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AFIT-ENC-DAM-12-02
Abstract

Frames are used in many signal processing applications. We consider the problem of
constructing every frame whose frame operator has a given spectrum and whose vectors
have prescribed lengths. For a given spectrum and set of lengths, we know when such a
frame exists by the Schur-Horn Theorem,; it exists if and only if its spectrum majorizes
its squared lengths. We provide a more constructive proof of Horn’s original result. This
proof is based on a new method for constructing any and all frames whose frame operator
has a prescribed spectrum and whose vectors have prescribed lengths. Constructing all
such frames requires one choose eigensteps—a sequence of interlacing spectra—which
transform the trivial spectrum into the desired one. We give a complete characterization of
the convex set of all eigensteps. Taken together, these results permit us, for the first time,
to explicitly parametrize the set of all frames whose frame operator has a given spectrum
and whose elements have a given set of lengths. Moreover, we generalize this theory to
the problem of constructing optimal frame completions. That is, given a preexisting set
of measurements, we add new measurements so that the final frame operator has a given
spectrum and whose added vectors have prescribed lengths. We introduce a new matrix
notation for representing the final spectrum with respect to the initial spectrum and prove
that existence of such a frame relies upon a majorization constraint involving the final
spectrum and the frame’s matrix representation. In a special case, we provide a formula
for constructing the optimal frame completion with respect to fusion metrics such as the
mean square error (MSE) and frame potential (FP). Such fusion metrics provide a means

of evaluating the efficacy of reconstructing signals which have been distorted by noise.
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PARAMETRIZING FINITE FRAMES AND OPTIMAL FRAME COMPLETIONS

1. Introduction

Frames, or redundant sets of vectors in a Hilbert space, have been used in many signal
processing applications and are the subject of the research discussed herein. We begin with
a few important definitions regarding frames. A sequence of vectors F = {f,}"_| is a frame
in an M-dimensional (real or complex) Hilbert space H,, if there exist0 < A < B < o

such that
N
AIlFIP < DK £)P < BIFIP
n=1

for all f in Hy,. It is straightforward to show that F is a frame if and only if the F' spans
H,,, which necessitates M < N. Letting K be either the real or complex field, the synthesis
operator of a sequence of vectors {f, nN is F : KN - Hy, Fg:= Zfl\’:l gn)f,. The

=1

corresponding frame operator FF* : H), — H), is given by:

N
FF'f =) (f o (1.1)
n=1

where * denotes the Hermitian transpose of F. Viewing H,, as K¥, F is the M x N matrix
whose columns are given by the f,,’s. The constants A and B are called the lower and upper
frame bounds for F, respectively. Since H, is finite-dimensional, then the frame bounds
of F are the least and greatest eigenvalues of the frame operator. That is, g is the condition
number of FF* and F is a frame if and only if FF™ is invertible.

For a given frame F, the canonical dual frame F = {f,}"_ .f, := (FF*)"' f,, provides

a means of expressing any f € Hl, as a linear combination of frame vectors, that is:

N
F=FFf= ke (1.2)
n=1



The canonical dual frame of F satisfies FF* = 1. Unlike bases, frames provide a means
of representing any f € [H,, in terms of overcomplete sets of vectors. The fact that frames
may be redundant make them useful in many signal processing applications where data loss
and degradation are concerns [35, 36].

In particular, frames have found a natural application to source coding and robust
transmission. Frames have been shown to provide numerically stable reconstruction and
resilience to additive noise [27]. While not always fully realistic, additive noise can be used
to model channel noise and/or quantization errors which are introduced in analog-to-digital
conversion. In addition to noise, erasures of frame coeflicients can also be problematic
when transmitting a signal [13, 26, 31]. The redundancy of frames allows signals in
which data has been lost to be reconstructed in a feasible manner. Such applications have
motived current research efforts to find ways of constructing frames with certain desirable
properties.

The focus of our research is on constructing finite frames for a given spectrum and set
of lengths. This is a generalization of a problem that the field has long been interested in:
constructing unit norm tight frames (UNTFs). A tight frame is one for which A = B, and
a UNTF is a tight frame with the additional condition that ||f,|| = 1 foralln = 1,...,N.
In this dissertation, we show how to explicitly construct all UNTFs and moreover, how to
construct any frame for a given arbitrary spectrum and set of lengths. This theory has also
been generalized to the problem of constructing frame completions: given a preexisting set
of measurements, we add new measurements so that the final frame operator has a given
spectrum and whose added vectors have prescribed lengths. More formally, given an initial
sequence of vectors Fy = {f,}"_ in H) whose frame operator has spectrum {a,,}_,, we
wish to complete the frame by adding P additional measurements in order to construct

F = {f,)"*F such that ||fyslI> = unsp for all p = 1,..., P, and such that the new frame

n=1

N+P
n=1

M
m=1"

operator of F = {f,} has spectrum {A4,,}



Furthermore, we provide some results on optimal frame completions. For real world
applications, we often want to choose a frame that is optimal with respect to certain criteria.
For example, in cases where part of a signal being transmitted is distorted by noise or lost
due to network errors, an optimal frame would be one that minimizes the reconstruction
error. Goyal, Kovacevi¢, and Kelner [26] used the mean square error (MSE) as a means of

evaluating the quality of reconstruction in the former case. The MSE is given by:

