(ng))(fY)
=7(9)(T"Xp,)(7)-

67



* : G -1 * -1
As such, the spectrum of ®7 ®_ is {m(’yl 2)(9) (1" XDg> (11 72>}g+Hieg/H for
any 71,72 € G.
Recall that {U,,}nen is an ECTFF if and only if the Frobenius norm of the cross-

Gram matrices are all constant. When vy, # 7o, let v = 7 17

2 2 "
D@2 @ 5 = D (X * (MIXp)(—9)
g+HEG/H

= Y We@xp) I

g+HEG/H

= Y (T'(Xp, * Xp,))(7)-

g+HEG/H

Then {U} 516/ is an ECTFF if and only if (T*(32, 5cq/u X, * Xp,)) (V) 18
constant for all v # 1 in G. Moreover, this occurs if and only if for all ¢’ # 0, it is the
case that 37\ 5c5/%(Xp, * Xp,)(9') is constant. From Lemma 2.7.3, this happens if
and only if {D,},eq is a difference family for #.

For (b), recall that {U,} 315/5. is an EITFF if and only if #(Dy) is constant
for all g € G (tightness) and there exists a A > 0 with D§—;|(I‘*ng)(7172’1)|2 = A
for all 1y H # vH* and all g + H € G/H. This occurs if and only if (T Xp, (V)] is
constant over all v € H+ and all g +H € G/H.

Recall that Dy C H, meaning that we can write Xp =1 Xp, where Xp € Cc™.
Then ' T Xp, = I';Xp, is the periodic extension of I'y Xp € CH. Note that

CH = C9/M" | then

(TeXp,) ()] = (5 1 Xo,) (M| = [(T3Xb, )W, ¥ yH" € G/H .

Therefore |(I'gXp, (7)| is constant over all v ¢ H* and all g+ H € G/H if and only
if [(I%Xp, (7)] is constant over all YHY # H* and all g € G, which happens if and

only if Dy is a difference set for H for all g € G. O
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Example 4.1.2. Consider the difference family from Example 2.7.2: Dy = {1,4} and
D, = {2,3} is a difference family for H = Zs. In order to construct the harmonic
frame, we identify G with Z;o and H as (2) = {0, 2,4, 6, 8} which is isomorphic to Zs.
Then D = 2Dy U (2D; + 1) = {2,8,5,7}. Next, consider D, = H N (D — g):

Do=1{2,8), Dy ={4,6), Do={0,6}=Dy—2 Dy={24 =D —1..

This pattern repeats, with #(D,) constant for all g (tightness). Notice that D, and
D; can be used to generate the other D, sets by appropriate shifts of elements of H. In
this case, G/H = {g+H : g € G} = {{0,2,4,6,8},{1,3,5,7,9}} = {(0+H), (1+H)}.
Because {Dy, D, } is a difference family for #, Theorem 4.1.1 states that the harmonic
frame generated by D is an ECTFF(4,2,5) for F*.

Let w = exp(%i). Then the character table for G is
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Finally, to construct the frame, reduce the character table to the rows indexed by D.

0 -1 11 11 11 11 1-
1 (1 ww? wdw* —1wh W wd W
2|1 w?wt Wwd 1w wtwh Wb
3|1 w?wb W w?—-1uwd whw W’ 2 _1 w?wt Wb w1 w? Wt Wb wS-
4|11 ot Wb 1wt Wdw? Wl 5(1—-1 1-1 1-1 1-1 1-1
5/]1-1 1-1 1-1 1-1 1-1 —>7 1 wiwt wwd —1w? W Wb W3
6 |1 w®w? WBwt 1wt w?w? Wt 8 |1 W Wb wtw? 1 wd Wb Wt wz_
711w w ww® —1w? W Wb W?
8 |1 wdwh wrw? 1w? wbuwt w?
9 |1 w®w® W wh—-1w*wuw? w

Recall that D, from Theorem 4.1.1 are grouped according to cosets of H* = {0,5} in
this case. Therefore, if we group the columns of our matrix by these cosets, we will

form the ONBs for the subspaces:

0123 456789 0516 27 3849

1 w?w* Whwd 1w? wtwt Wl 1 1] w? w?w?t wt Wb wllw? w

l1-11-11-1 1-1 1-1| = |1-1|—-1 1| 1 —-1|—-1 1/ 1 -1

1w’ w* wwd —1w? w? Wt Wi 1 =1 w” W W wwllw® w

6 6

1wl wrw? 1w Wl w 1 1] w? wBws Wb w* wtw? w

We can confirm that this frame is equichordal from the values of the Gram matrix;
however, as complex numbers can be difficult to compare, it is often easier to plot the
values of the Gram matrix on a color scale as seen in Figure 2. Each block represents
the color scale of the corresponding cross-Gram matrix Frobenius norm, therefore

constant colors in the off-diagonal indicate an ECTFF.
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Frobenius Norm Two Norm

Figure 2. Color-scaled Frobenius and Two-norms for the cross-Gram matrices in Ex-
ample 4.1.2

4.2 Harmonic frames from divisible difference sets

Theorem 24 of [32] gives that the harmonic frame constructed from D, a semireg-
ular H-DDS results in an ECTFF or EITFF with flat cross-Gram matrices, meaning
that the Gram matrix ®*® has block identities down the diagonal and all other en-
tries have equal modulus. As King demonstrates, such frames would clearly yield
ECTFFs as these constant off-diagonal entries would automatically give the cross-
Gram matrices the same Frobenius norm. Theorem 4.1.1, however, shows that such a
harmonic frame would be an ECTFF if and only if it comes from a difference family.

In light of this, we frame King’s method in the context of Theorem 4.1.1.

Theorem 4.2.1. For any non-empty proper subset D and subgroup H of a finite
abelian group G, define {¢., }nent, Dy, @4, and U, as in Theorem 4.1.1. Then D is
a semiregular H-DDS if and only if ®7®. =1 for all v € G and |('i>fy1<1>72) (m1,m2)|
is constant for all n1,my € HE whenever yyH: # v H .

In this case {Uy}. g0 cg30 15 an ECTFF(D, H, &) for CP, and is moreover an
EITFF(D, H, %) for CP if and only if we further have that each D, is a difference
set for H.
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Proof. For any 7,7, € QA, n1,1m2 € HE, we have that

(Q’?l@’yg)(TIl?nQ) = <(P,Y1771, LP’YQT]2> = %(F*XD)('Yl'VQ_lnﬂb_l)

Then by our assumption, we have that ®2®. = I for all v € G and also that e D,

is flat whenever v, Ht # v H* if and only if

. _ . L, m =,
5@T*Xp)(mny ") = (®58,) (1, m2) =
07 T 7é 12,

and also there exists B > 0 such that

* — _ 2 %
|%(F XD)(’Yl’Yz 1772772 1)| = \(‘1’71‘1’72)(?71772)\2 = B,

for all 1,7 € G, m,ms € H* such that yHE # yH* (meaning 71, is not an

element of H1). This equates to having

D? ~y=1,
. 2
|(T*Xp) ()| = 0, veHv#1,
DB, v & H+.

Since (I'"Xp)(1) = D for any subset, Lemma 2.7.5 shows that this is equivalent to
having D be a semiregular H-DDS for G.

