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Abstract 
Turbine engine blades are subject to extreme dynamic vibrational loads during nor- 

mal operations. Harmonic forcing produced from periodic wakes created by fixed stators 

can excite blade resonant frequencies. Prolonged or repeated exposure to these forces can 

cause vibration-induced fatigue, otherwise known as High Cycle Fatigue (HCF). HCF ef- 

fects are magnified by small material, manufacturing and geometrical irregularities among 

the blades, called mistuning. Structural mistuning can result in some blades experiencing 

stresses much higher than would be encountered in a perfect structure. Blade amplitude 

increases of over 100% have been observed in blades with natural frequencies less than 2% 

off their nominal value. Premature blade failures, operational costs and engine servicing 

all increase due to the HCF problem. 

This study offered a novel approach to characterize mistuning effects on forced vibra- 

tion behavior of bladed disks. A model fan reduced in dynamic scale from an operational 

jet engine fan and with weak inter-blade coupling was fabricated. Aerodynamic distur- 

bances produced by the stators were replicated by magnets attached to a rotating flywheel 

interacting with similar magnets epoxied to the model fan blades. Flywheel magnets were 

spatially placed to represent various multiples of flywheel rotational frequency, or engine 

orders. Forced vibratory responses were measured by accelerometer transducers glued to 

the blade tips. Transducer response signals were analyzed by an appropriately configured 

data acquisition system. 

The first bending and first torsion blade modes were selected for analysis. Addition- 

ally, two distinct mistuning cases were chosen. The first case was of the original, untouched 

model fan while the second represented a closely tuned first bending mode among all blades. 

Four flywheel engine orders of three, four, six and twelve were used as the periodic forcing 

function. A total of twelve test runs were conducted amongst all the configurations. 

The flywheel excitation system performed very well in its ability to impart periodic 

forcing onto the bladed disk. The periodic forcing input, varying in magnitude and fre- 

quency distribution with engine order, produced an assortment of forced vibration results. 

xvi 



Several mechanisms, including changing mistuning levels, engine order and stimulated 

modal group substantially altered the system response. Areas influenced include localiza- 

tion levels, response profiles of individual blades, number of maximum blade amplitude 

peaks and the localization frequency range. 

Norm scales featured in previous cyclic structure free response studies were utilized 

as localization indicators for this research. Unfortunately, the four/two and infinity/two 

norm scales used were inadequate to correlate the two traits of system localization and 

peak blade responses. 

xvn 



EXPERIMENTAL INVESTIGATION 
ON PERIODIC FORCED VIBRATIONS 

OF A BLADED DISK 

I.   Introduction and Overview 

1.1     Background 

1.1.1     High  Cycle Fatigue  of Turbine Engine Blades. Bladed 

disk assemblies are comprised of numerous near-identical turbine blades attached to a 

central hub. Should the blades and disk be manufactured from a single metal piece, it 

may be referred as a blisk. A typical jet engine contains dozens of these blisks. Further, 

bladed disks must be manufactured to operate across broad engine RPM ranges and varied 

airflow inlet speeds. Hence, the performance of gas turbines are largely dependent upon 

the structural integrity of these sophisticated components. A modern jet engine contains 

rotating blisks interspersed among multiple fixed stators. The aeroelastic and aeroacoustic 

loading effects upon the blisks are largely unknown (35). However, it is understood that 

external forcing occurs from the periodic wakes created by the fixed stators at integer 

multiples of the bladed disk's rotational frequency, commonly called engine order. When a 

natural frequency of the blisk coincides with an integral engine order frequency, the blades 

are excited into a resonant condition. At these forcing frequencies, turbine blades can 

experience high stress and strain. Prolonged or repeated exposure to these dynamic loads 

can cause vibration-induced fatigue (11), otherwise known as High Cycle Fatigue (HCF). 

HCF advances turbine blade wear and degradation with potentially catastrophic 

damage to jet engine subsystems. Man-hour losses, increased operational costs and repet- 

itive engine servicing are all symptoms of the HCF problem. Several hundred incidents of 

aircraft engine failure in the past three decades have been reported due to the effects of 

HCF. Furthermore, HCF has been explicitly identified as the primary unexpected engine 
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failure mode from 1989 to 1994 (39). Because of these circumstances, HCF of turboma- 

chinery rotors is a persistent problem which has drawn much attention in recent years. 

1.1.2     The Behavior of Bladed Disk Assemblies. In attempt to 

resolve bladed disk assembly HCF, researchers have developed a multitude of numerical, 

analytical and statistical models in hope of gaining insight into the phenomena. Although 

these analysis techniques have been well documented (35) (36), a brief mention of significant 

themes contained throughout the studies will be explored. 

1.1.2.1 Rotationally Periodic Structures. Bladed disks belong to a 

unique class of systems known as rotationally periodic structures (RPS). An RPS example 

is shown in Figure 1.1. Since they consist of spatially repetitive substructures, cyclic 

symmetry is a convenient, frequent assumption made when analyzing RPS dynamics (31). 

With this assumption, all system substructures are geometrically and dynamically similar. 

In the case of a bladed disk assembly, this implies all the blades are identical, uniformly 

spaced and the hub is symmetric. If these criteria are met, the RPS is known as a tuned, 

or ordered, system. 

Figure 1.1      Example RPS Model 

A bladed disk possesses several modal vibration families. Each family, or band, cor- 

relates to a specific cantilever bending mode.  There are as many linear modes within a 
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modal band as substructures. Further, an ordered RPS possesses a distinguishing vibration 

characteristic. At system modes, a constant phase difference exists between all substruc- 

tures with varying participation from each substructure. However, the system response 

is always symmetric in appearance. These vibrations are known as global, or extended 

modes (38). 

Early structural analyses took advantage of RPS cyclic symmetry to drastically re- 

duce the computational cost involved with examining an entire disk assembly. Cyclic 

symmetry enabled engineers to uncouple the blisk equations of motion and reduce the 

problem scope to that of analyzing a single blade (31). 

1.1.2.2 Mistuning of Bladed Disk Assemblies. If bladed disk as- 

semblies were perfectly tuned, the HCF problem plaguing aircraft engines would be signif- 

icantly reduced. Unfortunately, globally extend modes throughout a blisk are an unattain- 

able ideal. In actual assemblies, the cyclical symmetry of a blisk is destroyed by material, 

manufacturing and geometrical irregularities among the turbine blades. Normally, the 

blade differences are in the form of mass, stiffness or damping variances (27). These ran- 

dom discrepancies are known as mistuning, or system disorder (5). Hence, the repeated 

nature of the substructures is lost, and a qualitatively different dynamic behavior than 

that of the tuned assembly results. 

1.1.2.3 Mode Localization Phenomena. The rotational periodicity 

breakdown can transition the global modes to that of highly localized ones. Instead of 

vibration energy being equally diffused throughout all substructures, energy can become 

concentrated to a few specific substructures. In an extreme case, the energy can become 

focused onto a single blade. This phenomena, known as mode localization, results in the 

steady state amplitude of some blades being much larger than those of a perfectly tuned 

system (6). Furthermore, research has shown mode localization and peak blade deflections 

are amplified by weak or variable inter-blade coupling throughout the blisk (40). This 

coupling may be structural or aerodynamic in nature. 
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Consequently, the problem of HCF is magnified, with blisk structural failures occur- 

ring at a much accelerated rate. The sensitivity of bladed disks to mistuning perturbations 

is extreme. For instance, blade amplitude increases over 100% have been observed in blade 

natural frequency variations of less than 2% from blade to blade (27). 

1.1.2.4 Advanced Techniques to Analyze Mistuning Effects. Since 

mistuning effects dramatically impact bladed assembly dynamics, their existance must be 

included in any analysis if reliable solutions to severe vibratory response amplitudes are 

to be found. However, the obvious approach of formulating a complete finite element 

model (FEM) to replace the cyclic symmetry method is an extremely expensive, if not 

impossible undertaking. Therefore, useful models must take alternative, less complex ap- 

proaches to predict blade amplitude levels. 

Current research efforts of bladed disk forced response are divided into three primary 

categories (29). 

1. The first category consists of obtaining system behavior approximations through 

statistical analyses. Monte Carlo simulations or other probabilistic methods are 

typically utilized for these studies. 

2. The second strategy is of a deterministic type, where models are generated, mistuned 

and the results analyzed. Here, reduced order models (ROM) are often used which 

reduce computational effort while providing reasonable accuracy of mistuning effects. 

3. Lastly, underlying mechanisms such as blade damping are studied to determine which 

factors influence mistuning sensitivity. 

Unfortunately, the results found among these studies can vary substantially. In 

general, there is a lack of agreement toward the degree of system localization and vibratory 

increase resulting from mistuning effects. These areas of inconsistency include, among 

others, blade amplitude magnification levels, blade of greatest vibration response and blade 

damping effects (35). For these (and other) aspects of forced response behavior, it is often 

difficult to surmise which findings or combinations are accurate and which directions future 

research should focus. 
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Furthermore, a vast majority of these models are mathematical in nature. Little 

research into the forced vibration behavior has been investigated experimentally. Since 

HCF is an operational problem on real-life turbomachinery rotors, perhaps an approach 

that relied on experimental data would yield results presumably consistent to that observed 

in practice. 

1.2    Experimental Analysis of Blisk Forced Response 

Instead of attempting forced vibrations measurements on a full scale operational jet 

engine fan, this study offers a novel approach to investigate bladed disk forced response 

behavior. The proposal has three main elements: 

1. A model fan reduced in dynamic scale from an operational jet engine fan will be 

fabricated. This model will capture the dynamic variations of repeated structures, 

yet be simple enough to keep modal identification uncomplicated. 

2. Attempting to collect vibration data by spinning this generic fan between stators 

in a high speed wind tunnel would be of enormous cost. Therefore, rather than 

rotate the test article, the forcing input will be revolved. To replicate aerodynamic 

disturbances produced by the fixed stators, magnets attached to the outer diameter 

of a spinning flywheel will interact with like-polarity magnets epoxied to the model 

fan blades. The flywheel magnets will be properly distributed around the flywheel 

rim to simulate an engine order of interest. 

3. Accelerometer transducers glued to the blade tips will measure the dynamic vibratory 

response. These response signals will, in turn, be analyzed by an appropriately 

configured data acquisition system. 

Several tests involving different mistuning sets and engine orders will be conducted to 

determine the validity of such an approach. The success of this measurement system would 

offer a new method to further progress the field of characterizing bladed disk dynamics. 
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1.3 Periodic Forcing Function 

A fluctuating axial force, periodic in nature, must be successfully modeled to localize 

the blisk modes. The experiment proposes an original design to recreate this forcing 

environment. Repulsive magnetic pulses will replicate wakes impinging upon the blades. 

These repelling pulses will occur via magnets bonded to both the disk and a rotating 

flywheel. The flywheel angular velocity will be generated from electric motor torque. 

By having magnets around the flywheel rim, forcing frequencies are multiples of flywheel 

rotational speed. The number of impulses a blade experiences during one full rotation of 

the flywheel will mimic an engine order. Theoretically, resonant excitation of blade modes 

will occur when an engine order coincides with a blisk natural frequency. Although the 

approach appears reasonable, verification that this mimicked forcing input is similar to that 

witnessed by operational blisks must be incorporated into the experimental procedure. 

1.4 Response Measurement with Norm Scales 

A fundamental consideration of the experiment procedure is the ability to quantify 

the degree of localization and peak blade deflections each of these experimental cases would 

produce. Past approaches have focused around determining relative blade amplitudes 

through an amplitude magnification factor (6). This is the ratio of maximum mistuned 

forced response amplitude to the maximum tuned forced response amplitude. While this 

method is suitable for deterministic models where a tuned system response is available, the 

likelihood a highly tuned response could be extracted from the model test fan is remote. 

Further, dual effects of localization and peak blade deflections are not considered by this 

ratio alone. A more rounded methodology to assess forced response behavior is required. 

This study proposes modal length scales to measure the forced vibration behavior. 

By defining a length scale, different frequency responses can be readily compared (7). Pre- 

vious research utilized modal length scales to measures localization occurrences in radially 

deflected ribs with great success (8) (7). These length scales were combinations of the two 

norm, four norm and infinity norm of a given mode shape's deflections at a specific distance 

from the center of a radial rib reflector. 
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Because of their uniqueness, some background is necessary in the area of norm 

scales (8). The nth norm of a mode is found by the following relation: 

normn = - —  (1.1) 

The norm taken is denoted by n, an individual component of a specified mode is 

given by if)i, and the total number of components in a mode is represented with N. Lower 

norms are not as sensitive to extreme differences between values for a given set. Norms 

can range from 1 to oo, from the mean to absolute maximum of a set, respectively. Lower 

norms are useful for characterizing system behavior as a whole. Higher norms are best for 

understanding significant deviations is system behavior. In the extreme, the infinity norm 

is useful to quantify severe deflections, hence potential substructure failures, in a system. 

Of significant importance, modal length scales were previously only used to investi- 

gate free vibrations (8) (7). For these free response studies, the norm scales were normalized 

by the ordered system norms. Since modal frequencies do not exist in the same sense for 

forced vibrations, this study will disregard the normalization step. Rather, norm scales 

evaluated at a certain frequency will be compared relative to surrounding modal family 

frequencies to determine the degree of localization. As a result, resolving when a sys- 

tem transitions from a global to a localized state is a somewhat subjective undertaking. 

Localization and maximum blade deflections will be measured with the four/two and infin- 

ity/two norm scales, respectively. With this approach, the appropriateness of these norms 

for forced vibrations will be assessed. The four/two and infinity/two norm scale relations 

are shown in Equations 1.2 and 1.3 respectively. Normalized four/two and infinity/two 

values are given by Equations 1.4 and 1.5. 

Lji=\ vi \x) 

Ak°°{x) =   maX(HX)\) (L3) 
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Lfour(x) = -r-^ 7-r (1.4) 
ft-Okfour{%) 

L^> = ^ ™ 

1.5    Thesis Overview 

This thesis has two principle objectives: 

1. Determine the validity of the proposed forced vibration excitation system through 

experimental testing. 

2. Extract any information gained from the forced response experiments to augment 

the existing body of knowledge on mistuned bladed disk vibrations. 

To accomplish these goals, the remaining study has been segmented into five chapters: 

1. First, Chapter 2 contains a numerical demonstration to familiarize the reader with 

the cyclic mistuning phenomena. A numerical model similar to the experiment test 

article will be constructed. Tuned and mistuned configurations of this model will 

be created. The subsequent free and forced responses will be investigated, discussed 

and compared. 

2. Next, Chapter 3 presents the experimental test article and laboratory equipment used 

throughout the study. Details of the test methods, model bladed disk and flywheel 

excitation system will be specifically discussed. 

3. A compilation of the experimental procedure, including analysis methods and prob- 

lems encountered during testing are included in Chapter 4. The input forcing function 

produced by the flywheel excitation system will be fully characterized. This infor- 

mation will be used to determine the viability of the forcing input methodology and 

to help understand the test article response. Next, using the test equipment, the 

model fan will undergo modal parameter identification. This procedure will include 

both individual blades and the complete disk assembly.   Mistuning cases for free 
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and forced vibrations analysis will also be determined. Following this, the forced re- 

sponse behavior of the test article will be collected through various flywheel magnet 

configurations (i.e. engine orders) and the mentioned mistuning sets. 

4. The forced response mistuning results are discussed in Chapter 5. Forced vibrations 

data sets will be compared amongst themselves and, where feasible, prior research 

and this study's numerical model results. 

5. Lastly, Chapter 6 contains significant conclusions of the study, lessons learned and 

opportunities for future research. 

Since the figures generated in some sections are too numerous to present without 

distracting the reader, two appendices were created. These appendices provide complete 

documentation of all tests conducted. Appendix A contains extraneous input forcing func- 

tion graphs. Supplemental figures of forced vibration experimental cases can be found in 

Appendix B. 
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II.   Forced Response Numerical Demonstration 

To better acquaint the reader with the forced localization phenomena, a lumped pa- 

rameter numerical model will first be analyzed. Understanding an RPS forced localization 

response originates with examining behavior of a perfect, cyclical system. Therefore, the 

ordered system's free mode shapes and frequency distributions will initially be determined. 

These free response characteristics will be useful when exploring the forced response at- 

tributes of the same system. In both free and forced response analyses, mistuning cases 

will be introduced to disrupt the perfect system symmetry and bring about free and forced 

localization behavior. 

2.1     Eight Mass RPS Model 

The model system considered for the numerical analysis is shown in Figure 2.1. 

It is similar to a closed loop pendulum system used in prior research (8). However, it 

is representative of the eight bladed disk test article used throughout the experimental 

portion of this study. 

Each blade is modeled as a lumped mass, m, at a distance I from the hub outer 

diameter. N is the total number of substructures (i.e blades). Blade coupling stiffness 

and individual blade stiffness is represented by the even and odd stiffness coefficients if, 

respectively. Coupling can be thought of as the strength of blade to blade influence (29). 

The blade-disk interface is assumed rigid, thus all inter-blade coupling occurs through the 

blade coupling coefficients. The tuned values for the mass (m), length (I), blade stiffness 

{kb), and coupling stiffness (kc) are 1, 1, 1 and 0.1 respectively. 

2.1.1 Equations of Motion. Lagrangian dynamics will be used to obtain 

the discrete equations of motion (23). The Lagrangian, L, is defined as the difference 

between the system kinetic and potential energy, T and V respectively. Specific derivatives 

are taken with respect to system generalized coordinates in what are known as Lagrangian 

equations: 
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Figure 2.1     Eight Mass RPS Model 

L = T-V (2.1) 

d_ fdL\ _dL^ 

dt \dÖJ     d9i     ^ 
(2-2) 

Lagrange's equations of motion are generated equal in quantity to system degrees of 

freedom. The non-conservative forces, Qf, for this system are zero. However, expressions 

for the kinetic and potential energy must be derived. 