M
MSE = o Tr[(FF*)™'] = o Z Ai (1.3)

m=1
where {1,}"_ | are the eigenvalues of FF* and o is the variance of the zero-mean,
independent, identically distributed added noise € = [€; € ... ey]'. Since calculating the

MSE involves inverting the frame operator, which can be difficult, the frame potential may

also be used as an alternative notion of the quality of a frame. The frame potential (FP) of

N
n=1

a sequence {f,}"_, in K" is given by:

M
FPUAIL) = THFFY = > 4, (1.4)
m=1

where again, {1,,}*_ are the eigenvalues of FF*. It has already been shown that a unit norm
frame minimizes the MSE and FP if and only if it is tight [5, 26]. However, constructing a
UNTF for a given application may not always be achievable if, given an initial frame, one is
restricted to adding only a finite number of new measurements. In such cases, determining
optimality of a frame is not as straightforward. We provide an algorithm for constructing

the optimal frame completion with respect to fusion metrics such as the MSE and FP.

1.1 Major contributions
In this section, we briefly summarize the major contributions that have arisen from
our doctoral studies [8, 24, 25]. Our first major contribution (Section 3.1) is Theorem 2

which characterizes and proves the existence of sequences of vectors that generate a given

N
n=1°

sequence of outer eigensteps. In particular, for any {4,,}), and {u,}"_, every sequence of



N

vectors {f,},_,

in H, whose frame operator FF* has spectrum {1,,}*_ and which satisfies
|flI> = p, for all n can be constructed by the two-step process given in Theorem 2, and
conversely, any F constructed by this process has {4,,}) as the spectrum of FF* and
|£ul*> = w, for all n. However, Theorem 2 alone is not an easily implementable algorithm:
Step A requires one to choose a sequence of interlacing spectra which transform the trivial
spectrum into the desired one; Step B requires one to compute orthonormal eigenbases for
each F,. These steps are addressed in Chapters 4 and 3, respectively.

Our second major contribution (Section 3.2) is to provide a more explicit algorithm
for Step B of Theorem 2. Theorem 7 provides a more explicit iterative algorithm for
constructing every sequence of vectors F = {f,}"_, in H,, whose frame operator FF* has
spectrum {/lm}fle and which satisfies ||f;||* = u, for all n. The proof of Theorem 7 involves
Lagrange interpolating polynomials and a few additional polynomial identities which set it
apart from prior theory. Of particular interest is the construction of UNTFs. While there are
a few algorithms which can construct UNTFs, little up to this point was known about the
manifold of all UNTFs. Two common ways of constructing UNTFs are by (i) truncating
a discrete Fourier transform basis [26] and (ii) using an iterative method called Spectral
Tetris [12]. Our results go far beyond the existing theory in that they not only show how
to construct all UNTFs, but they also show how to explicitly construct every frame whose
frame operator has a given arbitrary spectrum and whose vectors are of given arbitrary
lengths.

The third major contribution (Section 4.2) has been to provide an explicit algorithm,
called Top Kill, for constructing a sequence of inner eigensteps {{A,,,}"_,}"_, which satisfy

Definition 12. Given in Theorem 16, this algorithm refines Step A of Theorem 2 by giving

N

an explicit construction of a feasible set of inner eigensteps whenever {4,},,

majorizes
{,u,,}nN:]. The Schur-Horn Theorem gives that this set is nonempty if and only if {/ln}ﬁl\’:1

majorizes {,un}nN:l. Horn and Johnson [33] already proved that such a sequence exists,



however, their proof is not constructive. The Top Kill algorithm presented not only provides
an alternative proof of Horn and Johnson’s result, but it provides a method to explicitly
construct a sequence of eigensteps as required by Step A of Theorem 2.

Our fourth contribution (Section 4.3) as stated in Theorem 17 gives a complete

N and {u,}" . Unlike Top

characterization of the set of all eigensteps for a given {4,}
Kill which gives one strategy for constructing one sequence of eigensteps, Theorem 17
provides an algorithm for constructing all such sequences. We further show in Chapter 4
that the set of all such sequences is convex. Taken together, these results permit us, for the
first time, to explicitly parametrize the set of all frames whose frame operator has a given
spectrum and whose elements have a given set of lengths.

The next two major contributions are results of the frame completion problem; that
is, given a sequence of vectors Fy = { fn}nN:], we wish to complete the frame by adding
P additional vectors { fNﬂ,}l’j _, such that ||fy.pl> = pysp forall p = 1,... P, and such

N+P has spectrum {1,}*_ . In Chapter 5, we

that the new frame operator of F = {f,}
determine what it means for a sequence {ﬂm}n"f: , to be (a, u)-constructible (Theorem 39)
and show that constructibility relies upon a majorization constraint involving {1,,}*., and
the frame’s spectral partition matrix. The second major contribution in Chapter 5 is a
new algorithm called Chop Kill (Theorem 40) which is a generalization of the Top Kill
algorithm in Chapter 4. This algorithm enables us to explicitly construct a valid sequence of

continued outer eigensteps whenever {DS(A) j}jﬁi , majorizes {ty.p} i.e., for any (a, u)-

P
p=0
constructible sequence. Having a valid sequence of eigensteps, we then return to Step B
of the two-step process and use the algorithm given in Theorem 7 in order to explicitly
construct the added frame vectors { fy. p}[’j -

Finally, our last major contribution (Section 6.2) as stated in Theorem 48, is a closed-
form solution for the optimal (a, u)-constructible sequence in the special case that {y]\p,,,}[lj:l

are all of equal lengths. To prove this result, we measure optimality with respect to



majorization, and show that the optimal («, @t)-constructible sequence is the the one which
is majorized by all other sequences which can be built from {a,,},_, and {un.,},_;, i.€., all
other (a, u)-constructible sequences.