Now assume that this is the case, that is, that D is a semiregular H-DDS. Applying

DH(G—D)

Lemma 2.7.5 further provides that D*B = C — e

’71HL 7é ’YQHL7

, and therefore whenever

* 2 * 2 (G\2p _ G2 H(G-D) _ G(G-D)
123, @, 50 = Z Z (@5, 2.,)(m,m2)|” = (ﬁ) B = HZDG(H-1) — DH(H-1)’

meHL noeH+
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which is the generalized Welch bound (10) for (D, N, R) = (D, H, %):

R(NR-D) __ G(G-D)
D(N—-1) — DH(H-1)

This means that {U,},en achieves equality in (7), and is therefore an ECTFF, as
claimed. Applying Theorem 4.1.1 then establishes that {D,}g,3cg/n is a difference
family for H, additionally that {U,},en is an EITFF if and only if each D, is a

difference set for H. O

Example 4.2.2. Let G = Z3 x Z3. The subset D = {(z,2%) : ¥ € Z3} is then an
H-RDS(3,3,3,1) for H = {0} x Zj:

—100 11 21
00|00 22 12
11|11 00 20

21|21 10 00

The subset €& = {01,02} is a difference set for . Then consider the difference table
for D+ & = {01,12,22,02,10,20}:

—101 12 22 02 10 20

01(00 22 12 02 21 11
12|11 00 20 10 02 22
22|21 10 00 20 12 02 -
02|01 20 10 00 22 12
10{12 01 21 12 00 20

20122 11 01 21 10 00
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Let w =exp (%), then the character table for G is

11 1 11 1 11 1|lw w wlw?w?w?
I'g=T72, xTz;, = |1 w ? | Q|1 ww?|=|1ww?ww 1wl w
1w? w 1w? w lw? wlw 1 e w1

The harmonic frame is the restriction of the character table’s rows to those corre-

sponding to D:

111111111

lww?l ww?l ww?

2 2

lw? w 1 w?w 1w w

lw? w w 1 W w1
11 1w w ww

lww?w? 1l www?l

The modulus squared Gram matrix shows that ® is the synthesis operator for an
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EITFF with flat cross-Gram matrices:

120 01 1 1|1 1 1
01201 1 1]1 1 1
0 012)1 1 11 1 1

1111120 0/1 1 1
@ ®PP=L1111/0120[1 1 1
11100121 1 1

1 1 1}j1 1 1(120 O
1 1 1{1 1 1/0120

11 1}]1 1 1|0 012

The construction above is not unique. In fact, such a construction guarantees
an H-DDS [28]. King uses this H-DDS construction to generate EITFFs with flat

cross-Gram matrices [32], and we again put this in the context of Theorem 4.1.1.

Theorem 4.2.3. Let D be an SR-DDS for H < G. Suppose that for each g € G, the
set Dy = HN (D —g) is a DS for H and each D, is a shift of another, i.e. for any
g1, 92 € G, there is some h(g1, g2) € H such that Dy, = Dy, + h(g1, 92).

This occurs if and only if D = A+ B where A is a DS for H and B is an H-RDS
for g.

Proof. First, we partition G according to cosets of H (g = g+ H),

Because D C G, we have that

p=png=on| || @|= L] Pn@l= ] 4+,

geG/H geEG/H geG/H



Let B be one choice of coset representatives of G/H. Then since each D, is a shift of

the others, let A = D,, for some b € B, meaning

D= || (g+Dy) = |0+ A

GEG/H beB

This means that

Xp = Xpra = TX4=Xu*Xs

beB beB

Therefore g € G can be written as a +b = g where a € A and b € B if and only if

g € D. In this case, a,b are unique to g. Furthermore,

(Texo) NP = |[Ts(xa* X5) ] )] = [Tox ) N ITexs) D (36)

From Lemma 2.7.5, we know that |[(TgXp)(7)|* = Dg(ﬁ if v ¢ Ht. To find

HA _ DH(DH—G)

|(T5,X4)(7)]?, first note that Ay = & ) since D is the disjoint union of

shifts of A. Then, considering X 4, € CY,

_ DH DH(DH G DH? G D DH(DH G
XA*X-a= "0+ GQTXH\{O} + 0X g\ = G?Téo + WXH

Taking the DFT of both sides and applying the PSF gives

(X[ = iy Xo + Pt Xons-

Then we can see that

2172
L yent,

DH2(G—D) n
G2(H-1) > gH

[(TX4) (7)‘2 =
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Substituting into (36) when v & H* gives

2
TXo)) | _ <DH(G—D)> ( G2(H-1) ) _a
(F*XA)(’Y) S\ G- DH2(G-D) ) — H°

}(I‘*XB) (7)‘2 =

Recall from Lemma 2.7.5 that B is an ‘H-RDS if and only if

0, yeHv#1,

(x5 (V)* = o
&Ly g HE,

for all y #1 € G. When v # 1 € H*, (36) gives the first condition. For the second,
note that B = #(B) = &, and

= T

Corollary 4.2.4. For any prime power Q) there is an EITFF(QK, Q, Q) whenever a
DS(Q, K ) exists for F9.

Proof. Let A be a DS(Q, K) for F?. Recall that for any prime power @, the set
B = {(z,2%);z € F?} is an RDS(Q,Q,Q,1) for G = F? x F? with respect to
H = {0} xF?. Then theset D = ({0} x.A)+B) is an SR-DDS of the type shown in [28],

and the harmonic frame generated will be of the form shown in Theorem 4.2.3. [

Corollary 4.2.4 leads to the following two infinite families of EITFFs. When
Q=3 mod4, A= {a?:x € Fp} is known as a Paley DS [2]. Here we have that
K = % meaning an EITFF(@,Q,Q) exists. When Q = 22/ (a power of 4),
there exists a McFarland DS(227,2771(27 — 2)) [35, 36, 2], which then results in an
EITFF(23J*1(2J —1),2%, 22‘]). We explore the McFarland DS construction in the

next section.
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4.3 McFarland divisible difference sets

In this section, we focus on the harmonic frame generated from a specific type
of DDS. As previously shown, a McFarland DS can be used to construct an EITFF,
but in Section 2.3 of [36], Pott refers to any DDS constructed by the arrangement
of hyperplanes over finite vector spaces as a “McFarland” DDS. We want to know
if such a DDS can ever generate an EC/EITFF, but first we must demonstrate how

this method relates to the group structures we previously used.

Lemma 4.3.1. Let V be a finite vector space over Fo where Q) is a prime power.
Let B : V xV — Fg be any nondegenerate bilinear form. Letting P denote the
characteristic of Fq, the function trg\p(B) : V x V — Fp is also a nondegenerate

bilinear form, meaning we can identify V with its Pontryagin dual via the isomorphism

Uy > (v1 > exp(% trQ\P(B<U1,U2)))>.
Moreover, under this identification, the orthogonal complement of any subspace U

of V (regarded as a vector space over Fq) with respect to B, that is
Ut = {v, €V :B(v,v5) =0, Yo, €U},
is equal to the annihilator of U regarded as a subgroup of (the additive group) V), i.e.
U = {vs €V exp (L tro\p(B(vi,12))) =0, Yo, € U}

In particular, letting 'y, be the V x V representation of the character table of V under
this representation, defined by T'y(vi,v9) = exp(% tro\p(B(v1,v2))), the Poisson

summation formula states T'jX,, = # U)Xy -

Proof. Take any ¢y, co in Fp and vy, v9,v3 in V and note that, through the bilinearity
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of B,

[tro\p(B)](e1v1 + cava, v3) = ciftro\p(B)](vi, v3) + coftrg\p(B)](ve, v3),

which is similarly true in the other coordinate, establishing bilinearity. For nonde-
generacy, it is clear that Null(trg\p(B)) € Null(B) because trg\p(0) = 0. Next, take
any v € V such that tro\p(B(u,v)) = 0 for all w in ¢. Assume that there exists
some u; € U such that B(u;,v) # 0. Take 3 € Fg such that trg\p(3) = 1. Let

uy = B[B(uy,v)]tuy. This lies in U since B[B(uy,v)] ™' € Fg and uy € U. Then

0 = tro\p(B(uo, v))
= tr\p(B(B[B(u1, v)] "1, v))
= tr\p(B[B(u1, v)] ™ B(u1,v))
= tro\p(6)

=1,

which is a contradiction, therefore trg\p(B) inherits nondegeneracy from B. This
means that B = trg\p(B) is an irreducible Fp-valued nondegenerate bilinear form on
V. For all vy, vs,v3 in V, consider the mapping ¢, (vi) = exp(%ﬁ(vl,vz)). This is

a homomorphism from V onto T = {z € C: |z| = 1}:

P, (V1 +02) = exp(%]ﬁ%(vl + 09, v3))
= exp(%]g(vl, v3)) exp(%]g(vg, v3))

= Py, (V1) Py, (v2).
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The mapping 1 (v3) = ¢,, is a homomorphism from V onto its Pontryagin dual, 1%

[ (2 + v3)](01) = @y, 40 (V1)
= exp(ZB(v1, v + v3))
= @, (V1)@ (1)
= [ (v2)1p(v3)](v1).