Both the potential energy and kinetic energy expressions can be obtained through 

vector dynamics. Figure 2.2 shows a two mass system representative of two system blades 

with length I, separated by 45°. The kinetic energy function, T, is comprised of the individ- 

ual blade masses kinetic energy. Linearizing the equation with a small angle assumption, 

arc lengths 19 are substituted for horizontal tip displacements. The kinetic energy function 

is: 
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Figure 2.2      Vector Diagram for Equations of Motion 

1   8 

T = -^(m;0^2) = mi9Jl2+m29^l2+m3ejl2+mAell2+m5ell2+rn6e'il2+m7e'll2+m8ell2 

(2.3) 
2=1 

To develop the potential energy function, V, spring deflections between the blades 

must be determined. Referring to Figure 2.2, a deflection is equal to the magnitude of 

the vector TAB minus the unstretched length of the spring. The spring deflection vector is 

obtained by adding the position vectors of both masses, as shown in Equations 2.4 through 

2.7. 

rAO = läi = l cos (6>i + - j ei + I sin (öi + - j e2 (2.4) 

rBO = lbi = l cos (62 - -j h + I sin \92 - -) e2 (2.5) 
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TAB = TAO - TBO (2.6) 

TAB 

+ 
/ cos (öi + !) - Jcos {°2 - I) 

Z sin (öi + I) -Zcos(ö2-^) 

ei 

e2 (2.7) 

Taking the magnitude of TAB'- 

WAB] = (2-2 cos (öi + |) cos (ö2 - |) - 2 sin (öx + |) sin (ö2 - ^ 

2-2cos(öi-Ö2 + ^) 

21 
Qx-Q2     * 

sin | — 1- — 

= 21 sm 
öi — 02 

(s) cos   —   + cos 
öl — 02 

sin   — (- V8 
(2.8) 

Again using the small angle assumption, a linear relationship can be created between 

öi, Ö2 and I: 

\TAB\ ~l (0i - 02) cos (!) +2 sin 
7T 

(2.9) 

The unstretched length of the spring, X, is determined through the law of sines: 

sin(f)_sin(f) 

X 

X = 2sin 
V8 

(2.10) 
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The total deflection, AX, is the difference between TAB and X: 

AX = 1 (0i-02)cosg) (2.11) 

The total potential energy of the system is the summation of energy stored in both 

the blade and coupling springs. Using AX as the change in distance for each inter-blade 

stiffness coefficient and the small angle assumption for every blade stiffness coefficient 

yields:   . 

v = \ cos2 (|) [k2(91 - e2)
2 + h(92 - ö3)

2 + h(e3 - eAf + fc8(ö4 - e5)
2 

+kw(95 - e6)
2 + k12(e6 - e7f + ku(e7 - 98)

2 + ä16(ö8 - ex)
2] + ^0? 

+\k3o
2

2 + \kbe
2 + l-k7el + ^k9e

2 + hnej + ±k13o
2 + h15e

2 (2.12) 

Returning to Equations 2.1 and 2.2, the tuned system Equations of Motion can now 

be obtained: 

[M]{9} + [K}{e} = 0 (2.13) 

Where the eight individual EOMs are: 

mil2 §1 + 

m2l
202 - 

m3l
263 - 

cos (|) I2 (k2 + fcie) + fci] 0i -   cos (|) Z2fc2] 02 - [cos (|) l2k16 

cos (|) Z2fc2] 0X + [cos (|) I2 (k4 + k2) + fci] 02 - [cos (|) l2k4 

cos ("I") l2k4] 02 + [cos (|) I2 (k6 + fc4) + &i   03 - [cos (|) Z2A;6 

m4l
204 - [cos (|) /2A;6] 03 + [cos (|) Z2 (fe8 + fc6) + fc^ 04 -   cos (|) Z

2
/J8 

m5l
205 - [cos (|) Z2fc8] 04 + [cos (|) Z2 (fcio + fc8) + fci] 05 - [cos (|) Z2fc10 

m6Z206 - [cos (|) Z2fci0] 05 + [cos (|) Z2 (k12 + kw) + An] 06 - [cos (|) Z2/ci2 

m7l
207 - [cos (|) Z2fci2] 06 + [cos (|) Z2 (ku + kl2) + *i] 07 - [cos (|) Z2fci4 

98=0 

93=0 

94 = 0 

95=0 

96=0 

6>7 = 0 

08=0 
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msl 08 - cos (I) i2k 16 cos (^)l2ku  &7+   cos (J-) l2 (kiG + ku) + h] 08 =0 

(2.14) 

2.1.2 Free Response of Eight Mass RPS. The reader may inquire why 

researching free response characteristics is necessary when forced excitations are the focus 

of the study. Free response analysis can lend helpful insights into a system's sensitivity 

to mistuning. Further, if any relationships between the free and forced response behavior 

can be established, pursuing the more simple free response analysis may be sufficient. 

Consequently, it may be unnecessary to proceed with the more costly forced response 

analysis. 

2.1.2.1 Tuned System Analysis. Performing an eigenanalysis (22) on 

the tuned system EOMs yields the eigenvectors and natural frequencies shown in Figure 2.3. 

These eigenvectors are the blade deflections of a perfectly tuned system, commonly known 

as the extended mode shapes. 

1.0000 rad/s 1.0267 rad/s 

1.0885 rad/s 

1.1469 rad/s 1.1703 rad/s 

Tuned Case 

a = 0 

R = 0.1 

Figure 2.3      Natural Frequencies and Mode Shapes of Tuned Eight Mass RPS 
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Blade one is represented by the radial line in the 12 o'clock position. The remaining 

blades are incrementally numbered clockwise. The length of a radial line represents the 

normalized modal length of a particular blade, with all modes normalized by the first 

component. Solid lines are vibrating 180° out of phase with the dotted lines. 

As expected, for an RPS, there are as many mode shapes as substructures, N. Be- 

cause the ordered system features perfect cyclic symmetry, Pierre and Murthy (31) suggest 

that the mode shapes be mathematically written according to Equation 2.15: 

1 
e,- = 1   e^i   . . .   ei(N-l)<j)j T    ^^^     ; = i.-,"    (2-i5) 

Where 4>j is the interblade phase angle for the jth mode. 

Each tuned mode has constant interblade phase angles between substructures. Mo- 

tion of the jth mode can be modeled as waves traveling through the assembly with a phase 

change <f>j at each blade. Consequently, the mode shapes of the eight mass RPS can be 

described in the following manner: 

• The first mode shape, e\, corresponds to a zero interblade phase angle where all 

blades vibrate in-phase with the same amplitude. 

• The fifth mode shape, es, has an interblade phase angle equal to TT, meaning adjacent 

blades vibrate out of phase with equal amplitudes. 

• Modes with cf)j values between 0 and -K contain waves that travel backwards through 

the assembly. 

• Modes with (f>j values between TT and 2TT possess waves that travel forward through 

the assembly. 

• A pair of forward and backward traveling waves have the same number of (traveling) 

nodal diameters and are referred as 'standing waves'. 

A more common approach to labeling the mode shapes of the first type of modal group 

(bending and torsion) is by the number of nodal diameters (35). Hence, the mode with the 
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least number of nodal diameters is the first mode while the mode with the largest number 

of nodal diameters would be the eighth mode. This is the representation of Figure 2.3, 

where the lowest natural frequency is the first mode and the largest natural frequency 

the eighth mode. In addition, as the modal group number increases, the number of nodal 

circles increases. This means the second torsion mode would have one nodal circle, the 

third torsion mode would have two nodal circles, and so on. 

It is important to note that the first, second and third nodal diameter patterns are 

repeated by two neighboring modes, respectively, in Figure 2.3. These dual nodal patterns 

are also accompanied by repeated natural frequency values. Each such pair is referred to 

as a 'double' mode. This mode pair is identical in every respect except orientation, where 

they are orthogonal. This occurs because of the 'standing' wave phenomena mentioned by 

Pierre and Murthy. The first and eight mode are the exception, each possessing a unique 

natural frequency. 

2.1.2.2 Mistuned System Analysis. Unfortunately, the tuned system 

analysis is an idealization since mistuning exists, to some degree, in all cyclic structures. To 

simulate the effects of mistuning on the eight mass RPS system free response, the nominal 

stiffness of each blade was altered with slight stiffness additions or deductions. Further, the 

standard deviation (STD), a, of the mistuned values was based on the statistical results of 

Castanier and Pierre (6). These researchers showed the maximum amplitude magnification 

factor of a bladed compressor stage with various random mistuning strengths peaked at an 

STD of approximately 0.01. These findings were particular to forced vibration behavior 

but, for the purposes of this study, can also be applied to free analysis. Using this criteria, 

a random mistuning pattern with a = 0.01 was created in MATLAB® using the rand 

function. A random mistuning pattern with an STD of nearly 0.03 was also created to 

demonstrate the effects of a more severely mistuned case. For both scenarios, several 

stiffness sets were produced until a mean close to the nominal blade stiffness value, 1, was 

found. The two selected mistuning patterns are shown in Table 2.1. 

Pierre (41) also recognized the effects of inter-blade coupling on mode localization. 

Therefore, in addition to the mistuning sets, four coupling ratios (R = kc/kb) of 0, 0.01, 0.1 
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Blade # Case 1 Case 2 

1 0.0122 0.0367 
2 0.0003 -0.0043 
3 -0.0003 0.0189 
4 -0.0038 0.0365 
5 -0.0117 -0.0105 
6 -0.0012 -0.0373 
7 -0.0074 -0.0148 
8 0.0126 -0.0352 

Mean 0.0001 -0.0013 
Std. Dev. {a) 0.0086 0.0293 

Table 2.1      Blade Stiffness Mistuning Distributions for Eight Mass RPS 

and 0.5 were selected to represent none, very weak, weak and strong inter-blade coupling 

respectively. These coupling ratios will be combined with the mistuning cases to study 

their dual effects on free localization. Overall, six combinations of mistuning/coupling 

were created and are shown in Table 2.2. These cases are sufficient to demonstrate the 

fundamental characteristics of free localization. 

Case 
I II III IV V VI 

kb Std. Dev. (a) 0.0086 0.0293 0.0086 0.0293 0.0086 0.0086 
Coupling Ratio (R) 0.1 0.1 0.01 0.01 0 0.5 

Table 2.2     RPS Mistuning and Inter-Blade Coupling Cases 

The stiffness matrix created in the EOMs derivation was appropriately altered with 

these mistuning patterns and inter-blade coupling values. The EOMs were recreated and 

an eigenanalysis (22) performed on each case. To begin with a situation of mild mistuning, 

Figure 2.4 demonstrates the effects of Case I. Like the tuned analysis, mode shapes have 

been normalized by the first modal component. 

Several observations are immediately noticeable. As seen, when slight mistuning is 

introduced, vibration energy is no longer equally distributed among the blades, but tends to 

concentrate (i.e localize) in certain blades. The implication is some blades undergo ampli- 

tudes larger than their tuned counterparts while others experience less. Furthermore, the 

passband of the natural frequencies spread further apart compared to the tuned variation. 

Of particular interest the repeated modes, while maintaining much of their orthogonality, 
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0.9996 rad/s 1.0260 rad/s 1.0276 rad/s 

1.0876 rad/s 1.0894 rad/s 

1.1475 rad/s 

Case I 

a = 0.01 
R = 0.1 

Figure 2.4     Modal Characterization of Mistuned Eight Mass RPS - Case I 

suffer a distinct natural frequency split. Hence, a new 'double' mode, close in frequency, 

emerges in place of the 'single' mode. This phenomena is commonly referred to as mode 

splitting. Consequently, all RPS modes are visually detectable. Typically, increasing a 

will intensify mode localization. For illustration, increased mistuning effects are depicted 

in Figure 2.5 with Case II. 

Figure 2.5 portrays the extent of frequency splitting among repeated modes is related 

to the degree of mistuning. The orthogonal property of these once repeated modes, still 

somewhat noticeable, further deteriorates. Similarly, the frequency bandwidth containing 

all modes expands beyond that of Case I. Also, the apparent randomness of blade ampli- 

tudes is more noticeable with a larger mistuning standard deviation. Adjusting the blade 

coupling ratio will have even more pronounced effects on free localization. This is proven 

by examining Figures 2.6 and 2.7 where R is altered to reflect a very weakly coupled RPS. 

In both cases, the reduction in system coupling drastically reduced the bandwidth of 

the system modes. Any orthogonality between the once double modes is now completely 

lost. Also, the modes are more strongly localized than in any previous case. For instance, 

some Case IV modes near complete localization around a single blade. As Pierre (41) 

demonstrated, the ratio of mistuning to inter-blade coupling strength primarily governs 
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0.9955 rad/s 1.0246 rad/s 1.0277 rad/s 

1.0838 rad/s 1.0921 rad/s 1.1418 rad/s 

1.1728 rad/s 

Case II 

o - 0.03 
R = 0.1 

Figure 2.5     Modal Characterization of Mistuned Eight Mass RPS - Case II 

0.9977 rad/s 1.0031 rad/s 

1.0083 rad/s 1.0108 rad/s 

Case III 

0 = 0.01 
R = 0.01 

Figure 2.6      Modal Characterization of Mistuned Eight Mass RPS - Case III 

the degree of free localization. Typically, mode localization increases monotonically with 

this ratio. Case IV, therefore, should exhibit more severe mode localization than Case III. 

This is exactly what occurred. 
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0.9870 rad/s 0.9902 rad/s 1.0032 rad/s 

1.0059 rad/s 1.0181 rad/s 

1.0287 rad/s 1.0300 rad/s 

Case IV 

a = 0.03 
R = 0.01 

Figure 2.7     Modal Characterization of Mistimed Eight Mass RPS - Case IV 

Of academic interest are cases of inordinate inter-blade coupling values. Specifically, 

what will result if no coupling exists or, the other extreme, a case of very high coupling 

strength. These situations are investigated with the final two cases. The modal character- 

istics of Cases V and VI are shown in Figures 2.8 and 2.9. 

0.9994 rad/s 0.9998 rad/s 1.0001 rad/s 

1.0061 rad/s 1.0063 rad/s 

CaseV 

a = 0.01 
R = 0 

Figure 2.8     Modal Characterization of Mistuned Eight Mass RPS - Case V 
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1.0000 rad/s 1.1265 rad/s 

1.6049 rad/s 

1.6059 rad/s 1.6876 rad/s 

Case VI 

a = 0.01 
R = 0.5 

Figure 2.9      Modal Characterization of Mistuned Eight Mass RPS - Case VI 

A lack of inter-blade coupling, as illustrated in Figure 2.8, produces completely local- 

ized blades, each at its own independent natural frequency. Since the RPS is uncoupled, 

each blade can be thought of as an individual oscillator with no participation from sur- 

rounding substructures. High levels of coupling, shown in Figure 2.9, result in behavior 

similar to the tuned system. Modes are largely extended and little localization occurs. 

Considering the small mistuning to coupling ratio of Case VI, this reduced ratio agrees 

with the more global state observed. 

To quantitatively evaluate localization levels, Table 2.3 lists the four/two norm and 

infinity/two norm scale values of all modes for each mistuning/coupling case. All norm 

scales values are normalized by their respective ordered mode. 

Table 2.3 further verifies the mode localization discussions presented for all six cases. 

Low four/two norm scale values are indicative of more severe mode localization, and corre- 

late very well to the high mistuning to coupling ratio introduced by Pierre. Additionally, 

low infinity/two norm scale values are connotative of large blade deflections, hence in- 

creased stresses and fatigue. It is intuitive that greater free localization is synonymous 

with larger blade amplitudes. Hence, both norm scales should be in good agreement, fol- 

lowing similar trends among all cases. Analyzing the table, this is the observed pattern. Of 
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Case I Case II Case III Case IV Case V Case VI 
Mode l^four Loo J-tfour Loo ■'-'four LQO L'four Loo ■^four Loo -k four Loo 

1 0.951 0.859 0.706 0.711 0.411 0.512 0.286 0.451 0.125 0.354 0.998 0.968 
2 0.991 1.037 1.006 0.985 0.702 0.752 0.342 0.598 0.188 0.500 0.999 1.068 
3 1.012 1.042 1.037 1.029 0.903 0.889 0.497 0.718 0.188 0.500 1.002 1.062 
4 1.027 1.006 1.173 1.038 1.211 0.905 0.382 0.559 0.250 0.500 1.001 1.000 
5 1.022 0.997 1.126 0.992 1.131 0.874 0.734 0.755 0.250 0.500 1.001 1.000 
6 1.001 1.001 0.869 0.873 0.971 0.890 0.327 0.582 0.188 0.500 1.001 1.052 
7 0.988 0.979 0.869 0.873 0.851 0.915 0.249 0.538 0.188 0.500 0.998 1.045 
8 0.941 0.845 0.758 0.750 0.340 0.533 0.219 0.412 0.125 0.354 0.998 0.964 

Table 2.3     Four/Two and Infinity/Two Norm Scale Values of RPS Mistiming Cases 

interest, the modes at the edges of the modal band appear most susceptible to localization. 

This observation is consistent with previous numerical and experimental findings (7) (30). 

2.1.2.3    Free Response Synopsis. 

drawn from the preceding free response analysis. 

Some general conclusions can be 

1. First, when mistuning is introduced, system modes can rapidly transition from a 

globalized to localized state. Mistuning causes significant alteration of the base sys- 

tem's eigenstructure. A distinct frequency split occurs between the repeated natural 

frequencies of the ordered system. Also, the extended free modes shapes disintegrate 

into isolated resonances among the substructures. 

2. Second, the level of localization is highly dependent on two variables, mistuning 

strength and inter-blade coupling levels. The larger the mistuning to coupling ratio, 

the more pronounced the localization becomes. Also, increased amounts of mistuning 

lead to a proportional widening range of RPS natural frequencies. Similarly, increased 

inter-blade coupling values radically separate the modal frequencies. 

3. Finally, norm scale values can adequately track the degree of free localization and 

extreme blade deflections between system modes. 

Equipped with a balanced understanding of the RPS free response, the forced re- 

sponse behavior can next be examined. Similarities between the two responses will be 

discussed, in addition to unique forced vibration characteristics. 

2.1.3    Forced Response of Eight Mass RPS. 
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2.1.3.1 EOM alterations. Some modifications to the EOMs introduced 

earlier must be performed to analyze forced vibrations of the same RPS system. To obtain 

finite resonant amplitudes, the EOMs were augmented with a damping coefficient matrix, 

[C]. Due to the lightly damped nature of the experimental system, damping ratios (£) will 

be approximated at 0.002. A steady state external forcing vector, [F], was also added to 

create the new EOMs: 

[M]{e} + [c]{e} + [K]{e} = [F] (2.16) 

For the steady state response the external forcing vector, which portrays a harmonic 

excitation differing only in phase from blade to blade (41), can be modeled: 

[F] = /V"< < 

1 

pJ4>N-l 

(2.17) 

where the inter-blade phase angle, </>, is 

2irc{i - 1) 
N 

i = l,...,N (2.18) 

The variable c is the engine order excitation, while / is the force acting on a lone 

substructure. 

The damping matrix, C, is formed with the following relationships: 

C = $ 2((§TK<S>y $T    (2.19) $rC$ = 

2<>i 

2(>jv 

(2.20) 

Where $ is the system mass normalized modal matrix. 
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The new forced response EOMs were then converted to a state-space realization of 

the form: 

9 

0 I 9 
+ 

0 

-K -C 9 F 
(2.21) 

Coefficient I represents the identity matrix. This state variable model was numerically 

solved with the MATLAB® ode45 function. The steady state solution of all substructures 

was found throughout a frequency sweep encompassing the RPS natural frequencies. Blade 

amplitudes were collected after the transients died out, approximately 3000 seconds after 

forced excitation commenced. Small frequency steps of 0.005 rad/s ensured high resolution 

of the data solution. At each frequency increment, the largest blade amplitude of all 

substructures was retained. This was done for both the tuned and mistuned system. 