The following is a list of current publications that have arisen from my PhD studies:

Journal Articles

1. Cahill, Jameson, Matthew Fickus, Dustin G. Mixon, Miriam J. Poteet and Nate
Strawn. “Constructing finite frames of a given spectrum and set of lengths,” to appear

in Applied and Computational Harmonic Analysis, 22 pages (2012).

2. Fickus, Matthew, Dustin G. Mixon, Miriam J. Poteet and Nate Strawn. “Constructing
all self-adjoint matrices with prescribed spectrum and diagonal,” submitted to:

Advances in Computational Mathematics, 20 pages.
Book Chapters

1. Fickus, Matthew, Dustin G. Mixon and Miriam J. Poteet. “Constructing all finite
frames with a given spectrum,”’ in Finite Frames: Theory and Applications, P. G.

Casazza and G. Kutyniok eds., Birkhauser, pp. 55-107 (2012).
Conference Proceedings

1. Fickus, Matthew, Dustin G. Mixon and Miriam J. Poteet. “Frame completions for

optimally robust reconstruction,” Proceedings of SPIE, 8138: 81380Q/1-8 (2011).

1.2 Outline

In Chapter 2, we review the relevant background literature of frames, majorization,
and interlacing. In Chapter 3, we present one of our main result (Theorem 2) which
characterizes and proves the existence of sequences of vectors that generate a given
sequence of outer eigensteps. We then present a second major result (Theorem 7)

which provides a more explicit iterative algorithm for constructing every sequence of



M

_, and which

vectors F' = { fn}f;’=1 in H,, whose frame operator F'F* has spectrum {A,,}
satisfies ||f,l> = u, for all n. Chapter 4 contains the Top Kill algorithm and a result
(Theorem 17) which gives a complete characterization of the set of all eigensteps, as
needed by Step A of Theorem 2. Finally, we discuss frame completions in Chapters 5
and 6. Specifically, Chapter 5 contains the Chop Kill algorithm and a result (Theorem 39)
which determines when a sequence is (@, )-constructible. Chapter 6 contains our final

major result (Theorem 48) which is an explicit formula for the optimal («, u)-constructible

sequence in the special case that {uy, p}lf _, are all of equal lengths.



II. Literature Review

In this chapter, we review the literature that is relevant to our research. In Section 2.1,
we discuss the relevant frame theory literature. Simply stated, frames are redundant sets of
vectors in a Hilbert space. In contrast to unique representation of vectors with respect to a
given basis, frames provide a means of representing any f in H, in terms of overcomplete
sets of vectors. Frames have many useful applications including, but not limited to, their
resiliency to additive noise and quantization [27], and erasures [26].

In Section 2.2, we discuss literature relevant to majorization. Namely, given two

N N

nonnegative nonincreasing sequences {4,},_, and {u,},_,, we say that {/l,,}nl\’:1 majorizes

(), denoted {4}, = {uab ), if

n

Zﬂ"’ zZn:un, Vn=1,...,N-1,
n'=1

n’=1

n’=1 n’=1
Hardy et al. discussed many of the main ideas of majorization in their 1934 book
Inequalities [29]. From that point forward, the concepts of majorization have been applied
to a broad spectrum of fields from statistical mechanics to graph theory [2].

Also in Section 2.2, we discuss the background literature of interlacing. We say a

M
m=1

M

interlaces on another such sequence {8,,},_,,

nonnegative nonincreasing sequence {y,,}

denoted {8, € {y,,}"_,, provided

m=1 =

Bu<yu <PBu-1 <yu1 <SP <y <B <.

M
m=1

Under the convention vy, := 0, we have that {,8,,1},1‘1:1 C {yn},_, ifand only if y,,.; < B, <
vm forallm =1,..., M. In the context of our research, interlacing is applied to the spectra
of partial sums of the frame operator, and is also useful in that it provides an alternative

way of viewing majorization [33].



2.1 Frames

Frame theory was first introduced by Duffin and Schaeffer in 1952 in their paper
on nonharmonic Fourier series [20]. The fact that frames may be redundant makes
them useful in many signal processing applications where data loss and degradation are
a concern [35, 36]. In particular, quantization error is introduced in analog-to-digital
conversion, that is, when a signal that is varying continuously is restricted to a set of discrete
values. There, round-off and truncation errors may distort the signal. While not always
realistic, additive noise can be used to model channel noise and/or quantization errors.
Goyal et al. found that consistent reconstruction methods yielded smaller reconstruction
errors than that of classical methods and that UNTFs are optimally robust with respect to
additive noise [26, 27].

Another application of frames is that of data transmission. For example, when data
is transmitted over a communications network such as the internet, it is possible that the
information being transmitted can be distorted or lost due to network errors. When modeled
in terms of frames, this corresponds to erasures, namely having some of the transform
coeflicients are lost during the transmission. Erasures of frame coefficients have been
well studied [13, 26, 31]. In particular, it has been shown that UNTFs are useful for data
transmission which is robust against erasures [13]. One useful class of UNTFs in this
setting are harmonic tight frames (HTFs) which are constructed from a discrete Fourier
transform basis [13].