Note that if vy is in ker(v)), then ¥ (v2) = ¢,, = 1, meaning that this homomorphism

is injective. Therefore for any vy in V, 1 = ¢, (v1) = exp(%]g(vl, vg)), which implies

that v, = 0 since B is nondegenerate. Since #(V) = #(f)), 1) is an isomorphism,
meaning we can regard the V x V character table of V as the V x V matrix whose

(v1,v9) entry is

Ty (v1,v5) = exp(25B (v, v)) = exp( % trg\p(B(v1, va))).

In this context, any subspace U of V as a vector space over ¢ is also a subgroup of

V. The annihilator of U, Uz is then

Ur ={veV:exp(Bu,v)) =1, Vu e U}
={veV:trgpB(u,v)) =0,YVuec U}
={veV:Buv) =0, Yuel}

1
:Z/{C,

where Uz is the orthogonal complement of U as a subspace of V, meaning we can
denote both as Y. Under this identification, the Poisson summation formula gives

', x,, = #U) Xy, as stated. O
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Theorem 4.3.2. Let () be any prime power and J be any integer with J > 2. Let
R = %, G = Zr xFqs, and D = {(r,2) € Zr x Fgs : z € (a")*}, where the
orthogonal complement of (o) = {ca” : c € Fq} is taken with respect to the nonde-
generate bilinear form B(z1, z3) := trgng(z122). Then letting H = {0} x Fgs, D is
a semiregular H-DDS(R, Q”7, RQ’~') and applying Theorem 4.2.1 yields a harmonic

ECTFF(RQ’,Q’, R).

Proof. Let P be the characteristic of Fg (and Fgs as well), then we can consider
Fgs to be a vector space over both Fg and Fp. For all 21,2, in Fgs, we define
B :Fgs x Fgr — Fq, where B(21, 22) := trgno(2122), is an F-valued nondegenerate

bilinear form on Fgs. Furthermore, let

N

B(z1, 22) = tro\p(B(z1, 22) = tron p(2122).

By Lemma 4.3.1, B is an irreducible Fp-valued nondegenerate bilinear form on Fg,
and for any z, 2z, in Fgs, the mapping 2o — (21 — exp(35 trgs p(z122))) is an
isomorphism from Fg, onto its dual. As shown in Example 4.1.2, for r, 7o in Zg, the
mapping e > (11 exp(%rlrg)) is an isomorphism from Zg onto its dual as well.

Now let G = Zg x Fgo, then
G = (ZgxFgus) ~ZpxFos ~Zp xFg.
For all (71, 21), (19, 22) in G, the mapping
(ro, z2) — ((rl, 21) exp(%)exp(% trQJ\P(leQ)))

is an isomorphism from G onto its dual. Let H = {0} x Fgu, then under our identifi-
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cation of G with Q\,

= {(r2,22) € G exp(%Frira) exp(3F trgup(2122)) = 1, ¥ (r1,21) € {0} x Fps}
={(ry,22) €G: exp(% trognp(z122)) =1, V(r1, 21) € s}

—ZR X IFQJ,

where ]Fé2 s is the orthogonal complement of Fy. as a subspace of itself. Therefore

HE = Zg x {0}, and all cosets of H* are of the form Zg x {22} for z5 in Fg.
Choose a such that F), = (o), and o is a member of F;. We can then enumerate

the Q”~!-dimensional hyperplanes according to the orthogonal complements of powers

of a: {(a")*},ez,. Construct a subset D of G as follows:

D = Uez,{r} x (") = Uz {r} x {z € Fgs : trgng(a’z) = 0}.

We now claim that D is then a semiregular DDS. To see this, let I'g be the DF'T for

G, then

LoXp =T D Xrputarys = D La(0r @ Xjarys) = D (1%,0,) © (T s Xary )

r€ZR r€EZLR r€LR

Because (a")* is a subspace of Fgos, applying the Poisson summation formula (as

expressed in Lemma 4.3.1) to F%QJX@@L = (QJ—l)X«ﬂ‘ We see then that

LoXp =) (T2, 6,) ® (Ti_, Xaryr) = Q"7 Y (T5,8:) ® X(ary-

r€ZR r€ZRr

When considered pointwise, we find that

(ToXp)(r2 22) = Q771D T (T5,8,) (r2) X (ory (22) = @' ) exp(ZErar) X (ory (22).

r€Zp re€Zp
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From this, we can see that when (72, 25) = (0,0),

‘(I‘gXD 0 () ’ — QJ 1 Z eXp 2mOT) ( Q2 (J-1) Z 1 RQ2(J71)'
r€LR re€ZR
In the case where z, = 0 but ry # 0, we see that
2 2
}(I‘QXD)<T27 ‘QJ ! Z exp( @rﬂ X (ar (0) = Q¥ Z eXp<2m N =o.
r€LR r'€lRr

Finally, in the case where zo # 0, let 79 be the unique 7 in Zg such that z is in (a0).

Therefore X, (22) = 0 for all r in Zg where r # ro. In this case,

|(FQXD) T2, 22 | = QQJ 1) ‘exp _TITO | :QQ(Jfl).

Since Ht = Zp x {0}, we see that the last case is equivalent to 2z, not in H*,
satisfying Lemma 2.7.5. The set D is therefore an H-DDS(R,Q”, RQ’ — 1), and
applying Theorem 4.2.1 will result in an ECTFF(RQ'~, Q7, R). m

Note, the SR-DDS construction in Theorem 4.3.2 is similar to that in Theorem
2.3.6 of [36]; however, it is included here to verify the construction of [32] in the
context of this research. This McFarland SR-DDS is explored further in the next

chapter and the frame that arises is further explored in Theorem 5.5.1.
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V. Biangular orthopartitionable tight frames

5.1 Fundamental facts

As previously mentioned, the EC/EITFFs in Sections 4.2 and 4.3 all result from
harmonic frames with the trait that the inner product of any two frame vectors from
distinct subspaces have constant modulus. We refer to such frames as BOPTFs in
Chapter I. As we explain below, BOPTFs have low coherence in general, and some
of them — those that generate EITFFs — also have minimal block coherence. In
this chapter, we introduce two BOPTF constructions, one that yields EITFFs and
another that generates non-equi-isoclinic ECTFFs. Additionally, we show just how
special these former BOPTF's are, comparing their performance in compressed sensing
applications to the latter. First, we formalize the relationships and traits of BOPTF's

that we provided in Chapter 1.

Theorem 5.1.1. Let N','R be arbitrary indexing sets of size N and R, respec-
tively. Let {4, fnenrer be a BOPTF(D, N, R) for a D-dimensional Hilbert space

H, namely that it satisfies (3). Then

(a) {Pn,tnenrer is a UNTF(D, NR) for H with coherence D]]V%Z\;f’l),

(b) {Upn}nen, Un := span{p,, . }rer is an ECTFF(D, N, R) for H.

(c) If D < NR and {%,, , }nenrer is any Naimark complement of {@,, .} (nr)enxR
then {1, , fnenrer is a BOPTF(NR — D, N, R) for its span.

