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HYDOXDWLQJ WKH SHUIRUPDQFH RI PXOWLSOH FODVVLILHU
V\VWHPV= D PDWUL[ DOJHEUD UHSUHVHQWDWLRQ

RI ERROHDQ IXVLRQ UXOHV

WKHVLV

Mxvwlq Plwfkhoo Kloo/ Fdswdlq/ XVDI
DILW2JRU2HQF236P034

GHSDUWPHQW RI WKH DLU IRUFH
DLU XQLYHUVLW\

DLU IRUFH LQVWLWXWH RI WHFKQRORJ\
Zuljkw0Sdwwhuvrq Dlu Irufh Edvh/ Rklr

DSSURYHG IRU SXEOLF UHOHDVH> GLVWULEXWLRQ XQOLPLWHG1



Uhvhdufk vsrqvruhg lq sduw e| wkh Dlu Irufh Uhvhdufk Oderudwru|/ Dlu Irufh Pdwhulho Frppdqg/
XVDI1 Wkh X1V1 Jryhuqphqw lv dxwkrul}hg wr uhsurgxfh dqg glvwulexwh uhsulqwv qrwzlwkvwdqglqj
dq| frs|uljkw qrwdwlrq wkhuhrq1 Wkh ylhzv dqg frqfoxvlrqv frqwdlqhg lq wklv wkhvlv duh wkrvh ri wkh
dxwkru dqg vkrxog qrw eh lqwhusuhwhg dv qhfhvvdulo| uhsuhvhqwlqj wkh r!fldo srolflhv ru hqgruvhphqwv/
hlwkhu h{suhvvhg ru lpsolhg/ ri wkh Dlu Irufh Uhvhdufk Oderudwru| ru wkh X1V1 Jryhuqphqw1
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Dfnqrzohgjhphqwv
Qrqh ri wklv zrxog kdyh ehhq srvvleoh zlwkrxw pxfk dssuhfldwhg jxlgdqfh iurp p| frpplwwhh/
dqg L zrxog olnho| qrw kdyh pdlqwdlqhg p| vdqlw| zlwkrxw wkh frqwlqxhg oryh dqg vxssruw ri p|
zlih1
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DILW2JRU2HQF236P034
Devwudfw

Jlyhq d �qlwh froohfwlrq ri fodvvl�huv rqh pljkw zlvk wr frpelqh/ ru ixvh/ wkh fodvvl�huv lq
krshv wkdw wkh pxowlsoh fodvvl�hu v|vwhp +PFV, zloo shuirup ehwwhu wkdq wkh lqglylgxdov1 Rqh
phwkrg ri ixvlqj fodvvl�huv lv wr frpelqh wkhlu �qdo ghflvlrq xvlqj Errohdq uxohv +h1j1/ d orjlfdo RU/
DQG/ ru d pdmrulw| yrwh ri wkh fodvvl�huv lq wkh v|vwhp,1 Dq hvwdeolvkhg phwkrg iru hydoxdwlqj
d fodvvl�hu lv phdvxulqj vrph dvshfw ri lwv Uhfhlyhu Rshudwlqj Fkdudfwhulvwlf +URF, fxuyh/ zklfk
judskv wkh wudgh0r� ehwzhhq wkh frqglwlrqdo suredelolwlhv ri ghwhfwlrq dqg idovh dodup1 Wklv zrun
suhvhqwv d xqltxh phwkrg ri hvwlpdwlqj wkh shuirupdqfh ri dq PFV lq zklfk Errohdq uxohv duh
xvhg wr frpelqh lqglylgxdo ghflvlrqv1 Wkh phwkrg uhtxluhv shuirupdqfh gdwd vlplodu wr wkh gdwd
dydlodeoh lq wkh URF fxuyhv iru hdfk ri wkh lqglylgxdo fodvvl�huv/ dqg wkh phwkrg fdq eh xvhg wr
hvwlpdwh wkh URF fxuyh iru wkh hqwluh v|vwhp1 D frqvhtxhqfh ri wklv uhvxow lv wkdw rqh fdq vdyh wlph
dqg prqh| e| h�hfwlyho| hydoxdwlqj wkh shuirupdqfh ri dq PFV zlwkrxw shuiruplqj h{shulphqwv1
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HYDOXDWLQJ WKH SHUIRUPDQFH RI PXOWLSOH FODVVLILHU V\VWHPV=
D PDWUL[ DOJHEUD UHSUHVHQWDWLRQ RI ERROHDQ IXVLRQ UXOHV

L1 Lqwurgxfwlrq
414 Jhqhudo Glvfxvvlrq dqg Edfnjurxqg

Wkh delolw| wr dffxudwho| ghwhfw dqg lghqwli| wdujhwv lv dq lpsruwdqw lvvxh iru wkh X1 V1 Dlu
Irufh dqg wkh Ghsduwphqw ri Ghihqvh1 Wkh plolwdu| ghsduwphqwv wudglwlrqdoo| zlvk wr ghwhuplqh
zkhwkhu d sduwlfxodu remhfw lv krvwloh ru iulhqgo| +wdujhw ru foxwwhu/ irh ru iulhqg/ hwf1,1 Vlplodu
sureohpv h{lvw lq pdq| �hogv1 Iru h{dpsoh/ phpehuv ri wkh phglfdo frppxqlw| pd| zlvk wr
glvwlqjxlvk ehwzhhq fdqfhurxv dqg ehqljq fhoov/ ru d pruwjdjh frpsdq| pljkw dwwhpsw wr glvfhuq
d �w eruurzhu iurp rqh zkr lv olnho| wr ghidxow rq d ordq1

Doo wkhvh sureohpv duh d sduw ri d eurdg �hog fdoohg fodvvl�fdwlrq/ d �hog zklfk lqfoxghv
vhyhudo dssurdfkhv iru vroylqj sureohpv olnh wkhvh1 Phwkrgv frxog lqfoxgh vrphwklqj dv vlpsoh dv d
ylvxdo lqvshfwlrq ri wkh remhfw ri lqwhuhvw ru d pruh vflhqwl�f dssurdfk/ olnh wkh olqhdu glvfulplqdqw
ixqfwlrq ghyhorshg e| Ilvkhu ^:`1 Dqrwkhu frpprq dssurdfk wr prghuq fodvvl�fdwlrq sureohpv lv
wkh xvh ri duwl�fldo qhxudo qhwzrunv/ zklfk xvh dojrulwkpv wkdw ohduq krz wr fodvvli| gdwd1 Lq wkh
hduo| 4<;3v/ vflhqwlvwv dqg hqjlqhhuv ehjdq h{dplqlqj wkh lghd ri xvlqj jurxsv ri fodvvl�huv/ ru
pxowlsoh fodvvl�hu v|vwhpv +PFVv,/ lq krshv ri lqfuhdvlqj dffxudf|/ dqg uhvhdufk lq wklv duhd ri wkh
�hog frqwlqxhv wrgd| ^56`1

415 Sureohp Ghvfulswlrq

Uhvhdufkhuv duh riwhq frqfhuqhg zlwk hydoxdwlqj wkh shuirupdqfh ri d fodvvl�hu ru dq PFV1
Wkh v|vwhpv hpsor|hg lq wkhvh dssolfdwlrqv duh xvxdoo| v|vwhpv xvlqj vhqvruv wr froohfw gdwd dqg
rwkhu phfkdqlvpv/ fdoohg fodvvl�huv/ wr fodvvli| hdfk revhuydwlrq1 Iljxuh 4 vkrzv d qrwlrqdo vlqjoh

4



Event

Sensor

Decision

Something 
Observable

Data 
Collection

Friendly
or

Hostile?

Data

Classifier

Iljxuh 4= Qrwlrqdo Vlqjoh Fodvvl�hu V|vwhp1

fodvvl�hu v|vwhp1 Wkh gdwd froohfwhg e| wkh vhqvru/ fdoohg ihdwxuhv/ duh w|slfdoo| frqyhuwhg e| wkh
fodvvl�hu wr vrph qxphulfdo ydoxh1 Li wklv ydoxh lv juhdwhu wkdq d qrplqdo wkuhvkrog ydoxh/ wkh
revhuydwlrq lv sodfhg lqwr rqh fodvv1 Rwkhuzlvh wkh revhuydwlrq lv sodfhg lqwr wkh rwkhu fodvv1

D pxowlsoh fodvvl�hu v|vwhp lv rqh lq zklfk pxowlsoh vhqvru2fodvvl�hu hqvhpeohv froohfw gdwd
dqg uhdfk frqfoxvlrqv lqghshqghqwo|1 Wkrvh ghflvlrqv duh wkhq frpelqhg lq vrph pdqqhu wr uhdfk d
ghflvlrq iru wkh v|vwhp1 D v|vwhp ghvljqhu pljkw zdqw wr exlog d v|vwhp wkdw pdnhv xvh ri pxowlsoh
fodvvl�huv iru ydulrxv uhdvrqv1 Gl�huhqw fodvvl�huv pd| eh wudlqhg wr ghwhfw=

� Gl�huhqw w|shv ri wdujhwv1

� Gl�huhqw dwwulexwhv ri wkh vdph wdujhw1

� Wkh vdph wdujhw xqghu gl�huhqw rshudwlqj frqglwlrqv1

Lq d pxowlsoh fodvvl�hu v|vwhp wkhuh duh srwhqwldoo| vhyhudo hyhqwv revhuyhg dqg vhyhudo vwuhdpv
ri gdwd froohfwhg1 Iljxuh 5 ghslfwv wkh ghvljq ri d qrwlrqdo wzr0fodvvl�hu v|vwhp lq zklfk wkh �qdo
fodvvl�hu ghflvlrqv duh frpelqhg1 Frpelqlqj wkh �qdo ghflvlrq ri hdfk fodvvl�hu lq wkh v|vwhp lv qrw
wkh rqo| phwkrg ri frpelqdwlrq lq dq PFV/ exw glvfxvvlrq lq Fkdswhu 5 h{sodlqv zk| uhvhdufklqj
wklv w|sh ri fodvvl�hu frpelqdwlrq lv d zruwkzkloh sxuvxlw/ hvshfldoo| iru plolwdu| dssolfdwlrqv1
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Iljxuh 5= Qrwlrqdo Pxowlsoh Fodvvl�hu V|vwhp zlwk Wzr Fodvvl�huv1

416 Uhvhdufk Remhfwlyhv

Wkh jrdo ri wklv uhvhdufk lv wr surylgh vrph pdwkhpdwlfdo lqvljkw lqwr wkh surfhvv ri hydoxdwlqj
PFVv1 Vshfl�fdoo|/ wkh sxusrvh ri wkh uhvhdufk lv wr lghqwli| surshuwlhv wkdw pd| dlg wkh dqdo|vw ru
hqjlqhhu lq hydoxdwlqj dq PFV e| xvlqj wkh gdwd dydlodeoh lq wkh Uhfhlyhu Rshudwlqj Fkdudfwhulvwlf
+URF, fxuyhv iurp wkh lqglylgxdo fodvvl�huv lq wkh hqvhpeoh1 Wkh sulpdu| frqwulexwlrq ri wkh
wkhvlv lv d irupxod iru frpsxwlqj URF fxuyh ydoxhv iru dq PFV xvlqj +d, wkh URF fxuyhv iurp
wkh lqglylgxdo fodvvl�huv lq wkh v|vwhp/ dqg +e, dq| Errohdq uxoh iru frpelqlqj wkh ghflvlrqv iurp
wkh lqglylgxdov1
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LL1 Olwhudwxuh Uhylhz
514 Lqwurgxfwlrq2Ryhuylhz

Wklv fkdswhu uhylhzv wkh olwhudwxuh uhjduglqj wzr0fodvv fodvvl�fdwlrq ru ghwhfwlrq1 Uhfhlyhu
rshudwlqj fkdudfwhulvwlf +URF, fxuyhv duh ghvfulehg dv d ylvxdo phwkrg iru hydoxdwlqj fodvvl�hu
shuirupdqfh/ dqg phwkrgv iru frpsdulqj fodvvl�huv xvlqj URF fxuyhv duh glvfxvvhg1 Wkhq wkh
frqfhswv ri frpelqlqj dqg ixvlqj fodvvl�huv duh lqwurgxfhg/ iroorzhg e| d glvfxvvlrq ri ydulrxv
v|vwhpv ri pxowlsoh fodvvl�huv dqg wkh gl�huhqw phwkrgv xvhg wr eulqj wrjhwkhu uhvxowv iurp wkh
lqglylgxdo fodvvl�huv wr rswlpl}h wkh shuirupdqfh ri wkh v|vwhp1 Wklv glvfxvvlrq zloo lqfoxgh dq
lqwurgxfwlrq wr wkh frqfhsw ri frqvwdqw idovh dodup udwh +FIDU, ixvlrq/ zkhuh wkh v|vwhp lv ghvljqhg
wr |lhog wkh ehvw srvvleoh ghwhfwlrq udwh zkloh pdlqwdlqlqj dq dffhswdeoh qxpehu ri idovh dodupv1
Wkhuh zloo dovr eh frqvlghudeoh glvfxvvlrq ri vlpsoh orjlfdo/ ru Errohdq/ uxohv iru frpelqlqj fodvvl�hu
rxwsxwv1

515 Uhfhlyhu Rshudwlqj Fkdudfwhulvwlf +URF, Fxuyhv

51514 URF Fxuyh Edfnjurxqg1 Uhfhlyhu rshudwlqj fkdudfwhulvwlf +URF, fxuyhv duh rqh
zd| ri ghvfulelqj wkh shuirupdqfh ri d fodvvl�hu1 Rqfh wkh fodvvl�hu pdnhv d ghflvlrq +iulhqgo| ru
krvwloh,/ wkhuh duh irxu srvvleoh uhvxowv/ ru rxwsxw vwdwhv1 Wkh fodvvl�hu fdq=

41 Fruuhfwo| lghqwli| d krvwloh wdujhw1

51 Plvfodvvli| d krvwloh wdujhw dv iulhqgo|1

61 Plvfodvvli| d iulhqgo| wdujhw dv krvwloh1

71 Fruuhfwo| lghqwli| d iulhqgo| remhfw ru foxwwhu1

Xvlqj Hjdq*v whuplqrorj| ^9`/ wkh suredelolw| ri vfhqdulr rqh +frqglwlrqdo xsrq wkh h{lvwhqfh
ri d krvwloh wdujhw, fruuhvsrqgv zlwk wkh klw udwh ru suredelolw| ri ghwhfwlrq dqg zloo eh ghqrwhg
S � 1 Vfhqdulr wzr fruuhvsrqgv zlwk wkh plvv udwh dqg zloo eh uhsuhvhqwhg e| S � 1 Vfhqdulr wkuhh
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Wdeoh 4= Frqglwlrqdo Fodvvl�fdwlrq Suredelolwlhv1
Vfhqdulr Qrwdwlrq Phdqlqj

41 Klw Udwh S � Su iKrvwloh Fodvvl�fdwlrq m Krvwloh Wdujhw Suhvhqwj
51 Plvv Udwh S � Su iIulhqgo| Fodvvl�fdwlrq m Krvwloh Wdujhw Suhvhqwj
61 Idovh Dodup Udwh S ��� Su iKrvwloh Fodvvl�fdwlrq m Qr Krvwloh Wdujhwv Suhvhqwj
71 Fruuhfw Uhmhfwlrq Udwh S � Su iIulhqgo| Fodvvl�fdwlrq m Qr Krvwloh Wdujhwv Suhvhqwj
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Iljxuh 6= W|slfdo Uhfhlyhu Rshudwlqj Fkdudfwhulvwlfv +URF, Fxuyh1

fruuhvsrqgv zlwk wkh idovh dodup udwh dqg zloo eh ghqrwhg S ��� 1 Ilqdoo|/ wkh whup S � lv xvhg wr
vljqli| vfhqdulr irxu/ d fruuhfw uhmhfwlrq1 Wdeoh 4 olvwv wkh frqglwlrqdo suredelolwlhv iru d fodvvl�hu1
Qrwh wkdw S � . S � @ 4 dqg S ��� . S � @ 41

Wkh URF fxuyh lv d judsk ri wkh wudgh0r� ehwzhhq wkh wdujhw ghwhfwlrq udwh +S � , dqg wkh idovh
dodup udwh +S ��� , iru d sduwlfxodu fodvvl�hu1 D qrwlrqdo URF fxuyh lv vkrzq lq Iljxuh 61 W|slfdoo|/
wkh URF fxuyh lv frqvwuxfwhg e| ydu|lqj wkh ghflvlrq wkuhvkrog +�, iru wkh fodvvl�hu dqg sorwwlqj
wkh revhuyhg ydoxhv iru S � dqg S ��� > wkhuhiruh/ d URF fxuyh iru d w|slfdo fodvvl�hu lv dfwxdoo| d
wzr0glphqvlrqdo surmhfwlrq ri dq remhfw lq 60vsdfh +�> S � >S ��� , ^5`1
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Hjdq qrwhv wkdw wkh vorsh dw dq| srlqw rq d URF fxuyh lv htxdo wr wkh olnholkrrg udwlr iru d
sduwlfxodu revhuydwlrq {1 Wkh olnholkrrg udwlr lv frpsxwhg zlwk wkh ixqfwlrq

O+{, @ Sui{ m Kj
Sui{ m Ij >

dqg lv d phdvxuh ri wkh vwuhqjwk ri wkh hylghqfh fduulhg e| wkh revhuydwlrq1 Kh srlqwv rxw wkdw
d ghflvlrq uxoh fdq eh edvhg rq wklv phdvxuh +h1j1/ li O+{, A � ��� ��� / frqfoxgh krvwloh,1 Wkdw lv/ li
wkh hylghqfh lv vwurqjhu wkdq vrph suhghwhuplqhg ydoxh � ��� ��� / wkh fodvvl�hu zloo ghwhuplqh wkdw wkh
revhuydwlrq lv krvwloh1 Wkxv/ kljkhu ydoxhv ri � ��� ��� fruuhvsrqg zlwk pruh frqvhuydwlyh ghflvlrqv/
ehfdxvh wkh fodvvl�hu uhtxluhv pruh hylghqfh1 Ghfuhdvlqj � ��� ��� |lhogv d pruh djjuhvvlyh ixvlrq uxoh1