In light of these applications, we often want to choose a frame that is optimal with
respect to certain criteria. The authors of [5, 26, 27] have already explored metrics such
as the MSE (1.3) and FP (1.4) as a means of quantifying reconstruction errors in the
applications mentioned above, and have shown that unit norm frames minimize these
quantities if and only if they are tight [5, 26]. In particular, for an M X N UNTF the

minimum value of the FP is precisely Nﬁz [5]. In regards to channel noise and quantization



errors, consistent reconstruction methods were shown to be optimal, with the MSE of the

reconstruction being equal to % where o is the variance of the added noise [27]. UNTFs
are also known as Welch-Bound-Equality sequences since they give equality to the Welch
bound, that is Tr[(FF*)?] = Nﬁz [47, 48]. These sequences are shown to be the optimal
signature sequences in CDMA systems [46].

When considering frames for applications such as those mentioned above, we often
wish to retain control over the spectrum of FF* and the lengths of the frame vectors [24].
Of particular interest is the construction of UNTFs. It is known that the manifold of all real
MxN UNTFs, modulo rotations, has dimension (N—M—1)(M—1) when N > M [22]. When
M = N + 1, it is shown in [26], that such tight frames are essentially unique. Additionally,
it is shown in [43] that explicit local parameterizations of this manifold can be constructed.
Since the columns of F must have unit norm and the rows must be orthogonal, constructing
a UNTF is not an easy task as it involves solving a large system of quadratic equations. In
fact, only a few algorithms exist which can construct examples of such frames, and even
then, they only construct a finite subset of this continuous manifold. Two common ways of
constructing UNTFs are HTFs [26] and iteratively by a method called Spectral Tetris [12].
Tight frames can also be constructed via a method based on alternating projections as
discussed in [45] and by using Householder transformations [23].

Algorithms constructing UNTFs have also been proposed to address the Paulsen
problem: How close is a frame which is almost tight and almost unit norm to some UNTF?
This question arises in applications when given an initial frame, it may be more desirable
to transform the given frame into a UNTF which, as described above, is optimal for a
variety of reasons. It is shown in [11] that for a given unit norm frame, a nearby UNTF can

iteratively be found by a method of gradient descent of the frame potential. Additionally,

Bodmann and Casazza [6] have shown that equal-norm Parseval frames (frames for which

10



A = B = 1) can be constructed via a method based on a system of ordinary differential
equations.

Tight frames can also be constructed from an existing set of vectors. That is, given an
initial sequence of vectors, additional vectors with prescribed norms are added in order to
construct a tight frame. The necessary and sufficient conditions for the existence of such
frames can be found in [39]. In [23], the problem of tight frame completions is considered
as well as finding a lower bound for the number of vectors to add in order to construct a
tight frame. However, as the authors of [23] point out, when the added vectors are required
to be unit norm, the lower bound they propose is not a true lower bound. Massey and
Ruiz [39] considered this problem as well, and calculate the minimum number of vectors
to add regardless of whether they are unit norm or not. Additionally, they provide an
algorithm for constructing a tight frame completion from an initial sequence of vectors.

For real world applications, it may be desirable to complete the frame in such a way
that it is optimal with respect to certain criteria. For example, in cases where part of a
signal being transmitted is distorted by noise or lost due to network errors, an optimal
frame would be one that minimizes the reconstruction error. Constructing a UNTF for a
given application may not always be achievable if one is restricted to adding only a finite
number of new vectors in order to complete the frame. Moreover, in this setting, it is not
straightforward to optimally complete the frame. Massey, Ruiz, and Stojanoft show in [40]
and [41] that determining optimality of a frame completion does not have to be limited to
the MSE and the FP, but rather can be measured with respect to majorization. In short, they
show that optimal frame completions are minimizers of a family of convex functionals,
that includes, but is not limited to the MSE and FP. Algorithms for solving for the optimal
frame completion can be found in [40] and [41]; however, as the authors note in [41], the

algorithm’s performance in cases when a larger number of vectors is added or when the

11



dimension of the space is large is contingent upon a conjecture which they have yet to
prove.

As we will show in the chapters that follow, for the first time, we have been able to go
beyond the existing theory of constructing UNTFs by showing how to explicitly construct
every frame belonging to the manifold of all real UNTFs. Moreover, we provide a partial
solution to the frame completion problem we posed in [24] and present an algorithm for
finding the optimal frame completion in a special case which can be implemented in a finite
number of iterations. Being able to explicitly construct every frame whose frame operator
has a given arbitrary spectrum and whose vectors are of given arbitrary lengths requires
existing theory of majorization and the Schur-Horn Theorem which are discussed in the

following section. Relevant interlacing literature is also discussed.