Proof. Let ® be the synthesis operator for {¢,, , }nerrer. In this case we have that
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® ((n,r),d) = ®,(r,d). For (a), note that

m Z Z ||¢;q)n/||%r0 - m Z Z Z Z |<90n1,7"1’90n2,r2>|2

n1eN naeN ni1eN noeN rieR raeR
ny#na ny#na
_ 1 2 NR—D
=xomg 2. DR ('DR<N_1)>
n1eEN noeN
ny#ng
_ R(R-D)
= DIv=1)

which satisfies (11), therefore {¢,  }nenrer is a UNTF(D,NR). From (3), for
each n in NV, {@,,}rer is an ONB for U, := span{ep,, . }rer. Then {U,}nen is
a TFF(D, N, R) for H. To see the coherence, note that when (ny,7) # (n2,m2),

» DR(N-1)
NR — D > 0. It follows that max |<<pn1 > P r2>‘ =1/ D]le(%];?l).
(n1,r1)#(n2,r2) ’ ’
For (b), note that for all ny,ny in N with ny # no,

}<80n1,r1780n2,r2>|2 € {O M}. Without loss of generality, we can assume that

* 2 _ 2 _ R(NR-D)
||‘I)n1¢n2”Fro - Z Z |<90n1,r1a90n2,7"2>| — D(N-1)

r1ER ra€R

therefore rn;zi,thbfl1 D, o = %. Therefore {U, }nen is an ECTFF(D, N, R)

by the first bound in (12).
For (c), let ¥ be the synthesis operator for {%,, , }nenrer, and recall from Chap-
ter II that O*® =1 — 5-®*®. Since ®;®, = I for all n in N, ¥ ¥ simplifies to

— 2.1 = NPT We want the bases {9, ,.},er to be orthonormal for each n, so we
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will scale ¥ by 4/ N%fD. Then

}<‘I’7*11‘Iln2) (ThT?)‘z = N]]\{U_%D ( - %(I):nq)ng) (7“1,7‘2)‘2

(

(N]}\%”—%D)z( —%)2, ny =Nz, T =T,
=9 0, ny = Na, T # T,
L (NJI\%U—%D)Q (%)2 (%) , N1 # N,
2
1, ny =ng, 1 = To,
= 0, ny = Ng, T # T,
m7 ny # n,

\

which satisfies (3) for a BOPTF(NR — D, N, R). O

Notice that if R = 1, the coherence of a BOPTF(D, N, 1) = %, i.e. any
ETF(D, N) is necessarily a BOPTF(D, N, 1). This result is not unexpected, however
it helps us to demonstrate how ETFs can give rise to other BOPTFs in the next

section.

5.2 Equiangular tight frames and mutually unbiased bases

Recall from Theorem 4.2.3 that the SR-DDS was constructed via the Gordon-
Mills-Welch [26] sum of a DS, A, and an SR-RDS, B [28]. From Theorem 4.1.1,
we know that the harmonic frame arising from A would be an ETF. Recall that the
columns of a harmonic frame arising from B can be arranged into a sequence of MUBs
25]. Let {¢, tnen be the harmonic ETF arising from A, and ¥ be the synthesis
operator for one of the bases arising from B. Then |, @ ¥ p, @ W --- ¢, @ ¥
is the synthesis operator for a UNTF, the vectors of which can be arranged into
a sequence of orthonormal bases for an EITFF [24]. We now generalize these two

constructions.
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Theorem 5.2.1. If {p, }nen is an ETF(Dy, N) for some Di-dimensional Hilbert
space H and {‘Il”}ne/\f is an MUB(Dq, N ) for some Do-dimensional Hilbert space J,
then for eachn in N, ®,, := {cpn ® \Iln} 18 an ONB for a Do-dimensional subspace of
some D Dy-dimensional Hilbert Space K, and {®,},en is a BOPTF(D; Do, N, D)

for K that generates an EITFEF(Dy Dy, N, Dy) for K. If {¢, }nen and {\Iln}neN are
real, then {(I)"}ne/\f will be real as well.
Proof. For ETF(Dy, N) {¢,,}nen, the coherence pu = %. For {¥, } cn, recall

that |[¥) ¥, |= ,/DLQJD2 for any ny,ny in N with ny # ny. Let @, = ¢, @ ¥, for

all n in V. Let ® = {q)l >, ... @n],then

PP =) @,
neN

=Y (e @ W) (0 W)

= (po)) @ (¥,9;)
neN

— AT®T,
showing that {®,},en is a TFF. Now consider,

PP, = (p,@0,) (p,@W,) = (@hp,) @ (TLL,) = |lp,[I=1

This means that every diagonal block of ®*® is an identity matrix of size D;Ds.

Similarly, when n; # ns, the entrywise modulus |<I>f”<1>n2| of the cross-Gram matrix
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. :
e, P, is

‘(I);kllq)m} = |(¢n1 ® \Ijnl)*(gonz ® ‘IIW)‘
= (&5, )| @ [ (27, 2,,)|

= DL2|<SOTL17<PTL2>|J
_ ) N—D
- D1D2(N—D1)J'

Therefore all entries of the cross-Gram matrices ®; @, satisfy (3), and {®, },ep is

2

a BOPTF(D;Ds, N, Ds). For equi-isoclinicity, note that

||(I)21(I)n2’|2 - || ((pnl ® \Iln1>*((p’l’b2 & \Iln2) H2

= (&h, en,) @ (25, 9,,) |12

Djlv(;ijl) H DLQ']D2 ||2

_ N—-Dy
=\ DD

So {®,, }nen generates an EITFF(DyDq, N, D). Because ®,, = ¢, @ ¥, if {,, }nen

and {W,},en are all real, {®,,},cn will be as well. O

While the EITFF-generating BOPTFs from Theorem 4.2.3 were known [32], the
BOPTFs from Theorem 5.2.1 do not necessarily arise from divisible difference sets.
In fact, for any ETF(D;, N), we can use the construction in Theorem 5.2.1 with any
MUB(Dy, M) as long as M > N as any N MUBs can be used in the construction. In
the next section, we will show just how special these BOPTFs are when compared to

those that yield to non-equi-isoclinic ECTFFs.
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5.3 Compressed sensing performance

As we have previously discussed, the BOPTF vectors from Theorem 5.2.1 can be
arranged into ONBs for subspaces that are EITFFs for their span. As such, these
frames have optimal block coherence with respect to compressed sensing applications
such as BOMP. Recall that the coherence of any BOPTF is on the order of the Welch
bound, making them well suited (if not optimal) for compressed sensing applications
like OMP. Theorem 5.3.1 shows just how useful these EITFF-generating BOPTF's are

with respect to signal recovery.

Theorem 5.3.1. Let {@, , }nenrer be a BOPTF(D, N, R) for FP whose subspaces

{Uy ynen are equi-isoclinic. For any x € FN*R  then the following are true:

(a) Using {@, ,tnenrer in the BOMP algorithm guarantees the recovery of the
signal x that is more complex than using OMP by a factor of VR, if the sparsity

patterned is blocky.

(b) If the sparsity pattern of x is not blocky, using {p,, , fnenrer guarantees the re-
covery of any signal x that is more complex than one guaranteed by an arbitrary

EITFF with the same parameters by a factor of VR.

Proof. Recall that the coherence p of any BOPTF (D, N, R) is

_ / NRD _ 1 [NRD
H=A\/DrR(N-1) — VE\ D(N-1)"

where 4 / g(%’_% = v, the block coherence of an EITFF(D, N, R). For (a), we note that

any (I, R)-block sparse x € FN*R is (at worst) K R-sparse. Using {Pn.r nen rer, We

can recover [39] a K R-sparse x as long as

1 / DR(N—-1) . 1 1 D(N-1) 1
KR<§< W—i‘l), l.e., K<§<\/_§ NRD+}_%>‘
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However, because {¢,,, }nenrer generates an EITFF(D, N, R) with block coherence

v = [J)V(%’_[l)), if we know that x is (K, R)-block sparse, [9] guarantees recovery as

long as

1 /(1 1 / D(N—-1)
K<§(5+1)_§( NR—D +1)’

allowing K to be approximately v/R larger under this assumption.
For (b), note that if we cannot assume a block-sparse pattern, any EITFF(D, N, R)

can recover [9] a K-sparse x € FN*R provided

Kﬁ(V%H)- (37)

In this case, we consider a K-sparse x as (K’, R)-block sparse where K’ < K. For the
EITFF(D, N, R) arising from {¢,, , }nen,rer, however, we can recover [39] a K-sparse

X whenever

1 DR(N-1) 1 D(N-1)
K<§( W+1>—§(\/§ NRD+1)’
which is again, approximately v/R larger than (37). O

Next, we show that not only are BOPTFs low coherence, they achieve optimal

coherence among orthobiangular tight frames.