Wkh dowhuqdwlyh lv iru wkh fodvvl�hu wr edvh lwv ghflvlrq rq wkh dfwxdo revhuydwlrq {1 Li O+{, lv
prqrwrqlf zlwk uhvshfw wr { wkhvh ghflvlrq uxohv duh vlplodu +h1j1/ li O+{, A � ��� ��� ru { A � � / frqfoxgh
wkdw wkh remhfw lv krvwloh,1 Krzhyhu/ li O+{, lv qrw prqrwrqlf zlwk uhvshfw wr { rqh fdq vwloo gh�qh
d ghflvlrq uxoh edvhg rq { wkdw lv htxlydohqw wr wkh uxoh edvhg rq O+{,1 Lq vxfk fdvhv wkh fodvvl�hu
zrxog frqfoxgh wkdw wkh revhuydwlrq lv krvwloh li wkh ydoxh { zdv lqfoxghg lq vshfl�hg vxelqwhuydov1
+Hjdq surylghv dq h{dpsoh ri vxfk d fdvh zklfk/ iru euhylw|/ lv rplwwhg khuh1, Frqvwuxfwlqj d URF
fxuyh e| ydu|lqj � � dfurvv { lq d fdvh olnh wklv pd| uhvxow lq dq loo0ehkdyhg URF fxuyh1

Li wkh ghflvlrq uxoh lv edvhg rq O+{, udwkhu wkdq {/ wkh vorsh ri wkh URF fxuyh pxvw eh
qrqlqfuhdvlqj zlwk uhvshfw wr S ��� vlqfh wkh ghflvlrqv duh dozd|v pruh djjuhvvlyh dv � ��� ��� ghfuhdvhv1
Hjdq uhihuv wr d URF fxuyh frqvwuxfwhg lq wklv pdqqhu dv d surshu URF fxuyh/ dqg kh qrwhv wkdw
wkh vorsh ri d surshu URF fxuyh lv qrqlqfuhdvlqj zlwk uhvshfw wr S ��� 1 Wkdw lv/ d surshu URF fxuyh
lv dozd|v frqfdyh grzq1 Orjlfdoo|/ li wkh hylghqfh wkdw wkh remhfw lv krvwloh lv vwurqj/ S � AAS ��� /
dqg dv wkh vwuhqjwk ri wkh hylghqfh ghfuhdvhv S � zloo dssurdfk S ��� 1

51515 Frpsdulqj URF Fxuyhv1 Wkhuh duh vhyhudo phwkrgv iru frpsdulqj URF fxuyhv1
Wkh prvw reylrxv frpsdulvrq lv ylvxdo1 Li rqh fxuyh dozd|v kdv d kljkhu S � wkdq dqrwkhu iru d
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jlyhq S ��� / wkhq wkh fodvvl�hu fruuhvsrqglqj wr wkh kljkhu fxuyh lv vxshulru1 Wkhvh fdvhv duh qrw
yhu| lqwhuhvwlqj/ krzhyhu/ dqg rwkhu phwkrgv ri frpsdulvrq h{lvw iru hydoxdwlrq lq fdvhv zkhuh rqh
fxuyh lv qrw dozd|v vxshulru1 Rqh frpprqo| xvhg phwkrg lv wr frpsduh wkh duhd xqghu wkh fxuyh
+DXF, ^9`/ ^45`/ ^6`1 Fodvvl�huv wkdw fruuhvsrqg zlwk fxuyhv kdylqj juhdwhu DXFv duh frqvlghuhg
ehwwhu1 Wkh DXF fdq eh frpsxwhg xvlqj d wudsh}rlgdo dssur{lpdwlrq ri wkh duhd1 Dqrwkhu phwkrg
lv wr frpsxwh wkh dyhudjh phwulf glvwdqfh ehwzhhq wkh URF fxuyh dqg wkh fkdqfh olqh ^4`1 Wklv
glvwdqfh fdq eh frpsxwhg e|

PG @

�
S

�����
n+S � +� � , >S ��� +� � ,,� +� � > � � ,n �

q >

zkhuh +S � +� � , >S ��� +� � ,, ghqrwhv wkh l ��� srlqw vdpsohg iurp wkh URF fxuyh dqg n�n � lv wkh 40qrup
rq U

	 1 Wkh fodvvl�hu zlwk wkh odujhuPG lv frqvlghuhg vxshulru1 D ghwdlohg glvfxvvlrq ri URF fxuyh
frpsdulvrq phwkrgv +lqfoxglqj wkh ghulydwlrq ri wkh dyhudjh phwulf glvwdqfh dqg d pxowlqrpldo
vhohfwlrq dojrulwkp, lv irxqg lq Dovlqj ^4`1

516 Ixvlqj Fodvvl�huv

Vdudqol dqg Ghpluhnohu qrwh wkdw �ghflvlrq frpelqdwlrq v|vwhpv duh ri frqvlghudeoh lqwhuhvw
wr d odujh qxpehu ri sdwwhuq uhfrjqlwlrq �hogv� ^58`1 Wkh| dovr qrwhg vrph srwhqwldo ehqh�wv
wkdw pd| eh jdlqhg e| frpelqlqj fodvvl�huv1 Ed|hvldq fodvvl�huv zrun e| hvwlpdwlqj wkh srvwhulru
suredelolw| ri d sduwlfxodu revhuydwlrq ehorqjlqj wr d sduwlfxodu fodvv/ dqg lq vwdwlvwlfdo hvwlpdwlrq
wkhuh lv lqkhuhqw yduldqfh lq wkh hvwlpdwh ehfdxvh lw lv edvhg rq vdpsoh gdwd1 Wxphu dqg Jkrvk
vkrzhg wkdw dyhudjlqj wkh hvwlpdwhv iurp vhyhudo gl�huhqw fodvvl�huv uhgxfhv wklv yduldqfh ^59`1
Vdudqol dqg Ghpluhnohu dovr srlqwhg rxw wkh udwkhu reylrxv qrwlrq wkdw vrph fodvvl�huv pd| zrun
ehwwhu wkdq rwkhuv iru fhuwdlq revhuydwlrqv ru sduwlfxodu w|shv ri sureohpv ^58`1 E| xvlqj vhyhudo
h{shuwv wkh v|vwhp ghvljqhu krshv wr kdyh d ehwwhu fkdqfh dw fruuhfw fodvvl�fdwlrq1

:



51614 Fdwhjrulhv ri Ghflvlrq Frpelqdwlrq1 Gdvdudwk| qrwhv wkdw fodvvl�hu ghflvlrq ixvlrq
lv d vxevhw ri vhqvru ixvlrq1 Kh gh�qhv vhqvru ixvlrq dv �wkh vwxg| ri rswlpdo lqirupdwlrq surfhvvlqj
lq glvwulexwhg pxowlvhqvru hqylurqphqwv wkurxjk lqwhooljhqw lqwhjudwlrq ri wkh pxowlvhqvru gdwd� ^8`/
dqg kh qrwhv wkdw wkhuh lv d wkuhh0ohyho klhudufk| ri ixvlrq/ frpsulvhg ri gdwd/ ihdwxuh/ dqg ghflvlrq
ixvlrq1 Gdwd lv gh�qhg dv udz lqirupdwlrq zklfk fdq eh rujdql}hg ru frpelqhg wr fuhdwh ihdwxuhv
uhodwlqj wr d sduwlfxodu revhuydwlrq1 Wkh ihdwxuhv fdq wkhq eh xvhg e| d fodvvl�hu wr duulyh dw d
ghflvlrq1 Gdvdudwk| gh�qhv �yh vhsdudwh fdwhjrulhv ri ixvlrq sureohpv edvhg rq lqsxw dqg rxwsxw
prghv1

41 Gdwd lqsxw2Gdwd rxwsxw

51 Gdwd lqsxw2Ihdwxuh rxwsxw

61 Ihdwxuh lqsxw2Ihdwxuh rxwsxw

71 Ihdwxuh lqsxw2Ghflvlrq rxwsxw

81 Ghflvlrq lqsxw2Ghflvlrq rxwsxw

Wkh �qdo fdwhjru|/ zkhuh lqglylgxdo ghflvlrqv duh xvhg dv lqsxw wr duulyh dw d v|vwhp ghflvlrq/
lv dq hvshfldoo| lpsruwdqw fdwhjru| dqg wkh irfxv ri wklv uhvhdufk1 Gdvdudwk| qrwhv wkdw wklv w|sh
ri ixvlrq lv dssolfdeoh qr pdwwhu zkdw w|shv fodvvl�hu v|vwhpv duh hpsor|hg1 E| xvlqj rqo| wkh
�qdo ghflvlrq iurp hdfk fodvvl�hu/ wkh v|vwhp lv qrw klqghuhg e| lqvwdqfhv ri lqfrpsdwlelolw|1 Wkh
lqglylgxdov pd| eh ghvljqhg xvlqj gl�huhqw dufklwhfwxuhv/ phwkrgrorjlhv/ ru sklorvrsklhv> exw d
v|vwhp frpelqlqj wkh glvfuhwh ghflvlrq ydoxhv lv qrw d�hfwhg e| vxfk glvsdulwlhv lq ghvljq1 Ixuwkhu/
Yduvkqh| qrwhv wkdw pdq| sureohpv kdyh sudfwlfdo olplwdwlrqv rq wkh dprxqw ri gdwd wkdw fdq eh
wudqvihuuhg iurp wkh lqglylgxdo fodvvl�huv wr wkh ixvlrq fhqwhu ^5;`1 Lq wkhvh sureohpv/ wkh jhrjudsk0
lfdo sur{lplw| ri wkh lqglylgxdo fodvvl�huv dqg wkh edqgzlgwk dydlodeoh iru hohfwurqlf frppxqlfdwlrq
frqwulexwh wr d vlwxdwlrq lq zklfk lw pd| eh ehqh�fldo wr wudqvplw dv olwwoh gdwd dv srvvleoh1

;



Wdeoh 5= Frqglwlrqv iru Vwdwlvwlfdo Lqghshqghqfh1
Frqglwlrqv iru Vwdwlvwlfdo Lqghshqghqfh

SuiD m Ej @ SuiDj
SuiE m Dj @ SuiEj

SuiD _Ej @ SuiDjSuiEj

Wkh sdshu e| [x hw do lv d vhplqdo zrun lq wkh �hog ^63`1 Wkh| ixuwkhu fdwhjrul}hg wkh w|shv
ri ghflvlrq frpelqdwlrq lqwr wkuhh jurxsv ^63`1 Lq W|sh L/ rqo| wkh �qdo ghflvlrq pdgh e| hdfk
fodvvl�hu lv vhqw wr wkh ixvlrq fhqwhu +h1j1/ Fodvv @ E,1 Lq W|sh LL hdfk fodvvl�hu uhsruwv d udqnhg
olvw ri srvvlelolwlhv/ dqg wkh frpelqhu xvhv wkh udqnhg olvw wr pdnh d ghflvlrq +h1j1/ 4vw Fkrlfh @ E/
5qg Fkrlfh @ D/ hwf1,1 D W|sh LLL frpelqhu dffhswv d olvw ri srvvleoh ghflvlrqv dorqj zlwk vrph
phdvxuh ri frq�ghqfh lq wkrvh ghflvlrqv +h1j1/ D @ 3193/ E @ 3158/ F @ 3148,1 Wkh irfxv ri wkhlu
zrun zdv rq W|sh L ghflvlrq frpelqdwlrq �gxh wr lwv jhqhudolw|�1

51615 Lqghshqghqfh1 Dqdo|vlv ri pxowlsoh fodvvl�hu v|vwhpv riwhq lqfoxghv vrph glvfxvvlrq
rq lqghshqghqfh1 Krzhyhu/ wkh uhvhdufk riwhq vhhpv frq lfwhg derxw zkdw w|sh ri lqghshqghqfh lv
lpsruwdqw1 Vrph ri wkh olwhudwxuh glvfxvvhv vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh fodvvl�huv ^54` ^47`/
zkloh rwkhu zrunv duh pruh frqfhuqhg zlwk wkh fodvvl�huv pdnlqj lqghshqghqw huuruv ^46` ^57`1
Rwkhuv srlqw rxw wkdw frpelqlqj fodvvl�huv wkdw pdnh qhjdwlyho| fruuhodwhg huuruv fdq hqkdqfh
v|vwhp shuirupdqfh ^4:`1

Vwdwlvwlfdo lqghshqghqfh ehwzhhq wzr hyhqwv D dqg E lv gh�qhg li dq| ri wkh frqglwlrqv lq
Wdeoh 5 duh wuxh ^5<`1 Wkh sulpdu| uhdvrq iru dq dvvxpswlrq ri vwdwlvwlfdo lqghshqghqfh lv wkdw
lw pdnhv frpsxwlqj mrlqw suredelolwlhv pxfk vlpsohu1 Zlwk wklv dvvxpswlrq/ dqdo|vwv fdq hdvlo|
h{dplqh PFVv e| frpsxwlqj mrlqw suredelolwlhv zlwkrxw dffrxqwlqj iru fruuhodwlrq ehwzhhq wkh
lqglylgxdo fodvvl�huv1 Lw pd| dovr pdnh vhqvh wr ljqruh fruuhodwlrq lq d qrwlrqdo dqdo|vlv xqohvv
d uhdolvwlf hvwlpdwh ri ghshqghqfh lv dydlodeoh1 Wkdw vdlg/ dq lq0ghswk dqdo|vlv ri d vshfl�f PFV
vkrxog suredeo| lqfoxgh dq dqdo|vlv dqg glvfxvvlrq ri fodvvl�hu ghshqghqfh1 Wkdw lv/ jhqhudo dqdo|0
vhv vkrxog suredeo| dvvxph vwdwlvwlfdo lqghshqghqfh/ dqg vshfl�f dqdo|vhv vkrxog qrw1

<



Kdqvhq dqg Vdodprq dvvxphg wkdw wkh lqglylgxdo fodvvl�huv lq d wkhruhwlfdo PFV pdgh lqgh0
shqghqw udqgrp huuruv ^46`/ dqg pdq| rwkhu uhvhdufkhuv iroorzhg vxlw1 Ixuwkhupruh/ Jldflqwr hw do/
revhuyh wkdw �prvw frpelqdwlrq phwkrgv ghvfulehg lq wkh olwhudwxuh dvvxph wkdw PFVv duh pdgh
xs ri fodvvl�huv pdnlqj lqghshqghqw fodvvl�fdwlrq huuruv� ^43`1 Krzhyhu/ Nxqfkhyd dqg khu fro0
ohdjxhv srlqw rxw wkdw qhjdwlyho| fruuhodwhg huuruv fdq hqkdqfh PFV shuirupdqfh ^4:`/ vr shukdsv
lw lv qrw lqghshqghqw huuruv/ exw rssrvlqj huuruv wkdw duh d nh| hohphqw lq PFV frqvwuxfwlrq1

517 Gl�huhqw Phwkrgv iru Ixvlqj Fodvvl�huv

Wklv vhfwlrq suhvhqwv d eulhi ryhuylhz ri vrph ri wkh sklorvrsklhv iru ixvlqj ghflvlrqv1 Wkhvh
phwkrgrorjlhv zhuh vhohfwhg edvhg rq wkhlu irxqgdwlrqv lq rswlpl}dwlrq wkhru| ru wkhlu dssolfdelolw|
wr wkh uhpdlqghu ri wkh wkhvlv1

51714 Frqvwdqw Idovh Dodup Udwh1 Zkhq wkh remhfwlyh ri wkh fodvvl�hu v|vwhp lv wr ghwhfw
d wdujhw lq foxwwhu lw lv frqfhlydeoh wkdw wkh foxwwhu sdwwhuqv pljkw ydu| iurp wdujhw wr wdujhw1
Ixuwkhupruh/ li d wdujhw lv preloh wkh foxwwhu sdwwhuqv durxqg wkdw sduwlfxodu wdujhw pd| qrw eh
vwdwlrqdu|1 Rqh sklorvrsk| iru ghwhfwlqj wdujhwv lq vfhqdulrv olnh wkhvh lv fdoohg Frqvwdqw Idovh
Dodup Udwh +FIDU, ^5;`1 Lq FIDU ixvlrq/ wkh ghflvlrq wkuhvkrogv xvhg e| wkh fodvvl�huv lq wkh
PFV duh doorzhg wr ydu| lq vxfk d zd| wkdw wkh ghwhfwlrq suredelolw| lv pd{lpl}hg zkloh wkh v|vwhp
pdlqwdlqv d vshfl�hg idovh dodup udwh1 Wzr srsxodu dssurdfkhv iru FIDU duh Fhoo Dyhudjlqj FIDU
+FD0FIDU, dqg Rughu Vwdwlvwlfv FIDU +RV0FIDU,1 D w|slfdo phwkrg iru FIDU rswlpl}dwlrq lv
wkh xvh ri wkh Odjudqjldq h{suhvvlrq jlyhq e|

O+� � > � 	 > ===> � � , @ S � +� � > � 	 > ===> � � ,� �+S ��� +� � > � 	 > ===> � � ,� s,>
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zkhuh s lv wkh pd{lpxp doorzdeoh idovh dodup udwh iru wkh v|vwhp dqg wkh � � duh wkh ghflvlrq
wkuhvkrogv iru wkh lqglylgxdo fodvvl�huv1 Vhwwlqj wkh judglhqw ri O htxdo wr wkh }hur yhfwru dqg
vroylqj iru � dqg wkh � � |lhogv fdqglgdwhv iru wkh rswlpdo wkuhvkrog ydoxhv1