As with the free response analysis, the fewest number of cases to demonstrate the 

main characteristics of forced vibrations are desired. This is particularly true of forced vi- 

bration characterization due to the great expense involved with conducting a multiple case 

numerical survey. Returning to the mistuning STD suggested by Castanier and Pierre (6), 

a = 0.01, with a coupling ratio R =0.1 yielded results comprehensive of the forced response 

phenomena. It should be remembered, as mentioned in Chapter 1, varying mistuning lev- 

els, inter-blade coupling ratios, blade number and damping coefficients can have profound 

influences on forced response behavior (40) (29). However, altering these parameters would 

shed little further insight toward the investigation beyond increasing complexity of cases 

studied. They have therefore been ignored and only the Case I mistuning/coupling set 

was used for the forced analysis portion. This particular case should provide a good repre- 

sentation of the blisk test article and offer legitimate comparisons between numerical and 

experimental models. 

2.1.3.2 Tuned and Mistuned System Analysis. Five sets of equa- 

tions were numerically solved, each for different forcing vectors representing the second, 

third, fourth, sixth and twelfth engine orders, E.O. for short. For better comparison of the 
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tuned and mistuned systems, Figure 2.10 shows the steady state Root Mean Square (RMS) 

maximum overall blade forced vibration of both responses. 
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Figure 2.10      Maximum Blade Amplitude of Mistuned Eight Mass RPS - Case I 

The first most noticeable observation in Figure 2.10 is the distinct increase in max- 

imum blade amplitude between the tuned and mistuned systems, reaching a near 500% 

increase for E.O. 2. In particular, these peak amplitudes are centered around a single 

excitation frequency. For multi-span beams, Hodges (14) verified a confinement of forced 

vibration energy at the source of excitation. For RPS forced response behavior, this con- 

finement effect can be correlated to maximum peaks occurring at modes not orthogonal to 

a given engine order. As an example, the inter-blade phase angle given by Equation 2.18 for 

E.O. 6 is 180°. This angle is equal to the inter-blade phase angle of the seventh eigenvector 
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located at 1.089 rad/s according to Equation 2.15. Consequently, the largest blade am- 

plitude is achieved at this forcing frequency for E.O. 6. Similar occurrences are witnessed 

throughout all engine orders. In theory, the remaining orthogonal modes of the tuned 

system should not experience local peak deflections. However even these modes exhibit 

some degree of peak vibration, hence non-orthogonality, which may be an indication of an 

ill-conditioned system. 

Another noticeable forced response characteristic is different peak amplitudes at var- 

ied engine order. For instance, E.O. 4 affects much less response at it's respective non- 

orthogonal mode than E.O. 2. Pierre further observed that the largest peak amplitude 

amongst engine orders would occur for c/N = 1/2 (40). This is consistent with the model 

RPS, where E.O. 4 experiences the lowest peak blade response. Obviously, engine or- 

der must be considered in forced response design in order to avert subcomponents from 

exceeding a critical failure amplitude. 

Further, duplicate forcing vector inter-blade phase angles will produce identical vi- 

brational behavior throughout a frequency spectrum. Returning to Equation 2.18, E.O. 4 

and E.O. 12 have identical phase angles of 180°. Hence, both engine orders produce the 

same forced response, shown in Figure 2.10. 

Despite these mentioned distinctions, certain similarities are shared across both free 

and forced system responses. For instance, the mode splitting phenomena observed in the 

free response also occurs in the forced analysis. With this frequency split, two amplitude 

peaks appear in the vicinity of the once present single mode resonance. Also common to 

both responses, some mistuned substructures undergo less deflections than those of the 

corresponding tuned case. 

Since only the substructure of maximum amplitude is plotted in Figure 2.10, the 

remaining subcomponents experience less intense vibration movement. With individual 

blade deflections varying across the forcing frequency bandwidth, the mistuned localiza- 

tion effects for each engine order should change across the same frequency spectrum. To 

quantitatively observe these differences, the localization norm values are portrayed in Fig- 
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ure 2.11.  As stated in Chapter 1, since there is no ordered response for comparison, the 

four/two and infinity/two norm scales are not normalized. 
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0.95 1 1.05       1.1        1.15       1.2 
Frequency (rad/s) 

Engine Order 4 & 12 

1 1.05       1.1        1.15 
Frequency (rad/s) 

Engine Order 6 

1.2 

1.05       1.1 
Frequency (rad/s) 

Four/Two Norm 
Infinity/Two Norm 

1 1.05       1.1 
Frequency (rad/s) 

1.15 

Figure 2.11      Four/Two and Infinity/Two Norm Scales of Mistuned Eight Mass RPS - 
Case I 

The four/two and infinity/two norm values fluctuate across the frequency spectrum, 

indicating localization's dependency on input frequency. Like the free response, the norm 

values seem to follow similar trends. Accordingly, different engine orders produce vary- 

ing localization responses. Of major significance, neither the four/two nor infinity/two 

norm scales necessarily reach minimum values at maximum blade deflections. Although 

maximum blade deflections are not a primary focus in a free response analysis, abnor- 

mally high amplitudes can lead to substructure failures if prolonged exposure to certain 
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forcing frequencies persists. Hence, initial estimations of the norm scales question their 

usefulness for complete forced response behavior examination. A possible explanation for 

this behavior may be lack of the normalization step used during free response analysis. 

However, these first impressions indicate the norm scales' effectiveness needs to be further 

scrutinized during experimental tests. 

2.1.3.3    Forced Response Synopsis. Like the free response, forced 

vibrations of an RPS are highly sensitive to mistuning perturbations. However, with the 

introduction of an external force and damping, several additional response phenomena not 

observed in the system's free analysis occur. 

1. Blade amplitudes reach peak magnifications in the vicinity of tuned and mistuned sys- 

tem natural frequencies, yet the degree to which mistuned deflections exceed nominal 

tuned amplitudes is a function of not only mistuning but, among others, the external 

forcing vector phasing (i.e engine order). As noted, several other parameters affect 

the RPS system forced response but were not investigated in this analysis. 

2. Throughout a frequency band, forced localization effects are significant and varying, 

similar to the norm values at free response system modes. Yet, unlike free vibrations, 

the confinement of energy in certain blades at forcing frequencies equal to system 

modal frequencies can raise the possibly of subcomponent failure. 

3. Unfortunately the norm scale values, while excellent in monitoring degrees of forced 

localization, did not appear to correlate well to peak substructure deflections. 

2.2    Summary 

In this chapter, the reader was briefly oriented with the RPS mistuning phenomena. 

Through a numerical model, the key effects of mistuning on free and forced response 

system behavior were investigated. Due to the RPS model's relative simplicity, not all 

results witnessed here are expected to be replicated by the experimental bladed disk. 

However, the results gathered from this investigation will be compared, where suitable, to 

the experimental analysis. 
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III.   Experimental Methodology and Equipment 

3.1    Experimental Test Methods 

Two different types of test cycles were conducted on the bladed disk. The first method 

determined the free modal characteristics of the test article. The second method entailed 

using the flywheel excitation system to induce forced vibrational behavior. Although a 

detailed outline of both methods are included with the data acquisition system description, 

a brief overview of these testing methodologies is presented below. 

3.1.1 Free Response Method. Modal testing is the fundamental method- 

ology used to characterize free response characteristics of any test structure. Simply stated, 

modal testing is the processes employed to determine a structure's response properties via 

controlled vibration inputs. Prom this, a mathematical model of a test article's structural 

dynamics can be obtained and manipulated (12). A generic block diagram of this method 

is depicted in Figure 3.1 and elaborated below. 
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Figure 3.1      Modal Testing Experiment Setup Block Diagram 
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As illustrated in Figure 3.1, a Pentium 233MHz Personal Computer (PC) was used 

as the user's interface to the test system. This PC would receive output signals and 

deliver input signals through an excitation device. The interface between the PC and the 

remaining equipment was a Hewlett Packard (HP) VXI Plug and Play system. A complete 

test cycle occurred as follows. PC generated signals were sent to the HP VXI bus. These 

signals underwent amplification and were converted to some input motion (i.e. force) 

through driving actuators attached to the test structure. The test structure experienced a 

physical deformation from this force, and transducers measured the subsequent response. 

The transducers' low voltage signal was amplified before returning to the HP. Finally, the 

HP sent the signal to the PC for analysis. 

3.1.2    Forced Response Method. Figure 3.2 shows a schematic of the 

second test approach for forced response experiments. Although similar to the first method, 

two key differences exist. First, blisk forced response behavior, not modal properties, were 

the test objectives. Second, the excitation signals were not generated from the PC/HP 

hardware. Rather, a manually operated voltmeter delivered a voltage input to the flywheel 

motor. The motor converted this voltage into torque, which was transferred to the flywheel. 

Repulsive forces occurred between the spinning flywheel magnets and blade magnets, hence 

generating a periodic input. The remaining sequence of events were identical to those of 

the free response approach. 

3.2    Experimental Equipment 

The model test fan was the centerpiece of every experimental test. However, several 

additional hardware components were needed to support all aspects of experimentation. 

These included the flywheel excitation system, PZT actuators, data acquisition system, 

laser vibrometer, accelerometer transducers and force sensor. 

3.2.1 Test Article Description. To accurately model dynamic responses 

of rotating bladed disks, a representative test specimen was needed that embodies the 
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Figure 3.2     Forced Response Experiment Setup Block Diagram 

significant properties found in such cyclic structures. Therefore, the design requirements 

of the test article included (15): 

• Geometry of disk dynamically similar to an operational fan 

• Enough blades to capture the complexities of cyclic structures 

• Small enough aspect ratio to excite modes of interest 

• Light coupling of vibration energy between blades through disk hub 

• Similar modulus of elasticity-to-density ratio of titanium alloy, the material com- 

monly founded in operational bladed disk assemblies 

An eight bladed disk, shown in Figure 3.3, with flat plates representing the blades 

was selected. More blades would increase the difficulty to identify closely spaced modes. 

A similar test model was used by researchers for bladed disk modal tests (15). The blades 

were epoxied into shallow slots at equal spatial intervals along the disk. Further, each 

blade's stagger angle was 45°. Although flat plates were adequate to display the general 

structural dynamics of cyclic turbomachinery rotors, it is worth noting that they were a 
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very simplified replication of real-life turbine blades.   Predominant factors that exist in 

operational rotor blades not exhibited by the flat plates include (33): 

• Taper of blade cross section area 

• Pretwist of the blades 

• Asymmetry of the blades 

• Shrouding 

• Lacing Wire 

• Root Fixing 

Including factors such as these would have complicated the experimental analysis 

without providing any additional dynamic characteristics of interest. These factors were 

therefore ignored, although they could be considered for future test articles. 

Figure 3.3     Bladed Disk Test Article 

As seen in Figure 3.3, glued to the forward face (facing flywheel) of each blade was a 

small magnet. Located on the counterclockwise edge, 0.5 inches from the blade tip, it was 

the location of the excitation input for each individual blade. A small ring of teflon was 

affixed to the front of the disk hub in case the flywheel detached from the spinning motor 
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shaft during operation. A teflon surface was a better suited barrier to contact the spinning 

flywheel as opposed to the metal hub. The blades and hub were made of aluminum. The 

model fan was securely bolted to a bracket. This bracket, in turn, was mounted to an axial 

rod permanently affixed to a pneumatic isolated optical table. 

Two test articles needed to be fabricated for the experiment. The first article was 

severely mistuned due to weakly brazed slots and small sections of missing blade mass 

occuring from the manufacturing process. During preliminary testing, these factors yielded 

widely spread modal families and excessive stress localization beyond that desired for 

a slightly mistuned test article. An example of these unfavorable features is shown in 

Figure 3.4, which displays a flawed root of this bladed disk. As a result, a second test 

article with the same physical characteristics was constructed and used throughout the 

experiment. Followup research of the first test article is recommended to further study 

localization effects on a more seriously mistuned system. 

Figure 3.4     Sample Blade Root of Ill-Constructed Test Article 

3.2.2    Excitation System Descriptions. 

3.2.2.1     Flywheel Excitation System. The means to provide forced 

periodic excitation of the system were through a uniquely configured flywheel and motor 
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generator. Figure 3.5 shows the flywheel. The outer diameter was 12 inches, identical to 

the bladed disk. However, 12 spatially periodic circular slots (30° separation), each 0.75 

inches in diameter, were machined into the flywheel. The radius of each circular slot from 

the flywheel center was 5.5 inches. Within each slot, a small aluminum or magnet disk, 

equal in diameter to the slot, could be inserted. The magnets and aluminum disks were 

arranged depending on the type of forcing function (i.e engine order) desired. A 0.375 inch 

hole was tapped through the center in order to mount the flywheel upon an electric motor 

shaft. Four miniature screws through the center hub diameter connected the flywheel to 

the motor shaft. 

-I 

Figure 3.5     Excitation System Flywheel 

Driving this motor shaft was a Electro-Craft Motor Model 3622-4B-N. The motor 

was capable of generating up to 20000 Revolutions Per Minute (RPM) with a voltage in- 

put range of ±10V. To directly measure the motor RPM real-time, an HP Two Channel 

Optical Encoder (Model HEDS-550X) was connected to the motor circuitry. This encoder 

translated rotary motion into electrical pulses, which were interpreted by an HP Tachome- 
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ter installed in the HP VXI system.  The motor was powered manually by a ME Model 

83-B-829 Digital Voltmeter capable of ±A0V. 

The entire motor/flyweel structure was housed inside an aluminum test stand. Alu- 

minum was chosen for its easy manufacturing capabilities and non-interference with mag- 

netic fields. The excitation system was mounted upon a cantilever table bolted into a wall 

next to the isolated optical table. The cantilever table was also made from aluminum. 

Threaded holes were drilled into the table and test stand in order to bolt them together 

during test runs. Through these measures, undesirable ground vibration, noise or rattling 

to the test article was eliminated. Figure 3.6 portrays this entire setup. 

Figure 3.6     Flywheel as Input Force to Blisk 

During flywheel-motor operation, a plexiglass housing surrounded the mounted blisk 

and flywheel excitation system as a safety precaution. If any magnets, aluminum plugs 

or bolts detached from the flywheel or blades during forced response testing, they would 

literally become high speed projectiles. The plexiglass shielded the operator from these 

object and consequently from any harm. 
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3.2.2.2 Piezoelectric Strain Actuators. To convert the electrical exci- 

tation signal into mechanical motion during modal testing, eight Active Controls Experts 

(ACX) model QPlONi Quickpack IDE strain actuators were selected to drive each disk 

blade. A drawing of the actuator is shown in Figure 3.7. 

~3.5" 

-2.05"- 

-1.81"- 

.015"-» < 
.060" 

Figure 3.7     QPlONi Strain Actuator Drawing (2) 

The actuator consisted of a single active piezoelectric element packaged in a polymide 

skin (2). These PZTs were bonded to the blades with M-bond 2000, a common stain gauge 

adhesive. At the root, each Quickpack was situated on the blade surface facing away from 

the flywheel, along the counterclockwise edge as Figure 3.8 shows. This positioning enabled 

excitement of both bending and torsional modes. 

Due to its unique construction, this particular piezoelectric actuator was more effi- 

cient over other strain actuators. Unlike traditional piezoelectric devices which are poled 

transversely through the material thickness, the QPlONi poling direction is oriented along 

the material length by a special interdigital electrode pattern. Since the QPlONi polar- 

ization is parallel rather than perpendicular to the generated electric field, the stronger 

&33 coupling coefficient is utilized rather than the weaker &31 coupling coefficient. This 

translates into more than twice the electromechanical coupling efficiency of the QPlONi 

Quickpacks compared to standard strain actuators (2). 

Excitation of the PZT actuators was achieved through the ACX 1224 QuickPack 

Power Amplifier (1). Eight separate amplifiers were acquired, one for each PZT actuator. 

For all experiments, the amplifier voltage and current settings were set to 200V and 50mA 
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Figure 3.8     Blade Test Configuration 

respectively. The amplifiers supplied input voltage through a BNC Connector Board. 

Positive and negative leads from the BNC connectors were connected to a breadboard. In 

turn, the PZT Quickpack leads were appropriately wired to the correct BNC connectors 

through the breadboard. The BNC board conveniently allowed the user to select which 

PZT Quickpack was driven for each test. A picture of these connections is shown in 

Figure 3.9. 

3.2.3 Data Acquisition System. Figure 3.10 displays the hardware and 

software components of the data collection system. The Graphical User Interface (GUI) 

software utilized throughout the experiment was the SignalCalc 620 Dynamic Signal Ana- 

lyzer. Created by the Data Physics Corporation, it was a modal acquisition and vibrational 

analysis toolbox. This program served two primary functions. First, it generated output 

voltage to drive excitation devices. Second, it collected time response data from sensors 

attached to an excited test structure. The software then manipulated these input and out- 

put signals to produce several graphical representations. These visuals, including frequency 
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Figure 3.9     BNC Supply Board 

response functions (FRF), power spectral densities and coherence plots, were constructed 

to characterize the modal behavior of the actual test structure. 

The software interface between SignalCalc and the data acquisition hardware was 

a Dynamic Linked Library (DLL) driver. The DLL allowed the SignalCalc software to 

initiate instrument calls to the HP hardware. The DLL and SignalCalc programs reside 

on the host PC hard drive. The physical interface between this software and the HP 

equipment was an Adaptec® AHA-8940 1394-to-PCI Host Adapter card, installed into a 

PCI slot within the PC. 

In order to best convey the process of free response data acquisition, the succeeding 

discussion involves a user excitation input which will flow through the PC based GUI soft- 

ware program and pass through the various hardware and software elements. The process 

ends with output data returned to the user through the same GUI software. The only 

alteration for forced vibration tests is that the input voltage signal is manually controlled 

instead of generated by the PC/HP system. 
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Figure 3.10     Data Acquisition Up Block Diagram (8) 

The Adaptac® card transports an input voltage signal and various commands from 

the PC to a HP E8491 PC Link. These signals are then carried to the VXI Interconnect 

Plug and Play system. Like the previously mentioned software programs, all drivers for the 

HP E8491 and the Adaptac® card are stored on the host PC hard drive. The HP E8491 

is installed in slot 1 of an HP E1421B mainframe. This HP E1421B mainframe provides 

a plug and play interface for the various cards placed in its slots. Slot 2 of the mainframe 

is occupied by an HP E1432A digitizer. The commands and signals progress from the HP 

E8491 through the mainframe to the HP E1432A digitizer. The input signal is digitally 

processed and sent on to the voltage amplifier. This amplified signal is then delivered to 

the excitation system (8). 

The HP E1432A is next self-triggered to collect incoming sensor data. Additionally, 

for forced response tests, an HP Tachometer residing in mainframe slot 0 receives digital 

pulses from the HP Optical Encoder. The returning sensor voltage must first be amplified 

through the Kistler® model 5124A PZT couplers. After this, the HP E1432-61600 Break 

Out Box acquires the sensor data and passes it to the HP E1432A digitizer. The tachometer 
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and output sensor signals retrace the input signal steps until received by the PC. Lastly, 

the GUI software plots this response data for the user to analyze. 

3.2.4     Sensor Descriptions. Since accurate measurements of both the 

input to the structure and its subsequent response were essential, reliable transducers were 

important elements of any vibration test conducted. Therefore, piezoelectric accelerome- 

ters and a laser vibrometer were selected to measure system response levels while a force 

sensor was utilized to quantify the input forcing function. 