Theorem 5.3.2. Let N, R be arbitrary indexing sets of size N and R, respectively.
Let {@,, ,}nenrer be a unit-norm frame over a D-dimensional Hilbert space, H. If
every @, . is orthonormal to evactly R — 1 over vectors in {, , tnenrer, then

NR-D
DR(N-1) <

) . 38
(nl,rlI)r’lg(}jifo)| <Son1,7"1 ¢n2,r2)> | ( )

(n1,r1)#(n2,r2)
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Proof. Let ® be the D x (N x R) synthesis operator for {¢,, , }nenrer. Note that

0<Tr |(@0" — S)°)
= Tr[(29)°] - ZE Te(@@") + (4)" Tr()
= Tr [(@*®)°] — 28 Ty(¢* @) + M-

* NR)?
= ||(§ ¢||%ro - %

= Z Z ||(I) ngHFro_%

ni1eN noeN

= Z Z Z Z ’<90n1,r17<pn2,r2>‘2+NR_%

n1eN noeN rieR raeR
ni1#Eng

- Z Z Z Z ’<Q0n1ﬂ"1’gon2ﬂ’2>‘2_NR(%_1)'

n1€EN noeN rieR rmeR
ni1#ng

Subtracting the constant from both sides gives

w < Z Z Z Z (P> Prgara) |

n1€EN noeN ri€R ra€R

ni1#ng
2 2
< N(N - 1)R nlglna;)é/\/’“"nl r1r Pna, r2>| :
r1,r2€ER
Finally, we solve for the coherence, pu:
NR—D < — =
DR(N_l) — nllilna‘Q}éNchnl 717 Llong T‘2>| (TL1,T1)5£(£LS%’§%E(NXR) |<SOTL1,T‘1’ ¢n2,r2>| ILL’
r1,7mER
revealing the bound as stated. [l

By combining Theorems 5.1.1 and 5.3.2, we see then that any BOPTF(D, N, R)
achieves the minimum possible coherence (38) for such a unit-norm frame. In light of

this, one might think that any BOPTF would also be well suited for block coherence-
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based algorithms, but as we will show in the following sections, this is not the case.

5.4 Steiner biangular orthopartitionable tight frames

In this section, we generalize the construction of Steiner ETF's from [23] to generate
Steiner BOPTF's from GDDs. We will show that the ECTFFs that arise from Steiner
BOPTFs can never be equi-isoclinic, and have “optimally” terrible block coherence.
We begin by establishing the notation for the Steiner method for ETF construction.

Let X € {0,1}%*Y be the incidence matrix for a BIBD(V, K, 1) with vector set V

and block set B. Let #(B) = B = Y£ where R = £—+. Let R be any indexing set of

cardinality R, then for any v in V, the corresponding embedding operator E, is the
B x R matrix whose columns are standard basis vectors that sum to the vth column

of X. Note that EE, = I and

. 1, by = by and v € by,
(Eva) (bl? b2) =

0, else.

Then ), ., E,E! = KIp where K is the number of vertices in the bth block.

veY

Let {1, }ie7 be any flat ETF(R, R+1) for F®, then the corresponding Steiner ETF

1

is {E, ¥, bvevte7. Without loss of generality, we assume ||¢,|| = 1 and [, (r)| = i

for any t € 7 and r € R. To see tightness, consider

SN EBup) Borp) =D B> v,4;)E;

veV teT veV teT

= (511z) Y E.E;

veY

- (B2)KTs

VD,
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To see equiangularity, consider vy, v9 € V and t1,t5 € T. Notice that

}<E’Ul 1/)t17 E021/)t2>‘ = ‘<’l/)t17 E;kjl E’Ug’(lbt2> | . Then for U1 = Vg,

1, tl - tQ,

[0 B Buythy) | = [(Wu ¥l = |
& t1 # to.

When vy # vy,

‘(Emd’tpEugd’tg)‘ = |<5r1<U1,02)*'¢t1 0y, (v1,02) ¢t2 | "’7th 1 '%[’tg(T?)‘ = %

In the following theorems, we generalize this Steiner embedding technique to construct

Steiner BOPTFs.

Theorem 5.4.1. Let {E,},cy be the embedding operators for a BIBD(V, K,1). I
{¥,}rer is a flat ONB (a “normalized” Hadamard matriz), then {E,, }yevrer s a
BOPTEF for its span.

Proof. First, note that it is tight:

> D (Ep)(Ep,) =) E,(} v9))E =) EE =KL

veV reR veY reER veY

Second, note that for vi,vy, € V and rq,79 € R, when vy # vy

|<Ev1¢r1aEv2d)r2>} - |<6U1’l/)7"1’ 6U2¢r2>| = |¢v1 (rl)vvbvg <T2)| = }l{ (39)
When v, = v,,

]-7 L =Ty,

07 1 7£ ra.

}<EU1¢T17EU2¢72>‘ = ‘<’¢7‘17E;1EU2¢T2>’ = ‘<¢7‘1’¢7‘2>‘ =
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This yields an ECTFF (B, V, R) that arises from a BOPTF (B, V, R). O

These BOPTFs are not new. In fact, the construction from Theorem 5.4.1 is
a generalization of those generated in [43], which have been shown to be made up
of smaller simplices [14]. While Zauner’s construction utilizes this Steiner method
with a BIBD(V, K, A), we found that we can generalize this method by applying the
Steiner method with a GDD(V, K, 1) and a Hadamard, thus generating a new infinite
family of BOPTFs.

Theorem 5.4.2. Let {E, , }uctimer be the embedding operators for a GDD(V, K, 1)
of type MY, and {1, },er is a flat ONB (a “normalized” Hadamard matriz), then

{Eu,m’(br}ueu,meM,reR 15 a BOPTF

Proof. Tightness is achieved as with Theorem 5.4.1:

Z Z(Eu,m’lpr) (Eu,m¢r)* - Z E%m (Z ¢r¢:)EZ,m = Z Eu,mEZ,m = KL

ueU, TeR ueU reR ueU
meM meM meM
Recall that E; | E, ,, =Iz, and E;, | E = 0if u; = uy, but m; # my. Combin-

ing this with (39) we see that

(B s Bs s )| = [ By By s )|
L, uy = ug,my = ma,r1 = 1o,

=\ 0, ur = ug,my # ma, or uy = ug, Ty # 1o,
% Uy # Us.

This gives a BOPTF (B, U, M R) that is also an ECTFF (B, U, M R), specifically one

that does not come from the construction of [43]. O

For each of the previous cases, we claim that the subspaces that arise from these

Steiner BOPTFs are equichordal (via the nature of BOPTFs) but cannot be equi-
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isoclinic. To see this, let {E,},cy be the embedding operators for a BIBD(V, K, A).
Furthermore, for each v, let e, ,(b) := E,(b,r) and U, := span{e,, },er. Then because
> vev ELE; = KT, {U4,}, € Vis a TFF for R®. Next consider the vertices vy, v € V,

v; # vo. In this case, Ej B, is a {0, 1}-valued R x R matrix with exactly A entries

v2

with value 1. This means that |E% E, |[ro = VA with each column and row of E; E

containing at most a single 1. Then (E; 1]E']vQ))k(E;j E,,) is a diagonal matrix with A
ones on its diagonal, meaning that it has A principal angles of 0 and R — A principal
angles of 7. Therefore, for any BIBD(V, K, A) we obtain an ECTFF(B,V, R) (this is
the same method used in [43]). This means that any Steiner BOPTF will have the
worst possible block coherence due to the overlap between the subspaces that arise
from it. To see how this impacts the performance of such a BOPTF in compressed

sensing, consider a BOPTF (B, U, M R¢) from Theorem 5.4.2. Note that this BOPTF

has coherence

UMRc— _ BK-B  _ K-1 _ /1 _ 1
H =\ BMRg(U—- 1 BMRg(U-1) MRg(U-1) RZ, Rg*

This means that a BOPTF(B, U, M Rg) can recover a K-sparse x € FV*B provided
that K < % (;_lt + 1) = % [39]. However, under the assumption that the signal has

a block structure, a (K, R)-block sparse signal would be (at worst) K R-sparse. This

BOPTF could recover a K R-sparse x € FUXB if KMRs = KR < &t meaning

that K < % (Rg—zl> ﬁ < 1, therefore K cannot be an integer, and this BOPTF

cannot guarantee recovery of a (K, R)-block sparse signal. We emphasize the poor
performance of Steiner BOPTF's because, as we demonstrate in the next section, some
methods for constructing BOPTF's result in frames that are unitarily equivalent to a

Steiner frame.
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5.5 Steiner-McFarland equivalence

Recall that the harmonic BOPTF arising from the McFarland DDS from The-
orem 4.3.2 generated a ECTFF for its span. Though it is not clear from its con-
struction, this BOPTF also arises from the Steiner method, meaning that it will have
similarly poor performance with respect to block coherence. Before we prove this
equivalence, we introduce one final classification of GDDs. A uniform GDD(V, K1)
of type MY is resolvable if the set of blocks B partitions into further partitions of V,
that is if B is a disjoint union of parallel classes of V. Since each block consists of K
vertices, each parallel class consists of % = % blocks and there are % = %% =R
parallel classes. We write V = U X M and B = R xS where R and S are indexing sets
of size R and S = %, respectively. Let {E, m uer.merm be the embedding operators
of the GDD as before. Let {¢, },er be a flat ONB of dimension R (such as a scaled
Hadamard matrix).