2.2 Majorization and interlacing

Majorization arises in a variety of contexts including combinatorial analysis, matrix
theory, numerical analysis, and statistics just to name a few [2, 29]. Here, we are interested
in how the majorization inequalities apply to matrix theory. Specifically, the concept of
majorization was used by Schur in [42] where he showed that the spectrum of a self-
adjoint positive semidefinite matrix necessarily majorizes its diagonal entries. Some
time later, Horn [32] proved the converse: if {/ln}ﬁlv:1 > {,un}nNzl, then there exists a self-
adjoint matrix that has {/l,,}n]":1 as its spectrum and {,u,,}nN: , as its diagonal [32]. Combining

these two results gives the Schur-Horn Theorem which states that there exists a positive

N

V. and diagonal entries {,}"_, if and

semidefinite self-adjoint matrix with spectrum {A,} el

only if {4}, > {u,}"_,. Alternative proofs of this theorem are given in [37].
Existence of frames with predefined lengths have been studied in [10, 21]. In regards
to tight frames, Casazza et al. gave necessary conditions upon a set of lengths {u,} | to

prove existence of tight frames for which ||f,|| = w, for all n. Moreover, it is shown that

N
p=1 "R RERAnRg A J IR ey MR PR Ry AR Nn=1,...,

for any set of lengths {u,}

12



]‘1—4 ZnNzl ;1,%, there exists a tight frame for which ||f,|| = w, for all n. Viswanath and
Anantharam [46] independently discovered the fundamental inequality when constructing
optimal signature sequences for CDMA systems. The connection between constructing
optimal CDMA signature sequences and the Schur-Horn Theorem is discussed in [44], and
finite-step algorithms for constructing such sequences are given.

In context of our research, by applying the Schur-Horn Theorem to the Gram matrix
F*F, whose diagonal entries are given by {|| fnllz}r’)’:] and whose spectrum is {/l,,}Q’:l, we are
able to determine when a frame with prescribed spectrum and lengths exists. Here it is
important to note that the spectrum of the Gram matrix F*F is a zero-padded version of the
spectrum {/lm}n"f:1 of the frame operator FF*. In [1], Antezana et al. make the connection
between the Schur-Horn Theorem and majorization explicit, extending the Schur-Horn
Theorem to give conditions on the existence of frames with prescribed norms and frame
operator F'F*. This connection is also made clear in [45]. Majorization also plays a role in
the frame completion problem and is used to determine which frames can be built from a
preexisting set of vectors.

Also of interest is the problem of explicitly constructing frames which satisfy the
Schur-Horn Theorem. Algorithms relying on Givens rotations [14, 15, 18, 19] have been
used to produce self-adjoint matrices with a given majorized diagonal. Dhillon et al., in
particular, improve upon the Chan-Li [15] and Bendel-Mickey [4] algorithms and present
more generalized versions of these algorithms which have the ability of constructing a
much larger subset of the corresponding manifold of desired matrices. Chu [16] also
considered constructing such matrices via a lift-and-projection method and a projected
gradient method. Each of these methods provides a more constructive proof of Horn’s

original result [32]. In the remainder of this section, we discuss interlacing and its relevance

to majorization.

13



Interlacing inequalities arise when considering the relationship among eigenvalues
of principle submatrices [34, 49] and have also been applied to matrices associated with
graphs [28]. Interlacing is also useful in that it provides an alternative way of viewing
majorization [33]. Here we consider the inverse eigenvalue problem which involves
reconstructing a matrix from prescribed spectral data. Inverse eigenvalue problems not
only pose spectral constraints, but also structural constraints upon a solution matrix. A
survey of how interlacing applies to these types of problems can be found in [7], and more
recently in [17].

For our research, interlacing comes into play by considering partial sums of the frame
operator (3.4). First let {4, }%: , and {4, l;m},’:f: , denote the spectrum of F, F, and F , F |,
respectively. Here, F,, denotes the M xn submatrix of the M XN matrix F obtained by taking
its first n columns. By applying a classical result in [33]to F, .\ F'., = F . F, + f . ",

where f . f~  is a rank-one positive operator, it can be shown that {/ln+1;m}n1‘f:1 interlaces

with {/l,,;m}fn”:l. Another result of Horn and Johnson, which will be revisited in Chapters 3

and 4, states that given sequences {4,}"_ and {u,}" | such that {1,}"_, > {u,}"_, there

n=1°

exists a sequence {1,}"~! such that {1,}"

N N interlaces with {4,}"=! and {4,}"" majorizes
{ua ) 1331

1 1
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III. Constructing frames of a given spectrum and set of lengths

In this chapter, we provide an algorithm for how to explicitly construct every frame
whose frame operator has a given arbitrary spectrum and whose vectors are of given
arbitrary lengths. The major results are Theorem 2, which gives a two-step algorithm for
constructing all such frames, and Theorem 7, which makes Step B of Theorem 2 much
more explicit and implementable.

In order to construct all such frames, we make use of the existing theory of
majorization and the Schur-Horn Theorem. Namely, given two nonnegative nonincreasing

N N

sequences {4,},_, and {u,},_,, recall that {4,}

{/’ln}f;]:] ) 1f

N

N | majorizes {u,}Y |, denoted {1,} >

n=1’ n=1 =

Zn:/lnfzznl,unf Vn=1,...,N—-1, 3.1

n’;l n’;l
Z Ay = Z,u,,,. (3.2)
n'=1 n'=1

One of Schur’s results stated that the spectrum of a self-adjoint positive semidefinite matrix
necessarily majorizes its diagonal entries [42]. Some time later, Horn showed that if
AN > {,un}f;’:], then there exists a self-adjoint matrix that has {/l,,}f;’:1 as its spectrum and

n=1 —

{,un}fl’zl as its diagonal [32]. Combining these two results gives the Schur-Horn Theorem:

Schur-Horn Theorem. There exists a positive semidefinite self-adjoint matrix with

spectrum {/ln}flv=1 and diagonal entries {,u,,}fzvz1 if and only if {/1,,}2’:1 > {'u”}nN=1'

By applying this theorem to the Gram matrix F*F, whose diagonal entries are given
by {|| fnllz}nN:] and whose spectrum is {/ln}r’:’:1 , we are able to determine when a frame with
prescribed spectrum and lengths exists. Here it is important to note that the spectrum of the
Gram matrix is a zero-padded version of the spectrum {A,,}*_ of the frame operator FF*.