51715 Errohdq Ixvlrq Uxohv1 Rqh phwkrg iru frpelqlqj fodvvl�hu ghflvlrqv lv wr xvh
Errohdq/ ru vlpsoh/ uxohv1 Rqh vlpsoh uxoh lv iru wkh v|vwhp wr frqfoxgh wkdw d krvwloh wdujhw lv
suhvhqw li dqg rqo| li doo wkh fodvvl�huv lq wkh v|vwhp frqfoxgh wkdw wkhlu revhuydwlrqv erwk lqglfdwh
krvwloh wdujhwv1 Wklv uxoh lv khuhwriruh uhihuuhg wr dv wkh DQG uxoh1 Dqrwkhu vlpsoh uxoh lv iru wkh
v|vwhp wr frqfoxgh wkdw d krvwloh wdujhw lv suhvhqw li dq| ri wkh lqglylgxdo fodvvl�huv lqglfdwh krvwloh
wdujhwv1 Wklv uxoh lv fdoohg wkh RU uxoh1 Zkhq wkh v|vwhp lqfoxghv pruh wkdq wzr fodvvl�huv/ rwkhu
vlpsoh uxohv duh srvvleoh1 Iru h{dpsoh/ lq d v|vwhp zkhuh hdfk fodvvl�hu fdq rqo| rxwsxw wzr
odehov +i ru k,/ wkh qxpehu ri srvvleoh Errohdq uxohv lv 5 	�� / zkhuh N lv wkh qxpehu ri lqglylgxdo
fodvvl�huv1

Oljjlqv jlyhv d vxevhw ri wkh srvvleoh Errohdq uxohv iru d wkuhh fodvvl�hu v|vwhp lq d wdeoh
vlplodu wr Wdeoh 6 ^4;`1 Wkh �uvw wkuhh froxpqv ri wkh wdeoh lqglfdwh wkh ghflvlrqv ri wkh lqglylgxdo
fodvvl�huv +4 iru krvwloh/ 3 iru iulhqgo|,1 Wkh uhpdlqlqj froxpqv duh yhfwru uhsuhvhqwdwlrqv ri wkh
ixvlrq uxohv1 D �4� lq d sduwlfxodu urz lqglfdwhv wkdw wkh v|vwhp zloo frqfoxgh krvwloh li wkh rxwsxwv
ri wkh lqglylgxdo fodvvl�huv fruuhvsrqg zlwk wkrvh lq wkh �uvw wkuhh froxpqv1 Iru h{dpsoh/ xqghu
uxoh u5 wkh v|vwhp zloo rqo| fodvvli| dq remhfw dv krvwloh li doo wkuhh fodvvl�huv frqfoxgh wkh vdph/
dqg xqghu u7 wkh v|vwhp ljqruhv wkh ghflvlrq ri fodvvl�hu D � dqg fodvvl�hv dq remhfw dv krvwloh li
D � dqg D 	 ghflgh krvwloh1

Kh qrwhv wkdw wkh 589 wkhruhwlfdo uxohv iru wkh 60ghwhfwru fdvh fdq eh uhgxfhg wr 4; uxohv e|
dssolfdwlrq ri wkh prqrwrqlflw| uxoh/ zklfk dvvxphv wkdw S � pxvw eh juhdwhu wkdq S ��� 1 Wkh 4;
uhohydqw uxohv uhsuhvhqw �doo srvvleoh sk|vlfdo frqwlqjhqflhv1� Iru h{dpsoh/ d uxoh uhsuhvhqwhg e|
+3> 4> 3> 3> 3> 3> 3> 3, � lv qrw d uhohydqw uxoh1 Xqghu vxfk d uxoh wkh v|vwhp zrxog frqfoxgh krvwloh rqo|
li D � frqfoxghg krvwloh dqg wkh rwkhu fodvvl�huv frqfoxghg iulhqgo|1 Wklv uxoh zrxog eh loorjlfdo/
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Wdeoh 6= Uhohydqw Ixvlrq Uxohv iru d 60Fodvvl�hu PFV1
Fodvvl�huv Prqrwrqlf Ixvlrq Uxohv
D � D 	 D � u4 u5 u7 u9 u; u49 u4; u53 u55 u57
3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 4 3 3 3 3 3 3 3 3 3 3
3 4 3 3 3 3 3 3 3 3 3 3 3
3 4 4 3 3 3 3 3 3 4 4 4 4
4 3 3 3 3 3 3 3 4 3 3 3 3
4 3 4 3 3 3 4 4 4 3 3 4 4
4 4 3 3 3 4 3 4 4 3 4 3 4
4 4 4 3 4 4 4 4 4 4 4 4 4
D � D 	 D � u67 u85 u89 u97 u;9 u;; u<9 u453 u45; u589
3 3 3 3 3 3 3 3 3 3 3 3 4
3 3 4 3 3 3 3 4 4 4 4 4 4
3 4 3 3 4 4 4 3 3 3 4 4 4
3 4 4 4 4 4 4 4 4 4 4 4 4
4 3 3 4 3 3 4 3 3 4 3 4 4
4 3 4 4 3 4 4 4 4 4 4 4 4
4 4 3 4 4 4 4 3 4 4 4 4 4
4 4 4 4 4 4 4 4 4 4 4 4 4

ehfdxvh lw ljqruhv rwkhu fdvhv zkhuh D � ghflghv wkdw wkh wdujhw lv krvwloh1 Wkxv/ dq| uhohydqw ixvlrq
uxoh uhsuhvhqwhg zlwk d 4 lq wkh vhfrqg urz zloo dovr kdyh d 4 lq wkh irxuwk/ vl{wk dqg hljkwk urzv1
Dovr qrwh wkdw uxohv u4 dqg u589 duh qrw uhohydqw ixvlrq uxohv1 Wkh| zhuh lqfoxghg phuho| wr erxqg
wkh vhw ri uhohydqw uxohv1

Wkh uxohv lq Wdeoh 6 fdq eh jurxshg lqwr wkuhh fodvvhv= 40fodvvl�hu uxohv/ 50fodvvl�hu uxohv dqg
60fodvvl�hu uxohv1 Oljjlqv qrwhv wkdw uxohv u49/ u85 dqg u;9 pdnh xs wkh vxevhw ri 40fodvvl�hu uxohv
+h1j1/ iru u49 wkh v|vwhp frqfoxghv krvwloh li fodvvl�hu D � frqfoxghv krvwloh,1 Kh dovr qrwhv wkdw wkh
50fodvvl�hu uxohv fdq eh eurnhq lqwr DQG uxohv dqg RU uxohv1 Iurp wklv srlqw iruzdug/ DQG uxohv
pd| eh lqglfdwhg zlwk d a/ dqg RU uxohv pd| eh uhsuhvhqwhg zlwk b1 Oljjlqv dovr fdwhjrul}hv DQG
dqg RU uxohv iru wkh 60fodvvl�hu fdvh/ dv zhoo dv wkh pdmrulw| yrwh dqg d fdvh Oljjlqv gh�qhv dv
vhqvru grplqdqfh/ zkhuh wkh v|vwhp dozd|v dffhswv wkh ghflvlrq ri rqh fodvvl�hu exw dffhswv wkh
ghflvlrqv ri wkh rwkhu wzr fodvvl�huv rqo| li wkh| erwk djuhh wkdw d krvwloh wdujhw lv suhvhqw1 Kh idlov
wr fdwhjrul}h wkh uhpdlqlqj wkuhh uxohv +u;/ u53 dqg u55,/ doo ri zklfk duh vlplodu1 Lq wkhvh uxohv
rqh vhqvru pxvw frqfoxgh krvwloh dqg dw ohdvw rqh ri wkh rwkhuv pxvw djuhh1 Vxfk d frq�jxudwlrq
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Wdeoh 7= Fdwhjrulhv ri Uhohydqw Errohdq Ixvlrq Uxohv iru d 60Fodvvl�hu V|vwhp
Fdwhjru| Uxoh Phdqlqj

40Fodvvl�hu Uxohv
u49 D �

u85 D 	

u;9 D �

50Fodvvl�hu Uxohv
DQG Uxohv u7 D � 2D 	

u9 D � 2D �

u4; D 	 2D �

RU Uxohv u97 D � jD 	

u<9 D � jD �

u453 D 	 jD �

60Fodvvl�hu Uxohv
DQG Uxoh u5 D � 2D 	 2D �

RU Uxoh u45; D � jD 	 jD �

Pdmrulw| Yrwh u57 +D � aD 	 ,j+D � aD � ,j+D 	 aD � ,
Vhqvru Grplqdqfh u67 D � j+D 	 aD � ,

u89 D 	 j+D � aD � ,
u;; D � j+D � aD 	 ,

Vhqvru Fruurerudwlrq u; D � 2+D 	 bD � ,
u53 D 	 2+D � bD � ,
u55 D � 2+D � bD 	 ,

zloo khqfhiruwk eh fdoohg Vhqvru Fruurerudwlrq/ ehfdxvh dw ohdvw rqh vhqvru pxvw fruurerudwh wkh
ghflvlrq ri wkh sulpdu| vhqvru1 D sudfwlfdo h{dpsoh ri fdvh zkhuh vhqvru fruurerudwlrq zrxog eh
dssursuldwh lv d wkuhdw ghwhfwlrq vfhqdulr lq zklfk rqh fodvvl�hu lv wudlqhg wr ghwhfw pryhphqw dqg
wkh rwkhu wzr duh hdfk wudlqhg wr lghqwli| d fhuwdlq w|sh ri hqhp| yhklfoh1 Li wkh �uvw fodvvl�hu
ghwhfwv pryhphqw dqg rqh ri wkh rwkhuv frq�upv wkdw wkh remhfw lv dq hqhp| yhklfoh/ wkhq wkh
remhfw vkrxog eh fodvvl�hg dv d yldeoh wkuhdw1 Wdeoh 7 fdwhjrul}hv wkh 4; uhohydqw uxohv1

D pdmrulw| yrwh dprqj wkh dydlodeoh fodvvl�huv lv d vlpsoh uxoh wkdw kdv uhfhlyhg pxfk dw0
whqwlrq lq wkh olwhudwxuh ^46` ^63` ^;` ^48` ^4<` ^<` ^49` ^B`1 Yrwlqj uxohv duh dprqj wkh hdvlhvw wr
frqfhswxdol}h/ ehfdxvh hyhu|gd| ghflvlrqv duh riwhq pdgh lq wklv pdqqhu1 [x hw do qrwhg wkdw doo
yrwlqj uxohv duh qrw qhfhvvdulo| pdmrulw| yrwhv1 Rqh fdq vshfli| d pruh frqvhuydwlyh uxoh +h1j1/
uhtxluh d 526 pdmrulw|, ru d ohvv frqvhuydwlyh uxoh vxfk dv d pxowl0fodvv sureohp zkhuh wkh v|vwhp
ghflvlrq lv wkh fodvv zlwk wkh odujhvw qxpehu ri yrwhv/ zkhwkhu ru qrw wkhuh lv d pdmrulw|1
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Wdeoh 8= Udovwrq*v Shuirupdqfh Pdwul{1
Rxwsxw Vwdwh Wuxwk
Fodvvl�hu n Iulhqg Krvwloh

4 Sui4 m Ij Sui4 m Kj
� � �
� � �
� � �

p � Suip � m Ij Suip � m Kj

Prvw wkhruhwlfdo dqdo|vlv kdv ehhq rq wkh pdmrulw| yrwh1 Kdqvhq dqg Vdodprq vkrzhg wkdw
wkh shuirupdqfh ri wkh v|vwhp zloo eh juhdwhu wkdq wkh shuirupdqfh ri wkh ehvw lqglylgxdo fodvvl�hu
xqghu fhuwdlq dvvxpswlrqv ^46`1 Wkh| qrwhg wkdw wkh fodvvl�fdwlrq dffxudf| ri wkh v|vwhp lqfuhdvhv
zlwk wkh qxpehu ri fodvvl�huv xqghu wkh dvvxpswlrqv wkdw +d, hdfk fodvvl�hu lv uljkw dw ohdvw kdoi
wkh wlph/ +e, wkh fodvvl�huv pdnh lqghshqghqw huuruv1 Pdwdq jlyhv erwk xsshu dqg orzhu erxqgv
rq fodvvl�fdwlrq dffxudf| iru wkh pruh jhqhudo fdvh ri d �n0ri0q vshfldo pdmrulw|�/ zkhuh q lv wkh
qxpehu ri fodvvl�huv lq wkh PFV dqg n lv dq| lqwhjhu juhdwhu wkdq q@5 ^4<`1 Nxqfkhyd hw1 do
dovr ghulyh xsshu dqg orzhu erxqgv iru wkh pdmrulw| yrwh/ exw wkhlu zrun dovr wdnhv lqwr dffrxqw
wkh sdluzlvh ghshqghqfh ehwzhhq wkh fodvvl�huv lq wkh PFV ^49`1 Qrqh ri wkh olwhudwxuh glvfxvvhv
wkhruhwlfdo olplwv rq wkh URF fxuyh ri d pdmrulw| yrwlqj v|vwhp ru dq| rwkhu PFV iru wkdw pdwwhu1

51716 Lghqwl�fdwlrq V|vwhp Rshudwlqj Fkdudfwhulvwlf Fxuyhv1 Udovwrq dgdswhg wkh frq0
fhswv ri olnholkrrg udwlrv wr ghwhuplqh wkh ehvw fkrlfh ri frpelqhg fodvvl�hu rxwsxw vwdwhv ^55`1
Jlyhq N fodvvl�huv/ hdfk zlwk p � rxwsxw vwdwhv/ wkh sxusrvh ri Udovwrq*v frpedw lghqwl�fdwlrq
v|vwhp lv wr ghwhuplqh zkhwkhu dq h{hpsodu lv d iulhqg ru krvwloh1 Hdfk fodvvl�hu n 5 i4> 5> ===>Nj
kdv d shuirupdqfh pdwul{ +ghqrwhg SP dqg ghwhuplqhg yld v|vwhp whvwlqj/ hwf1, zlwk wzr froxpqv1
Wkh �uvw froxpq fruuhvsrqgv wr wkh suredelolw| ri d sduwlfxodu rxwsxw vwdwh jlyhq wkdw wkh h{hp0
sodu lv wuxo| d iulhqg1 Wkh vhfrqg froxpq jlyhv wkh suredelolw| ri hdfk rxwsxw vwdwh jlyhq wkdw wkh
h{hpsodu lv krvwloh1 Wdeoh 8 vkrzv dq h{dpsoh SP1

Wkhuh lv d v|vwhp rxwsxw vwdwh fruuhvsrqglqj zlwk hdfk srvvleoh frpelqdwlrq ri rxwsxwv iurp
wkh lqglylgxdo fodvvl�huv lq wkh v|vwhp1 Wkxv/ li wkhuh duh q � rxwsxw vwdwhv iru hdfk fodvvl�hu n/
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wkhuh duh
Q @

�

\

� ���
q �

rxwsxw vwdwhv iru wkh v|vwhp1 Dvvxplqj wkdw wkh fodvvl�huv lq wkh v|vwhp duh qrw fruuhodwhg/ wkh
frqglwlrqdo suredelolw| wkdw d iulhqgo| remhfw zloo |lhog dq| rxwsxw vwdwh fdq eh frpsxwhg dv wkh
surgxfw ri wkh dssursuldwh fhoov iurp wkh �uvw froxpq ri wkh SP1 Iru h{dpsoh/ rqh rxwsxw vwdwh
iru d qrwlrqdo v|vwhp rffxuv zkhq fodvvl�hu D � lv lq vwdwh t/ D 	 lv lq vwdwh u/ dqg D � lv lq vwdwh v1
Wkh suredelolw| wkdw d iulhqgo| remhfw sxwv wkh v|vwhp lq wklv vwdwh lv wkh surgxfw ri wkh +t> 4, fhoo
ri wkh SP iru D � / wkh +u> 4, fhoo ri wkh ri wkh SP iru D 	 / dqg wkh +v> 4, fhoo ri wkh SP iru D � 1 Wkh
suredelolw| wkdw d krvwloh remhfw zloo |lhog d sduwlfxodu rxwsxw vwdwh fdq eh frpsxwhg lq d vlplodu
pdqqhu1

Dovr zruwk phqwlrqlqj lv Udovwrq*v uhsuhvhqwdwlrq ri srvvleoh rxwsxw vwdwh frpelqdwlrqv1 Kh
vxjjhvwv uhsuhvhqwlqj hdfk uxoh ru rxwsxw vwdwh frpelqdwlrq dv d yhfwru U ri ohqjwk Q 1 Li wkh
uxoh lqglfdwhv wkdw d sduwlfxodu rxwsxw vwdwh m zloo irufh wkh v|vwhp wr frqfoxgh wkdw dq remhfw lv
krvwloh/ wkh yhfwru U frqwdlqv d 4 lq wkh m ��� hohphqw ri U1 Rwkhuzlvh/ U frqwdlqv d 31 Zlwk wklv
uhsuhvhqwdwlrq ri wkh ixvlrq uxoh/ Udovwrq zdv deoh wr ghwhuplqh S � dqg S ��� zlwk wkh iroorzlqj
irupxodv=

S � @
�

[

� ���
Suim m Kj �U+m,

S ��� @
�

[

� ���
Suim m Ij �U+m,

Udovwrq wkhq gh�qhv dq Lghqwl�fdwlrq V|vwhp Rshudwlqj Fkdudfwhulvwlf +LVRF, fxuyh e| frp0
sxwlqj wkh olnholkrrg udwlr Suim m Kj@Suim m Ij iru hdfk v|vwhp rxwsxw vwdwh m rughulqj wkh olnhol0
krrg udwlrv iurp juhdwhvw wr ohdvw1 Wkh rxwsxw vwdwh zlwk wkh kljkhvw olnholkrrg udwlr lv wkh prvw
frqvhuydwlyh rxwsxw vwdwh dqg zloo surgxfh wkh ehvw srvvleoh S � iru lwv S ��� 1 Wkh qh{w rxwsxw vwdwh
lv d frpelqdwlrq ri wkh suhylrxv vwdwh zlwk wkh qh{w prvw frqvhuydwlyh vwdwh/ dqg vr rq1 E| sorwwlqj
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wkh S � dqg S ��� ydoxhv iru wkhvh vxffhvvlyh frpelqdwlrqv ri rxwsxw vwdwhv Udovwrq lv deoh wr surylgh
wkh rswlpdo frpelqdwlrq ri vwdwhv iru hdfk S ��� zlwkrxw hqxphudwlqj doo 5 � srvvleoh rxwsxw vwdwh
frpelqdwlrqv1 Wklv lv dqdorjrxv wr d URF fxuyh iru d vlqjoh fodvvl�hu zkrvh ghflvlrq lv edvhg rq
O+{,1 Lqvwhdg/ Udovwrq wuhdwv { dv d vlqjoh rxwsxw vwdwh lqvwhdg ri d vlqjoh revhuydwlrq ^9`1