Let ® and ¥ be the synthesis operators for {¢, },er and {E, ¢, tucrmemrer,

respectively. Recall that

1,7 =71y and v € (ry, $1),
Ev(blﬂ“Q) = Ev((7"1781),7"2) =

0, else.
Note that \Il(bl, (ug,mg,rz)) = \Il((m,sl), (ug,mg,m)) = (EuQ,ngow)(rl,sl), mean-
ing that each row is indexed according to the specific element (s;) of the parallel class

(r1) and each column is indexed according to the associated member (ms) of which

grouping (us) and the appropriate member of the ONB (ry). Then

(Eu2,m2(lor2) (Tl? 31) = Z Eu2,m2 ((7“1, 31)7 7’) Pry (T) - Euz,m2 ((7’1, 81)7 Tl)‘P’r‘g (Tl)'

reER

Since this depends on the vector (ug, mg) being in the block indexed by (71, s1) (which
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we will call b,, 5, ), we can write this as

D(ry,72), (u2,m2) € by sy,
By, ((71,81),71) @, (r1)
0, else,

= X((r1, 1), (g, m2)) B (11, 72).

We can then consider this to be the (31, (ug, ma, 7“2)) entry of the tensor product of
the incidence matrix of the rith parallel class of the GDD and the rith row of ®.
This categorization of the frame entries is necessary in the following theorem to show

how the Steiner construction relates to the McFarland construction.

Theorem 5.5.1. Let D = {(r,z) € Zr X Fgs : z € (a")*} be the semiregular H-
DDS(R,Q’, RQ77') for G = Zr x Fgs from Theorem 4.3.2. Applying Theorem 4.2.3
yields a BOPTF(RQ’™1,Q’, R) that is unitarily equivalent to a Steiner BOPTF that

arises by applying Theorem 5.4.1 to a classical affine geometry over Fg..

Proof. Let Q, J, R, G, H, and D be the same as those in Theorem 4.3.2. Next we
construct the affine geometry. Let V = F(s, and take § in Fgs such that
trgng(8) = 1. We define the block set B = {(r,y) € Zr x Fgs : y € (Ba")*}. Then

for any (r,y) in B and z in Fgs, we can construct a B x V incidence matrix X as

1, z€y+ (a"),
X((Tu y)7 Z) =
0, else.

For any fixed r, the (r,0) block is (o), the rth the one-dimensional subspace of Fg..
Varying y over (3a ")+ partitions Fgs into a parallel class. To see this, note that for
any z in Fg, we can write

z =trgne(Ba"z)a" + [z — trgno(Ba”"2)a’],
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where trong(Ba"z)a” is clearly in (o) and [z — trgn (B "2)a] is in (Ba ")
trong(Ba"(z — trgng(Ba™"2)a")) = trgng(Ba™"2) — trgng(Ba"z) trgng(B)
= trong(Ba™"z) — trgng(Ba™"2)

=0.

This means that z is in the coset [z — tro.g(Ba™"2)a"] + (), and if 2 were also in

the coset y + (") then

z —trgne(Ba"z)a" +(a") =y + (") <= y— [z —trgng(Ba "2)a"] € (a").

Additionally, both [z — trgsg(Ba"2)a’] and y are in (Ba~")*, which would mean
that they are both in (a")N(Ba~")t. However, if 2’ is in (a”)N{Ba~")* then 2’ = ca”

for some c in Fgy and

0 = trgng(Ba™"2") = trgng(Ba"ca") = ctrgng(B) = c.

This occurs if and only if y = z—trg. o(Ba~"2)a”, meaning that (Ba~")t is a natural
set of coset representatives (i.e. a transversal) of Fgs with respect to the subgroup
(o). If we let X, be the (Ba~")* x Fs submatrix of X (representing the rth parallel

class), then

Ly =z—trgng(Ba"z)a’,
X (y,2) =
0, else.
The mapping z — z — trg.o(Ba~"2)a” is a linear mapping from Fg, onto (Ba~m)t
with rank J — 1 = dim((ﬁoz_r>J‘). This implies that the nullity of the mapping

is 1, and for any y in (Ba™")* there are exactly @ choices of z in Fgs such that
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y =z —trgng(Ba~"z)a", but for each z in Fgs this y is unique. This means that
each row of X, has exactly () ones and that each column of X has a single one in
each parallel class.

For any z1 # 2 in Fgs, we know that 2, — 2z, # 0, so there exists a unique r
in Zg such that z; — 25 is in (a”). Then for this r, there exists a ¢ in Fg such that

— T
z1 — 29 = ca”, and

trogno(Ba (21 — 22))a” = trgng(Ba"(ca”))a" = ctrong(B)a” = ca” = 2 — 2.

We know that there is a unique y in (Sa~")* such that y = 2z, — trgng(Ba™"z)a",

and combining this with the previous result shows that

y = [z —trgng(Ba " z1)a"] + [(21 — 22) — trong(Ba " (21 — 22))a’]

= 2y — trgng(Ba"z)a".

This means that there is both a unique r in Zy and unique y in (Sa~")* such that
y =21 —trong(Ba"z)a" and y = 23 —trgng(Ba~"z2)a”. Then the affine geometry
is also a resolvable BIBD (RBIBD), denoted RBIBD(Q”,Q, 1).

To construct the Steiner BOPTF, note that a RBIBD(V, K, A) has the following

relations: R = Ag__ll) = %1:11 and B = #(B) = Y& = % = Q’7'R, which fit our

assumed values. For any z in Fgs, an embedding operator is a B x Zg {0, 1}-valued

matrix E, with entries

17 T =13,2 € Y2+ <a7“2>,
E.((ra,y2),73) =

0, else,
\
(

1, r9 =713,y0 = 2 — trgno(Ba™"?)a’,

0, else.

\
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Additionally, the Zg x Zg character table of I'z,, of Zr has entries

I'z,.(r9,73) = exp(%rgrg).
We can then construct the synthesis operator ¥ as a B x (Zg x Fgs) matrix with

entries W((ro,y2), (13, 23)) = (E;,T'z,) ((r2,y2),73). This simplifies to

1, rg=m,
_ 2 _
Z E.; ((r2, y2), 7)Tzy(r,75) = Z exp( 5 173) Yo = 23 — trgng(Ba™"?23)a"™,

r€Zp r€LR
0, else.

This simplifies even further as the summand values are 0 when r # ro:

eXp(2—;ZT2T3), y2 — Z3 — trQJ\Q(Ba_TQZg)aT27

U ((ra,y2), (13, 23)) =
0, else.