The only difference between the eigenvalues of the Gram matrix and the frame operator is

zero eigenvalues; that is, 4, = 0for M <n < N.
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For the current research, we consider an alternative approach to majorization which

involves the repeated application of eigenvalue interlacing [33]. Recall that we say a

M
m=1

M

nonnegative nonincreasing sequence {y,,} >

interlaces on another such sequence {3,,}

denoted {8, € {y,,}"_,, provided

m=1 =
B <Y <Pu-1 <Y1 << <y <P <. 3.3)

Interlacing arises in frame theory in the following context: given any sequence of vectors

F =1 f,,},’:’=1 in Hy,, then forevery n = 1, ..., N, we consider the partial sequence of vectors

F, :={f,}_,. Note that F,, = F and the frame operator of F,, is

FFy= > fuf. (3.4)

n'=1
Let {/1,1;,,1}”";’:l denote the spectrum of (3.4). Forany n = 1,...,N — 1, (3.4) gives that
F . F.  =FF,+f. f..Byaresultin[33]involving the addition of rank-one positive

operators we know that {4,.,,}*_ C {/ln+1;m}%: ,- That is, the spectrum of the (n + 1)st partial

m=1 =
sum interlaces on the spectrum of the nth partial sum. Moreover, if ||f,||> = u, for all
n=1,...,N, then for any such n,
M n n
> A = Te(F, Fy) = Te(F3F,) = Y MfelP = ) o (3.5)
m=1 n’=1 n’=1

Thus, for any given frame, the sequence of the spectra of its partial frame operators satisfies
a set of interlacing and trace conditions. As such, in order to construct a frame F with
prescribed spectrum and lengths, we give a name to sequences of interlacing spectra that

satisfy (3.5):

Definition 1. Given nonnegative nonincreasing sequences {4,,}*_, and {i,}"_,, a sequence

of outer eigensteps is a doubly-indexed sequence of sequences { {/l,,;m}%:1 }”N:0 for which:
(i) The initial sequence is trivial: Ay, =0, Vm=1,..., M.

(ii) The final sequence is {4} 0 Ayyw = Aw, Ym =1,..., M.
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(iii) The sequences interlace: {/1,1_1;,,,}"1‘14:1 cE {/ln;m}nl‘le, VYn=1,...,N.

M n
(iv) The trace condition is satisfied: Z Ay = Z Uy, Y =1,...,N.

m=1 n’=1

N

We refer to the values {{A,,}*}

as outer eigensteps since they arise from sums
of outer products of the f,,’s (frame operators). Every sequence of vectors whose frame
operator has the spectrum {1,,}*_ and whose vectors have squared lengths {yn}fyzl generates
a sequence of outer eigensteps. In the remainder of this chapter, we show that the converse
is also true. To be precise, one of our main results, Theorem 2, provides an algorithm for

explicitly constructing every possible finite frame of a given spectrum and set of lengths,

in terms of such eigensteps.

3.1 The necessity and sufficiency of eigensteps

In this section, our goal is to prove the following theorem:

N

Theorem 2. For any nonnegative nonincreasing sequences {/lm}f‘nl:1 and {u,},_,,

every

N

sequence of vectors F = {f,}_, in Hy whose frame operator FF* has spectrum {4 M

m=1

and which satisfies || f,||* = . for all n can be constructed by the following process:

A. Pick outer eigensteps {{/l,,;m}f:: 1}2’:0 as in Definition 1.
B. Foreachn=1,...,N, consider the polynomial:
M
pa(x) = | [ = ). (3.6)
m=1
Take any fi € Hy; such that ||fi||* = u1. For eachn = 1,...,N — 1, choose any f,.
such that
. n+1(X)
1Py st I = = limx — )22 (3.7)
x=2 Pn(X)

forall A € {/ln;m}fn’lzl, where P,., denotes the orthogonal projection operator onto the
eigenspace N(Al — F F}) of the frame operator F,F, of F, = {fy},_,. The limit

in (3.7) exists and is nonpositive.
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Conversely, any F constructed by this process has {4,,}"_, as the spectrum of FF* and
full> = w, for all n. Moreover, for any F constructed in this manner; the spectrum of F,F

is { )™, foralln =1,...,N.

Theorem 2 is not an easily-implementable algorithm nor does it address the existence
of such an F for a given {/lm}fgzl and {,un}i":l. Later in this chapter, we will address Step B
and how to compute orthonormal eigenbases for each F,. In the following chapter, we
discuss Step A which requires one choose a valid sequence of eigensteps. In order to prove

Theorem 2, we first prove the following lemma:

M}N

Lemma 3. Let {1,,}" . and {/1,,}2’:1 be nonnegative and nonincreasing, and let {{A,;.},,_ },_,

m=1
be any corresponding sequence of outer eigensteps as in Definition 1. If a sequence of
vectors F = { fn}nl\':1 has the property that the spectrum of the frame operator F, F, of
Fo = A{ful_ is (A} foralln = 1,...,N, then the spectrum of FF* is {A,,}*_ and

m=1 m=1

||fn”2 = /lnfOI" alln=1,...,N.