3.2.4-1 Accelerometers. Eight accelerometers measured the force vi- 

bration response of the blisk blades. The accelerometers used were ENDEVCO® model 

2250A-10 with a nominal sensitivity 10 mV/g and a range of ±500g. These ENDEVCO® 

accelerometers were selected for three primary reasons. First, the frequency range of the 

accelerometers was 4 to 15000 Hz. The frequency band measured throughout the experi- 

ments varied from 30 to 1600 Hz, well within the accelerometer usable range. Also, with 

a nominal weight of 0.4 grams each, the change in mass properties for each blade was 

minimal. Lastly, the accelerometers proved reliable in experiments by prior Master Degree 

candidates (8) and students in laboratory work. 

Each accelerometer was attached, using M-Bond 2000 adhesive, on the blade surface 

facing away the flywheel. Further, each was located along the counterclockwise edge, 0.5 

inches from the blade tip. This ensured that any electrical interference from the small 

magnets would be eliminated. This arrangement was previously shown in Figure 3.8. To 

reduce accelerometer cable tension and whip, the electrical leads were taped to blade edges 

and the pneumatic test table throughout the experiment. 

Measurements were taken at room temperature, 65 to 75°F with magnitude error of 

approximately 1% (9). The accelerometer voltage amplifier was a Kistler® model 5124A 

Piezotron Coupler. The accelerometer signal passed through this amplifier onto the HP 

breakout boxes. 

3.2.4-2    Laser Vibrometer. Unfortunately, while the accelerometers 

were suitable sensors for the majority of vibration experiments, they were inappropriate 
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for determining the individual blade natural frequencies and mode shapes. Due to the 

blades light mass and thin cross section, repositioning the accelerometers around each blade 

collection point would alter total mass distribution for each measurement. Therefore, a 

non-contact, non-intrusive method of collecting response data for building deflected blade 

shapes was needed. To remedy this problem, an Ometron Laser Doppler Vibrometer, 

model VH300, was operated for constructing mode shapes and determining initial modal 

frequency groupings. A picture of the vibrometer is shown in Figure 3.11. 

- - , -N. 

Figure 3.11     Ometron VH300 Laser Vibrometer 

Ideally, the VH300 would be used as the response measurement system for all testing 

including entire fan modal testing and the forced response experiments (19). However, 

only one vibrometer was available for testing, hence accelerometers were the primary mea- 

surement transducer. The VH300 was a compact, lightweight, digital vibrometer which 

measured the response velocity of a test structure. With an effective velocity measure- 

ment range of ± 300 mm/s and a measurable frequency range up to 25000 Hz the VH300 

capabilities, like the ENDEVCO® accelerometers, exceeded those needed for the modal 

testing (28). The VH300 had a maximum output voltage and sensitivity of ±20F and 

33.3 mV/(mm/s) respectively (28). A test surface moving towards the VH300 generated 
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a positive analog velocity signal. Similar to the accelerometers, measurements were taken 

at room temperature, 65 to 75°F. The output signal was directly fed to the HP breakout 

boxes. The vibrometer was bolted upon a pedestal, which could be raised or lowered off 

the table to aid in aiming the laser head. To secure the entire structure, the pedestal was 

bolted to the pneumatic table. 

3.2.4.3 Force Transducer. A PCB Piezotronic ICP® Model 208C01 

Force Sensor was used to measure the harmonic forcing input. The force gauge had a 

sensitivity of 531.7 mV/lbf with a maximum suggested force load of 10 lbf. Since the 

anticipated force magnitude produced by the magnets were anticipated to be only a fraction 

of a pound, this sensitivity was adequate. A small magnet was fastened to the head of the 

gauge to produce similar repulsive effects experienced by the blades during forced response 

tests with the flywheel excitation system. Measurements were taken at room temperature, 

65 to 75°F. Also, the sensor's output voltage was first amplified by the Kistler® Piezotron 

Coupler and sent onward to the HP breakout boxes before received by the SignalCalc 620 

software. 

3.3    Summary 

The preceding sections presented the basic experimental approach, test article and 

supporting test equipment. The two testing methods with their similarities and differences 

were defined. Further, explicit features of the bladed disk were discussed and the individual 

components comprising the flywheel excitation system were delineated. Also, the function 

of individual measurement sensors and their usage throughout the study were explained. 

The next chapter will step through the experimental procedure and discuss findings useful 

for the subsequent forced response analysis. 
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IV.   Experimental Procedure 

4-1     Overview 

The experimental method can be separated in four major divisions. 

First, the harmonic forcing input generated by the flywheel excitation system will be 

investigated and documented. Specifically, elements of periodicity and forcing magnitudes 

will be specifically identified. 

Second, the modal parameters of a representative substructure (i.e blade) must be 

determined. Resolving which modes are identifiable and excitable will provide consider- 

able guidance for the succeeding steps. Afterwards, all remaining substructures will be 

individually characterized. 

Third, the system as a whole will be modal tested. The system is considered the test 

article and attached PZT Quickpacks. This free response structural characterization will 

identify modal groups and their distinguishing features. 

Lastly, the forced response of the system will be measured to determine global and 

localized modes within the targeted modal bands. Various observations will be recorded 

to determine validity of the forcing method and characteristics of system mode localiza- 

tion and peak blade responses with past research findings. Along with other peripheral 

experimentation, these steps are summarized below. 

1. Calibrate accelerometers used throughout experiment 

2. Measure and characterize the forcing function of the flywheel magnets at various 

frequency and distance separations 

3. Determine the physical properties of each blade 

(a) Measure the geometry of the individual blades 

(b) Measure the mass of the individual blades 

4. Determine the set of modal properties for each blade 
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(a) Determine the modal characteristics of a test blade 

(b) Construct mode shapes of the test blade for the modal families of interest 

(c) Measure the natural frequencies and damping of each blade 

5. Modal test the entire disk assembly through MIMO reference sets 

6. Record the forced response behavior of the bladed disk for each modal family at 

various mistuning levels and engine orders 

7. Discuss and compare the forced vibrations results to draw significant conclusions 

These chronological events outlay the experimental processes necessary to achieve 

this study's objectives. The first of these steps, transducer calibration, will help ensure 

succeeding free and forced vibrational experimental results are reliable and accurate. 

4>2    Accelerometer Calibration 

Over periods of extended use, accelerometer sensitivity is prone to drift from the 

initial manufacturer calibrated value. To ensure accuracy of response measurements, all 

ENDEVCO® accelerometer sensitivies were re-calibrated and recorded. The voltage out- 

puts of the accelerometers were compared to that of a standard accelerometer, an ICP 

Piezoelectronics Model 301A10 with a sensitivity of 100 mV/g. HP generated excitation 

signals were amplified by an MB Dynamics Model SS530 Power Amplifier and then sent 

to a MB Dynamics Cal 50 Electromagnetic Vibration Shaker. The 301A10 standard ac- 

celerometer was fastened to the shaker. The ENDEVCO® accelerometers were mounted 

to an aluminum baseplate with model wax. This baseplate, in turn, was bolted to the 

top of the 301A10 transducer. Accelerometers were placed toward the baseplate center to 

prevent plate flexure modes from interfering with the calibration. Figure 4.1 shows the 

equipment setup. 

The amplifier input level control knob was set to its middle setting. FRFs were 

constructed between the standard accelerometer and each ENDEVCO® accelerometer 

to ensure a level response in the frequency range of interest. Coherence plots were also 

analyzed to ensure the quality of data.   Table 4.1 displays equipment settings for the 
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Figure 4.1      Calibration Equipment Setup (8) 

calibration test. Table 4.2 shows the average sensitivity value of each accelerometer between 

50 Hz and 1600 Hz. As indicated, each accelerometer was assigned to a specific blade 

throughout all experimentation. 

|    Signal   | Freq Bandwidth (Hz) | Input Range (V) Accel Range (V) | Sampling Rate (Hz) | Averages | Data Points Block Size | 
| Random |                1600                |           ± 3.0 ±0.1           |              3200               |       10       |        1600 2048       | 

Table 4.1     Accelerometer Calibration Equipment Settings 

Blade # Accelerometer Sensitivity (mV/g) 

1 CB96 9.94 
2 CD47 10.44 
3 CD27 10.04 
4 CB77 10.17 
5 CH75 10.10 
6 CD05 10.32 
7 CD36 10.15 
8 CD10 10.41 

Table 4.2      ENDEVCO® Accelerometer Sensitivities 

4-3    Input Force Characterization 

The essential properties between the magnet forcing function and periodic forcing 

witnessed by operational blisks can be appropriately simulated if the following criteria is 

met. First, the excitation system must be spatially periodic. Second, the input must be 

harmonic in nature.   Lastly, for a detuned bladed disk, any engine order should excite 
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multiple system natural frequencies (11).  Since the last requirement involves testing the 

bladed disk, it will be investigated later during the forced response experimental section. 

Returning to Figure 3.5, it is apparent the flywheel drilled magnet slots are spa- 

tially periodic, spaced at equidistant angles around the outer flywheel rim. The magnets, 

positioned at fixed angles of rotations, are similar to the forward stators obstructing the 

upstream airflow to rotating compressor blades. Selecting twelve magnet slots allowed for 

different magnet arrangements, hence any factor of twelve is an engine order that can be 

simulated. Therefore, excitation inputs can mimic either the 2nd, 3rd, 4th, 6th or VIth 

engine order. 

To fully describe the nature of the input function, the magnitude and subsequent 

frequency spectrum of the interacting magnets, hence each engine order, needed to be 

measured. The PCB Piezotronic ICP® Force Gauge would serve as the force measuring 

transducer. A small magnet was attached to the gauge head. The force gauge was mounted 

on a metal bracket at various distanced from the flywheel magnets. To insure the flywheel 

experienced equal forcing around the magnet circle, another small magnet was mounted 

upon another metal bracket 180° across from the force gauge. The gauge and magnet pair 

were permanently bolted to the pneumatic table at a predetermined distance from the 

flywheel. 

To begin an experiment run, the force gauge magnet and flywheel magnets were 

separated at a predetermined distance. The flywheel was spun up to achieve a set RPM 

speed. When the flywheel RPM of interest was reached, a snapshot of the force gauge 

time response data was recorded with the SignalCalc 620 software. With this time domain 

data, the force magnitude, period and power spectral densities (PSD) were plotted to 

visualize the essential forcing input characteristics. Table 4.3 displays equipment settings 

for all tests. The software trigger was set to free run (i.e. no signal input by the PC/HP). 

Flywheel RPM measurements were made with the HP Tachometer. 

Signal    Time Span (s)    Force Gauge Range (V)    Sampling Rate (Hz)    Data Points 

N/A              0.04                           ± 0.2                               20000                       800 

Table 4.3      Force Input Characterization Equipment Settings 
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Several magnet distances and flywheel RPM combinations were recorded to charac- 

terize the excitation system. Plotted in Figure 4.2 is the time response of E.O. 12. The 

figures corresponding to 12 magnets in the flywheel, at three RPM levels with a magnet 

spacing of 0.2 in. Different RPM speeds were chosen to visualize the periodic features of 

the engine order. 
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Figure 4.2     Time Response of E.O. 12 with 0.2 in Spacing 

Figure 4.2 shows positive and negative forces, indicating repulsive and attractive 

forces respectively, are occurring during input forcing. Of interest is the attractive force 

between pulses possibly resulting from the flywheel and blade magnet edges, having similar 

polarity, interacting at the beginning and end of each blade passing. Further, Figure 4.2 

shows the periodic nature of the forcing input by pulse time intervals proportionally de- 

creasing as the RPM level rises. Not all pulses are of equal magnitude, although the pattern 

is repetitive. Apparently, many sinusoidal functions comprise the forcing input. At this 

magnet spacing, the largest peak force input for all flywheel RPMs is approximately 0.28 

lbf. 
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The previously mentioned attractive force between each peak pulse consists of smaller 

pulses that increase in number with the flywheel RPM. This is explained through a water- 

fall plot of PSDs in Figure 4.3. Here, the periodic character of the force input is further 

revealed. Several distinct forcing frequencies are shown, all integer multiples of the lowest 

frequency. This is expected for any periodic function can be represented by a convergent 

series of harmonic functions whose frequencies are integral multiples of a certain funda- 

mental frequency. As shown in Figure 4.3, the fundamental frequencies of E.O. 12 is 300 

Hz, 600 Hz and 900 Hz for 1500 RPM, 3000 RPM, and 4500 RPM respectively. Again, as 

anticipated, the fundamental frequency and corresponding higher harmonics spread apart 

proportionally to RPM increases. Further, since the input force magnitude varies for each 

harmonic, every harmonic has a different degree of participation in the excitation. 

6000 

6000   -\^        ..  ->^  2000 

8000 ^~"~-\ ^--^~1000 

10000  0 
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Figure 4.3     PSD of E.O. 12 with 0.2 in Spacing 

To see the effects of distance on the force input, 0.4 in and 0.6 in magnet spacing test 

runs were also recorded for E.O. 12. Since these figures contain similar characteristics as the 

0.2 in data, they have been included in Appendix A. However a few differences regarding 

magnet spacing should be noted. First, attractive and repulsive forces have decreased with 
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increased magnet spacing. The PSD figures provide the explanation, showing a quicker 

convergence of higher harmonics for each fundamental frequency. Hence, the frequency 

spectrum bandwidth diminishes. 

Considering these previous discussions, the 0.4 in magnet spacing will be used for the 

bladed disk forced response testing. This separation provided a suitable combination of 

force magnitude and harmonic components without risk of exceeding the forcing vibration 

limits of the ENDEVCO® accelerometers. Several other E.O./RPM combinations were 

plotted at this spacing to compare behavior with E.O. 12. Refer to Figures A.5, A.6, A.7, 

A.8, A.9 and A. 10 in Appendix A to observe these RPM and PSD plots. 

Similarities and differences between the various engine orders are summarized in a 

few general statements. First, as the engine order decreases for a given flywheel RPM, 

the number of higher harmonic frequencies increases. Thus, input forcing is spread across 

a broader frequency spectrum. As a result, the periodic forcing function contains more 

sinusoidal components and characterizing the force becomes increasingly complex. Second, 

with the transmitted energy spread over many more frequency multiples, peak amplitudes 

of each harmonic diminish with the decreasing engine order. 

Figure 4.4 further illustrate these engine order distinctions. Although the forcing 

frequency is constant at 300 Hz, pulse duration decreases as engine order decreases. How- 

ever, the magnitude of the pulses increases with the same decreasing magnet number. 

Additionally, due to increased number of sinusoidal components at lower engine orders, 

the attractive forces between pulses is more jagged. These observations indicate, during 

forced response tests, more energy could be transmitted to the bladed disk at higher engine 

orders. To mathematically verify this hypothesis, a simplified convolution analysis mod- 

eling the periodic input and the bladed disk response as an impulse function and impulse 

response function, respectively, should be investigated for future research. 

During the forcing function analysis, the flywheel motor could not sustain steady 

state speeds above 6000 RPM. The high motor shaft speeds caused overheating and raised 

concerns of potential motor damage. The previous time and frequency domain plots were 

brief snapshots of the force transducer response, therefore the peak flywheel speeds needed 
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Figure 4.4     Time Response of Various Engine Orders, 300 Hz, 0.4 in Spacing 

for each run were held less than 10 seconds. Specifically for lower engine orders, the 

forced response analyses would require high flywheel RPM speeds maintained for several 

minutes. As a result, to alleviate the possibility of motor failure, the flywheel would not be 

commanded to rotational speeds in excess of 6000 RPM for the forced vibrations analysis 

of the experiment. 

During spin-up of the flywheel, several resonant frequencies of the flywheel/cantilever 

table system were excited. Apparently, the flywheel was not perfectly symmetric and 

behaved as a unbalanced rotating mass. Through the operating range of the spinning 

flywheel, resonant frequencies for the flywheel/table pair occurred at roughly 2100 RPM (35 

Hz) and 4200 RPM (70 Hz). These intense vibrations would interfere with the alignment 

of the flywheel and blisk magnets, thereby corrupting the forced response experimentation. 

Two steps were taken to resolve the problem. First, the flywheel was rotationally balanced 

by shaving a small section around one third of the rim. Second, to counteract possible 

energy transmission and reflection across the cantilever table and the concrete wall, a 

vibration absorption pad was cushioned between the table and wall. With these remedies 

4-8 



in place, the resonant responses were effectively eliminated and the flywheel could be 

operated throughout the entire RPM envelope without disruption. 

4-3.1     Pulse Phasing and Blade Order. As discussed in Chapter 2, 

the combination of eight blades and five flywheel magnet configurations, both with equal 

rotational spacing, yielded unique force phasing for each engine order. These phases dif- 

ferences may be significant for the forced response experiment. Should the number of disk 

blades or engine order alter, the phasing would also change. Like the numerical analysis, 

similar considerations of these phase differences on the forced response characteristics will 

be made later in the experiment. Table 4.4 cites this information while Figures 4.5, 4.6, 4.7 

and 4.8 visually highlight the blades involved in each pulse for a given engine order. 

Magnets Pulses/Rev Phase Angle 

2 8 45° 
3 24 15° 
4 8 45° 
6 24 15° 

12 24 15° 

Table 4.4     Input Force Phasing at Various Magnet Configurations 

For each pulse, dark blades indicate excited blades while light blades are transient. 

Of note, the 12 and 4 magnet configurations are identical in blades involved for each 

pulse. These similarities of engine order phasing were also mentioned in the numerical 

forced response portion of Chapter 2. However, the differing phase angle between pulses 

is indicated in Table 4.4. 

Figure 4.5     Pulse Phasing for Engine Order 4 and 12 
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Figure 4.6     Pulse Phasing for Engine Order 6 
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Figure 4.7     Pulse Phasing for Engine Order 3 
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Figure 4.8     Pulse Phasing for Engine Order 2 

4>4    Blade Characterization 

Before modal properties of the entire bladed disk can be gathered, each individual 

substructure (i.e. blade) physical properties and modal characteristics must be identified. 
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This will not only reveal how well tuned is the bare system, but the data can be used to 

identify which specific modal families to concentrate the remaining experiments. Further, 

to visualize these modes, contour plots depicting the mode shapes will be constructed to 

understand deflections and strain energy distribution throughout the blades. 

4.4-1 Dimensions and Mass. Each blade length, width and thickness 

geometry was measured with a Fowler Precision Dial Caliper (model MH 18600). Multiple 

measurements were taken and averaged for increased accuracy. The mass of each blade 

was computed by multipling the blade volume by the density of aluminum, 0.0975 lb/in3. 

This information is displayed in Table 4.5 along with mean and standard deviation values. 

Blade masses do not include the bonded PZT Quickpacks. Dimensional measure- 

ments were taken with the blades soldered to the disk and were particularly challenging. 

It should be recognized that the blade length was measured along the centerline, from 

the blade tip to the hub. However, the length is not constant across the root since each 

blade was attached along a curved hub surface. The outside edge distance is 0.1 in longer 

than that recorded in Table 4.5. It should be noted that this difference in measured to 

actual length would introduce error if the natural frequencies were cross referenced to plate 

theory. 