Next, define H as the D x B matrix (where D is the subset of G used to generate the

harmonic BOPTF @® from Theorem 4.3.2) with entries

e:x;p(m tTQJ\P<x1y2))7 r =Ta,
H((ry,21), (r2,%2)) = "

0, else.
Notice that H is a block diagonal matrix. Let H, be the rth diagonal block submatrix,
indexed by (a”)* (from D) on the rows and (3a~")* (from B) on the columns. H,
is in fact a complex Hadamard matrix, specifically the character table for (a”)*
(regarded as a subgroup of Fgs) with entries H, (21, y2) = exp(35 trgs p(2192)). To
see this, note that for any y» € (Ba™")*, the mapping v,, : (a")* — T where

Yoo (1) = exp(35t trgn p(21y2)) is well-defined and a homomorphism: note that for
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any g, z1 in {a”)*t,

Yy (To + 1) = eXP(% tronp((To + 21)Y2)) = Yy (T0)Vys (1)

The mapping ¢ : (Ba™")* — ((a”)') is also a homomorphism: for any y.,ys €

(Ba~")* and any z; in (a")*,

[(P(yQ + y3)](‘r1) = Ty2+us (I3)
= exp(3t trga p(21(y2 + ¥3)))
= Yy2 (171)’7313(1'1)

= [p(y2)e(y3)](21).

Because (fa~")* and (")t have the same cardinality, it is sufficient to show that

ker(op) = {0}. If y5 is in ker(¢p), then v,, = ¢(y2) = 1, therefore

1= Vy2 (5(31> = exp(% trQJ\P(I1y2))7

for all 1 in (a”)*. This implies that trgs p(21y2) = 0, which implies that y, = 0
since trgs p is nondegenerate.

Therefore, since H, is a scalar of a unitary matrix, and H is block diagonal, we
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see that H™! = #H* Now consider the D x (Zgr x Fgs) matrix H¥, with entries

(H‘I’)((Tl,l‘l), (73, 23))

= Z H((Tl,ZL‘l),(TQ,QQ))‘I’((TQayQ)7(T3723))

(r2,y2)eB

_ Z exp(%tr@\p(mlm)), =Tz ‘II((T‘Q Ya), (13 Z3))

(ro,y2)eB 0, else,
2mi T =T2,
. eXp(_TZTS) — _ —7 T
= > exn(3F trgnp(ip)) B2 gy = 23 — trgng(Baz3)a”,
(r2,y2)€B 0, else,
B Z exp( 25 tron p(2172)) exp(%rlrg), Yo = 23 — trgng(Bazz)a™,
y2€(Ba 1)L 0, else,

271

= exp(Z5 trgn p(21 (23 — trong(Ba " 23)a™)) exp(35irirs),
27

= exp (%5 tros p(2123)) exp(35trir3),

=& ((r1,21), (r3, 23)).
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VI. Conclusions and future work

Though ETFs and EITFFs are optimally suited for techniques such as OMP and
BOMP, respectively, we have shown that objects like EITFF-generating BOPTFs may
be better suited for real-world applications of compressed sensing. This is because
they provide better flexibility with respect to the assumptions on the signal being
recovered. In addition to constructing new infinite families of EITFF-generating
BOPTFs, we have also shown that not all BOPTFs are as useful as these with respect
to block coherence.

Along with our focus on BOPTFs, we have also introduced new methods for
constructing infinite families of ECTFF from difference families and GDDs. Figure 3
summarizes some relevant known methods for constructing ECTFFs and EITFFs
prior to our work, while Figure 4 expands this outline, highlighting our contributions
in red and providing the associated theorems. Beyond the construction of new frames
and fusion frames, we provide a method for validating the novelty of these new frames
in general.

As we have shown, BOPTFs, particularly those with equi-isoclinic subspaces, have
great potential for compressed sensing, and new methods for their construction are
certainly worth pursuing. Inspired by Theorem 5.5.1, we suggest that it is possible

ETF @ ONB SR-RDS + DS
{ (Ionin)

|

EITFF — ECTFF SR-DDS < McFarland SR-DDS
] (King) (Pott)

BIBD A > 1 «— BIBD A = 1 « Affine geometry
(Zauner)

Figure 3. A summary of relevant EI/ECTFF construction methods, prior to our work.
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ETF ® ONB -« ETEF @ MUB- Thm 5.2.1

Thm 4.2.3 l
Diff Family SR-RDS + DS
of Diff Sets (Tonin)
Thm
4.1.1
v Thm4.21
Diff Family SR-DDS <—— McFarland SR-DDS
(King) (Pott)
Thm 4.1.1 | Thm 5.3.1 l
EITFF — ECTFF BOPTF «—
Thm 5.4.2 Thm 5.5.1
GDDA>1 GDD A =1
BIBD A > 1 BIBD A = 1 «——— Affine geometry
(Zauner)

Figure 4. EI/ECTFF construction methods with our contributions highlighted in red.

to find new EITFF-generating BOPTF constructions by investigating which EITFF
constructions can arise from a BOPTF. Here, the challenge is to find bases for a
given sequence of subspaces that have small coherence. Perhaps a good first step
is to develop a numerical algorithm for computing such bases and apply it to small
known examples of EITFFs, and then analyze the results to see if any new patterns
emerge. It would also be wise to carefully search for the conditions necessary for an
EI/ECTFF to have arisen from a BOPTF.

It would also be prudent to pursue yet more methods of constructing BOPTFs, and
then determine if any of them are capable of producing equi-isoclinic subspaces. Here,
one good first step would be to determine what other methods for constructing ETFs
can be generalized to yield BOPTFs: we have already generalized Steiner ETFs to
non-EITFF-generating BOPTFs (Theorem 5.4.1) and generalized the “ETF-tensor-
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MUETEF” construction of [19] to ones that generate EITFFs. In fact, investigating
more connections between ETFs and BOPTF's could also lead to new ETFs.

To help inform the search for new BOPTFs, it would help to find more necessary
conditions on their existence. The number of vectors in a BOPTF should be restricted
by an analogue of Gerzon’s bound. The cross-Gram matrices of a real BOPTF are
necessarily scalar multiples of Hadamard matrices of size R, implying that R is either
2 or a multiple of 4. Also, every real BOPTF is a real OBTF, meaning its param-
eters must satisfy certain integrality conditions [15]. Restrictions on the existence
of complex BOPTFs beyond Gerzon’s will likely be too difficult to find in the near
future due to the fact that the set of all complex numbers of a given modulus is a

continuum.

105



10.

Bibliography

. H. Cohn, A. Kumar, G. Minton, Optimal simplices and codes in projective

spaces, Geom. Topol. 20 (2016) 1289-1357.
C. J. Colbourn, CRC Handbook of Combinatorial Designs. CRC press, (2007).

J. H. Conway, R. H. Hardin, N. J. A. Sloane, Packing lines, planes, etc.: pack-

ings in Grassmannian spaces, Exp. Math. 5 (1996) 139-159.

G. Coutinho, C. Godsil, H. Shirazi, H. Zhan, Equiangular lines and covers of
the complete graph, Linear Algebra Appl. 488 (2016) 264-283.

. 1. S. Dhillon, J. R. Heath, T. Strohmer, J. A. Tropp, Constructing packings
in Grassmannian manifolds via alternating projection, Exp. Math. 17 (2008)

9-35.

C. Ding, T. Feng, A generic construction of complex codebooks meeting the

Welch bound, IEEE Trans. Inform. Theory 53 (2007) 4245-4250.

D. L. Donoho, Compressed sensing, IEEE Trans. Inform. Theory 52.4 (2006)
1289-1306.

. D. L. Donoho, M. Elad, Optimally sparse representation in general (nonorthog-
onal) dictionaries via 11 minimization, Proc. Natl. Acad. Sci. USA 100 (2003)

2197-2202.

. Y. C. Eldar, P. Kuppinger, H. Bolcskei, Block-sparse signals: uncertainty rela-
tions and efficient recovery, IEEE Trans. Sig. Proc. 58 (2010) 3042-3054.

B. Et-Taoui, Complex conference matrices, complex Hadamard matrices and
complex equiangular tight frames, Springer Proc. Math. Stat. 148 (2016) 181—
191.

106



11

12.

13.

14.

15.

16.

17.

18.

19.

20.

. B. Et-Taoui, Infinite family of equi-isoclinic planes in Euclidean odd dimen-
sional spaces and of complex symmetric conference matrices of odd orders,

Linear Algebra Appl. 556 (2018) 373-380.
B. Et-Taoui, Quaternionic equiangular lines, Adv. Geom. 20 (2020) 273-284.