Proof. Definition 1.(ii) immediately gives that the spectrum of FF* = F F}, is indeed

{3 = {Anm)™,, as claimed. Moreover, for any n = 1,..., N, Definition 1.(iv) gives

n M n
Sl = TUFF) = TE,ED = Y A = Y (3.8)
n’'=1 m=1 n'=1

Letting n = 1 in (3.8) gives ||fi]|*> = u;, while for n = 2, ..., N, considering (3.8) at both n

and n — 1 gives

n n—1 n n—1
2 2 2
WAIE = D el = DT MFlP = Dt = > e = . 0
n'=1 n'=1 n'=1 n'=1

The next result gives conditions that a vector must satisfy in order for it to perturb the
spectrum of a given frame operator in a desired way, and was inspired by the proof of the

Matrix Determinant Lemma and its application in [3].

M
m=1

Theorem 4. Let F,, = {f,/},_, be an arbitrary sequence of vectors in Hy; and let {A,,,}

denote the eigenvalues of the corresponding frame operator F,F,. For any choice of f,.\
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in Hy,, let Fr,\q = {fn,}Z,ﬂl. Then for any A € {A,,,}™.,, the norm of the projection of fy.
onto the eigenspace N(Al — F,F?) is given by

Pr+1 (X)
Pa(x)

where p,(x) and p,.1(x) denote the characteristic polynomials of F F' and F__ F*

nt n n+1° n+1’

1Poifoll? = = limCx = )

respectively.

Proof. For the sake of notational simplicity, we let F' := F,, f := fyyandso F,_ F* =

n+1" n+l

FF* + ff*. Suppose x is not an eigenvalue of F,  F”_ .. Then:

n+l" n+l°

Pns1(x) = det(xl = FF" = ff)
= det(xI — FF*)det(I — (xI — FF*)"' £ f*)

= pa(x)det(I — (xI = FF*)™' ff). (3.9)

We can simplify the determinant of I — (xI — FF*)~! f f* by multiplying by certain matrices

with unit determinant:

det(I— (xI — FF*)"' £ )

q I 0 I—(xI FF) L ff ~(xI=FF)'fIl T 0
= det
»f* 1_ i 0 1 -1
_I 0— — I ~(xI = FF7'f
= det
_f* 1_ _—f* 1
>I —(xI - FF"™!
_ det (x ) f
_O 1 - f*(xI - FF*)'f

=1-f(xI-FF)'f. (3.10)

We now use (3.9) and (3.10) with the spectral decomposition FF* Z ApmU Uy,

m=1

Prat(x) = pu0(1 = F(xl = FF*)" f)—pn(X)(l—Zl
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Rearranging (3.11) and grouping the eigenvalues A = {A,,,})_, according to multiplicity
then gives

Prni(¥) _ Z (S um)P - Z 1P I

Vx ¢ A.
pn(x) X — /ln,m x=A * ¢

A eN
As such, forany 4 € A,

2
tim(e - 22D~ g - - WP 11 )

N ES) &a-a
= tim] v = ) = P f 1P = " Py fIP
A#A4
= —[PuafIF,
yielding our claim. O

While the following two lemmas depend only on basic algebra and calculus, their

results will be used in the proof of Theorem 2.

Lemma S. If ,Bm _, and {)/m} _, are real and nonincreasing, then {,Bm {7/,,,},11‘;":1 if
and only if
ll%l(x ,Bm)%ﬁo Ym=1,...,M,

M
where p(x) = ]_[(x ~Bu) and g(x) = ﬂ(x Yo

Proof. (=) Let {ym}m , interlace on {BnM m1»andlet A = B, forsomem = 1,..., M. Letting
L, denote the multiplicity of A as a root of p(x), the fact that {8,,}"_ C {y,,}*_ implies that
the multiplicity L, of A as a root of g(x) is at least L, — 1. Moreover, if L, > L, — 1 then

our claim holds at A since

lim(x — /l)ﬂ 0<0.

x=4 p(x)

Meanwhile, if L, = L, — 1, then choosing m, = min{m : §,, = A} gives

Bm>/l’ 1 S m S mp_l,
Bn =4, m, < m < m,+ L[, -1, (3.12)
Bn<ad, my+L, < m < M
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We now determine a similar set of relations between A and all choices of y,,. For 1 <m <
mp,— 1, interlacing and (3.12) imply y,, > ,, > A. If instead m,+1 <m <m,+L, -1, then
interlacing and (3.12) imply A = 8, < v, < B—1 = 4 and so y,, = A. Another possibility is
to have m, + L, + 1 < m < M, in which case interlacing and (3.12) imply vy,, < B,,-1 < 4.

Taken together, we have

IA

Ym > A, I < m my, — 1,
YV = 4, my+1 < m < m,+L,—1, (3.13)
Ym<Ad, m,+L,+1 < m < M.
Note that (3.13) is unlike (3.12) in that in (3.13), the relationship between ,, and A is still
undecided for m = m, and m = m, + L,. Indeed, in general we only know y,,, > B, = 4,
and so either y,,, = A or y,,, > A. Similarly, we only know y,, 41, < By, +1,-1 = 4, s0 either
Ymy+r, = A O VYim,ir, < A. Of these four possibilities, three lead to either having L, = L, + 1
or L, = L,; only the case where y,,, > A and y,,,+1, < 4 leads to our current assumption

that L, = L, — 1. As such, under this assumption (3.13) becomes

’Ym > /L 1 S m S mp,

Ym = A, m,+1 < m < my+L,-1, (3.14)

IA

ym < /1’ mp+Lp S m M.