Blade # Length (in) Width (in) Thickness (in) Mass (g) 

1 2.999 2.400 0.0640 20.372 
2 3.001 2.400 0.0640 20.386 
3 3.000 2.400 0.0641 20.411 
4 2.999 2.400 0.0641 20.404 
5 3.000 2.399 0.0640 20.371 
6 3.002 2.399 0.0639 20.352 
7 3.000 2.399 0.0640 20.294 
8 3.000 2.400 0.0640 20.379 

Mean 3.0001 2.3996 0.0640 20.3711 
Std. Dev (%) 0.0330 0.0216 0.100 0.179 

Table 4.5     Individual Blade Physical Properties 

The STD for all these values is well below 1%. As the STD approaches zero, the 

more probable the system will resemble a tuned test article. Despite this, small mistuning 

levels such as these can have significant effects on mode localization of weakly coupled 

systems (41). 
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4-4•% Blade Natural Frequencies and Mode Shapes. Preliminary 

experimental tests are necessary to pinpoint the general location of blade natural frequen- 

cies. Because of their structural characteristics, each disk blade can be modeled as a 

cantilever flat plate with fixed-free-free-free boundary conditions. Therefore, each blisk 

modal family can be associated to the modal shapes of this particular constrained can- 

tilever plate. Each modal family possess a unique number of nodal circles and diameters. 

By plotting these mode shapes, we can graphically understand what nodal patterns subject 

the blades to more severe stress and strain energy distributions (3). In addition, which 

modal families and engine order combinations are testable under the maximum rotating 

flywheel speed constraint must be determined. 

4.4-%-l Blade Three Modal Frequency Identification. Blade three 

was selected to obtain the generic modal patterns and frequencies. Facing the flywheel, 

this blade was situated between the 10 and 11 o'clock position. It was chosen among the 

blades for its unobstructed view from the VH300 Vibrometer. The modal fan structure was 

grounded to the test table through a bolted axial rod. The small magnet and accelerometer 

were adhered to the blade, previously shown in Figure 3.8, to authentically replicate the 

blade during the upcoming forced response tests. The blade was excited with the epoxied 

PZT QPlONi strain actuators, driven by an ACX EL 1224 Amplifier. PZT actuators on the 

remaining blades were configured with open electrical boundary conditions. The Ometron 

VH300 Laser Vibrometer was the measurement sensor used to collect the modal test data. 

The laser head was positioned approximately 48.2 inches from the blade to promote optimal 

working distance (28). Since each blade was angled at the axis of rotation, the laser line 

of sight was approximately 45° off each blade's normal. This canted blade angle slightly 

affected the 48.2 inch distance from point to point, although variance was within ±0.5 

inches. Due to limited space on the vibration isolated table, an elevated mirror redirected 

the laser beam 90° towards the blade. The laser vibrometer setup is shown in Figure 4.9. 

The remaining seven blades were artificially localized, whereby their natural frequen- 

cies would not interfere with the test blade. Tip masses of 20 grams where added for this 

'detuning'. The modal test was conducted while the blade three PZT actuator was driven 
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Figure 4.9     Mode Shape Construction Experimental Setup 

with a random input signal. The laser was manually steered on the blade to collect 16 

separate data points, shown in Figure 4.10, each point analyzed with a separate run. Data 

point positions are displayed in Table 4.7. To increase optical signal feedback, reflective 

tape was placed over each collection point. Due to the limitations with the motor speed, 

the frequency span was selected at 1562.5 Hz, well beyond the maximum measurable forc- 

ing frequency of 1200 Hz with E.O. 12. A complete reference of equipment settings are 

shown in Table 4.6. 

|    Signal Preq Bandwidth (Hz) | PZT Range (V) | Vibrometer Range (V) | Sampling Rate (Hz) | Averages | Data Points Block Size | 
| Random 1562.5             |         ± 10.0         |            ± 2.3529            |             4000             |       10       |       3200 8192       | 

Table 4.6     Blade Modal Characterization Equipment Settings 

An Eigensystem Realization Algorithm (ERA) was used to perform the modal param- 

eter identification (21). The routine utilized throughout the experiments was a MATLAB® 

based ERA analysis program written by Dr. Joseph Hollkamp of the Air Force Research 

Laboratory (AFRL) (17). The algorithm is based upon the construction of a data matrix, 

called the generalized block-Hankel matrix, from free response time data. The user selects 
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Figure 4.10     Blade Three Mode Shape Measurement Points 

Pt 1 Pt 2 Pt3 Pt4 Pt5 Pt6 Pt 7 Pt8 
X(in) 0.125 0.8333 1.5417 2.25 0.125 0.8333 1.5417 2.25 
Y(in) 0.375 0.375 0.375 0.375 1.167 1.167 1.167 1.167 

Pt9 Pt 10 Pt 11 Pt 12 Pt 13 Pt 14 Pt 15 Pt 16 

X(in) 0.125 0.8333 1.5417 2.25 0.125 0.8333 1.5417 2.25 
Y(in) 1.958 1.958 1.958 1.958 2.75 2.75 2.75 2.75 

Table 4.7     Blade Three Measurement Point Locations 

the size of the Hankel matrix, guided by the following criteria. Two columns are needed for 

each expected system mode. For noisy data, this column number is typically increased to 

ten. Further, the number of rows is at least 2-3 times the total number of columns. Again, 

for particularly noisy data, the row multiplication factor can be increased (4). Having 

selected the Hankel matrix size, a singular value decomposition is performed. The Hankel 

matrix is decomposed and time shifted for each Hankel column to form a minimum order 

realization. The user selects a truncated number of singular values to retain, each value 

representing either a system or noise mode. Half the number of singular values represents 

the number of modes that will be identified by the algorithm (19). In practice, it is difficult 

to cleanly separate system and noise mode.  As a result, several retained singular values 
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must be tried to deliver an accurate modal estimation. Unfortunately, by observation, it is 

difficult to distinguish between the two types of modes. Therefore, an accuracy indicator 

called the Eigensystem Modal Assurance Criterion (EMAC) is used to distinguish authen- 

tic modes from the noise. Values can range anywhere from 0 to 100. EMACs greater than 

90 are typically considered system modes, while remaining modes are discarded as noise. 

The eigenvectors and eigenvalues associated with each singular value of the acceptable 

EMAC level are the system modal properties. Each eigenvector represents a system mode 

shape. The real portion of an eigenvalue is the natural frequencies while the imaginary 

portion is the damping ratio (21). 

Before an ERA analysis can be conducted, the FRFs of the sixteen collection points 

must be converted to impulse response data. An inverse Fourier transform was performed 

on each FRF via inverse fast Fourier transforms before insertion into the algorithm (20). 

The sixteen individual time histories were synchronized and treated as a pseudo single 

input multiple output (SIMO) as if all sixteen points were recorded simultaneously. 

Analysis on a fixed-free-free-free boundary condition plate with the dimensions and 

material properties of blade three foretold of three anticipated cantilever modes within the 

test frequency bandwidth (26): 

• First Bending Mode 

• First Torsion Mode 

• Second Bending Mode 

Although only the first two modes were testable because of maximum flywheel ro- 

tational speed restrictions, it required no more computational effort to modal identify the 

second cantilever bending modal family with the given equipment settings. As a result, 

this second bending mode will be presented in addition to the first bending and torsion, 

whereby providing a broader characterization of the system. 

To accommodate these three modal groups, unforeseen hub modes, table modes and 

exceptionally noisy data, a Hankel matrix of 500x100 was selected. A singular value of 

16 yielded results that gave consistent frequencies and damping values while generating 
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high EMACs. The ERA identified natural frequencies and damping ratios are shown in 

Table 4.8. Corresponding mode shapes are shown in Table 4.9, normalized by the first 

component. 

Mode Frequency Damping Ratio (%) EMAC 

1 210.7 0.4546 99.95 
2 381.5 1.783 60.71 
3 553.4 0.2227 99.71 
4 1039.9 1.001 85.90 
5 1246.7 3.806 0.005 
6 1297.6 0.5439 99.41 

Table 4.8      Blade Three Natural Frequencies and Damping Ratios 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
0.152 0.3551 0.0406 0.2125 0.1183 0.0877 

0.0187+0.0003i 0.3119+0.0007i 0.0097+0.0002i 0.2074-0.00601i 0.1121+0.0446i 0.0788+0.0004i 
0.0173+0.0001i 0.2747+0.0008i -.0200+O.OOOli 0.2123-0.0109i 0.1103+0.06621 0.0794+0.0002i 
0.0154-0.0003i 0.2382-0.0006i -0.0557+0.0005i 0.2352-0.0134i 0.15940.0815i 0.10803-0.0000i 
0.1117+0.0057i 0.3769-0.0024i 0.2110+0.0008i 0.3111+0.0081i 0.0718+0.0578i 0.3431-0.0006i 
0.1173+0.0047i 0.3119-0.0049i 0.0675+0.0003i 0.2797+0.0007i 0.0718+0.05781 0.3431-0.0006i 
0.1139+0.0045i 0.2520-0.0074i -0.0881+0.0010i 0.2991-0.0022i 0.2213+0.1158i 0.3003+0.0003i 
0.1032+0.0036i 0.2110-0.0107i -0.2282+0.0019i 0.3571-0.0048i 0.2213+0.1158i 0.3003+0.0003i 
0.2504+0.0117U 0.3356-0.0191i 0.3809-0.0003i 0.1358+0.0037i 0.3823+0.246Ü 0.3686+0.0015i 
0.2532+0.0084i 0.2476-0.0246i 0.1031+0.0016i 0.1034+0.0000i 0.1870-0.0104i 0.1769+0.0013i 
0.2553+0.014Ü 0.1809-0.0280i -0.1462+0.0017i 0.1241+0.0034i 0.2592+0.53H 0.1907+0.0015i 
0.2411+0.0102i 0.1274-0.0352i -0.4124+0.0030i 0.2001+0.0125i 0.4403+0.1168i 0.2926+0.0006i 
0.4301+0.0224i 0.1921-0.0187i 0.4209+0.0020i -0.3334-0.013H -0.3160+0.0199i -0.3270+0.0042i 
0.4096+0.0222i 0.1487-0.0329i 0.1601+0.0016i -0.2983-0.0083i -0.2274-0.383i -0.2971+0.0029i 
0.4147+0.0219i 0.0693-0.0412i -0.1946+0.0026i -0.2811+0.0059i -0.2804-0.0506i -0.2923+0.0000i 
0.4142+0.02371 0.0037-0.0642i -5459+0.0040i -0.2329+0.0236i -0.1434-0.0385H -0.2206-0.0027i 

Table 4.9     Blade Three Mode Shapes 

There are three modes with EMACs above 90, very close to 100. These particular 

modes also possess extremely low modal damping ratios, as anticipated with a lightly 

damped structure. With a high degree of confidence, these were identified blade modes. 

However, the fourth mode at 1039.9 Hz has a high enough EMAC value that it should 

not be prematurely disregarded as unwanted noise. Further modal testing needed to be 

conducted to determine its origin. 

Initial analysis of the FRFs showed a stronger response for Mode 4 at the blade/hub 

interface, data points 1 through 4. This insight led to the addition of a seventeen data 

point, 0.5 inches below the blade root as shown in Figure 4.10.   This data point would 
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verify if the mode was indeed from the hub. Using the same equipment settings as shown 

in Table 4.6, a transfer function plot of the hub response to PZT Quickpack input was 

generated and is shown in Figure 4.11. 

1000 

Figure 4.11      Hub Frequency Response Function - Point 17 

As expected, the response magnitude is quite small across the bandpass indicating 

high hub stiffness and rigidity as compared to the blades. It is apparent from the sharp 

peaks shown in Figure 4.11 both Mode 2 and Mode 4 originate from the hub structure. 

Fortunately, neither hub mode's presence should interfere with blade modal parameter 

identification since both are positioned at frequencies far removed from the blade modes. 

J,..^.2.2 Display of Mode Shapes. A graphic display of the normalized 

mode shape data provides visual insight into the manner which the structure is vibrating. 

Upon examination, the mode components have phase angles roughly 0° or 180° from 

neighboring elements. Therefore, imaginary portions of the mode shapes vectors have been 

dropped due to their minimal size relative to the real portions. Static plots are adequate 

to depict the essential features of the three modes and are illustrated in Figures 4.12 

through 4.14. A basic, dotted grid of the undeformed test region is shown in each figure. 
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Stars on the deformed mode shape depict the actual sixteen data collection points.   A 

spline interpolation was performed between these points for visual aesthetics. 

0.5 

0.4 

0.3^ 

0.2 

0.1 

0^ 

-0.1 

-0.2 

-0.3 

-0.4 

X-Axis (inches) Y-Axis (inches) 

Figure 4.12     Blade Three Mode Shape - lsi Bending Mode (210.7 Hz) 

X-Axis (inches) Y-Axis (inches) 

Figure 4.13      Blade Three Mode Shape - 1st Torsion Mode (553.4 Hz) 

All modes appear as expected, with the appropriate number of nodal diameters 

and nodal circles for each respective mode.   A slightly larger 'hump' is found on one 
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Figure 4.14     Blade Three Mode Shape - 2nd Bending Mode (1297.6 Hz) 

outside blade edge in the second bending mode. This can be attributed to inaccuracies in 

exact position of the vibrometer laser and irregular mass distribution resulting from the 

added lump mass of the accelerometer and small magnet. Similar natural frequencies and 

damping values for the remaining blades are anticipated. 

4-4-3    Blades' Natural Frequencies and Damping - Two Cases. 

Although the blades of the test article are intended to be identical, random deviations in 

the structure are an unavoidable reality. Hence, the individual natural frequencies and 

damping ratios of each original blade need be evaluated to determine the level of initial 

mistuning. For comparison and to provide additional data, it was desired to test the bladed 

disk in a more, nearly-tuned configuration. Due to the improbability of tuning both the first 

cantilever bending and torsion modes simultaneously, the first bending mode was selected 

as the candidate to be modified toward a closely tuned modal group. More mistuning sets 

were desirable, however time limitations of the study restricted any additional cases. 

Experiments to modal test the remaining blades were performed. Eight test runs 

were conducted, one for each blade, and repeated on blade three to compare these results 

with those collected from the mode shape analysis. Similar to the previous section, each 
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individual blade's PZT Quickpack was driven separately with an ACX EL 1224 Ampli- 

fier while the surrounding blades were 'detuned' with 20 grams of fishing weights. The 

ENDEVCO® accelerometers were used as the response transducers instead of the laser vi- 

brometer. Each accelerometer was positioned at the thirteenth data point of its respective 

blade, as previously shown in Figure 4.10. The small magnets were also in place during the 

testing. For a given test run, all 'detuned' blades' respective PZT bundles were electrically 

open for consistent boundary conditions. Equipment settings for the test runs are listed 

in Table 4.10. 

|    Signal   | Preq Bandwidth (Hz) | PZT Range (V) | Accel Range (V) | Sampling Rate (Hz) Averages Data Points Block Size | 

| Random |              1562.5             |         ± 10.0         |          ±0.5          |             4000 10 3200 8192      | 

Table 4.10     Individual Blade Modal Properties Equipment Settings 

To tune the model fan for Case II, small fishing weights of approximately 1.087 grams 

apiece were added to all blades excluding blade five. To not disrupt the torsion mode, the 

small masses were epoxied at the centerline of the blade tip. Based on the calculated 

blade masses shown in Table 4.5, the intent was to lower the natural frequencies into 

the proximity of blade five. Generally, the extra weight dropped the natural frequencies 

below 200 Hz for each modified blade. Through iterative modal measurements, the fishing 

weights were filed until enough mass remained to bring each blade's fundamental frequency 

within 1% of blade five. 

An ERA analysis was performed on the test data. Several Hankel matrix sizes were 

constructed for each blade's test data before one was found that yielded consistency in 

the estimated natural frequency values and damping ratios. Since the accelerometers were 

situated on each blade tip, the hub modes discovered during the modal shape analysis 

should not be detected. Only the three blade modes were anticipated in the results. 

Hankel matrix size and singular value cutoffs are shown for each blade in Table 4.12. 

Due to a slightly noisier data sample, a larger Hankel matrix was required for blade 

seven, Case I. Singular value cutoffs varied significantly within each data set. This was 

an unexpected result, however each cutoff number was still larger than the anticipated 

number of blade modes. For both cases, the natural frequencies of each blade for the three 

modes are listed in Tables 4.12 through 4.14. 
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Case I Case II 
Blade # Hankel Matrix SV Cutoff Hankel Matrix SV Cutoff 

1 250x50 25 250x50 17 
2 250x50 11 250x50 22 
3 250x50 22 250x50 19 
4 250x50 21 250x50 19 
5 350x70 12 250x50 17 
6 250x50 21 250x50 23 
7 250x50 22 250x50 16 
8 250x50 16 250x50 21 

Table 4.11     Hankel Matrix Dimensions & Singular Values for Blade Modal Analysis 

Case I Case II 
Blade # Preq. (Hz) Zeta (%) EMAC Preq. (Hz) Zeta (%) EMAC 

1 208.7 0.5465 99.20 203.6 0.5066 99.65 
2 208.2 0.6332 99.73 203.8 0.4043 99.78 
3 210.7 0.4546 99.95 203.3 0.5628 99.30 
4 212.4 0.5733 99.51 204.0 0.5551 99.85 
5 204.0 0.5948 99.57 204.1 0.5573 99.48 
6 209.5 0.5052 99.68 203.2 0.4270 99.83 
7 211.6 0.3394 99.88 203.8 0.3491 99.68 
8 208.9 0.4157 99.92 203.9 0.3104 99.69 

Mean 209.22 0.5078 99.68 203.71 0.4591 99.66 
Std. Dev. (%) 1.24 19.52 0.25 0.16 21.80 0.19 

Table 4.12      Blade Natural Frequencies and Damping Ratios - 1st Bending Mode 

As shown from the spread of blade frequencies in Case I, there is a slight inherent 

amount of mistuning preexisting within the model fan. The blade frequency distribution 

standard deviation varies for all families in the range of 1%. However, Case II shows 

that with intentionally added tip masses the first bending frequencies have a much smaller 

frequency distribution, over an 80% STD reduction compared to Case I. As intended, 

the tip masses had only a slight effect on the higher modal groups. In contrast, there is 

significant variance in the damping ratios for both cases, throughout all three frequency 

groupings. The worst damping disparity is nearly 40% STD among the second bending 

mode frequencies. The 'tuning' weights appeared to have little overall effect on this modal 

property. There also does not appear to be a specific correlation of damping ratio alteration 

with blade to blade mistuning. This demonstrates the sensitivity of damping to mistuning 
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Case I Case II 
Blade # Freq. (Hz) Zeta (%) EMAC Freq. (Hz) Zeta (%) EMAC 

1 553.9 0.2988 99.29 554.2 0.2121 99.66 
2 555.6 0.2247 99.24 558.1 0.1973 99.68 
3 553.4 0.2227 99.71 553.7 0.2124 99.85 
4 558.7 0.2605 99.05 558.6 0.2119 99.64 
5 553.6 0.2991 99.13 554.2 0.2121 99.66 
6 558.2 0.2122 99.72 558.1 0.1973 99.67 
7 553.9 0.1711 99.85 558.9 0.1941 99.91 
8 554.6 0.1948 99.58 554.5 0.2170 99.69 

Mean 555.24 0.2355 99.45 556.29 0.2068 99.72 
Std. Dev. (%) 0.38 19.87 0.31 0.42 4.30 1.00 

Table 4.13      Blade Natural Frequencies and Damping Ratios -1st Torsion Mode 

Case I Case II 
Blade # Freq. (Hz) Zeta (%) EMAC Freq. (Hz) Zeta (%) EMAC 

1 1285.1 0.9433 96.45 1240.9 0.7473 97.73 
2 1284.1 0.7473 98.32 1251.5 0.6197 97.00 
3 1297.6 0.5439 99.41 1245.2 0.3773 99.55 
4 1306.9 0.5802 99.40 1242.9 0.5236 99.79 
5 1266.9 0.4528 93.82 1267.5 0.4340 97.13 
6 1292.2 0.4051 95.07 1239.7 0.4179 98.14 
7 1305.9 0.3556 98.46 1259.3 0.3366 97.83 
8 1296.4 0.3392 99.95 1261.0 0.2812 99.59 

Mean 1292.3 0.5459 97.61 1251.0 0.4672 98.35 
Std. Dev. (%) 1.00 38.38 2.30 0.84 33.18 1.16 

Table 4.14     Blade Natural Frequencies and Damping Ratios - 2st Bending Mode 

variations. Further, it was difficult to obtain consistent damping values among the blades. 