51717 URF Ixvlrq1 R{oh| dqg Edxhu suhvhqwhg d qryho dssurdfk iru fodvvl�hu v|vwhp
hydoxdwlrq e| vkrzlqj wkdw lw lv srvvleoh wr dqdo|wlfdoo| frqvwuxfw wkh URF fxuyh iru dq PFV edvhg
rq fhuwdlq ixvlrq uxohv +DQG dqg RU, xvlqj rqo| gdwd iurp wkh URF fxuyhv iru wkh lqglylgxdo
fodvvl�huv lq wkh v|vwhp ^53`1 Wkh sxusrvh ri wkh fodvvl�hu v|vwhpv uhvhdufkhg lq wkhlu zrun zdv wr
ghwhuplqh li wkh v|vwhp zdv lq rqh ri wzr vwdwhv/ +h1j1/ iulhqgo| ru krvwloh,1 Wkhlu zrun uhvxowhg lq
irxu sulpdu| frqwulexwlrqv1

Iluvw wkh| gh�qhg wkh gl�huhqfh ehwzhhq ixvlrq zlwklq dqg dfurvv wdujhw w|shv1 D v|vwhp ri
fodvvl�huv wkdw duh ixvhg zlwklq lv d v|vwhp lq zklfk doo fodvvl�huv duh wudlqhg wr ghwhfw d sduwlfxodu
w|sh ri wdujhw1 Wkxv/ wkh| vkduh wkh vdph sulru suredelolw| ri ghwhfwlrq1 Pruhryhu/ wkhuh duh rqo|
wzr srvvlelolwlhv iru wuxwk lq vxfk d v|vwhp1 Hlwkhu wkh wdujhw lv suhvhqw/ ru lw lv qrw1 D v|vwhp wkdw
lv ixvhg dfurvv wdujhw w|shv lqfoxghv fodvvl�huv wudlqhg wr ghwhfw d qxpehu ri wdujhw w|shv1 Hdfk
ri wkhvh w|shv ri wdujhwv pd| kdyh d gl�huhqw sulru suredelolw| ri ghwhfwlrq/ dqg vlqfh wkh v|vwhp
vhhnv gl�huhqw w|shv ri wdujhwv/ lw fdq dfflghqwdoo| duulyh dw wkh fruuhfw frqfoxvlrq li d fodvvl�hu
vhhnlqj wdujhw w|sh D lqfruuhfwo| ghwhfwv d wdujhw zkhq d wdujhw w|sh E lv suhvhqw1 Iru uhdvrqv
vxfk dv wkhvh/ dq dfurvv v|vwhp pd| eh pruh gl!fxow wr dqdo|}h wkdq d zlwklq v|vwhp1

Wkh vhfrqg frqwulexwlrq zdv wkh ghulydwlrq ri irupxodv iru S � dqg S ��� iru orjlfdo DQG dqg
RU uxohv lq zlwklq dqg dfurvv v|vwhpv1 Wkh wklug dqg irxuwk frqwulexwlrqv zhuh yhu| forvho| uhodwhg1
Udwkhu wkdq d wudglwlrqdo gh�qlwlrq iru d URF fxuyh +S � yv1 S ��� ,/ R{oh| dqg Edxhu gh�qhg d URF
fxuyh dv wkh pd{lpxp ydoxh ri S � iru hdfk srvvleoh S ��� iru wkdw sduwlfxodu fodvvl�hu1 Dowkrxjk
wklv frqwulexwlrq pd| vhhp wulyldo/ lw doorzhg R{oh| dqg Edxhu wr dqdo|wlfdoo| ghwhuplqh wkh URF
fxuyhv iru orjlfdo DQG dqg RU uxohv1
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Wkh h{dpsoh xvhg zdv d v|vwhp ghvljqhg wr vroyh d wzr0fodvv sureohp lq zklfk wkhuh zhuh
+d, wzr0fodvvl�huv/ +e, hdfk fodvvl�hu frxog rxwsxw wzr odehov/ dqg +f, wkh v|vwhp frxog rxwsxw
wzr odehov1 Krzhyhu/ Fkdswhu 6 ri wklv grfxphqw vkrzv wkdw wkh uhvxowv iru DQG dqg RU fdq eh
h{whqghg wr dq| qxpehu ri fodvvl�huv dqg odehov1
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LLL1 Uhvhdufk Phwkrgrorj| dqg Ghulydwlrq
614 Lqwurgxfwlrq

Wklv fkdswhu surylghv d pdwul{ dojheud uhsuhvhqwdwlrq iru hydoxdwlqj wkh shuirupdqfh ri
Errohdq ixvlrq uxohv lq dq PFV ghvljqhg iru wzr0fodvv fodvvl�fdwlrq1 Wkh uhsuhvhqwdwlrq lv jhqhudo
lq wkdw lw dffrpprgdwhv uxohv iru ixvlqj zlwklq dqg dfurvv wdujhw w|shv dqg wkdw lw doorzv iru dq|
qxpehu ri fodvvl�huv/ hdfk ri zklfk fdq rxwsxw dq| qxpehu ri odehov1

Dvvxph wkhuh lv d fodvvl�hu wudlqhg wr ghwhfw d krvwloh wdujhw1 Irupdoo|/ frqvlghu d vhw ri
hyhqwv H / zklfk fdq eh glylghg lqwr wzr vxevhwv1 Rqh vxevhw frqvlvwv ri lqvwdqfhv ri d krvwloh wdujhw
+H � � H,1 Wkh rwkhu vxevhw +H � � H, frqvlvwv ri remhfwv qrw ehorqjlqj wr H � dqg fruuhvsrqgv wr
iulhqgo| remhfwv1 D vhqvru V pdsv dq hyhqw wr d ihdwxuh vhw [ 1 Wkxv/ hdfk ihdwxuh yhfwru { lv d
udqgrp yhfwru vlqfh lv lv wkh lpdjh ri wkh udqgrp yduldeoh V1 Hyhqwv lq wkh vxevhw H � pds wr d
vxevhw ri [ fdoohg [ � / dqg hyhqwv lq H � pds wr [ � � [ 1 Ohw � eh d wkuhvkrog vhw +ru d vhw ri
sdudphwhuv, xvhg e| D+{> � 5 �, wr pds hdfk ihdwxuh yhfwru wr d odeho vhw O @ ii> kj1 Wkdw lv/
o @ D+{> �, dqg D+{> �, = [ $ O iru hdfk � 5 �1 Iljxuh 7 looxvwudwhv wklv surfhvv1

615 Qrwdwlrq

Wkurxjkrxw wkh glvfxvvlrq dvvxph wkhuh duh d �qlwh qxpehu/ N/ ri fodvvl�huv/ dqg hdfk
fodvvl�hu lv/ lq idfw/ d idplo| ri fodvvl�huv ghshqghqw xsrq d sdudphwhu/ � � 5 � � 1 Hdfk fodvvl�hu
D � lv frxsohg zlwk d vhqvru V � zklfk pdsv hyhqwv wr wkh ihdwxuh vhw [ � / dqg rxwsxwv d odeho lq
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Iljxuh 7= Hyhqw/ Ihdwxuh dqg Odeho Vhwv iru d Vlqjoh Fodvvl�hu V|vwhp1
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Wdeoh 9= Frqglwlrqdo Shuirupdqfh Pdwul{ iru d Fodvvl�hu zlwk Wzr Odehov1
Ihdwxuh Vhw +Wuxwk,

{ � 5 [ ��� � { � 5 [ ��� �

4 Su iD � +{ � , @ 4 m { � 5 [ ��� � j Su iD � +{ � , @ 4 m { � 5 [ ��� � j
Rxwsxw 5 Su iD � +{ � , @ 5 m { � 5 [ ��� � j Su iD � +{ � , @ 5 m { � 5 [ ��� � j
Odeho 111 111 111

p � Su iD � +{ � , @ p � m { � 5 [ ��� � j Su iD � +{ � , @ p � m { � 5 [ ��� � j

wkh odeho vhw O � 1 Wkh fduglqdolw| ri wkh odeho vhw O � lv p � +l1h1/ wkhuh duh p � odehov,1 D ihdwxuh
yhfwru { � 5 [ � fdq lqglfdwh d iulhqgo| ru krvwloh wdujhw/ dqg wkhuh duh wzr fruuhvsrqglqj vxevhwv
ri [ � 1 [ ��� � lv wkh vxevhw frqwdlqlqj ihdwxuh yhfwruv wkdw vkrxog lqglfdwh krvwloh wdujhwv/ dqg [ ��� �

lv wkh vxevhw frqwdlqlqj ihdwxuh yhfwruv wkdw vkrxog lqglfdwh iulhqgo| wdujhwv1 D fodvvl�hu rxwsxw
ghqrwlqj d krvwloh wdujhw lv ghqrwhg e| d orzhu fdvh k +D � +{ � , @ k � ,/ dqg wkh rxwsxw ghqrwlqj d
iulhqgo| wdujhw lv ghqrwhg e| d orzhu fdvh i +D � +{ � , @ i � ,1 Wkh hyhqw/ ihdwxuh/ dqg odeho vhwv iru
wkh v|vwhp zloo eh ghqrwhg e| d vxevfulsw V/ qrw wr eh frqixvhg zlwk wkh vhqvru V1

616 Fodvvl�hu Shuirupdqfh

Wkh iroorzlqj vhfwlrqv surylgh wkh uhdghu zlwk vrph wrrov iru hydoxdwlqj fodvvl�hu shuirupdqfh1
Wkhvh wrrov duh dssolfdeoh wr dq| fodvvl�hu ghvljqhg wr vroyh d wzr0fodvv sureohp> krzhyhu/ wkh
h{dpsohv suhvhqwhg duh iru d fodvvl�hu wkdw rqo| rxwsxwv wzr odehov +i dqg k,1

61614 Frqglwlrqdo Shuirupdqfh Pdwul{1 Rqh fdq vxppdul}h wkh shuirupdqfh ri d fodvvl�hu
rshudwlqj dw d sduwlfxodu ghflvlrq wkuhvkrog � lq whupv ri wkh frqglwlrqdo suredelolwlhv lq Wdeoh 4
e| uhfruglqj wkhp lq d pdwul{ htxlydohqw wr wkh shuirupdqfh pdwul{ gh�qhg e| Udovwrq ^55`1
Wklv pdwul{ zloo eh fdoohg wkh Frqglwlrqdo Shuirupdqfh Pdwul{ +FSP,1 Iru hdfk fodvvl�hu n 5
i4> 5> ===>Nj/ ohw F � ghqrwh wkh FSP fruuhvsrqglqj wr wkh n ��� fodvvl�hu1 Wdeoh 9 vkrzv wkdw hdfk
froxpq fruuhvsrqgv zlwk wuxwk dqg hdfk urz fruuhvsrqgv zlwk d sduwlfxodu rxwsxw odeho1

Wr eh frqvlvwhqw/ wkh �uvw urz vkrxog fruuhvsrqg zlwk wkh iulhqgo| odeho dqg wkh odvw urz vkrxog
fruuhvsrqg zlwk wkh krvwloh odeho1 Vlploduo|/ wkh �uvw froxpq vkrxog fruuhvsrqg zlwk lqvwdqfhv ri
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iulhqgo| remhfwv/ dqg wkh vhfrqg froxpq vkrxog fruuhvsrqg zlwk lqvwdqfhv ri krvwloh wdujhwv1 Li wklv
frqyhqwlrq lv nhsw/ wkh odvw urz ri d 5 � 5 FSP lghqwl�hv wkh S ��� dqg S � iru wkh fodvvl�hu/ dqg
wkh vhw ri FSPv iru doo � 5 � � fdq eh xvhg wr frqvwuxfw wkh URF fxuyh iru wkdw fodvvl�hu1
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Gh�qlwlrq LLL141 D Frqglwlrqdo Shuirupdqfh Pdwul{ +FSP, iru d fodvvl�hu n lv dq p � �5
pdwul{ lq zklfk wkh froxpqv fruuhvsrqg zlwk wuxwk/ wkh urzv fruuhvsrqg zlwk wkh fodvvl�hu*v rxwsxw
odehov/ dqg wkh +l> m, fhoo lv wkh frqglwlrqdo suredelolw| ri wkh fodvvl�hu rxwsxwwlqj odeho l zkhq wkh
wuxh vwdwh ri wkh v|vwhp lv m1 Wkh vxp ri hdfk froxpq ri wkh FSP lv xqlw| +l1h1/ wkh FSP lv froxpq
vwrfkdvwlf,1

61615 Sulru Suredelolwlhv Pdwul{1 Xvlqj wkh gh�qlwlrq ri frqglwlrqdo suredelolw|/

SuiDmEj @ SuiD _Ej
SuiEj >

rqh fdq frpsxwh wkh mrlqw suredelolw| SuiD_Ej e| vlpso| pxowlso|lqj wkh frqglwlrqdo suredelolw|
e| wkh d sulrul suredelolw| SuiEj1 Frqvhtxhqwo|/ rqh fdq pxowlso| hdfk froxpq ri wkh FSP e|
wkh dssursuldwh d sulrul suredelolw| wr ghwhuplqh wkh xqfrqglwlrqdo suredelolw| ri hdfk rxwsxw
vwdwh1 Vlqfh wkh wzr vxevhwv [ ��� � dqg [ ��� � duh frpsohphqwdu|/ wkh suredelolwlhv Sui{ � 5 [ ��� � j
dqg Sui{ � 5 [ ��� � j duh dovr frpsohphqwdu|1 Wkxv/ rqh frxog pxowlso| wkh �uvw froxpq ri wkh FSP
e| Sui{ � 5 [ ��� � j dqg wkh vhfrqg froxpq e| Sui{ � 5 [ ��� � j wr ghwhuplqh wkh mrlqw suredelolwlhv ri
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wkh rxwsxw odehov frlqflglqj zlwk d sduwlfxodu wuxh vwdwh1 Wkh uhvxow lv d pdwul{ zlwk wkh iroorzlqj
frqvwuxfwlrq1
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Su iD � +{ � , @ k � _ { � 5 I � j Su iD � +{ � , @ k � _ { � 5 K � j
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Ohw � � @ Sui{ � 5 K � j/ dqg +4 � � � , @ Sui{ � 5 I � j= Gh�qh d 5 � 5 gldjrqdo pdwul{ � � dv
iroorzv1

� � @

5

9

9

7

+4� � � , 3
3 � �

6

:

:

8

Wkh pdwul{ � � lv fdoohg wkh Sulru Suredelolwlhv Pdwul{ iru fodvvl�hu n1

Gh�qlwlrq LLL151 Wkh Sulru Suredelolwlhv Pdwul{ +SSP, iru d sduwlfxodu w|sh ri wdujhw lv d
5� 5 gldjrqdo pdwul{ lq zklfk wkh +5> 5, fhoo lv wkh suredelolw| ri revhuylqj wkdw w|sh ri wdujhw/ dqg
wkh +4> 4, fhoo lv d frpsohphqwdu| ydoxh1 Wkxv/ wkh wudfh ri d SSP lv xqlw|1
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61616 Mrlqw Shuirupdqfh Pdwul{1 Qrz zh fdq gh�qh wkh Mrlqw Shuirupdqfh Pdwul{ +MSP,
iru d wzr0odeho fodvvl�hu dv iroorzv1
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Wkh hyhqwv dvvrfldwhg zlwk hdfk hohphqw ri wkh MSP duh pxwxdoo| h{foxvlyh dqg h{kdxvwlyh/
dqg wkh suredelolwlhv gh�qh wkh hqwluh vhw ri rxwfrphv iru wkh fodvvl�hu n/ ru wkh suredelolw| ri hdfk
uhjlrq vkrzq lq wkh vkdghg sruwlrq ri Iljxuh 81 Qrwh wkdw wkh vxp ri wkh hohphqwv ri M � htxdov
rqh/ dqg wkh wudfh ri d vtxduh MSP uhsuhvhqwv wkh fodvvl�fdwlrq dffxudf| iru wkh fodvvl�hu1

Gh�qlwlrq LLL161 Wkh Mrlqw Shuirupdqfh Pdwul{ +MSP, iru d fodvvl�hu n lv d p � �5 pdwul{
lq zklfk wkh froxpqv fruuhvsrqg zlwk wuxwk/ wkh urzv fruuhvsrqg zlwk wkh fodvvl�hu*v rxwsxw odehov/
dqg fhoo +l> m, lv wkh suredelolw| ri wkh fodvvl�hu rxwsxwwlqj odeho l zkhq wkh v|vwhp lv lq vwdwh m1 Wkh
MSP jlyhv wkh suredelolwlhv ri doo srvvleoh rxwfrphv iru wkh fodvvl�hu1 Rqh fdq frqvwuxfw wkh MSP
iurp wkh FSP dqg SSP xvlqj wkh irupxod M � @ F � � � / dqg wkh vxp ri wkh hohphqwv ri wkh MSP lv
xqlw|1
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Member of ;f Labeled h Member of ;h Labeled fMember of ;h Labeled f
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S A(• ,θ)
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Sensor Label
Set
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Set