M. Fickus, J. Jasper, Equiangular tight frames from group divisible designs,
Des. Codes Cryptogr. 87 (2019) 1673-1697.

M. Fickus, J. Jasper, E. J. King, D. G. Mixon, Equiangular tight frames that

contain regular simplices, Linear Algebra Appl. 555 (2018) 98-138.

M. Fickus, J. Jasper, D. G. Mixon, Packings in real projective spaces, SIAM
J. Appl. Algebra Geom. 2.3 (2018) 377-409.

M. Fickus, J. Jasper, D. G. Mixon, J. Peterson, Tremain equiangular tight
frames, J. Comb. Theory. 153 (2018) 54-66.

M. Fickus, J. Jasper, D. G. Mixon, C. E. Watson, A brief introduction to
equi-chordal and equi-isoclinic tight fusion frames, Proc. SPIE 10394 (2017)
103940T/1-9.

M. Fickus, J. Jasper, D. G. Mixon, J. Peterson, C. E. Watson, Polyphase
equiangular tight frames and abelian generalized quadrangles, Appl. Comput.

Harmon. Anal. 47 (2019) 628-661.

M. Fickus, B. R. Mayo, Mutually unbiased equiangular tight frames, IEEE
Trans. Inform. Theory. 67 (2020) 1656-1667.

M. Fickus, B. R. Mayo, C. E. Watson, Certifying the novelty of equichordal
tight fusion frames, arXiv:2103.03192 (2021).

107



21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

. M. Fickus, D. G. Mixon, Tables of the existence of equiangular tight frames,
arXiv:1504.00253 (2016).

M. Fickus, D. G. Mixon, J. Jasper, Equiangular tight frames from hyperovals,
IEEE Trans. Inform. Theory. 62 (2016) 5225-5236.

M. Fickus, D. G. Mixon, J. C. Tremain, Steiner equiangular tight frames,
Linear Algebra Appl. 436 (2012) 1014-1027.

M. Fickus, C. A. Schmitt, Harmonic equiangular tight frames comprised of

regular simplices, Linear Algebra Appl. 586 (2020) 130-169.

C. Godsil, A. Roy, Equiangular lines, mutually unbiased bases, and spin mod-
els, European J. Combin. 30 (2009) 246-262.

B. Gordon, W. H. Mills, L. R. Welch, Some new difference sets, Canad. J.
Math. 14 (1962) 614-625.

S. G. Hoggar, New sets of equi-isoclinic n-planes from old, Proc. Edinb. Math.
Soc. 20 (1977) 287-291.

Y. J. Tonin, A technique for constructing divisible difference sets, J. Geom. 67

(2000) 164-172.

J. W. Iverson, J. Jasper, D. G. Mixon, Optimal line packings from nonabelian

groups, Disc. Comp. Geom. 63 (2020) 731-763.

J. W. Iverson, J. Jasper, D. G. Mixon, Optimal projective packings from asso-

ciation schemes, Proc. Internatl. Soc. Opt. Photon. 10394 (2017).

J. Jasper, D. G. Mixon, M. Fickus, Kirkman equiangular tight frames and
codes, IEEE Trans. Inform. Theory. 60 (2014) 170-181.

108



32

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

. E. J. King, New constructions and characterizations of flat and almost flat

Grassmannian fusion frames, arXiv:1612.05784 (2016).
H. Konig, Cubature formulas on spheres, Math. Res. 107 (1999) 201-212.

P. W. H. Lemmens, J. J. Seidel, Equiangular lines, J. Algebra 24 (1973) 494—
512.

R. L. McFarland, A family of difference sets in non-cyclic groups, J. Combin.
Theory Ser. A 15.1 (1973) 1-10.

A. Pott, Finite geometry and character theory, Lecture Notes in Math. (1995).

T. Strohmer, R. W. Heath, Grassmannian frames with applications to coding

and communication, Appl. Comput. Harmon. Anal. 14 (2003) 257-275.

F. Szollosi, Complex Hadamard matrices and equiangular tight frames, Linear

Algebra Appl. 438 (2013) 1962-1967.

J. A. Tropp, Greed is good: algorithmic results for sparse approximation, IEEE
Trans. Inform. Theory 50 (2004) 2231-2242.

L. R. Welch, Lower bounds on the maximum cross correlation of signals, IEEE

Trans. Inform. Theory 20 (1974) 397-399.

P. Wocjan, T. Beth, New construction of mutually unbiased bases in square

dimensions, Quantum Inf. Comp. 5 (2005) 93-101.

P. Xia, S. Zhou, G. B. Giannakis, Achieving the Welch bound with difference
sets, IEEE Trans. Inform. Theory 51 (2005) 1900-1907.

G. Zauner, Quantum designs: Foundations of a noncommutative design theory,

Ph.D. Thesis, University of Vienna, 1999.

109



REPORT DOCUMENTATION PAGE OM’E’,’(,’O_A‘;’;&VE&%

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including
suggestions for reducing this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704—-0188), 1215 Jefferson Davis Highway,
Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection
of information if it does not display a currently valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD—MM—YYYY) 2. REPORT TYPE 3. DATES COVERED (From — To)
08-10-2021 Dissertation Sept 2018 — Sept 2021
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

5b. GRANT NUMBER
EQUICHORDAL TIGHT FUSION FRAMES AND BIANGULAR

ORTHOPARTITIONABLE TIGHT FRAMES

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER

5e. TASK NUMBER
Benjamin R. Mayo, Maj, USAF

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
NUMBER

Air Force Institute of Technology

Graduate School of Engineering and Management (AFIT/EN)

92950 Hobson Way AFIT/ENC/DS/21/S/001

WPAFB OH 45433-7765

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)

Department of Mathematics and Statistics AFIT/ENC

2950 Hobson Way

WPAFB OH 45433-7765 11. SPONSOR/MONITOR’S REPORT

DSN 271-0690, COMM 937-255-3636 NUMBER(S)

Email: benjamin.mayo@alfit.edu

12. DISTRIBUTION / AVAILABILITY STATEMENT

DISTRIBUTION STATEMENT A:
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.

13. SUPPLEMENTARY NOTES

14. ABSTRACT
An equichordal tight fusion frame (ECTFF) is a sequence of equidimensional subspaces of a Euclidean space that achieves equality in

Conway, Hardin and Sloane’s simplex bound, and so is a type of optimal Grassmannian code. In the special case where its subspaces have
dimension one, an ECTFF corresponds to an equiangular tight frame (ETF); such frames have minimal coherence and so are useful for
compressed sensing. More generally, an ECTFF will yield a frame with minimal block coherence when its subspaces are pairwise isoclinic,
namely when it is an equi-isoclinic tight fusion frame (EITFF). In this dissertation, we generalize the notion of an ETF to that of a
biangular orthopartitionable tight frame (BOPTF). Every BOPTF generates an ECTFF and has a coherence that rivals that of an ETF.
Generalizing a recent observation of King, we construct a new infinite family of BOPTFs whose ECTFF's are actually equi-isoclinic. Such
EITFF-generating BOPTFs are remarkable: having both low coherence and minimal block coherence, they guarantee the efficient recovery
of signals that are either sparse or block sparse (without foreknowledge of the sparsity type). We moreover show that such
EITFF-generating BOPTFs are special, proving that certain infinite families of BOPTFs (including an infinite number of those constructed
by King from semiregular divisible difference sets) generate ECTFFs that are not equi-isoclinic. Along the way, we discover several new
methods for constructing and comprehending ECTFFs.

15. SUBJECT TERMS

ETF,EITFF,ECTFF,Compressed Sensing

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF | 18. NUMBER | 19a. NAME OF RESPONSIBLE PERSON
a. REPORT | b. ABSTRACT|c. THIS PAGE|  ABSTRACT Fces | Dr- Matthew Fickus, AFIT/ENC
19b. TELEPHONE NUMBER (include area code)
U U U Y 118 | (937)255-3636 x4513; matthew.fickusQafit.edu

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39.18




	Equichordal Tight Fusion Frames and Biangular Orthopartitionable Tight Frames
	Recommended Citation

	tmp.1637766524.pdf.Aw1z9