This prompts a suspicion that damping deviation is a byproduct of the ERA analysis (8). In 

any event, the high EMACs bring confidences to the accuracy of the identified frequencies. 

These two mistuning cases should provide a variety of data results and broad areas of 

analysis during forced response of each modal family. 

The reader should note that a spinning operational engine fan would have blade 

elastic properties change due to centrifugal stiffening. As a result, blade natural frequencies 

would be somewhat higher than that of a stationary bladed disk (10). 
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4.5    Modal Testing of the Bladed Disk 

The free response characteristics of the complete bladed disk are also needed for 

inclusion with the forced vibration analysis. Therefore, complete bladed disk modal tests 

were conducted before the forced response data was gathered. Including the second bending 

mode in the modal parameter identification process would complicate these tests without 

added benefit for the forced response analysis. Therefore, for the remainder of the study, 

only the first bending and first torsion modes will be investigated. 

Due to the narrowly spaced blade natural frequencies and light inter-blade coupling of 

the structure, the modal tests were particularly challenging. As demonstrated in Chapter 

2, eight global mode shapes exist in each family, although the modal bandwidth and exact 

frequency location of the modes are unknown. Furthermore, several excitation inputs 

were required to correctly identify the eight closely spaced modes. Several approaches to 

excite the whole structure were attempted with varying success. Hammer impacts to the 

individual blade tips did not energize the blisk sufficently for proper modal analysis. The 

MB Dynamics Cal 50 Electromagnetic Shaker proved a better input force than the hammer, 

although the coherence plots dropped dramatically from unity after 250 Hz. There simply 

was not enough cross blade response for adequate analysis of the first torsion mode. 

Ultimately, the PZT Quickpacks used for the individual blades were again utilized 

as the input devices. Rather than excite the testpiece throughout a broad frequency 

range, the tests were conducted via chirp free decay excitation. This technique has been 

performed by previous modal testers with great success (8) (19). Each PZT actuator 

was driven separately about a modal family natural frequency while data from the eight 

ENDEVCO® accelerometers was collected by the HP/PC. The bandwidth of each chirp 

signal sweep throughout both cases is shown in Table 4.15. The equipment settings are 

listed in Table 4.16. 

Case I Case II 
1st Bending          1st Torsion 1st Bending          1st Torsion 

195Hz - 220Hz    545Hz - 560Hz 195Hz - 210Hz    545Hz - 560Hz 

Table 4.15      Chirp Signal Sweeps for Bladed Disk Modal Tests 
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1    Signal   1 Freq Bandwidth (Hz) | PZT Range (V) | Accel Range (V) | Sampling Rate (Hz) | Averages Data Points Block Size | 

| Random |               1600               |         ± 10.0         |          ±0.5          |             4096              |        1 1600 4096       | 

Table 4.16     Bladed Disk Modal Test Equipment Settings 

The chirp provided a method to precisely control the frequency range of interest 

and not excite modes outside this bandwidth. Also, the resolution of the data could be 

increased by focusing on a narrower frequency pass. This would help facilitate the identi- 

fication process of the tightly spaced modes. The amplifiers were connected to each PZT 

sensor. The random excitation input source was circulated throughout all eight actuators, 

giving eight different excitation locations. Unstimulated PZTs had their respective am- 

plifier inputs shorted for consistent electrical boundary conditions. Unfortunately, due to 

unforeseen difficulties in acquiring equipment, only six ACX Amplifiers where available for 

the test. Two Piezoelectric System Incorporated (PSI) Amplifiers, maximum 150 V rat- 

ing, were substituted for the missing ACX amplifiers. Input voltages to the amplifiers were 

altered to ensure consistent driving voltages for all PZT Quickpacks. Table 4.17 shows the 

amplifier to blade connections. 

Blade # Amplifier # 

1 ACX#1 
2 PSI #2 
3 ACX #2 
4 ACX #3 
5 ACX #5 
6 PSI#1 
7 ACX #4 
8 ACX #6 

Table 4.17     Amplifier-Blade Assignments for Blisk Modal Tests 

As performed by previous researchers (19), during the first 0.25 seconds of the re- 

sponse data the PZT actuator was driven by the chirp. The free decay response was 

recorded during the succeeding 0.75 seconds. During the Case II, first bending mode tests, 

the time response of the fifth blade while driving the second blade PZT was plotted and 

is shown in Figure 4.15. Rather than a gradual, exponential decay, this example visually 

illustrates the differing sinusoidal responses of the closely spaced modes through a beat 

phenomena. 
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Figure 4.15      Time Response of Blade 5 during Blade 2 Excitation - Is* Bending, Case II 

By weaving the eight SIMO test runs into a psuedo-Multiple Input Multiple Out- 

put (MIMO) (18) data set, an ERA analysis was employed on the decay data. The begin- 

ning of the decay portion analysis began at the 1100*A data point, or 0.2686 seconds after 

the forcing input commenced. The cutoff for data analysis was the 3147*^ data point, or 

at 0.7683 seconds. This bracketed set contained only free response data of the structure 

and was more than ample for the modal identification task. 

Because of mode splitting, several approaches to analyze the data were made before 

all eight modes in each family were successfully identified. In similar tests, decimating free 

decay data by factors of 5 and 10 produced favorable outcomes (8). Unfortunately, for 

this study, these attempts did not identify all the individual modes. Ultimately, Hankel 

matrix sizes were widely varied before finding a data matrix of suitable columns and 

rows that yielded good results. Increasing the Hankel matrix well beyond that previously 

recommended (4) (19) was the only method found that allowed the ERA to completely 

separate the modes and characterize the system. The Hankel Matrix dimensions and 

singular value truncations for both cases are listed in Table 4.18. The modal results of the 

analysis are displayed in Tables 4.19 and 4.20. 
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Case I Case II 
1st Bending Is* Torsion Is* Bending 1st Torsion 

Hankel Matrix 1200x600 1200x600 1200x600 1200x600 
SV Cutoff 59 59 55 57 

Table 4.18      Hankel Matrix Dimensions & Singular Values for Bladed Disk Modal Tests 

Case I Case II 

Mode# Preq. (Hz) Zeta (%) EMAC Preq. (Hz) Zeta (%) EMAC 
1 203.2 0.5341 96.66 201.1 0.3928 99.67 
2 207.5 0.3999 99.23 202.6 0.3789 99.79 
3 208.8 0.3702 99.43 202.9 0.3945 99.77 
4 209.2 0.5871 98.87 203.1 0.4083 99.80 
5 209.5 0.5018 99.36 203.5 0.5011 99.80 
6 210.3 0.5196 99.40 203.9 0.4989 99.54 
7 211.4 0.4462 99.03 204.1 0.5928 99.57 
8 213.8 0.8740 97.92 207.2 0.7330 97.41 

Mean 209.21 0.5291 98.84 203.55 0.4844 99.42 
Std. Dev. (%) 1.47 29.64 1.97 0.86 24.00 0.82 

Table 4.19     Blisk Natural Frequencies and Damping Ratios - 1st Bending Mode 

Case I Case II 

Mode# Freq. (Hz) Zeta (%) EMAC Freq. (Hz) Zeta (%) EMAC 
1 553.4 0.2097 98.25 553.9 0.1651 97.88 
2 554.5 0.2123 99.16 554.5 0.2229 98.75 
3 554.5 0.2360 98.24 554.6 0.1728 98.68 
4 555.1 0.2134 99.37 555.2 0.1786 99.24 
5 555.3 0.3067 98.90 555.5 0.2226 99.48 
6 558.2 0.1746 98.81 557.8 0.1802 99.19 
7 559.0 0.2251 97.19 559.3 0.1617 99.28 
8 559.6 0.2850 97.69 559.5 0.2917 98.68 

Mean 556.20 0.2329 98.45 556.29 0.1994 98.90 
Std. Dev. (%) 0.42 18.49 0.76 0.40 22.19 0.52 

Table 4.20     Blisk Natural Frequencies and Damping Ratios - 1st Torsion Mode 

Figures 4.16 through 4.19 display the ERA generated mode shapes, normalized by 

the first component. The four/two norms and infinity/two norms, as outlined in Chapter 

1, are shown in Tables 4.21 and 4.22. The tuned system norms of Chapter 2 are used as 

the base set to compare localization effects. 
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Mode 1 - 203.2 Hz Mode 2 - 207.5 Hz Mode 3 - 208.8 Hz 

Mode 4 - 209.2 Hz 

Mode 7-211.4 Hz 

Mode 5 - 209.5 Hz Mode 6-210.3 Hz 

Mode 8-213.8 Hz 

Figure 4.16      Normalized Mode Shapes - Case I, 1    Bending Mode 

Model -201.1 Hz Mode 2 - 202.6 Hz Mode 3 - 202.9 Hz 

Mode 4-203.1 Hz 

Mode 7 - 204.1 Hz 

Mode 5 - 203.5 Hz Mode 6 - 203.9 Hz 

Mode 8 - 207.2 Hz 

Figure 4.17     Normalized Mode Shapes - Case II, 1st Bending Mode 

As anticipated, the STD of the first bending modal frequencies is significantly lower 

for Case II compared to Case I. In contrast, there is no significant difference between the 

two cases for the first torsion mode. Overall, the spread of damping ratios is rather high, 
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Mode 1 - 553.4 Hz Mode 2 - 554.5 Hz Mode 3-554.5 Hz 

Mode 4-555.1 Hz 

Mode 7 - 559.0 Hz 

Mode 5 - 555.3 Hz Mode 6 - 558.2 Hz 

Mode 8 - 559.6 Hz 

Figure 4.18      Normalized Mode Shapes - Case I, Is* Torsion Mode 

Mode 1 - 553.9 Hz Mode 2 - 554.5 Hz Mode 3 - 554.6 Hz 

Mode 4 - 555.2 Hz Mode 5 - 555.5 Hz Mode 6 - 557.8 Hz 

Mode 7 - 559.3 Hz Mode 8 - 559.5 Hz 

Figure 4.19     Normalized Mode Shapes - Case II, 1st Torsion Mode 

indicating the difficulty of obtaining consistent damping ratios throughout a specific modal 

band. 

Comparing the norm scales of the first bending family, all eight global mode shapes 

are less localized for Case II compared to Case I. In particular, modes on the band ends 
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Case I Case II 
Mode# Ljfour Loo *-> four boo 

1 0.152 0.372 0.601 0.625 
2 0.657 0.753 0.832 0.889 
3 0.500 0.691 0.818 0.845 
4 0.632 0.740 0.695 0.672 
5 1.117 0.938 1.303 0.885 
6 0.498 0.686 0.523 0.749 
7 0.233 0.529 0.459 0.737 
8 0.263 0.437 0.533 0.606 

Table 4.21     Free Response Norm Scales of Bladed Disk - 1st Bending Mode 

Case I Case II 
Mode# ■Lifour Loo Li four Loo 

1 0.233 0.421 0.384 0.519 
2 0.524 0.721 0.345 0.602 
3 0.376 0.642 0.559 0.710 
4 0.745 0.702 0.633 0.719 
5 0.405 0.938 0.605 0.641 
6 0.199 0.508 0.196 0.505 
7 0.256 0.543 0.196 0.506 
8 0.234 0.435 0.171 0.385 

Table 4.22     Free Response Norm Scales of Bladed Disk - Is* Torsion Mode 

were most significantly improved. This is more pronounced in the four/two norm than 

the infinity/norm. There are arguably similar overall localization effects throughout the 

torsion mode for Case I and Case II. However, since localization improvement of this modal 

band was not the emphasis of the Case II mass additions, the results are reasonable. 

Their were two unanticipated discrepancies with the mode shapes. Although the 

disordered mode shapes had different blade amplitude responses than their tuned counter- 

parts, they should still have semblance of inter-blade phase angle. Observing the figures, 

this is not the case. Consequently, the mode shapes determined by the ERA analysis con- 

tained significant complexity. Complex mode shapes are expected in any real-life structure 

due to damping, however the severity was much greater than expected. Normalization of 

the mode shapes by the first component reduced the complexity, although a substantial 

portion of remained.  Therefore, the mode shapes have been plotted with the imaginary 
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portions dropped. Being extremely sensitive to mistuning and other perturbations, these 

complex mode shapes further indicate the extreme difficulty of modal testing a real-life 

bladed disk assembly. Similar difficulties were encountered in past studies, although suit- 

able explanations to the exact cause were uncertain (16). Some steps that might help 

reduce the modal complexity include: 

1. Using similar amplifiers to drive all PZT actuators. Although input levels were closely 

controlled, subtleties in different models can lead to an ERA analysis of inconsistent 

time response data. 

2. Lag in alignment of the chirp decay data by the ERA due to delays in energy trans- 

mitted from the driving PZT, through the hub on to individual blades. 

3. Minor variations in individual PZT Quickpack coupling properties. 

In any event, the existence of complex modes in disordered periodic systems is a 

region where further research is required. 

4-6    Forced Response Experimentation 

Having gathered the essential transient response data of the bladed disk, the bladed 

disk forced response can be undertaken. The intent of these particular experiments is 

to construct blade forced resonant response curves at various engine orders throughout 

a predetermined frequency region. The frequency band will encompass a single modal 

family of interest. Knowing the frequency band for both vibrational modes of interest, 

calculations were required to determine the flywheel RPM speed necessary to excite a 

specific modal band at a given engine order. These rotational velocity conversions for both 

the first bending and torsion vibrations are exhibited in Tables 4.23 and 4.24. 

Case# Freq. Range E.O. 2 E.O. 3 E.O. 4 E.O. 6 E.O. 12 

I 200 - 215 Hz 6000-6450 RPM 4000-4300 RPM 3000-3225 RPM 2000-2150 RPM 1000-1075 RPM 
II 197 - 210 Hz 5910-6300 RPM 3940-4200 RPM 2955-3150 RPM 1970-2100 RPM 985-1050 RPM 

Table 4.23     Modal Frequencies to Flywheel RPM Conversions - Is* Bending 

As previously outlined, the limitations of the flywheel motor speed were evident here. 

Due to the high RPM speeds necessary for various E.O./mode combinations, certain test 
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Case # Preq. Range E.O 2 E.O. 3 E.O. 4 E.O. 6 E.O. 12 

I 548 - 565 Hz 16440-16950 RPM 10960-11300 RPM 8220-8475 RPM 5480-5650 RPM 2740-2825 RPM 
II 543 - 575 Hz 16290-17250 RPM 10860-11500 RPM 8145-8625 RPM 5430-5750 RPM 2715-2875 RPM 

Table 4.24     Modal Frequencies to Flywheel RPM Conversions - 1st Torsion 

runs were impossible to conduct. For example, experiments could not be not pursued 

with E.O. 2. Similarily, forced vibrational response of the first torsional mode were only 

studied with E.O. 6 and 12. Unfortunately, this restricts the amount of experimental data 

gathered. As a result, careful analysis in the next chapter is critical to extract the most 

benefit from these resonant vibration tests. 

Another unforeseen obstacle was the HP Tachometer. Although the tachometer func- 

tioned properly for the input force characterization, SignalCalc 620 software measurements 

of the tachometer for a steady flywheel RPM did not remain constant for this experimen- 

tal portion. Instead, the tachometer RPM reading fluctuated anywhere from ±10 RPM 

to ±50 RPM even with a stabilized flywheel speed. Such wavering measurements would 

introduce error when converting the RPM speed back to a forcing input frequency. The 

higher the engine order, the more gross the inaccuracies would become. This was very 

discouraging since the original intent of the software was to record the RMS time response 

data of the accelerometers through an RPM sweep of a vibration mode. Each response 

frame would be stamped with the RPM speed at the instant of record, and exported into 

a MATLAB® formatted file for analysis and construction of the resonant response curves. 

Fortunately, an RPM measurement gauge was already owned by the AFIT laboratory 

and proved to be a suitable substitute. The device operated as a non-contact approach to 

measuring the flywheel RPM. The timing gun was aligned within the plane of the flywheel 

and projected a scanning laser along the flywheel rim. A reflective patch was adhered 

to the flywheel outer edge to increase feedback response. As the flywheel spun, a digital 

filter inside the timing gun sampled response data from the reflective patch. This average 

response voltage was converted to an RPM number and displayed on the gun's digital 

output screen. A photo of this revised setup is shown in Figure 4.20. 

A new system for data acquisition was required which, with user intervention, still 

maintained significant precision in aligning time response captures to the proper RPM 
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Figure 4.20     Forced Response Testing with RPM Timing Gun 

speed. Since the RPM gun only measured rounded integer values of the RPM speed, 

the maximum number of collectable data points for a test run was the spread of integers 

within the RPM brackets listed in Tables 4.23 and 4.24. Instantaneous records of blades 

resonant responses were manually collected with the SignalCalc 620 software. For each 

E.O./vibration mode pair, the frequency step between captures are outlined in Table 4.25. 

Case I Case II 
E.O. 1st Bending 1st Torsion Is* Bending 1st Torsion 

3 0.1 Hz N/A 0.05 Hz N/A 
4 0.133 Hz N/A 0.067 Hz N/A 
6 0.1 Hz 0.1 Hz 0.1 Hz 0.2 Hz 
12 0.2 Hz 0.2 Hz 0.2 Hz 0.2 Hz 

Table 4.25     Frequency Steps Between Forced Response Data Points 

Frequency steps are directly related to the consecutive RPM integer increase of the 

RPM gun for a given engine order. For all test runs the bladed disk was aligned parallel 

to the flywheel with a 0.4 in separation, as indicated in the input force characterization 
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section, between flywheel and blade magnets. This distance provided adequate blade 

response without exceeding the forcing vibration limits of the ENDEVCO® accelerometers. 