Classifier

Iljxuh 8= Fodvvl�fdwlrq Huuruv iru d Vlqjoh Fodvvl�hu V|vwhp

617 Dfurvv Ixvlrq Vwdwh Suredelolwlhv

Frqvlghu d v|vwhp pdgh xs ri N fodvvl�huv zlwk vlplodu frqvwuxfwlrqv1 Uhfrqvlghu wkh vhw ri
hyhqwv H / zklfk lv qrz sduwlwlrqhg lqwr n vxevhwv= H � � � frqvlvwv ri doo krvwloh wdujhwv ri w|sh n +iru
doo n 5 N,/ dqg H � lqfoxghv doo hyhqwv wkdw duh qrw hohphqwv ri H � � � / H � � � / 111/ ru H � � � 1 Hdfk fodvvl�hu
lq wkh v|vwhp vhhnv gl�huhqw w|shv ri krvwloh wdujhwv +h1j1/ rqh lv wudlqhg wr ghwhfw wuxfnv/ dqrwkhu
lv wudlqhg wr ghwhfw duwloohu|/ hwf1, Wkh ghflvlrqv iurp hdfk fodvvl�hu duh vhqw wr d ixvlrq fhqwhu ru
frpelqhu/ zkhuh d ixvlrq uxoh lv dssolhg wr wkh odehov1 Wkh uhvxow lv wkh ghflvlrq iru wkh fodvvl�hu
v|vwhp lq whupv ri wkh v|vwhp odeho vhw O � @ ii � > k � j1 Iljxuh 9 vkrzv d wzr0fodvvl�hu v|vwhp lq
zklfk hdfk fodvvl�hu fdq rxwsxw wzr odehov iru dq duelwudu| ixvlrq uxoh U+o � > o � ,1

61714 Mrlqw Vwdwh Suredelolwlhv Pdwul{1 Iru wkh h{dpsoh/ hdfk fodvvl�hu kdv 7 srvvleoh
rxwsxw vwdwhv/ dqg wkh dvvrfldwhg suredelolwlhv duh gh�qhg lq wkhlu MSPv1 Wkxv/ wkhuh duh 7 �7 @ 49
srvvleoh frpelqdwlrqv ri rxwsxw vwdwhv iru d wzr0fodvvl�hu v|vwhp lq zklfk hdfk fodvvl�hu rxwsxwv
wzr odehov1 Lq jhqhudo/ wkhuh duh
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Iljxuh 9= Hyhqw/ Ihdwxuh dqg Odeho Vhwv iru d Wzr0Fodvvl�hu V|vwhp Frpelqlqj Ghflvlrqv Dfurvv
Wdujhw W|shv

frpelqdwlrqv ri rxwsxw vwdwhv1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/
rqh frxog frpsxwh wkh suredelolw| ri d sduwlfxodu vfhqdulr e| pxowlso|lqj wkh suredelolwlhv ri
wkh dvvrfldwhg rxwsxw vwdwhv1 Rqh zd| ri dffrpsolvklqj wklv lv wr hqxphudwh doo frpelqdwlrqv ri
lqglylgxdo rxwsxw vwdwhv wr ghwhuplqh wkh suredelolw| ri wkh v|vwhp ehlqj lq d sduwlfxodu vwdwh/ exw
d pdwkhpdwlfdo phfkdqlvp iru ghwhuplqlqj wkh vwdwh frpelqdwlrqv pljkw hqdeoh wkh dssolfdwlrq ri
dqdo|vlv whfkqltxhv wr khos hydoxdwh wkh shuirupdqfh ri ydulrxv ixvlrq uxohv1

Wkh Nurqhfnhu surgxfw lv dq rshudwlrq wkdw pdnhv wklv srvvleoh1 Wkh Nurqhfnhu surgxfw/ ru
whqvru surgxfw/ ri wzr pdwulfhv pxowlsolhv hdfk hohphqw ri rqh pdwul{ e| hdfk hohphqw ri wkh rwkhu
pdwul{ lq wkh iroorzlqj pdqqhu ^44`1 Dvvxph D dqg E duh 5� 5 pdwulfhv1 Wkh Nurqhfnhu surgxfw
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ri D dqg E lv
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=

Qrwh wkdw D 
 E frqvlvwv ri doo srvvleoh surgxfwv ri dq D0pdwul{ hqwu| zlwk E0pdwul{ hqwu|1
Vrph ixqgdphqwdo surshuwlhv ri wkh Nurqhfnhu surgxfw duh jlyhq lq ^7` dqg ^44`/ dqg Ydq Ordq
qrwhv wkh zlghqlqj xvh ri wkh rshudwlrq dqg olvwv vrph duhdv zkhuh Nurqhfnhu surgxfw uhvhdufk lv
wkulylqj= vljqdo surfhvvlqj/ lpdjh surfhvvlqj/ vhplgh�qlwh surjudpplqj/ txdqwxp surjudpplqj/
dqg idvw Irxulhu wudqvirupv ^5:`1 Wkh Nurqhfnhu surgxfw lv gh�qhg iru dq| sdlu ri pdwulfhv ri dq|
glphqvlrqv/ exw iru wklv dssolfdwlrq zh zloo rqo| eh zrunlqj zlwk wkh p � � 5 FSPv dqg MSPv1

Jlyhq wkh MSPv iru dq| wzr fodvvl�huv +4 dqg 5, vhhnlqj gl�huhqw w|shv ri wdujhwv/ wkh Nur0
qhfnhu surgxfw ri wkh wzr jlyhv dq p � p � �7 pdwul{ lq zklfk hdfk hohphqw frqwdlqv wkh suredelolw|
ri d sduwlfxodu rxwsxw vwdwh frpelqdwlrq1 Wklv pdwul{ lv fdoohg wkh Mrlqw Vwdwh Suredelolwlhv Pdwul{
+MVSP,1 Li zh ghqrwh wkh frpsohphqw ri { dv { @ +4� {,/ wkh MVSP iru wzr 5� 5 MSPv lv ehorz1
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Dv wkh urzv dqg froxpqv ri wkh FSP dqg MSP fruuhvsrqg zlwk odehov dqg wuxwk/ uhvshfwlyho|/
wkh urzv ri wkh MVSP fruuhvsrqg zlwk vshfl�f sdluv ri odehov/ dqg wkh froxpqv fruuhvsrqg zlwk
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Wdeoh := Mrlqw Vwdwh Suredelolwlhv Pdwul{ Frpsrvhg iurp 5� 5 MSPv1
Ihdwxuh Vhwv

[ � 	 � �[ � 	 � [ � 	 � �[ � 	 � [ � 	 � �[ � 	 � [ � 	 � �[ �
	 �

i � > i � � � S ������� � � S �
��� � � � S �
��� � � � S �
	 � � � S �
	 � � � S �
��� � � � S ��	 � � � S �
	 �

Odeho i � > k � � � S �
����� � � S �
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	 � � � S �
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	 �
Vhwv k � > i � � � S ������� � � S �
��� � � � S �
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vshfl�f rffxuuhqfhv lq wuxwk/ ru Fduwhvldq surgxfwv ri wkh gl�huhqw ihdwxuh vhwv1 Wdeoh : looxvwudwhv
wklv srlqw1

Gh�qlwlrq LLL171 Wkh Mrlqw Vwdwh Suredelolwlhv Pdwul{ +MVSP,/ ghqrwhg V � / iru d v|vwhp ri
fodvvl�huv i4> 5> ===>Nj vhhnlqj N gl�huhqw wdujhwv lv dq T �

� ��� p � �5 � pdwul{ lq zklfk wkh froxpqv
fruuhvsrqg zlwk wuxwk/ wkh urzv fruuhvsrqg zlwk frpelqdwlrqv ri rxwsxw odehov iurp wkh lqglylgxdo
fodvvl�huv/ dqg fhoo +l> m, jlyhv wkh suredelolw| ri wkh fodvvl�hu v|vwhp rxwsxwwlqj wkh frpelqdwlrq
ri odehov l zkhq wkh wuxh vwdwh ri wkh v|vwhp lv m1 Wkh MVSP jlyhv wkh suredelolwlhv ri doo srvvleoh
vwdwhv iru wkh fodvvl�hu v|vwhp/ dqg wkh vxp ri wkh hohphqwv ri wkh MVSP lv xqlw|1

Ohppd LLL141 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
d gl�huhqw w|sh ri wdujhw1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/ wkh
MVSP lv iruphg e| wkh Nurqhfnhu surgxfw ri wkh MSPv iru hdfk fodvvl�hu lq wkh v|vwhp1

Surri LLL141 Ohw o � eh d jhqhulf rxwsxw odeho iru hdfk fodvvl�hu n 5 N/ dqg ohw [ � 	 ���	��
 eh d jhqhulf
wuxh vwdwh uhodwlyh wr wkh wdujhw vrxjkw e| fodvvl�hu n1 Vlqfh wkh fodvvl�huv duh vwdwlvwlfdoo| lqghshq0
ghqw dqg hdfk fodvvl�hu vhhnv d gl�huhqw w|sh ri wdujhw/ wkh suredelolw| iru d jlyhq frpelqdwlrq ri
odehov dqg wuxwk lv
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Qrwh wkdw hdfk ri wkh whupv lq wkh surgxfw gh�qhg lq Htxdwlrq 4 lv dq hohphqw ri d gl�huhqw MVSP/
M � 1 Vlqfh wkh Nurqhfnhu surgxfw ri vhyhudo pdwulfhv frqvlvwv ri doo srvvleoh surgxfwv ri wkh hqwulhv
ri wkh lqglylgxdo pdwulfhv/ wkh surgxfw lq 4 pxvw eh dq hohphqw ri wkh Nurqhfnhu surgxfw gh�qhg e|
M � 
 M � 
 � � � 
 M � 1

Ixuwkhupruh/ lw fdq eh vkrzq wkdw wkh vxp ri wkh hohphqwv ri d pdwul{ iruphg iurp wkh
Nurqhfnhu surgxfw ri vhyhudo MSPv +ru iru wkdw pdwwhu/ dq| pdwulfhv zkrvh hohphqwv vxp wr rqh,
lv xqlw|1 Jlyhq F ����� dqg I ����� / wkh Nurqhfnhu surgxfw F ����� 
 I ����� lv d GJ � HK pdwul{
zkrvh hohphqwv uhsuhvhqw hdfk frpelqdwlrq ri wkh fhoov lq F dqg I +l1h1/ f � 
 i � � iru dq| doorzdeoh
ydoxhv ri g> h> j> dqg k,1 Wkh vxp ri wkh hohphqwv fdq eh zulwwhq

Vxp ri wkh Hohphqwv lq F ����� 
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�
[
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Uhfdoo wkdw wkh vxp ri wkh hohphqwv lq F dqg I lv dovr xqlw|1 Wkdw lv/ S �
� ���

S �

 ��� f � 
 @ 4 dqg

S �
� ���

S �
� ��� i � � @ 41 Lqvhuwlqj wkhvh uhvxowv lqwr Htxdwlrq 5 jlyhv wkh vlpsoh uhvxow wkdw 4+4, @ 41

Vlqfh wkh hohphqwv ri M � 
M � 
� � �
M � fruuhvsrqg zlwk wkh dssursuldwh ydoxhv lq wkh MVSP 4/ dqg
vlqfh M � 
 M � 
 � � � 
 M � vdwlv�hv wkh surshuwlhv ri d MVSP 5/ M � 
 M � 
 � � � 
 M � pxvw eh d MVSP1

61715 Frpelqhg Sulru Suredelolwlhv Pdwul{1 Qrwh wkdw wkh MVSP lv htxdo wr M � 
 M � 

===
 M � @ F � � � 
 F � � � 
 � � � 
 F � � � 1 Rqh surshuw| ri wkh Nurqhfnhu surgxfw lv wkdw DE 
 FG @
+D
 F, +E 
G, iru dq| pdwulfhv D>E>F dqg G ^44`1 Wkxv/ wkh MVSP fdq eh ghfrpsrvhg lqwr
wkh pdwul{ surgxfw ri F � 
F � 
� � �
F � dqg � � 
� � 
� � �
� � 1 Zh zloo fdoo wkh pdwul{ frpsrvhg
e| � � 
 � � 
 � � � 
 � � wkh Frpelqhg Sulru Suredelolwlhv Pdwul{ +FSSP, dqg uhsuhvhqw lw zlwk S 1

5:



D FSSP iru d v|vwhp lq zklfk wzr fodvvl�huv vhhn wzr w|shv ri wdujhwv lv jlyhq e|

S @ � � 
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Wkh hohphqwv ri S uhsuhvhqw wkh d sulrul suredelolwlhv ri hdfk ri wkh ihdwxuh vhw frpelqdwlrqv gh�qhg
e| wkh froxpqv ri wkh MVSP1

Gh�qlwlrq LLL181 Wkh Frpelqhg Sulru Suredelolwlhv Pdwul{ +FSSP, iru d v|vwhp ri fodv0
vl�huv i4> 5> ===>Nj vhhnlqj N gl�huhqw wdujhwv lv d 5 � � 5 � gldjrqdo pdwul{ lq zklfk wkh gldjrqdo
hohphqwv +m> m, jlyh wkh d sulrul suredelolw| ri wkh wuxh vwdwh frpelqdwlrqv gh�qhg lq wkh m � � froxpq
ri wkh MVSP1 Wkh wudfh ri d FSSP lv xqlw|1

Ohppd LLL151 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
d gl�huhqw w|sh ri wdujhw1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/ wkh
FSSP lv iruphg e| wkh Nurqhfnhu surgxfw ri wkh SSPv iru hdfk fodvvl�hu lq wkh v|vwhp1

Surri LLL151 Wkh surri lv vlplodu wr wkh surri ri Ohppd LLL141

61716 Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{1 Uhfdoo wkdw wkh MVSP iru dq PFV lq zklfk
hdfk fodvvl�hu vhhnv d gl�huhqw w|sh ri wdujhw lv jlyhq e|

M � @ M � 
 M � 
 ===
 M �

@ F � � � 
 F � � � 
 ===
 F � � �

@ +F � 
 F � 
 ===
 F � , +� � 
 � � 
 ===
 � � , = +6,

Wkh pdwul{/ F � 
 F � 
 ===
 F � / lv fdoohg wkh Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{ +FVSP, dqg
zloo eh uhsuhvhqwhg zlwk V � 1 Wkh MVSP +V � S , zloo khqfhiruwk eh ghqrwhg V � 1 Wkh uhodwlrqvkls
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Wdeoh ;= Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{ Frpsrvhg iurp 5� 5 FSPv1
Ihdwxuh Vhwv

[ � 	 � �[ � 	 � [ � 	 � �[ �
	 � [ � 	 � �[ � 	 � [ � 	 � �[ � 	 �

i � > i � S ����� � S �
��� � S �
��� � S �
	 � S �
	 � S ����� � S �
	 � S �
	 �

Odeho i � > k � S ������� S �
��� � S �
��� � S �
	 � S �
	 � S �
��� � S �
	 � S �
	 �
Vhwv k � > i � S ����� � S �
��� � S �
��� � S �
	 � S �
	 � S ����� � S �
	 � S �
	 �

k � > k � S ����� � S �
��� � S �
��� � S �
	 � S �
	 � S ����� � S �
	 � S �
	 �

ehwzhhq wkh FVSP dqg wkh FSP lv dqdodjrxv wr wkh uhodwlrqvkls ehwzhhq wkh MVSP dqg wkh MSP1
Wkh froxpqv ri V � fruuhvsrqg zlwk frpelqdwlrqv ri ihdwxuh vhwv/ dqg wkh urzv fruuhvsrqg zlwk
frpelqdwlrqv ri odehov1 Wdeoh ; jlyhv dq h{dpsoh ri d FVSP1

Gh�qlwlrq LLL191 Wkh Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{ +FVSP, iru d v|vwhp ri
fodvvl�huv i4> 5> ===>Nj vhhnlqj N gl�huhqw wdujhwv lv dq T �

� ��� p � �5 � pdwul{ lq zklfk wkh froxpqv
fruuhvsrqg zlwk wuxwk/ wkh urzv fruuhvsrqg zlwk frpelqdwlrqv ri rxwsxw odehov iurp wkh lqglylgxdo
fodvvl�huv/ dqg fhoo +l> m, jlyhv wkh frqglwlrqdo suredelolw| ri wkh fodvvl�hu v|vwhp rxwsxwwlqj wkh
frpelqdwlrq ri odehov l zkhq wkh wuxh vwdwh ri wkh v|vwhp lv m1 Wkh vxp ri wkh hohphqwv lq hdfk
froxpq ri wkh FVSP lv xqlw|1

Ohppd LLL161 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
d gl�huhqw w|sh ri wdujhw1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/ wkh
FVSP lv iruphg e| wkh Nurqhfnhu surgxfw ri wkh FSPv iru hdfk fodvvl�hu lq wkh v|vwhp1

Surri LLL161 Wkh surri lv vlplodu wr wkh surri ri Ohppd LLL141 Krzhyhu/ rqh pxvw vkrz wkdw wkh
Nurqhfnhu surgxfw ri vhyhudo vwrfkdvwlf pdwulfhv lv dovr vwrfkdvwlf1 Wklv lv d nqrzq uhvxow iru wkh
Nurqhfnhu surgxfw ^5:`1

61717 Wuxwk Pdwul{1 Uhfdoo wkh 7� 7 pdwulfhv suhvhqwhg lq Wdeohv : dqg ;/ dqg qrwh wkdw
wkh uljkwprvw wkuhh froxpqv fruuhvsrqg zlwk wkh suhvhqfh ri dw ohdvw rqh w|sh ri wdujhw1 Ixuwkhu
uhfdoo wkdw wkh jrdo ri wkh v|vwhp lv wr ghwhuplqh li dq| wdujhwv duh suhvhqw1 Lq wkh lqvwdqfh ri
dq| ri wkh vwdwh frpelqdwlrqv rq wkhvh froxpqv/ dw ohdvw rqh w|sh ri wdujhw lv suhvhqw1 Vlqfh
wkh vwdwhv lq wkh MVSP duh pxwxdoo| h{foxvlyh/ wkh suredelolw| ri hlwkhu ri wzr vwdwhv rffxuulqj

5<



Wdeoh <= Uhvxow Diwhu Srvw0Pxowlso|lqj d MVSP e| d Wuxwk Pdwul{1
Wuxwk

Qr Wdujhw Wdujhw Suhvhqw
i � > i � V � 	 � � 	 ��� V � 	 � � 	 ��� . V � 	 � � 	 ��� . V � 	 � � 	 ���

Odeho i � > k � V � 	 � � 	 ��� V � 	 � � 	 ��� . V � 	 � � 	 ��� . V � 	 � � 	 ���
Vhwv k � > i � V � 	 � � 	 ��� V � 	 � � 	 ��� . V � 	 � � 	 ��� . V � 	 � � 	 ���

k � > k � V � 	 � �
	 ��� V � 	 � �
	 ��� . V � 	 � �
	 ��� . V � 	 � �
	 ���

lv wkh vxp ri wkh suredelolwlhv ri wkh wzr vwdwhv1 Wkhuhiruh/ zh fdq dgg wkh odvw wkuhh froxpqv
+V � 	 ��� 	 ��� .V � 	 ��� 	 ��� .V � 	 ��� 	 ��� , wr duulyh dw wkh suredelolw| ri d wdujhw ehlqj suhvhqw xqghu hdfk srvvleoh
odeho vhw1 Frqyhuvho|/ wkh vxp ri wkh �uvw froxpq jlyhv xv wkh suredelolw| ri qr wdujhwv suhvhqw1
Zh fdq fdofxodwh erwk ri wkhvh ydoxhv e| srvw0pxowlso|lqj V � e| d wuxwk pdwul{ W / zklfk wdnhv wkh
irup
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Qrz zh duh ohiw zlwk d 7�5 pdwul{ lq zklfk wkh urzv fruuhvsrqg zlwk hdfk srvvleoh frpelqdwlrq ri
odehov/ wkh �uvw froxpq fruuhvsrqgv zlwk wkh devhqfh ri wdujhwv/ dqg wkh vhfrqg froxpq fruuhvsrqgv
zlwk wkh suhvhqfh ri d wdujhw +ru wdujhwv,1 Wdeoh < looxvwudwhv wkh uhvxowlqj pdwul{ iru wkh 5 � 5
h{dpsoh1 Wkh fhoov ri wkh pdwul{ vkrzq lq Wdeoh < jlyh wkh suredelolwlhv ri d sduwlfxodu odeho zkhq
wkh v|vwhp lv lq d sduwlfxodu vwdwh +wdujhw ru qrw,1 Iru h{dpsoh/ fhoo +6> 5, jlyhv SuiWdujhw Suhvhqw
_+k � > i � ,j1

Gh�qlwlrq LLL1:1 D Wuxwk Pdwul{ W iru dq PFV frpelqlqj ghflvlrqv dfurvv wdujhw w|shv lv d
5 � � 5 pdwul{ frqwdlqlqj elqdu| ydoxhv lq zklfk urz l fruuhvsrqgv zlwk d froxpq lq wkh MVSP/
wkh �uvw froxpq fruuhvsrqgv zlwk wkh devhqfh ri krvwloh wdujhwv/ dqg wkh vhfrqg froxpq fruuhvsrqgv
zlwk wkh suhvhqfh ri krvwloh wdujhwv1 Wkh froxpqv ri wkh Wuxwk Pdwul{ pxvw eh ruwkrjrqdo1 Wkdw lv/
li wkh l � � froxpq ri wkh MVSP fruuhvsrqgv zlwk wkh suhvhqfh ri dw ohdvw rqh wdujhw/ wkh +l> 5, fhoo ri
wkh Wuxwk Pdwul{ zloo frqwdlq d 41 Rwkhuzlvh/ wkh +l> 4, fhoo ri wkh Wuxwk Pdwul{ zloo frqwdlq d rqh1
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Ohppd LLL171 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj d
gl�huhqw w|sh ri wdujhw1 Wkh wuxwk pdwul{ iru vxfk d v|vwhp dozd|v kdv d rqh lq wkh +4> 4, fhoo dqg
}hurv lq doo rwkhu fhoov ri wkh �uvw froxpq1 Frqvhtxhqwo|/ wkh wuxwk pdwul{ dovr dozd|v kdv d }hur lq
wkh +4> 5, fhoo dqg rqhv lq wkh uhpdlqlqj fhoov ri wkh vhfrqg froxpq1

Surri LLL171 Dvvxplqj wkh FSPv iru wkh lqglylgxdo fodvvl�huv zhuh exlow zlwk wkh suhylrxvo| gh0
�qhg frqyhqwlrq +l1h1/ wkh �uvw froxpq fruuhvsrqgv zlwk wkh devhqfh ri d wdujhw/ wkh vhfrqg froxpq
fruuhvsrqgv zlwk wkh suhvhqfh ri d wdujhw/ dqg wkh odvw urz fruuhvsrqgv zlwk wkh krvwloh odeho,/ wkh
rqo| froxpq ri wkh MVSP fruuhvsrqglqj zlwk d frpsohwh devhqfh ri wdujhwv pxvw eh wkh �uvw froxpq1

61718 Ixvlrq Uxoh Pdwul{1 Uhfdoo wkdw d orjlfdo ixvlrq uxoh vhohfwv frpelqdwlrqv ri odehov
iru zklfk wkh v|vwhp frqfoxghv wkdw d wdujhw lv suhvhqw1 Iru h{dpsoh/ wkh DQG ixvlrq uxoh zloo
frqfoxgh wkdw d wdujhw lv suhvhqw rqo| li doo fodvvl�huv lq wkh hqvhpeoh frqfoxgh wkdw d wdujhw lv
suhvhqw1 Wkh DQG uxoh fruuhvsrqgv zlwk rqo| wkh odvw urz ri wkh pdwul{ lq Wdeoh < +k � > k � ,1
Vlqfh wkh DQG uxoh zloo ohdg wkh v|vwhp wr frqfoxgh d wdujhw lv suhvhqw li dqg rqo| li doo fodvvl�huv
ghwhuplqh d wdujhw lv suhvhqw/ DQG lv d jhqhudoo| d frqvhuydwlyh uxoh/ zklfk pdnhv d idovh dodup
ohvv olnho| exw dovr jlyhv d orzhu suredelolw| ri ghwhfwlrq1 D ylvxdo ghslfwlrq ri wkh uhvxowv ri wkh
DQG uxoh iru wkh suhylrxv h{dpsoh lv jlyhq lq Iljxuh :1

Wkh RU uxoh zloo ghflgh wkdw d wdujhw lv suhvhqw li dq| ri wkh fodvvl�huv lghqwli| d wdujhw1 Wkh
RU uxoh fruuhvsrqgv zlwk urzv wzr wkurxjk irxu ri wkh pdwul{ lq Wdeoh </ ru wkh lqwhuvhfwlrq ri wkh
odeho vhwv +i � > k � ,^ +k � > i � , ^ +k � > k � ,1 Wkh RU uxoh lv pruh djjuhvvlyh wkdq wkh DQG uxoh/ xvxdoo|
|lhoglqj d kljkhu idovh dodup udwh dv zhoo dv d kljkhu ghwhfwlrq suredelolw|1 Dq looxvwudwlrq ri wkh
uhvxowv ri wkh RU uxoh iru wkh suhylrxv h{dpsoh lv jlyhq lq Iljxuh ;1

Rqfh djdlq zh xvh wkh idfw wkdw wkh hyhqwv gh�qhg e| wkh fhoov ri wkh pdwul{ lq Wdeoh < duh
pxwxdoo| h{foxvlyh1 Li zh zdqw wr ghwhuplqh wkh suredelolw| ri lghqwli|lqj d wdujhw xqghu d sduwlfxodu
ixvlrq uxoh zh fdq dgg wkh dssursuldwh fhoov iurp wkh vhfrqg froxpq Li zh zdqw wr ghwhuplqh wkh
suredelolw| ri lghqwli|lqj d wdujhw zkhq qrqh h{lvwv zh fdq dgg wkh fruuhvsrqglqj wkuhh fhoov iurp
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wkh �uvw froxpq1 Uhfdoo wkdw wkh b uxoh fruuhvsrqgv zlwk wkh odvw wkuhh urzv ri wkh pdwul{ lq Wdeoh
<1 Qrz zh fdq gh�qh d ixvlrq yhfwru dv d froxpq yhfwru ri }hurv dqg rqhv/ wkh rqhv fruuhvsrqglqj
wr wkh urzv dssursuldwh iru wkdw uxoh1 Wkh ixvlrq yhfwru iru wkh RU uxoh iru rxu 5� 5 h{dpsoh lv
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Wklv ixvlrq yhfwru lv vlplodu wr wkh �uxoh ri hqjdjhphqw� gh�qhg lq ^55` dqg wkh uxoh yhfwruv +iru
wkuhh fodvvl�huv, gh�qhg lq ^B`1

Suh0pxowlso|lqj wkh pdwul{ lq Wdeoh < +zklfk zdv frpsxwhg zlwk wkh irupxod V � SW , e|
wkh wudqvsrvh ri wkh ixvlrq yhfwru +wr suhvhuyh glphqvlrqdolw|, jlyhv xv d yhfwru frqwdlqlqj wkh
suredelolwlhv ri fruuhfwo| lghqwli|lqj d krvwloh wdujhw dqg plvfodvvli|lqj d iulhqgo| remhfw/ dqg suh0
pxowlso|lqj V � SW e| wkh frpsohphqwdu| yhfwru wr u ��� / u � ��� @ +4> 3> 3> 3,/ jlyhv xv wkh suredelolwlhv
ri plvfodvvli|lqj d krvwloh wdujhw dqg fruuhfwo| lghqwli|lqj d iulhqgo| remhfw1

u ���� V � SW @
�

Suik � _ Qr Wdujhwj Suik � _ Wdujhw Suhvhqwj
�

dqg
u � ��� V � SW @

�

Suii � _ Qr Wdujhwj Suii � _ Wdujhw Suhvhqwj
�

Zkhq wkh wzr yhfwruv ri duh dxjphqwhg lq wkh irup ^u ��� 111u ��� `/ wkh uhvxow lv wkh ixvlrq uxoh pdwul{
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D pruh jhqhudo gh�qlwlrq lv jlyhq e| wkh iroorzlqj1

Gh�qlwlrq LLL1;1 D Ixvlrq Uxoh Pdwul{ U lv d 5 � �p � pdwul{ frqwdlqlqj elqdu| ydoxhv lq
zklfk urz l fruuhvsrqgv zlwk d urz lq wkh MVSP/ wkh �uvw froxpq fruuhvsrqgv zlwk frpelqdwlrqv ri
rxwsxw odehov iru zklfk wkh v|vwhp frqfoxghv wkhuh lv qr wdujhw suhvhqw/ wkh odvw froxpq fruuhvsrqgv
zlwk frpelqdwlrqv ri rxwsxw odehov iru zklfk wkh v|vwhp frqfoxghv d krvwloh wdujhw lv suhvhqw/ dqg wkh
froxpqv lq ehwzhhq +lip � A 5, fruuhvsrqg zlwk lqwhuphgldwh ix}}| odehov1 Iru h{dpsoh/ li wkh v|vwhp
lv wr frqfoxgh wkdw d krvwloh wdujhw lv suhvhqw iru d frpelqdwlrq ri rxwsxw vwdwhv fruuhvsrqglqj zlwk
wkh l ��� urz ri wkh MVSP/ wkh +l>p � , fhoo ri wkh Ixvlrq Uxoh Pdwul{ zloo frqwdlq d 41 Wkh froxpqv
ri d Ixvlrq Uxoh Pdwul{ pxvw eh ruwkrjrqdo1

61719 V|vwhp Mrlqw Shuirupdqfh Pdwul{1

Wkhruhp LLL141 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
d gl�huhqw w|sh ri wdujhw1 Li wkh fodvvl�huv duh vwdwlvwlfdoo| lqghshqghqw/ wkh v|vwhp MSP/ M � / fdq
eh frpsxwhg zlwk wkh irupxod U � V � SW / zkhuh V � dqg S duh frpsxwhg xvlqj Ohppdv LLL16 dqg
LLL151

Surri LLL141 Uhfdoo wkh surriv ri Ohppdv LLL16 dqg LLL15 dqg wkh uhvxow wkdw V � @ V � S 1 Wkhq
suh0 dqg srvw0pxowlso|lqj V � e| U � dqg W / uhvshfwlyho|/ vlpso| frpsxwhv wkh vxpv ri dssursuldwh
pxwxdoo| h{foxvlyh suredelolwlhv1 Wkhvh vxpv fruuhvsrqg wr wkh dssursuldwh suredelolwlhv vxppdul}hg
lq wkh MSP1

� Wkh +4> 4, fhoo lv htxlydohqw wr U � � V � W � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri V � wkdw +d,
duh odehohg iulhqgo| +e| wkh uxoh pdwul{,/ dqg +e, duh dfwxdoo| iulhqgo| +e| wkh wuxwk pdwul{,1
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� Wkh +4> 5, fhoo lv htxlydohqw wr U � � V � W � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri V � wkdw +d,
duh odehohg iulhqgo|/ dqg +e, duh dfwxdoo| krvwloh1

� Wkh +5> 4, fhoo lv htxlydohqw wr U �� V � W � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri V � wkdw +d,
duh odehohg krvwloh/ dqg +e, duh dfwxdoo| iulhqgo|1

� Wkh +5> 5, fhoo lv htxlydohqw wr U �� V � W � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri V � wkdw +d,
duh odehohg krvwloh/ dqg +e, duh dfwxdoo| iulhqgo|1

Wkh uhvxow lv d pdwul{ zlwk wkh iroorzlqj frqwvwuxfwlrq=
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zklfk vdwlv�hv wkh gh�qlwlrq ri d MSP1

6171: V|vwhp Sulru Suredelolwlhv Pdwul{1 Uhfdoo wkdw wkh MSP iru d fodvvl�hu n fdq
eh frpsxwhg zlwk M � @ F � � � 1 Wkxv/ rqh fdq srvw0pxowlso| M � e| wkh lqyhuvh ri wkh v|vwhp
sulru suredelolwlhv pdwul{ wr frpsxwh F � / exw � � kdv qrw |hw ehhq frpsxwhg1 Uhfdoo wkh pdwul{
S @ � � 
 � � 
 � � � 
 � � / ru lq whupv ri wkh h{dpsoh
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Wkhruhp LLL151 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
d gl�huhqw w|sh ri wdujhw1 Wkh v|vwhp SSP/ � � / fdq eh frpsxwhg e| suh0pxowlso|lqj wkh FSSP e|
wkh wudqvsrvh ri wkh wuxwk pdwul{ W � dqg srvw0pxowlso|lqj e| wkh wuxwk pdwul{ W 1
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Surri LLL151 Uhfdoo wkdw hdfk urz2froxpq ri wkh gldjrqdo FSSP fruuhvsrqgv zlwk d sduwlfxodu
frpelqdwlrq ri wuxh hyhqwv +l1h1/ wkh Fduwhvldq surgxfw ri wzr sduwlfxodu ihdwxuh vhwv, gh�qhg e|
wkh froxpqv ri wkh FVSP dqg MVSP1 Wkh odvw 5 � � 4 urzv2froxpqv ri wkh FSSP fruuhvsrqg zlwk
dq| hyhqw zkhuh d wdujhw lv suhvhqw/ dqg wkh �uvw urz2froxpq fruuhvsrqgv zlwk lqvwdqfhv zkhuh qr
wdujhw lv suhvhqw1 Suh0 dqg srvw0pxowlso|lqj e| wkh wuxwk pdwul{ W frpsxwhv wkh vxpv ri dssursuldwh
pxwxdoo| h{foxvlyh suredelolwlhv1 Wkhvh vxpv fruuhvsrqg wr wkh dssursuldwh suredelolwlhv vxppdul}hg
lq wkh SSP1

� Wkh +4> 4, fhoo lv htxlydohqw wr W �� SW � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri S wkdw frlqflgh
zlwk wkh devhqfh ri d wdujhw1

� Wkh +4> 5, dqg +5> 4, fhoov duh htxlydohqw wr W �� SW � dqg W �� SW � / uhvshfwlyho|1 Wkh uhvxow iru
hlwkhu lv dozd|v }hur/ vlqfh wkh froxpqv ri W duh ruwkrjrqdo1

� Wkh +5> 5, fhoo lv htxlydohqw wr W �� SW � / zklfk frpsxwhv wkh vxp ri wkh fhoov ri S wkdw frlqflgh
zlwk wkh suhvhqfh ri dw ohdvw rqh wdujhw1

Wkh uhvxow lv d pdwul{ zlwk wkh iroorzlqj frqvwuxfwlrq/

W � SW @
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7

SuiQr Wdujhwj 3
3 SuiWdujhw Suhvhqwj
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zklfk vdwlv�hv wkh gh�qlwlrq ri d SSP1

6171; V|vwhp Frqglwlrqdo Shuirupdqfh Pdwul{1 Xvlqj wkh suhylrxvo| ghyhorshg irupxod/
rqh fdq qrz frpsxwh

6:



F � @ M � � �

�
� @ U � V � SW� �

�
� @

5

9

9

9

9

9

9

7

SuiD � +{ � , @ 4 m { � 5 [ ��� � j SuiD � +{ � , @ 4 m { � 5 [ ��� � j
111 111

SuiD � +{ � , @ p � m { � 5 [ ��� � j SuiD � +{ � , @ p � m { � 5 [ ��� � j

6

:

:

:

:

:

:

8

=

+7,

6171< Vxppdu|1 Wklv vhfwlrq surylghg gh�qlwlrqv iru wkh FSP/ MSP/ SSP/ MVSP/
FSSP/ FVSP/ Wuxwk Pdwul{/ dqg Ixvlrq Uxoh Pdwul{1 Pruhryhu/ wklv vhfwlrq frqwdlqhg wkh
ghulydwlrq ri d irupxod iru frpsxwlqj wkh v|vwhp SSP/ FSP/ dqg MSP iru dq PFV lq zklfk
hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj d gl�huhqw w|sh ri wdujhw dqg wkh lqglylgxdo
ghflvlrqv duh frpelqhg xvlqj Errohdq ixvlrq uxohv1

618 Zlwklq Ixvlrq Vwdwh Suredelolwlhv

Frqvlghu d v|vwhp pdgh xs ri N fodvvl�huv/ hdfk wu|lqj wr ghwhfw wkh vdph w|sh ri wdujhw1
Wkh vhw ri hyhqwv H lv sduwlwlrqhg lqwr 5 vxevhwv= H � frqvlvwv krvwloh wdujhwv dqg H � lqfoxghv doo
hyhqwv wkdw duh qrw hohphqwv ri H � 1 Dvvxph wkdw wkh FSP dqg MSP duh dydlodeoh iru hdfk fodvvl�hu/
dqg qrwh wkdw wkh fodvvl�huv doo vkduh wkh vdph SSP vlqfh wkh| doo vhhn wkh vdph w|sh ri wdujhw1
Rqh zrxog olnh wr eh deoh wr frpsxwh wkh v|vwhp FSP/ SSP/ dqg MSP dv ehiruh/ exw wklv
vfhqdulr srvvhvvhv vrph surshuwlhv wkdw qhfhvvlwdwh vrph fkdqjhv lq wkh frpsxwdwlrqv ri wkh vwdwh
suredelolwlhv pdwulfhv +FVSP dqg MVSP, dqg wkh FSSP1 Wkh ghflvlrqv iurp hdfk fodvvl�hu duh
vhqw wr d ixvlrq fhqwhu ru frpelqhu/ zkhuh d ixvlrq uxoh lv dssolhg wr wkh odehov1 Wkh uhvxow lv wkh
ghflvlrq iru wkh fodvvl�hu v|vwhp lq whupv ri wkh v|vwhp odeho vhw O � @ i4> 5> ===>p � j1 Iljxuh <
vkrzv d wzr0fodvvl�hu v|vwhp lq zklfk hdfk fodvvl�hu fdq rxwsxw wzr odehov iru dq duelwudu| ixvlrq
uxoh U1
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Iljxuh <= Hyhqw/ Ihdwxuh dqg Odeho Vhwv iru d Pxowlsoh Fodvvl�hu V|vwhp Frpelqlqj Ghflvlrqv
Zlwklq Wdujhw W|shv1

61814 Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{1 Uhfrqvlghu wkh FVSP iru wkh v|vwhp ri
fodvvl�huv ixvhg dfurvv wdujhw w|shv dsshdulqj lq Wdeoh ;1 Wklv zdv wkh vlpsohvw h{dpsoh ri d 7� 7
FVSP/ exw lw lv dghtxdwh iru looxvwudwlqj wkh gl�huhqfh ehwzhhq wkh wzr fdvhv1 Wkh vhfrqg dqg
wklug froxpqv ri wkh FVSP lq Wdeoh ; fruuhvsrqg zlwk hyhqwv zkhuh rqh w|sh ri wdujhw lv suhvhqw
dqg wkh rwkhu w|sh lv qrw1 D vfhqdulr vxfk dv wklv lv lpsrvvleoh iru wkh v|vwhp suhvhqwo| ehlqj
frqvlghuhg/ ehfdxvh doo wkh fodvvl�huv duh vhhnlqj wkh vdph w|sh ri wdujhw +l1h1/ wkhuh duh rqo| wzr
srvvleoh wuxh vwdwhv,1 Rqh fdq xvh wkh Nurqhfnhu surgxfw wr frpsxwh wkh srvvleoh frpelqdwlrqv ri
wkh hohphqwv iurp wkh FSPv/ exw wkh uhvxow pxvw eh prgl�hg wr dffrxqw iru wkhvh lpsrvvlelolwlhv1
D vlpsoh zd| ri uhprylqj wkhp lv wr srvw0pxowlso| wkh Nurqhfnhu surgxfw ri wkh FSPv e| d 5 � �5
pdwul{ zlwk rqhv lq wkh +4> 4, dqg +5 � > 5, fhoov1 Wkh uhvxow lv d 5 � � 5 pdwul{ frqvlvwlqj ri wkh �uvw
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dqg odvw froxpqv ri wkh Nurqhfnhu surgxfw whup1 Iru h{dpsoh/
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Gh�qlwlrq LLL1<1 Wkh Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{ +FVSP, iru d v|vwhp ri fodv0
vl�huv i4> 5> ===>Nj vhhnlqj rqh w|sh ri wdujhw lv d 5 � �5 pdwul{ lq zklfk wkh �uvw froxpq fruuhvsrqgv
zlwk lqvwdqfhv zkhuh wkh wdujhw lv devhqw/ wkh vhfrqg froxpq fruuhvsrqgv zlwk lqvwdqfhv zkhuh wkh
wdujhw lv suhvhqw/ wkh urzv fruuhvsrqg zlwk frpelqdwlrqv ri rxwsxw odehov iurp wkh lqglylgxdo fodvvl0
�huv/ dqg fhoo +l> m, jlyhv wkh frqglwlrqdo suredelolw| ri wkh fodvvl�hu v|vwhp rxwsxwwlqj wkh frpelqd0
wlrq ri odehov l zkhq wkh wuxh vwdwh ri wkh v|vwhp lv m +l1h1 SuiD � +{ � , @ +o � > o � > ===> o � , m { � 5 [ ��� � j,1
Wkh vxp ri wkh hohphqwv lq hdfk froxpq ri wkh FVSP lv xqlw|1
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Ohppd LLL181 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj
wkh vdph w|sh ri wdujhw1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/ wkh
FVSP lv iruphg e| srvw0pxowlso|lqj wkh Nurqhfnhu surgxfw ri wkh FSPv iru hdfk fodvvl�hu lq wkh
v|vwhp e| d 5 � � 5 pdwul{ zlwk rqhv lq wkh +4> 4, dqg +5 � > 5, fhoov1

Surri LLL181 Ohw o � eh d jhqhulf rxwsxw odeho iru hdfk fodvvl�hu n 5 N/ dqg ohw [ ������� eh d jhqhulf
wuxh vwdwh uhodwlyh wr wkh wdujhw vrxjkw1 Vlqfh wkh fodvvl�huv duh vwdwlvwlfdoo| lqghshqghqw/ wkh sure0
delolw| iru d jlyhq frpelqdwlrq ri odehov dqg wuxwk lv

Suio � � o � � ===� o � m { � � { � � ===� { � 5 [ ������� j @ Suio � � o � � ===� o � _ { � � { � � ===� { � 5 [ ������� j
Sui{ � � { � � ===� { � 5 [ ������� j

@ Suio � _ { � 5 [ ������� j � === � Suio � _ { � 5 [ ������� j
Sui{ � 5 [ ������� j � === � Sui{ � 5 [ ������� j

@ Suio � m { � 5 [ ������� j � === � Suio � m { � 5 [ ������� j

@
�
\

�	� �
Suio � m { � 5 [ 
 j= +8,

Qrwh wkdw hdfk ri wkh whupv lq wkh surgxfw gh�qhg lq Htxdwlrq 8 lv dq hohphqw ri d gl�huhqw FSP1
Vlqfh wkh Nurqhfnhu surgxfw ri vhyhudo FSPv frqvlvwv ri doo srvvleoh surgxfwv ri wkh hqwulhv ri wkh
lqglylgxdo FSPv/ wkh surgxfw lq Htxdwlrq 8 pxvw eh dq hohphqw ri wkh Nurqhfnhu surgxfw gh�qhg
e| F � 
 F � 
 === 
 F � 1 Srvw0pxowlso|lqj wkh uhvxow e| d 5 � � 5 pdwul{ zlwk rqhv lq wkh +4> 4, dqg
+5 � > 5, fhoov ohdyhv rqo| wkh �uvw dqg odvw froxpqv/ wkh froxpqv fruuhvsrqglqj zlwk wkh wdujhw ehlqj
devhqw ru suhvhqw/ uhvshfwlyho|1

61815 Frpelqhg Sulru Suredelolwlhv Pdwul{1 Lq d zlwklq ixvlrq v|vwhp/ frpsxwdwlrq ri
wkh FSSP lv wulyldo1 Qrwh wkdw wkh FVSP lv 5 � � 51 Wkhuhiruh/ rqh qhhgv wr srvw0pxowlso| wkh
FVSP e| d 5� 5 FSSP wr duulyh dw d surshuo| glphqvlrqhg MVSP1 Vlqfh hdfk fodvvl�hu vhhnv wkh
vdph w|sh ri wdujhw wkh d sulrul suredelolw| ri wkh v|vwhp ehlqj lq wkh krvwloh vwdwh lv wkh vdph dv
wkh d sulrul suredelolwlhv iru doo wkh fodvvl�huv lq wkh v|vwhp1 Wkxv/ wkh 5 � 5 pdwul{ uhtxluhg lv
vlpso| wkh SSP vkduhg e| wkh lqglylgxdo fodvvl�huv lq wkh v|vwhp +l1h1/ S @ �,1
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Gh�qlwlrq LLL1431 Wkh Frpelqhg Sulru Suredelolwlhv Pdwul{ +FSSP, iru d v|vwhp ri
fodvvl�huv +4> 5> ===>N, vhhnlqj rqh w|sh ri wdujhw lv htxlydohqw wr wkh SSP iru hdfk fodvvl�hu lq wkh
v|vwhp1

61816 Mrlqw Vwdwh Suredelolwlhv Pdwul{1 Wkh MVSP V � fdq qrz eh frpsxwhg zlwk

V � @ V � S=

Gh�qlwlrq LLL1441 Wkh Mrlqw Vwdwh Suredelolwlhv Pdwul{ +MVSP, iru d v|vwhp ri fodvvl�huv
i4> 5> ===>Nj vhhnlqj rqh w|sh ri wdujhw lv d 5 � �5 pdwul{ lq zklfk wkh �uvw froxpq fruuhvsrqgv zlwk
lqvwdqfhv zkhq wkh wdujhw lv devhqw/ wkh vhfrqg froxpq fruuhvsrqgv zlwk lqvwdqfhv zkhq wkh wdujhw lv
suhvhqw/ wkh urzv fruuhvsrqg zlwk frpelqdwlrqv ri rxwsxw odehov iurp wkh lqglylgxdo fodvvl�huv/ dqg
fhoo +l> m, jlyhv wkh suredelolw| ri wkh fodvvl�hu v|vwhp rxwsxwwlqj wkh frpelqdwlrq ri odehov l zkhq
wkh wuxh vwdwh ri wkh v|vwhp lv m +l1h1 SuiD � +{ � , @ +o � > o � > ===> o � , _ { � 5 [ ��� � j,1 Wkh vxp ri wkh
hohphqwv lq wkh MVSP lv xqlw|1

Ohppd LLL191 Frqvlghu dq PFV lq zklfk hdfk lqglylgxdo fodvvl�hu lv fkdujhg zlwk lghqwli|lqj wkh
vdph w|sh ri wdujhw1 Dvvxplqj vwdwlvwlfdo lqghshqghqfh ehwzhhq wkh lqglylgxdo fodvvl�huv/ wkh MVSP
lv iruphg e| srvw0pxowlso|lqj wkh FSSP/ V � / e| wkh FSSP/ S 1

Surri LLL191 Xvlqj wkh gh�qlwlrq ri frqglwlrqdo suredelolw|/ rqh fdq srvw0pxowlso| d pdwul{ zlwk
wkh irup
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SuiOdeho Frpelqdwlrq 5 m Qr Wdujhwj SuiOdeho Frpelqdwlrq 5 m Wdujhwj

111 111
SuiOdeho Frpelqdwlrq 5 � m Qr Wdujhwj SuiOdeho Frpelqdwlrq 5 � m Wdujhwj
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:
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:

:

:

:

:

:

:
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e| d pdwul{ zlwk wkh irup
5

9

9

7

SuiQr Wdujhwj 3
3 SuiWdujhwj

6

:

:

8

wr |lhog d pdwul{ zlwk wkh irup
5

9

9

9

9

9

9

9

9

9

9

7

SuiOdeho Frpelqdwlrq 4 _Qr Wdujhwj SuiOdeho Frpelqdwlrq 4 _Wdujhwj
SuiOdeho Frpelqdwlrq 5 _Qr Wdujhwj SuiOdeho Frpelqdwlrq 5 _Wdujhwj

111 111
SuiOdeho Frpelqdwlrq 5 � _Qr Wdujhwj SuiOdeho Frpelqdwlrq 5 � _Wdujhwj

6

:

:

:

:

:

:

:

:

:

:

8

=

61817 Wuxwk dqg Ixvlrq Uxoh Pdwulfhv1 Xvlqj wkh gh�qlwlrqv deryh iru d zlwklq v|vwhp/
wkh MVSP lv d 5 � �5 pdwul{ lq zklfk hdfk froxpq fruuhvsrqgv zlwk wuxwk1 Wkxv/ wkh wuxwk pdwul{
lv qr orqjhu qhfhvvdu| ehfdxvh ri wkh vwuxfwxuh ri wklv vshfldo fdvh1 Rqh frxog frqvlghu wkh 5 � � 5
pdwul{ xvhg wr frpsxwh wkh FVSP +l1h1/ wkh pdwul{ zlwk rqhv lq wkh +4> 4, dqg +5 � > 5, fhoov, wkh
wuxwk pdwul{/ ehfdxvh lwv sxusrvh lv wr holplqdwh lpsrvvleoh vfhqdulrv ohdylqj rqo| wkh wzr srvvleoh
vwdwhv +iulhqg ru krvwloh,1 Ixvlrq uxoh pdwulfhv duh gh�qhg lq h{dfwo| wkh vdph zd| dv lq dq dfurvv
ixvlrq v|vwhp/ dqg wkh v|vwhp SSP lv htxlydohqw wr wkh SSP vkduhg e| wkh lqglylgxdo fodvvl�huv1
Wkh irupxodh iru frpsxwlqj wkh FSP dqg MSP duh lghqwlfdo=

M � @ U � V � SW dqg

F � @ M � � �

�
� =

61818 Vxppdu|1 Wklv vhfwlrq surylghg gh�qlwlrqv iru wkh FSP/ MSP/ SSP/ MVSP/
FSSP/ FVSP/ Wuxwk Pdwul{/ dqg Ixvlrq Uxoh Pdwul{ iru dq PFV ixvlqj ghflvlrqv zlwklq wdujhw
w|shv1 Wklv vhfwlrq dovr uhlwhudwhg wkh irupxodh iru frpsxwlqj wkh v|vwhp FSP dqg MSP iru dq
PFV lq zklfk wkh lqglylgxdo ghflvlrqv duh frpelqhg xvlqj Errohdq ixvlrq uxohv1
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619 Hvwlpdwlqj URF Fxuyhv

61914 Ryhuylhz1 Wklv vhfwlrq vxjjhvwv phwkrgv iru hvwlpdwlqj wkh URF fxuyh xvlqj wkh
v|vwhp FSP iru dq PFV frpelqlqj ghflvlrqv zlwklq ru dfurvv wdujhw w|shv1 R{oh| dqg Edxhu*v
phwkrg ri URF ixvlrq fdq eh dssolhg iru Orjlfdo DQG dqg RU uxohv> krzhyhu/ rwkhu whfkqltxhv duh
qhfhvvdu| iru pruh frpsoh{ uxohv +h1j1/ d pdmrulw| yrwh,1 Oljjlqv vkrzhg wkdw wkhuh duh : uhohydqw
uxohv rwkhu wkdq wkh DQG dqg RU iru frpelqlqj wkh ghflvlrqv ri wkuhh fodvvl�huv ^4;`1 Pruhryhu/
dv wkh qxpehu ri fodvvl�huv lq wkh v|vwhp jhwv odujhu/ wkhuh duh hyhq pruh uhohydqw uxohv ehvlghv
wkh DQG dqg RU uxohv1 Rqh pljkw krsh wr �qg d zd| wr hvwlpdwh wkh URF fxuyhv iru v|vwhpv
frpelqhg xvlqj pruh frpsoh{ ixvlrq uxohv1 Ri wkhvh/ wkh pdmrulw| yrwh vhhpv wr eh wkh prvw
frpsoh{1

61915 URF Ixvlrq1

6191514 Orjlfdo DQG1 Rqh fdq hpsor| R{oh| dqg Edxhu*v phwkrg wr dqdo|wlfdoo|
hvwlpdwh wkh v|vwhp URF fxuyh iru d zlwklq ru dfurvv PFV ri dq| vl}h li wkh v|vwhp rqo| rxwsxwv
wzr odehov +iulhqgo| ru krvwloh, ^53`1 Wkh nh| wr wkhlu irupxod iru wkh DQG uxoh zdv wkh revhuydwlrq
wkdw/ xqghu dq DQG uxoh/ wkh v|vwhp suredelolw| iru dvvljqlqj d krvwloh odeho lv htxdo wr wkh surgxfw
ri hdfk ri wkh lqglylgxdov dvvljqlqj d krvwloh odeho=

Suik � j @ Suik � j � Suik � j

++4� � � ,S ��� � � . � � S � � � , @ ++4� � � ,S ���
� 
 . � � S � � � , ++4� � � ,S ���	� � . � � S � � � , =

Pd{lpl}lqj erwk vlghv ri wkh odvw htxdwlrq zlwk uhvshfw wr wkh lqglylgxdo wkuhvkrog ydoxhv dqg
pdqlsxodwlqj wkh uhvxow doorzv rqh wr ghulyh d irupxod iru wkh pd{lpxp S � � � iru d jlyhq S ��� � � 1
Wkh surshuw| fdq hdvlo| eh dgdswhg wr dffrxqw iru dq| qxpehu ri fodvvl�huv e| xvlqj wkh surshuw|

Suik � j @
�
\

�	� �
Suik � j=
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6191515 Orjlfdo RU1 R{oh| dqg Edxhu ghulyhg d vlplodu irupxod iru wkh RU uxoh1
Wkh nh| wr wklv irupxod zdv wkh revhuydwlrq wkdw/ xqghu dq RU uxoh/ wkh v|vwhp suredelolw| iru
dvvljqlqj d iulhqgo| odeho lv htxdo wr wkh surgxfw ri hdfk ri wkh lqglylgxdov dvvljqlqj d iulhqgo| odeho=