For each simulated engine order, the flywheel was configured with the appropriate number 

of magnets. The input voltage to the flywheel motor was manually controlled through 

the digital voltmeter. For a given engine order and vibration mode, upon stabilizing the 

flywheel speed at the bottom threshold of each RPM range given in Tables 4.23 and 4.24, 

the voltage was then incremented in 0.01 V steps to ensure each RPM integer step was 

properly recorded. Snapshots of the accelerometer RMS values (g) were recorded until the 

RPM sweep was completed. Equipment settings for all forced response tests are shown in 

Table 4.26. 

Preq Bandwidth (Hz)    Accel Range (V)    Time Span (s)    Data Points    Block Size 

1600                           ± 1.0                      0.25                   400                1024 

Table 4.26     Bladed Disk Forced Response Test Equipment Settings 

It should be noted by the reader that because of these restraints with the RPM 

gun, not all test runs gathered the same number of data points. This leads to differing 

levels of resolution amongst the data sets. Moreover, since the data points are manually 

accumulated, there was a potential for minor error in the data. For instance, if the ro- 

tational acceleration of the flywheel was too large due to the voltage input, manual time 

captures would be taken faster than the established HP/PC time span refresh rate. The 

consequence would be identical data records for neighboring frequency steps. To prevent 

this, multiple tests were conducted and several graphical output plots generated to ensure 

the final results were repeatable and accurate. 

4.7    Summary 

A thorough explanation of the experimental procedure was discussed throughout the 

chapter. In addition, the details of the individual blade and bladed fan modal tests were 

also outlined and results presented. By altering the blade masses, two free response cases 

were compared and discussed. To encapsulate, these changes in mass caused Case I to suffer 

more severe mode localization than Case II. Suggestions for further study were made in 
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the area of complex mode shapes and localization parameters.   Furthermore, challenges 

during the experiments and troubleshooting approaches were revealed as encountered. 

This free response data will assist explanation of forced vibration responses. Since 

the blade disk forced response behavior is the focus of this study, these plots, localization 

parameters and subsequent discussions have been reserved for the following chapter. 
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V.   Results and Discussion 

Presented in this chapter are results from the numerous forced response tests con- 

ducted with the procedure outlined in Chapter 4. In addition to comparative analyses 

amongst the individual runs, qualitative comparisons to prior studies that are readily 

identifiable will be made howsoever possible. Unlike the mathematical models of periodic 

structures, many of the bladed disk's physical properties, such as blade number or struc- 

tural coupling, are unalterable without considerable modifications to the bladed disk. For 

this reason, conclusions drawn between experimental data and previous research can be 

somewhat limited in scope. However, because of the statistical nature of mistuning, it is 

extremely important to define precisely what each specific analysis actually implies, and 

to be wary of excessive generalization (13). 

5.1     Forced Response Data Arrangement 

Even with the limited number of cases studied, an immense amount of data was 

generated. From necessity, the analyses must be confined to manageable proportions and 

organized in a orderly, yet summarized fashion. This will aid in extracting the key results 

from which maximum benefit can be derived. With this motivation, three figures were 

generated for each data set. These were found to best illustrate blade responses, blisk 

response and localization effects. Two figures are sets of individual blade responses and 

the response of the whole bladed disk. Each data set also includes a plot of the four/two 

and infinity/two norms at each test point throughout the indicated frequency band. Similar 

to the Chapter 2 numerical analysis, the four/two norm will be the preferred norm scale 

to determine system global and local behavior. Conversely, the infinity/two norm will 

be used to determine maximum system deviations (i.e. peak blade magnitude). As an 

example, the series of figures associated with Case I, E.O. 3, 1st bending mode are shown 

in Figures 5.1 through 5.3. 

Unfortunately, the enormity of total figures prohibits their complete presentation in 

this chapter.  Alternatively, remaining tests runs are succinctly compiled in Appendix B. 
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Figure 5.1      Individual Blade Responses - Case I, E.O. 3, 1st Bending Mode 

Further, tables are complied wherever deemed appropriate to help further convey observa- 

tions. 

5.2    Presentation of Results 

Results have been segmented into four areas. The first section contains broad obser- 

vations pertinent to all tests. The remaining analyses compare individual test runs under 

the following categories: mistuning effects, engine order variations and modal families. 

Since mistuning variations have been the primary focus of much prior research, it will 

receive the greatest emphasis. Although there is certain overlap among the discussions 

presented in each section, such occurrences will be appropriately referenced. 
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Figure 5.2     Blade Responses - Case I, E.O. 3, Ist Bending Mode 
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Figure 5.3     Four/Two and Infinity/Two Norm Plot - Case I, E.O. 3, Is* Bending Mode 
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5.2.1     General Observations. 

5.2.1.1 Modal Family Excitation. It is well documented, for a tuned 

system, an m-nodal diameter mode will only be excited by a harmonic m E.O. source. 

This feature disintegrates with mistuning effects, where each mode contains a component 

of almost every diametral order. Therefore, mistuned modes are excitable by multiple 

engine order excitations according to the magnitude of the m-nodal diameter component 

in its modal shape (11). Since all test runs were mistuned to some extent, this result was 

visible throughout all experimentation. Several first bending and torsional modes were 

excited by every engine order, although specific characteristics of each response varied. 

These results were consistent to that observed with the numerical model. 

5.2.1.2 Campbell Diagram of Test Article. Similar to operational 

bladed disk assemblies, the model fan experienced resonant vibration behavior at a mul- 

titude of forcing frequencies. This forced response behavior can be illustrated through a 

vibration amplitude-frequency plot over a broad range of flywheel speeds. Commonly re- 

ferred to as a Campbell Diagram, constructing this experimentally measured interference 

diagram normally reveals significant system vibrational information. 

Normally, bladed disk resonant responses are spread over several densely packed 

frequencies and RPM combinations. Because of the discrete sampling method of the test 

data and the inability to graphical distinguish increasing response magnitudes, an exacted 

depiction of a Campbell Diagram is not possible. As a substitute, the peak response of 

each blade has been plotted for each engine order superimposed with the blisk natural 

frequencies of interest. This modified Campbell Diagram for all Case I test runs is shown 

in Figure 5.4. Further, an expanded plot of the bladed disk first bending mode and 

E.O. 3 intersection is also shown in Figure 5.5. Clearly, the interrelation among engine 

order responses is evident. Radial lines depict forced vibration at several of these integral 

engine orders. Horizontal lines show numerous bladed disk natural frequencies at which 

the system is constantly excited by random disturbances. When these two separate lines 

cross, resonant conditions occur (11). An initial observation of the system, explored further 
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Figure 5.5     Magnified Bladed Disk 1st Bending Mode and E.O. 3 Intersection 

in the subsequent results discussion, is peak blade responses do not necessarily occur at 

bladed disk modes. 
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Not indicated on the Campbell Diagram was the occurrence of subharmonic reso- 

nant responses. These phenomena occurred at integer divisions of the fundamental modal 

family frequencies. Their existence stems from the superposition of several multiple degree- 

of-freedom system resonant and anti-resonant responses (3). Subharmonics stem from the 

periodic, sinusoidal nature of the input and is related to the higher harmonics observed in 

the forcing input characterization section. Including these subharmonic incidences would 

unnecessarily clutter the Campbell Diagram without addition insight into the modal re- 

sponses. Nevertheless, for illustration, Figure 5.6 shows the first six subharmonic compo- 

nents for E.O. 12. Each subharmonic is appropriately labeled, for instance, 2T is the 2nd 

subharmonic of the first torsion mode. 
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1500 
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Figure 5.6     Subharmonics of E.O. 12 

The magnitude of subharmonic blade resonances diminished with increasing har- 

monic component number. Although difficult to discern through Figure 5.6, harmonic 

bandwidth decreased as the subharmonic number grew larger. Bending-torsion coupling 

was also observed in the higher harmonics. Because of these characteristics, the sub- 

harmonics became increasingly difficult to analyze at lower frequencies.  With noticeable 
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similarities between the resonant subharmonics and fundamental modal harmonics, their 

localization properties are important to characterize. However, their analysis was beyond 

the intended scope of this study and left for future research. 

5.2.1.3 Peak Blade Responses. Of major significance in forced vibra- 

tional behavior is the maximum amplitude a blade will experience throughout a frequency 

sweep. Even more desirable is cognitive knowledge of the likelihood a blade would exceed 

a critical amplitude value (34). Although this critical value is not known for the current 

system, comparing blade responses can portray the relative extent to which individual sub- 

structures are experiencing stress and strain. Tables 5.1 through 5.4 show the maximum 

responses of each blade for every test run. Due to the wealth of information, these tables 

will be referred to repeatedly in subsequent sections. 

E.O. 3 E.O. 4 E.O. 6 E.O. 12 
Blade RMS (g) RMS (g) RMS (g) RMS (g) 

1 10.974 12.497 19.497 43.337 
2 9.063 13.291 23.037 41.024 
3 11.693 15.387 14.802 47.087 
4 7.603 6.903 18.246 25.400 
5 10.027 12.623 19.637 42.473 
6 8.607 12.149 20.512 44.770 
7 15.064 20.974 22.390 62.780 
8 13.629 15.118 22.390 50.744 

Mean 10.832 13.618 20.564 44.702 
Std. Dev. (%) 23.57 28.99 16.84 23.34 

Table 5.1     Maximum Blade Responses - Case I, Is* Bending Mode 

In every instance, the variance in blade amplitudes is readily apparent. This agrees 

with the findings of Ewins (13)(11), yet contradicts Pierre (40) who claimed comparable 

blade peak amplitudes for a weakly coupled system. A plausible explanation for the dif- 

ferences with Pierre's findings may lie with his mono-coupled numerical model, while the 

test article blades experienced dual coupling effects, structural and aerodynamic. Hence, 

vibration energy interaction amongst individual substructures is different due to this extra 

coupling avenue. 
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E.O. 6 E.O. 12 
Blade RMS (g) RMS (g) 

1 38.985 110.811 
2 42.096 104.369 
3 40.107 120.197 
4 45.029 112.783 
5 56.184 143.065 
6 61.526 154.882 
7 56.649 148.423 
8 30.578 92.244 

Mean 46.395 123.347 
Std. Dev. (%) 22.97 18.43 

Table 5.2     Maximum Blade Responses - Case I, 1st Torsion Mode 

E.O. 3 E.O. 4 E.O. 6 E.O. 12 
Blade RMS (g) RMS (g) RMS (g) RMS (g) 

1 9.168 13.774 11.696 42.867 
2 8.676 11.642 11.679 39.284 
3 8.406 11.214 12.179 35.725 
4 14.174 16.053 16.028 45.429 
5 12.010 20.376 11.985 57.724 
6 10.782 14.297 18.595 45.863 
7 12.339 14.054 19.755 50.282 
8 12.812 15.774 11.761 48.103 

Mean 11.046 14.648 14.210 45.660 
Std. Dev. (%) 19.26 19.67 23.95 14.81 

Table 5.3      Maximum Blade Responses - Case II, Ist Bending Mode 

5.2.1.4     Individual Blade Peak Response Frequencies. Unfortu- 

nately, a firm connection between peak blade amplitudes and the frequency this peak re- 

sponse would occur is difficult to surmise, although some limited conclusions may be made. 

The individual blade response figures indicate peak blade deflections typically occurred in 

the vicinity of the individual blade natural frequencies or at slightly lower excitation fre- 

quencies. This is opposite to the finding of Pierre (40), who stated the resonant frequencies 

of a weak coupled assembly consistently become marginally larger than the individual blade 

frequencies. 

Perhaps more beneficial would be the ability to predict whether peak blade ampli- 

tudes normally occurred close to the bladed disk free response modes instead of individual 
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E.O. 6 E.O. 12 
Blade RMS (g) RMS (g) 

1 12.196 118.646 
2 10.053 115.388 
3 12.152 127.833 
4 23.399 102.056 
5 12.040 139.942 
6 23.336 151.202 
7 23.705 152.111 
8 11.733 95.810 

Mean 16.076 125.381 
Std. Dev. (%) 38.37 16.96 

Table 5.4     Maximum Blade Responses - Case II, Is* Torsion Mode 

blades. Studying the collective blade response figures, it appears that for a more tuned 

system (i.e. Case II), a majority of the maximum blade deflections are closely grouped 

around the free modes. Blades of extreme mistune, such as blade five in Case I, also ap- 

pear to reach a maximum response near a free response mode. Furthermore, for the given 

external forcing, the peak blade responses tend to drift to lower frequencies and away from 

the blisk free modes with increasing engine order. This shift with engine order may be 

simply caused by the increase in pulse energy with engine order suggested in the input 

force characterization section of Chapter 4. Pierre (40) noted that weakly coupled systems 

are more prone to large blade amplitudes at lower excitation frequencies when mistuned, 

regardless of the engine order. However, Pierre's analysis was with cases sharing a com- 

mon mean blade natural frequency. This is not true here, hence the two results cannot be 

compared. 

Despite these remarks, it would not be prudent to assume the blisk peak forced re- 

sponses usually occur near the free modes. Statistical analyses of the bladed disk and 

further research of the periodic forcing function are necessary to provide more grounded 

conclusions. Inter-blade coupling, damping and changing forcing function properties can 

incite dramatic shifts in the frequencies at which peaks occur. These effects will be inves- 

tigated further with the variance of engine order. 

5.2.1.5    Highest Response Blade. Contrary to results produced by 

Ewins (13) that stated the maximum overall blade response is borne by the blade with 
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the lowest response frequency, examining the individual blade responses within each data 

set revealed a high-frequency blade consistently exhibited the peak response. The highest 

frequency blade was the peak blade in four data sets while the second highest frequency 

blade was attributed with seven data sets. This is certainly a limited conclusion, since 

coupling effects and the mistuning pattern arrangement could most certainly effect the 

results. Further, Ewins results were based on a lumped mass-spring model of a 33-bladed 

disk, rather than the experimental data of this study. 

5.2.1.6    Localization Measures. Both the four/two norm and infin- 

ity/two norm provide similar results for all data sets. Conversely, a significant divergence 

between the two norms is the infinity/two norm scale can have dramatic changes, or jumps, 

in value throughout a frequency range, while the four/two norm has more gradual, varying 

values. Figure 5.7 demonstrates an example of the infinity/two norm's 'choppy' behavior 

with sharp, sudden peaks for E.O. 12, Case I, first torsion mode. Additionally, global 

minimums of the infinity/two norm do not necessarily occur at the highest amplitude 

blade responses. Both these observations prompt concern of the infinity/two norm exag- 

gerating a system's susceptibility to blade damage at a certain forcing frequency. Similar 

conclusions were made with the numerical model results. Yet since the infinity/two norm 

is based on maximum deflections and primarily utilized to predict subsequent failures of 

individual substructures, perhaps this cautious approach is welcome. To best utilize the 

infinity/two norm, however, it is advisable to have as many data points as possible to best 

show patterns of behavior. 

5.2.2    Effects  of Mistuning Strength. Despite attempts to further 

globalize the first bending mode, both Case I and Case II are still considered mistuned 

due to slight differences in individual blade natural frequencies. Nonetheless, based on 

natural frequencies STD, the system depicted in Case I is eight times more mistuned for 

the first bending mode than Case II, with little variance in the first torsion. Because of 

the minimal STD change between both torsion mode cases, mistuning observations are 

primarily focused for the first bending mode, unless otherwise noted. 
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Figure 5.7     Infinity/Two Norm Scale of E.O. 12, Case I. 1st Torsion 

5.2.2.1 Blade Amplitudes. Returning to Tables 5.1 through 5.4, be- 

tween both mistuning cases there is not a significant difference in mean resonant responses 

of the first bending mode. Conversely, there is generally less spread of blade amplitudes for 

the more tuned case. Although this result seems to contradict the influences of mistuning, 

statistical investigations clearly show that increases in maximum amplitudes from mistun- 

ing are expected to vary among similar bladed disk assemblies (37) (8). Therefore, Case 

II could have exhibited significantly more favorable blade responses than Case I based on 

differing arrangements in blade coupling, position and damping. 

5.2.2.2 Number of Maximum Blade Amplitude Peaks. With re- 

gards to the maximum blade response amongst all individual blades, there are noticeably 

more resonant peaks for the Case I first bending mode compared to Case II. As demon- 

strated by Pierre (40), increases in the mistuning standard deviation can cause further 

proportional peak splitting among maximum amplitude blade values. This, in turn, brings 

about a wider frequency range that contains these peaks.   Figure 5.8 distinctly demon- 
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strates this effect for the first bending mode by plotting the overall maximum blade am- 

plitude of the two cases with E.O. 3. The observation is less applicable for the first torsion 

mode because of similar mistuning standard deviation percentages among the data sets. 

200 205 210 215 
Frequency (Hz) 

Figure 5.8      Maximum Blade Amplitude - E.O. 3, 1st Bending Mode 

5.2.2.3    Localization Effects. Aware of the differing blade responses 

frequencies between the two mistuning sets, what are the localization attributes of each 

case? The answer lies within Table 5.5 and is representative of typical localization ef- 

fects between each case. In both maximum and minimum extremes, Case I features lower 

four/two norm values compared to Case II, hence more localization in the response. Ad- 

ditionally, for both vibration modes, Tables 5.6 and 5.7 show fewer total local extremes 

for Case II in contrast to Case I. Local maximum and minimum were considered in a 

somewhat subjective fashion. Significant peaks and valleys were labeled local extremas. 

Additionally, several closely spaced extreme points were grouped as local maximum or 

minimum values. As a result, the greater mistuned Case I exhibits more localized behavior 

and less global behavior than Case II. It is evident that mistuning variance significantly 
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affected forced vibration localization. There is consistency of this finding with many prior 

researchers (40) (29). 

Global Minima Global Maxima 
Case I Case II Case I Case II 

w (Hz) 203.0 202.5 210.6 208.4 

"■four 1.875 5.046 6.290 7.732 
Aoo 1.178 1.745 1.962 2.465 

Table 5.5     Global Norm Scale Extremas - E.O. 3, 1st Bending Mode 

Local Minimas Local Maximas 
E.O. Case I Case II Case I Case II 

3 4 1 4 2 
4 4 1 3 1 
6 3 1 3 1 
12 4 1 3 1 

Table 5.6      Number of Local Four/Two Norm Scale Extremas - 1st Bending Mode 

Local Minimas Local Maximas 
E.O. Case I Case II Case I Case II 

6 2 1 1 1 
12 3 2 2 2 

Table 5.7     Number of Local Four/Two Norm Scale Extremas - 1st Torsion Mode 

In addition to more incidences of highly localized behavior, the endmost frequencies 

in a localized bandwidth spread further apart with increased mistuning. Examining the 

norm scale figures of each first bending data set, the localization passband associated with 

each engine order decreases from Case I to Case II. Table 5.8 displays these results. The 

transition point from a globalized to localized state was chosen at a four/two norm value 

of 6, and is reflected in the Table. 