Suii � j @Suii � j � Suii � j

+4� � � , +4� S ��� � � , . � � +4� S � � � , @ ^+4� � � , +4� S ���	��
 , . � � +4� S � � � ,`

� ^+4� � � , +4� S ���	� � , . � � +4� S � � � ,` =

Plqlpl}lqj erwk vlghv ri wkh odvw htxdwlrq zlwk uhvshfw wr wkh lqglylgxdo wkuhvkrog ydoxhv dqg
pdqlsxodwlqj wkh uhvxow jlyhv d irupxod iru plq +�S � � � , zklfk lv htxlydohqw wr pd{S � � � 1 Wklv
surshuw| fdq eh dgdswhg lq d vlplodu pdqqhu vxfk wkdw

Suii � j @
�
\

�	� �
Suii � j

61916 Odjudqjldq Rswlpl}dwlrq1 Dqrwkhu phwkrg iru hvwlpdwlqj wkh v|vwhp URF fxuyh lv
wr xvh d Odjudqjldq irupxodwlrq olnh wkh rqh xvhg lq FIDU dssolfdwlrqv ^5;`1 D w|slfdo Odjudqjldq
htxdwlrq O @ i+{,� �+j+{,, lv dssursuldwh lq wkh iroorzlqj irup=

O @ S � � � � �+S ��� � � � s,>

zkhuh s lv dq| doorzdeoh idovh srvlwlyh udwh1 Gl�huhqwldwlqj zlwk uhvshfw wr wkh wkuhvkrog ydoxhv +ru
S ��� , dqg wkh Odjudqjh pxowlsolhu jlyhv d v|vwhp ri qrqolqhdu htxdwlrqv +zkhq N � 6, wkdw fdq eh
vroyhg wr ghwhuplqh wkh pd{lpxp S � � � 1

61917 Euxwh Irufh1 Li qr rwkhu rswlrq lv dydlodeoh/ rqh fdq hqxphudwh d vxevhw ri srvvleoh
wkuhvkrog +ru S ��� , frpelqdwlrqv dqg xvh wkh iurqwlhu ri wkh uhvxowv1 Wklv phwkrg lv kdugo| vflhqwl�f/
exw wkh frpsxwdwlrqdo frpsoh{lw| lv qrw vxfk wkdw wkh phwkrg lv lpsudfwlfdo1 Ghshqglqj xsrq wkh
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frpsoh{lw| ri wkh ixvlrq uxoh wklv phwkrg pd| eh pruh sudfwlfdo wkdq wkh rwkhuv D gudzedfn/
krzhyhu/ lv wkdw wkh xsshu erxqg ri wkh URF lv qrw jxdudqwhhg1

61: Vxppdu|

Wklv fkdswhu surylghg wkh iroorzlqj gh�qlwlrqv iru PFVv lq +d, hdfk fodvvl�hu vrxjkw gl�huhqw
w|shv ri wdujhwv dqg +e, hdfk fodvvl�hu vrxjkw wkh vdph w|sh ri wdujhw= Frqglwlrqdo Shuirupdqfh
Pdwul{ +FSP,/ Mrlqw Shuirupdqfh Pdwul{ +MSP,/ Sulru Suredelolwlhv Pdwul{ +SSP,/ Frqglwlrqdo
Vwdwh Suredelolwlhv Pdwul{ +FVSP,/ Frpelqhg Sulru Suredelolwlhv Pdwul{ +FSSP,/ dqg Mrlqw Vwdwh
Suredelolwlhv Pdwul{ +MVSP,1 Dovr surylghg zhuh ghulydwlrqv ri irupxodh iru wkh v|vwhp MSP/ SSP/
dqg FSP iru zlwklq dqg dfurvv ixvlrq v|vwhpv lq zklfk ghflvlrqv duh frpelqhg xvlqj Errohdq ixvlrq
uxohv1 Odvwo|/ wkh uhdghu lv suhvhqwhg vhyhudo phwkrgv iru hvwlpdwlqj wkh URF fxuyh iru dq PFV lq
zklfk ghflvlrqv duh frpelqhg xvlqj Errohdq ixvlrq uxohv1
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LY1 Vxppdu| dqg Uhfrpphqgdwlrqv
714 Ryhuylhz

Wklv fkdswhu vxppdul}hv wkh frqwulexwlrqv ri wklv wkhvlv dv dssolhg wr Pxowlsoh Fodvvl�hu
V|vwhpv lq zklfk ghflvlrqv duh frpelqhg xvlqj Errohdq ixvlrq uxohv1 Dgglwlrqdoo|/ wkh fkdswhu zloo
vxjjhvw duhdv ri ixwxuh uhvhdufk1

715 Vxppdu| ri Frqwulexwlrqv

Wkh sulpdu| frqwulexwlrq ri wklv wkhvlv lv d pdwul{ dojheudlf irupxod iru frpsxwlqj wkh
Frqglwlrqdo dqg Mrlqw Shuirupdqfh Pdwulfhv iru d Errohdq Pxowlsoh Fodvvl�hu V|vwhp1 Wklv wkhvlv
lv wkh �uvw nqrzq xvh ri wkh Nurqhfnhu surgxfw iru hydoxdwlqj fodvvl�hu v|vwhp shuirupdqfh1 Dovr
suhvhqwhg zhuh gh�qlwlrqv dqg2ru ghulydwlrqv iru wkh iroorzlqj=

� Frqglwlrqdo Shuirupdqfh Pdwul{ +FSP,/

� Sulru Suredelolwlhv Pdwul{ +SSP,/

� Mrlqw Shuirupdqfh Pdwul{ +MSP,/

� Frpelqhg Sulru Suredelolwlhv Pdwul{ +FSSP,/

� Frqglwlrqdo Vwdwh Suredelolwlhv Pdwul{ +FVSP,/

� Mrlqw Vwdwh Suredelolwlhv Pdwul{ +MVSP,/

� Wuxwk Pdwul{/ dqg

� Ixvlrq Uxoh Pdwul{1

Ixuwkhupruh/ vhyhudo phwkrgv zhuh suhvhqwhg iru hvwlpdwlqj dq xsshu erxqg ri wkh URF
fxuyh iru wkh PFV xvlqj wkh v|vwhp FSP1 Wkh lqglylgxdo FSPv zhuh xvhg suhylrxvo| wr ghwhuplqh
rswlpdo ixvlrq uxohv ^55`> krzhyhu/ wkdw zrun glg qrw wdnh lqwr dffrxqw wkh srvvlelolw| ri ydu|lqj
wkh ghflvlrq wkuhvkrogv iru wkh lqglylgxdo fodvvl�huv/ qru glg wkdw zrun surylgh d phwkrgrorj| iru
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dqdo|}lqj v|vwhpv ixvlqj dfurvv wdujhw w|shv1 Odvwo|/ wklv wkhvlv fkdudfwhul}hv Vhqvru Fruurerudwlrq
uxohv wkdw zhuh frqvlghuhg e| Oljjlqv ^4;`1

716 Uhfrpphqgdwlrqv iru Ixwxuh Uhvhdufk

Wkh uhvxowv ri wklv uhvhdufk lghqwli| vhyhudo srwhqwldo duhdv iru ixuwkhu uhvhdufk1 Iluvw/ wkh
pdwul{ dojheudlf irupxod iru wkh v|vwhp FSP vxjjhvwv dq xqghuo|lqj dojheudlf vwuxfwxuh iru Pxo0
wlsoh Fodvvl�hu V|vwhpv1 Shukdsv wklv vwuxfwxuh fdq eh h{whqghg wr eh|rqg Errohdq PFVv wr rwkhu
w|shv ri PFVv +h1j1/ zhljkwhg yrwlqj v|vwhpv,1

Vhfrqg/ ixwxuh dqdo|vwv/ hqjlqhhuv/ dqg pdwkhpdwlfldqv pd| eh deoh wr h{sorlw wkh dojheudlf
vwuxfwxuh lq vxfk d zd| dv wr lpsuryh fodvvl�fdwlrq dffxudf|1 Wklv pljkw eh dffrpsolvkhg e|
ghyhorslqj pruh fohyhu zd|v wr pd{lpl}h ghwhfwlrq suredelolw| iru d jlyhq idovh dodup udwh ru
wkurxjk vrph rwkhu phdqv hqwluho|1

Wklug/ wklv zrun wrrn dgydqwdjh ri d frpprqo| +de,xvhg dvvxpswlrq ri vwdwlvwlfdo lqghshq0
ghqfh/ hyhq wkrxjk vwdwlvwlfdo lqghshqghqfh lv qrw olnho| iru PFVv lq zklfk wkh lqglylgxdov vhhn
vlplodu wdujhw w|shv1 Lw pd| eh srvvleoh wr lqfrusrudwh yduldqfh2fryduldqfh pdwulfhv wr surylgh
pruh uhdolvwlf hvwlpdwhv ri PFV shuirupdqfh1
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Eleolrjudsk|
41 Dovlqj/ V1 J1 Wkh Hydoxdwlrq ri Frpshwlqj Fodvvl�huv1 SkG glvvhuwdwlrq/ Dlu Irufh Lqvwlwxwh

ri Whfkqrorj|/ Zuljkw Sdwwhuvrq DIE RK/ Pdufk 53331
51 Edxhu/ N1 Z1/ �Frxuvh Qrwhv/ RSHU 9;8/ Dssolhg Pxowlyduldwh Gdwd Dqdo|vlv1� Judgxdwh

Vfkrro ri Hqjlqhhulqj dqg Pdqdjhphqw/ Dlu Irufh Lqvwlwxwh ri Whfkqrorj|/ Zuljkw Sdwwhuvrq
DIE RK/ Vsulqj 53351

61 Eudgoh|/ D1 S1 �Wkh Xvh ri wkh Duhd Xqghu wkh URF Fxuyh lq wkh Hydoxdwlrq ri Pdfklqh
Ohduqlqj Dojrulwkpv/� Sdwwhuq Uhfrjqlwlrq/ 63 +:,=4478�448< +4<<:,1

71 Euhzhu/ M1 Z1 �Nurqhfnhu Surgxfwv dqg Pdwul{ Fdofxoxv lq V|vwhp Wkhru|/� LHHH Wudqvdf0
wlrqv rq Flufxlwv dqg V|vwhpv/ 58 +<,=::5�:;4 +Vhswhpehu 4<:;,1

81 Gdvdudwk|/ E1 Y1 Ghflvlrq Ixvlrq1 Orv Dodplwrv/ FD= LHHH Frpsxwhu Vrflhw| Suhvv/ 4<<71
91 Hjdq/ M1 S1 Vljqdo Ghwhfwlrq Wkhru| dqg URF Dqdo|vlv1 Qhz \run= Dfdghplf Suhvv/ 4<:81
:1 Ilvkhu/ U1 D1 �Wkh Xvh ri Pxowlsoh Phdvxuhphqwv lq Wd{rqrplf Sureohpv/� Dqqdov ri Hxjhq0

lfv/ : =4:<�4;;
;1 Iudqnh/ M1 dqg Pdqgohu/ H1 �D Frpsdulvrq ri Wzr Dssurdfkhv iru Frpelqlqj wkh Yrwhv ri

Frrshudwlqj Fodvvl�huv1� 44wk Lqwhuqdwlrqdo Frqihuhqfh rq Sdwwhuq Uhfrjqlwlrq5 1 944�9471
4<<51

<1 Jldflqwr/ J1/ Urol/ I1/ dqg Eux}}rqh/ O1 �Frpelqdwlrq ri Qhxudo dqg Vwdwlvwlfdo Dojrulwkpv iru
Vxshuylvhg Fodvvl�fdwlrq ri Uhprwh0Vhqvlqj Lpdjhv/� Sdwwhuq Uhfrjqlwlrq Ohwwhuv/ 54 +8,=6;8�
6<: +5333,1

431 Jldflqwr/ J1/ Urol/ I1/ dqg Ixphud/ J1/ �Ghvljq ri H�hfwlyh Pxowlsoh Fodvvl�hu V|vwhpv e|
Foxvwhulqj ri Fodvvl�huv1�

441 Judkdp/ D1 Nurqhfnhu Surgxfwv dqg Pdwul{ Fdofxoxv1 Fklfkhvwhu/ XN= Hoolv Kruzrrg Olplwhg/
4<;41

451 Kdqoh|/ M1 D1 dqg PfQhlo/ E1 M1 �Wkh Phdqlqj dqg Xvh ri wkh Duhd Xqghu d Uhfhlyhu Rshudwlqj
Fkdudfwhulvwlf +URF, Fxuyh/� Udglrorj|/ 476 =5<�69 +4<;5,1

461 Kdqvhq/ O1 N1 dqg Vdodprq/ S1 �Qhxudo Qhwzrun Hqvhpeohv/� LHHH Wudqvdfwlrqv rq Sdwwhuq
Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/ 45 +43,=<<6�4334 +Rfwrehu 4<<3,1

471 Nlwwohu/ M1/ Kdwhi/ P1/ Gxlq/ U1 S1 Z1/ dqg Pdwdv/ M1 �Rq Frpelqlqj Fodvvl�huv/� LHHH
Wudqvdfwlrqv rq Sdwwhuq Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/ 53 +6,=559�56< +Pdufk 4<<;,1

481 Nohlq/ O1 D1 Vhqvru dqg Gdwd Ixvlrq Frqfhswv dqg Dssolfdwlrqv1 Ehoolqjkdp Zdvklqjwrq=
VSLH 0 Wkh Lqwhuqdwlrqdo Vrflhw| iru Rswlfdo Hqjlqhhulqj/ 4<<61

491 Nxqfkhyd/ O1 L1/ ZKLWDNHU/ F1 M1/ VKLSS/ F1 D1/ dqg GXLQ/ U1 S1 Z1 �Olplwv rq wkh
Pdmrulw| Yrwh Dffxudf| lq Fodvvl�hu Ixvlrq/� Sdwwhuq Dqdo|vlv dqg Dssolfdwlrqv +wr dsshdu,

4:1 Nxqfkhyd/ O1 L1/ Zklwdnhu/ F1 M1/ Vklss/ F1 D1/ dqg Gxlq/ U1 S1 Z1 �Lv lqghshqghqfh jrrg iru
frpelqlqj fodvvl�huvB1� Surf1 48wk Lqwhuqdwlrqdo Frqihuhqfh rq Sdwwhuq Uhfrjqlwlrq5 1 49;�4:41
53331

4;1 Oljjlqv/ / LLP1 H1/ Qheulfk/ P1 D1/ Ehuolq/ P1 V1/ dqg Od}dur�/ P1/ �Dgdswlyh Pxowl0Lpdjh
Ghflvlrq Ixvlrq Dqdo|vlv1�

4<1 Pdwdq/ R1/ �Rq Yrwlqj Hqhpeohv ri Fodvvl�huv1� DDDL0<9 Zrunvkrs rq Lqwhjudwlqj Pxowlsoh
Ohduqhg Prghov1
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531 R{oh|/ P1 H1 dqg Edxhu/ N1 Z1 Fodvvl�hu Ixvlrq iru Lpsuryhg V|vwhp Shuirupdqfh1 Whfkqlfdo
Uhsruw/ Dlu Irufh Lqvwlwxwh ri Whfkqrorj|/ Mdqxdu| 53351

541 Shuurqh/ P1 S1 dqg Frrshu/ O1 Q1 Zkhq Qhwzrunv Glvdjuhh= Hqvhpeoh Phwkrgv iru K|eulg
Qhxudo Qhwzrunv/ 45:�4751 Orqgrq/ XN= Fkdspdq Kdoo/ 4<<61

551 Udovwrq/ M1 P1 Ed|hvldq Vhqvru Ixvlrq iru Plqlpxp0Frvw L1G1 Ghfodudwlrq1 Whfkqlfdo Uhsruw
LGD Sdshu S06774/ Lqvwlwxwh iru Ghihqvh Dqdo|vhv/ Mxqh 4<<<1

561 Urol/ I1/ �Ixvlrq ri Pxowlsoh Fodvvl�huv1� Frxuvh Qrwhv/ Mxo| 53351
571 Vdudqol/ D1 dqg Ghpluhnohu/ P1 �Rq Rxwsxw Lqghshqghqfh dqg Frpsohphqwdulqhvv lq Udqn0

Edvhg Pxowlsoh Fodvvl�hu Ghflvlrq V|vwhpv/� Sdwwhuq Uhfrjqlwlrq / 67 =564<�5663 +5334,1
581 Vdudqol/ D1 dqg Ghpluhnohu/ P1 �D Vwdwlvwlfdo Xql�hg Iudphzrun iru Udqn0Edvhg Pxowlsoh

Fodvvl�hu Ghflvlrq Frpelqdwlrq/� Sdwwhuq Uhfrjqlwlrq/ 67 =;98�;;7 +5334,1
591 Wxphu/ N1 dqg Jkrvk/ M1 �Dqdo|vlv ri Ghflvlrq Erxqgdulhv lq Olqhduo| Frpelqhg Qhxudo

Fodvvl�huv/� Sdwwhuq Uhfrjqlwlrq/ 5< +5,=674�67; +4<<9,1
5:1 Ydq Ordq/ F1 I1 �Wkh Xeltxlwrxv Nurqhfnhu Surgxfw/� Mrxuqdo ri Frpsxwdlrqdo dqg Dssolhg

Pdwkhpdwlfv/ 456 =;8�433 +5333,1
5;1 Yduvkqh|/ S1 N1 Glvwulexwhg Ghwhfwlrq dqg Gdwd Ixvlrq1 Qhz \run= Vsulqjhu0Yhuodj/ 4<<:1
5<1 Zdfnhuo|/ G1 G1/ Phqghqkdoo LLL/ Z1/ dqg Vfkhd�hu/ U1 O1 Pdwkhpdwlfdo Vwdwlvwlfv zlwk Dssol0

fdwlrqv1 Sdfl�f Juryh/ FD= Gx{exu|/ 53351
631 [x/ O1/ Nu}|}dn/ D1/ dqg Vxhq/ F1 \1 �Phwkrgv iru Frpelqlqj Pxowlsoh Fodvvl�huv dqg Wkhlu

Dssolfdwlrqv wr Kdqgzulwlqj Uhfrjqlwlrq/� LHHH Wudqvdfwlrqv rq V|vwhpv/ Pdq/ dqg F|ehu0
qhwlfv/ 55 +6,=74;�768 +Pd|2Mxqh 4<<5,1
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