E.O. 3 E.O. 4 E.O. 6 E.O. 12 
Case w e (Hz) Aw w G (Hz) Aw w G (Hz) Aw w G (Hz) Aw 

I 200.5 - 213.2 12.7 200.7 - 214.6 13.9 200.6 - 213.6 13.0 200.0 - 215.0 >15.0 
II 201.8 - 203.0 1.2 202.0 - 203.2 1.2 200.2 - 201.8 1.6 200.8 - 201.9 1.1 

Table 5.8     Frequency Distribution of Localization - 1st Bending Mode 
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Pierre (40) discovered a shift in frequency ranges dependent on the severity of mis- 

tuning. Although shifts in passband are noticeable, the mean frequency of the individual 

blades differs between the cases. A correlation, therefore, cannot be made in this study. 

Comparing blade amplitudes and localization effects uncovers an important con- 

sideration first mentioned in the numerical analysis. Although the four/two norm value 

may indicate a localized state, it is not indicative of extreme peak blade responses. The 

four/two norm appears to serve merely as a indication of peak blade amplitudes relative 

to surrounding substructures. However, careful attention must be given to both conditions 

to adequately quantify system behavior. Unfortunately, as previously mentioned, the in- 

finity/two norm appears incapable to compensate for the four/two norm's shortcoming in 

predicting peak vibrations. Certainly, several blades could undergo severe blade ampli- 

tudes magnifications, perhaps reaching a critical failure threshold, yet the four/two norm 

could indicate a global mode. This provokes further scepticism on the norm scales ability 

as a complete forced response behavior parameter. 

5.2.3     Variance of Engine Order. 

5.2.3.1     Increase in Mean Blade Amplitudes. In every test run, 

Tables 5.1 through 5.4 all conveyed a significant increase of the mean, and individual, 

resonant blade response with rising engine order. This finding is dissimilar to Pierre, 

who concluded that engine order excitation increased the high frequency peak amplitudes 

while it decreases the amplitudes of the low frequency peaks for a weakly coupled blade 

response (40). The answer to this unusual behavior likely lies in the nature of the flywheel 

excitation system used to induce forced vibrations. As stated previously, magnets are 

substituted for wakes impinging on the blades. Airflow through an actual compressor 

stage transmits energy into rotating bladed disk assemblies only when the blade in question 

passes unobstructed airflow. On the other hand, the force interaction between the blade 

and flywheel magnets is related to the square of their distance. As a result, the magnets 

will interact throughout the entire angle of rotation between pulse inputs. As mentioned 

in Chapter 4, this raises the possibility that more closely spaced magnets (i.e. increasing 
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engine order) induce a larger amount of forcing energy into the blades. Although a possible 

explanation, more research on the forcing function is required to answer this question. 

5.2.3.2 Effects on Blade Responses. Blade response profiles were 

also significantly influenced by the engine order. Number of peaks per blade and frequency 

location of peaks varied for both bending and torsion modes throughout each case. This is 

markedly noticed for E.O. 6, which has the most significantly different blade responses pro- 

files for both the bending and torsion among the engine orders. These effects are somewhat 

expected since different natural system modes are orthogonal for varying forcing inputs. 

Similar to the numerical model, if the forcing phase angle coincides with a system mode, 

the mode will be excited. Engine orders with similar forcing phase angles should produce 

similar blade responses. The similarities between E.O. 4 and E.O. 12 blade response fig- 

ures, which possess identical forcing phase angles, are a further testament to this forced 

response characteristic. 

5.2.3.3 Effects on Localization. Since engine order effects blade re- 

sponse in peak splitting and frequency excitation, it is logical to conclude that localization 

is additionally affected. Figure 5.9 illustrates the change in the first bending mode, peak 

four/two norm values for all engine orders. Of significant interest is the uniqueness of E.O. 

4, where the globalized and localized response slightly merge in both cases. A prelimi- 

nary hypothesis to the cause of this deviation is the relationship of blades to engine order, 

where the engine order that coincides with half the blade number achieves less norm value 

spread between peak global and localized states. More analysis towards this correlation is 

required before any firmer conclusions can be stated. 

5.2.4     Comparison Between Modes. 

5.2.4.1 Effects of Damping Strength. Referring back to Tables 4.12 

and 4.13, the first bending natural frequencies of the bladed disk are significantly damped 

compared to those of the first torsion. It is typical of higher modes to have less damping 

than their lower mode counterparts. Increased damping weakens the wave localization 

phenomena caused by blade to blade spatial differences, thus mistuning effects are reduced. 
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Figure 5.9     Global Maximum and Minimum Four/Two Norm Values - Is* Bending Mode 

This is reflected in the mean blade responses, which are generally substantially less for the 

first bending than the first torsion. Damping values are fairly scattered, or mistuned, for all 

the blades in both modes, which may correlate with the varying amplitudes of the blades 

throughout all tests. This speculation would be in alignment with prior research done on 

damping variations throughout a bladed disk undergoing forced vibration response (27). 

5.2.4-2    Localization Effects. Unfortunately, with the few number 

of data sets, it is relatively impossible to draw persuasive conclusions with regards to 

the effects of varying response modes on localization. Previous studies have shown that 

localization always occur at larger frequencies, hence at higher modes (32). Figure 5.10 

shows the extreme local and global responses for all test runs, with the torsional four/two 

norm values embedded within the bending mode. 

Comparing only two engine orders cannot constitute a trend of behavior, thus the re- 

sults are inconclusive. Further, any statements would be misleading considering the several 

nonconstant parameters between the two modes such as damping, modal bandwidth, and 
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Figure 5.10      Global Maximum and Minimum Four/Two Norm Values 

inter-blade coupling. More engine orders, and control over these aforementioned variables, 

would be needed to make credible observations. 

5.3    Summary 

Results of the bladed disk forced vibrational response via the flywheel excitation 

system were presented. Comparing the experimental test sets with previous works was 

conducted to estimate the feasibility of this external forcing system for future research. 

Significant conclusions and recommendations for future consideration are summarized in 

the next chapter. 
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VI.    Conclusions and Recommendations 

The primary thesis objective was analysis of the experimental bladed disk, forced 

response method for suitability towards future research endeavors. Of secondary impor- 

tance was drawing comparisons between experimental data sets to supplement existing 

knowledge about the cyclical mistuning phenomena. Conclusions will focus on both these 

themes. Recommendations are condensed into two categories. The first category includes 

improvements to the experimental method. The second involves potential research topics 

toward which the flywheel excitation platform may be applied. 

6.1     Conclusions 

Throughout the course of this thesis, many observations were made which can be 

summarized in the following major conclusions: 

1. The flywheel excitation system is a viable approach to simulate forced vibrations 

on a representative bladed disk assembly. Both bending and torsional modes of a 

model blisk were successfully excited with this external forcing system. With certain 

modifications, robustness of a data acquisition system typically used for free response 

modal testing allowed data collections throughout frequency sweeps of interest. 

2. Forced response behavior of bladed disks are significantly dependent upon several 

mechanisms. Although mistuning and interblade coupling levels are commonly un- 

derstood to effect localized forced vibrations, other less emphasized parameters in- 

cluding engine order, stimulated modal group and damping distribution can sub- 

stantially alter the system response. Changing these aforementioned variables can 

influence localization levels, response profiles of individual blades, number of maxi- 

mum blade amplitude peaks, and the frequency range in which localization occurs. 

3. The periodic forcing function contains the fundamental elements of real-life periodic 

wakes experienced by operational bladed disk assemblies. Substituting magnets for 

upstream airflow obstructions produced an external force periodic in nature, com- 

posed of several sinusoidal frequencies and time varying.   More characterization of 
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the forcing input is necessary, such as increasing blade amplitudes with rising engine 

order, to further understand its effects and determine if any modifications need be 

made to this forced excitation system. 

4. The four/two norm and infinity/two norm scales produced similar trends through- 

out the forced response analysis. Further stated, norm scale maximum and minimum 

values, although different in magnitude followed similar patterns throughout a fre- 

quency band. The four/two norm seemed to express blade forced localization effects 

rather accurately. However, small infinity/two norm values did not always indicate 

a region of overall peak blade deflection throughout a passband, provoking suspicion 

into the infinity/two norm's reliability as a failure mode criteria for forced response 

behavior. This may be caused by the lack of normalization, which is incorporated 

into the free response analysis from which the norm values are modeled. 

5. Severe forced localization is not necessarily denotative of maximum blade response. 

A single blade vibrating at modest amplitudes will appear more localized compared 

to several blades vibrating together at very large deflections. The localization param- 

eters utilized throughout this thesis were inadequate to correlate these two traits. A 

proper understanding of design requirements is requisite to distinguish whether sub- 

component failure and/or blade amplitude distributions is the objective of analysis. 

6.2    Recommendations 

In light of the preceding conclusions, the following sections are guidance to assist 

future researchers utilizing the flywheel excitation system. These suggestions are believed 

to be the next steps toward advancing the experimental system performance and capi- 

talizing on this novel approach to investigating forced excitation of mistuned bladed disk 

assemblies. 

6.2.1     Experimental Improvements. 

1. Reliable Instrumentation. Inability to use the malfunctioning HP Tachometer not 

only made data collection more tedious, but reduced the depths to which system 
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characterization could be considered. For instance, a more highly sampled data set 

would increase the resolution of the forced response plots which, in turn, should 

assist in more detailed studies of particularly interesting forced responses such as 

mode splitting. The RPM trigger gun, while adequate for general observations, was 

ill-suited to data sample frequency ranges less than a few hertz. The SignalCalc 620 

software is configured to inscribe RPM inputs on respective data samples. Employing 

anything other than a digital tachometer for measuring flywheel speeds degrades the 

level of experimental accuracy. A replacement HP tachometer or different model are 

mandatory prerequisites for more thorough forced response system analysis. 

2. Flywheel Motor Replacement. The Electro-Craft 3622-48-N motor driving the fly- 

wheel should be supplant with a more powerful substitute. The 6000 RPM limit 

imposed by the current motor restricts the usefulness of the entire flywheel excita- 

tion system. Without a replacement, possibilities of examining the higher modal 

groups experienced by an operational turbine jet engine, such as the 2nd bending 

mode and Is* chord-wise bending (a.k.a Two-Stripe Mode), are beyond reach. Fur- 

ther, more diversified comparisons among engine orders can be done with a broader 

RPM range. 

3. Different Localization Measurement Parameters. As previously stated, although lo- 

calization effects could be characterized with the four/two and infinity/two norm 

values, these are better suited for free response modes. Forced response analysis is 

concerned not only with localized vibrations but the probability a blade would ex- 

ceed a maximum amplitude value. A method that integrates both localization and 

peak blade responses is more appropriate for forced response analysis and should be 

investigated. 

6.2.2     Future Research. Verification of the forced vibrational approach 

studied throughout this thesis is a prelude to a myriad of potential projects for future 

consideration. Experimental investigation of these topics can be compared to prior research 

efforts or lay precedence for emerging developments towards further understanding the 

sensitive dynamics of turbine bladed disks. 
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1. Further Characterization of Periodic Forcing Function. Before subsequent investiga- 

tions are conducted, a more in-depth understanding of the periodic forcing function 

should be pursued. Mathematical analysis of the various engine order forcing pro- 

files could provide answers for the varying spread of input frequencies and unforeseen 

variance in mean peak blade responses among the examined engine orders. 

2. Subharmonic Derivatives of Modal Groups. Prom initial examination, blade deflec- 

tions and localization experienced at subharmonic frequencies have similar potential 

to damage bladed disk assemblies as primary modal groups. The conjunction of 

primary and subharmonic resonances should be analyzed in future studies of forced 

response system behavior. Additionally, possible higher harmonic frequencies re- 

sponses not encountered throughout the experiments should be included with these 

tests. 

3. Statistical Analysis of Mistuning on Bladed Disk Forced Response. Much research into 

the statistical nature of mistuning has previously been complied through Monte Carlo 

simulations, perturbation methods (37) and reduced order modeling (6) (25) (24). 

Adding to this existing body of knowledge through an experimental approach would 

hopefully aid in further comprehending localization and blade forced response char- 

acteristics. 

4. Vibration Suppression of Forced Response Behavior with PZTs. Properly imple- 

mented vibration suppression techniques can reduce resonant blade responses. Piezo- 

electric materials (PZTs) combined with a passive electrical network, active positive 

position feedback system or a active-passive hybrid control design could minimize 

mode localization while simultaneously provide consistent damping throughout indi- 

vidual blades (38). 

5. Effects of Differing Modal Groups On Forced Response Behavior. Higher modes 

typically have more closely spaced eigenvalues, less damping and lower levels of 

inter-blade coupling. Modifying the flywheel motor, as suggested for experimen- 

tal improvements, would provide the opportunity to quantify these key differences 

via forced excitation of targeted higher modal groups. 
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6. Variable Bladed Disk Parameter Analysis. Testing several fabricated brisks of varying 

structural properties could bring enlightenment toward their influence on forced re- 

sponse behavior. Some possible differences between the test articles include numbers 

of blades, hub stiffness, blade aspect ratios and substructure damping ratios. 

7. Expansion of Structural and Aerodynamic Coupling Effects. Past research has con- 

sidered these inter-blade coupling avenues separately, rather than jointly. However, 

both types of coupling need to be simultaneously analyzed to properly pattern an 

operational turbine bladed disk assembly. Fusion of the two is inherent with the 

experimental blisk model, hence the dual effects of these coupling mechanisms can 

be more realistically investigated. 

8. Complex Free Response Modes. Modal complexity appeared in the free response por- 

tions of the experimental results. Particularly bothersome, the complexity seen from 

the ERA analysis was beyond that anticpiated for a lightly damped system. Several 

possible explanations as to the cause of these complex modes were offered. Whether 

these results reflect actual system behavior or were produced from an unexplained 

obscurity in the analysis remains unanswered. Although similar behavior has been 

witnessed in prior RPS free response experiments (8), the origin of complex modes 

should be the focus of future research. 

6.3    Summary 

The United States Air Force is under ever increasing pressure to sustain its aging 

aircraft fleet. To reach this objective, longevity of operational systems with minimal main- 

tenance expense is critically emphasized. As a result, analysis and design methodologies 

that deter aircraft system failures are constantly sought. The HCF problem of jet engine 

bladed disk assemblies is such an area where alternative technologies are highly desired 

in hope of constructing a preventative solution. Before these technologies are developed, 

however, an increased understanding of bladed disk dynamics must be obtained. 

The successful completion of this study offers a new approach towards comprehending 

the forced response characteristics of bladed disk assemblies. Using a reduced scale model 
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fan and magnetic forces to pattern aerodynamic disturbances, a relatively simple and 

inexpensive research platform was experimentally tested and verified. By examining the 

effects of mistuning, forcing input and excited modal family, consistencies with previous 

studies and new areas for future research were found. 

Utilizing this experimental apparatus will hopefully contribute towards subsequent 

efforts of monitoring and controlling forced vibrational behavior of bladed disks. Reducing 

or eliminating turbine blade HCF would allow for lighter structural materials, increased 

aircraft reliability and fewer aircraft support personnel. Ultimately, aircraft performance 

would be enhanced and the service life of military jet engines could be extended beyond 

current expectations. 
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Appendix A.   Supplemental Graphs - 

Periodic Forcing Function Figures 
The following pages include additional PSD and time response plots of the input forc- 

ing function discussed, but not presented, within Chapter 4 discussions. The information 

contain herein is intended to completely document all data collected from the forcing input 

test runs. Like the figures in Chapter 4, the figure title contains information describing a 

particular run. 

A-l 



1500 RPM 

,?      0 

,?      0 

,?       0- 

Figure A.l     Time Response of E.O. 12 with 0.4 in Spacing 

6000 

4000    -\  ..-' X^^     ^-      3000 

6000 ^-"--\  . ■■'    " ■.. J>>^^ 2000 

8000 ^""-"-\ .^^1000 

10000  0 Engine RPM 

Frequency (Hz) 

Figure A.2     PSD of E.O. 12 with 0.4 in Spacing 

A-2 



1500 RPM 

Figure A.3     Time Response of E.O. 12 with 0.6 in Spacing 

6000 

4000 --\     .■■■ •..      X^^     -.     ^s-      3000 

6000   ^"^-\ ■. ^"">-^2000 

8000        "\^^^^      1000 

10000      0 Engine RPM 

Frequency (Hz) 

Figure A.4     PSD of E.O. 12 with 0.6 in Spacing 

A-3 



3000 RPM 

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 

6000 RPM 

0.3 

0.2- 

0.1 

&      0 

-0.1 - 

-0.2 

           I                  I                  I                  I                  I                   I                   1 

» -V-. u ~ —1 u •V-. u ■w. ,~ _ u~ •— L* ,~ k«*. ■v~ u —IL~ U ̂~> wJ ^~Jw, 

1                 1                 1                 1                 1                 1                 1 

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 
Time (S) 

Figure A.5     Time Response of E.O. 6 with 0.4 in Spacing 

6000 

4000 

4000    ^\     .. '...■''■ ..^^^^3000 

6000   ^"~\^     ..-■' ■..    ^^2000 

8000   ^^-^    ^^1000 

10000      0 Engine RPM 

Frequency (Hz) 

Figure A.6     PSD of E.O. 6 with 0.4 in Spacing 

A-4 



3000 RPM 

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 

4500 RPM 

Figure A.7     Time Response of E.O. 4 with 0.4 in Spacing 

0.12- 

0.1 - 

0.08- 

0.06- 

0.04- 

0.02- 

°> 
0 

6000 

4000 \     .- ^-     3000 

6000 ^~~^-~-_     ..-■■ ..   ^^2000 

8000   ^~~~-\     ^^~1000 

10000      0 Engine RPM 

Frequency (Hz) 

Figure A.8     PSD of E.O. 4 with 0.4 in Spacing 

A-5 



3000 RPM 

6000 RPM 

Figure A.9     Time Response of E.O. 3 with 0.4 in Spacing 

6000 

4000 
4000    "-"--\      . ■ •  ''    '....■'"•._   ^^ 3000 

6000   ^~"--\ ^^^2000 

8000       "~-\    ^      1000 

10000      0 Engine RPM 

Frequency (Hz) 

Figure A.10     PSD of E.O. 3 with 0.4 in Spacing 

A-6 



Appendix B.   Supplemental Graphs - 

Forced Response Figures 
Included in the following pages are engine order response figures not presented within 

the Chapter 5 results. The information contain herein is intended as complete documenta- 

tion for all forced response experimental testing. Eleven runs are enclosed, each including 

the following figures: 

1. Forced response of individual blades plotted with their respective natural frequency 

2. Blade responses superimposed with all blade disk natural frequencies 

3. A graphical representation of the four /two and infinity/two norms throughout the 

testing passband, overlayed with all bladed disk natural frequencies 
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Figure B.25     Individual Blade Responses - Case II, E.O. 12, Ist Bending Mode 
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Figure B.30     Four/Two and Infinity/Two Norm Plot - Case II, E.O. 6, 1st Torsion Mode 
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Figure B.31     Individual Blade Responses - Case II, E.O. 12, Ist Torsion Mode 
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Figure B.32     Blade Responses - Case II, E.O. 12, 1st Torsion Mode 
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