We now prove our claim using (3.12) and (3.14):

(x = )" ﬂ(x ) ]—[ (X =7m)

lim(x PG, il
()C) Py mp—1
(x=2) "]_[<x Bo) ﬂ (x =B
m=mp+L,
]—p[u o) ﬂ (A= 7m)
m=mp+L,
ml—l
]_[(A Bo) ]—[ (A= Bn)
m=mp+L,
< 0.
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(<) We prove by induction on M. For M = 1, we have p(x) = x — 8; and g(x) = x — yy,
and so if

. g(x) . PN C 4]
02}1_{211(36 ,31)? x_)f})}](x ﬁl)(x—,Bl)

then B, < vy, and so {y;} interlaces on {8}, as claimed. Now assume this direction of the

= lirg(x—”yl) =B -1,
X—p1

proof holds for M’ =1,...,M — 1, and let {Bm _, and {)/m}M be real, nonincreasing and
have the property that

11r}£1(x ,Bm)% <0 Vm=1,...,M, (3.15)

where p(x) and g(x) are defined as in the statement of the result. We will show that {y,,,}”"f:1
interlaces on {8,,}"_,

To do this, we consider two cases. The first case is when {8,,}"_ and {y,,}""_ have
no common members, that is, 8,, # v, for all m,m’ = 1,...,M. In this case, note
that if 8, = B, for some m # m’ then the corresponding limit in (3.15) would diverge,
contradicting our implicit assumption that these limits exist and are nonpositive. As such,
in this case the values of {3,,}*_ are necessarily distinct, at which point (3.15) for a given

m becomes:

0> lim (x - ,Bm)l_[ (X = Vo)

X=fm m)

n(ﬁm - Ym’)
— m];l

1_[ (ﬁm _IBm')

m'=1

m'£m

M
l_[(ﬁm - Ym')

= (3.16)

m—1

me Bow) ﬂ B = Bor)

m’' =m+1

Moreover, since 3,, # ¥, for all m,m’, then the limit in (3.16) is nonzero. As the sign of

the denominator on the right-hand side of (3.16) is (—1)""!, the sign of the corresponding
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numerator is

M
1" = sen( [ [6n = yw0)) = sent@a))  Vm=1,....m
m’'=1

Thus, for any m = 2,...,M, g(x) changes sign over [B,,B,-1], implying by the
Intermediate Value Theorem that at least one of the roots {ym}fgzl of g(x) lies in (B,, Bn_1)-
Moreover, since g(x) is monic, we have lim,_,. g(x) = oo0; coupled with the fact that
q(B1) < 0, this implies that at least one root of g(x) lies in (8, o). Thus, each of the
M disjoint subintervals of (5}, o) U [UM > (B> Bn- 1)] contains at least one of the M roots of
q(x). This is only possible if each of these subintervals contains exactly one of these roots.
Moreover, since {y,,}_, is nonincreasing, this implies 8 < y; and B,, < ¥ < By for all
m = 2,..., M, meaning that {y,,}"_ | indeed interlaces on {8,,}"_,.

We are thus left to consider the remaining case where {83,,} ey and {)/m} _, share at least

one common member. Fix A such that 8,, = 4 = y,, for at least one pairm,m’ = 1,..., M.

Let m, = min{m : B, = A} and m, = min{m : y,, = 4}. Let P(x) and Q(x) be (M — 1)-

degree polynomials such that p(x) (x — DP(x) and g(x) = (x — )Q(x). Here, our

assumption (3.15) implies

: gx) .. (x=DOx) PN C:
0= lim (x - ﬁm)ﬂ_xlig}”(x ’Bm)(x—/l)P(x) Hﬁm( Bm) Plx

; (3.17)
forall m = 1,...,M. Since P(x) and Q(x) satisfy (3.17) and have degree M — 1, our
inductive hypothesis gives that the r0ots {,,}uzm,0f Q(x) interlace on the roots {B,,}nzm, of
P(x).

We claim that m, is necessarily either m, or m, + 1, that is, m, < m;, < m, + 1. We
first show that m, < m,, a fact which trivially holds for m, = 1. For m, > 1, the fact that
Bt mem, E {¥Ymbmzm, implies that the value of the (m, — 1)th member of {y,,}nzm, is at least
that of the (m, — 1)th member of {8,,},+m,. That is, the (m, — 1)th member of {y,},m, 18 at

least 8,,,-1 > A, meaning m, — 1 < m, — 1 and so m, < m,, as claimed. We similarly prove

that m, < m, + 1, a fact which trivially holds for m, = M. For m, < M, interlacing implies
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that the m,th member of {B,,},u2m, 1s at least the (m, + 1)th member of {y,}usm,. That is,
the (m, + 1)th member of {y,,},zm, is at most B, .1 < A and so m, + 1 > m,, as claimed.

Now, in the case that m, = m,, the fact that {8,,}i2m, T {Ym}mem, implies that

Bu S Yu < < Bst < Ympst < Byt < Vmpet <0 <P < Y1 (3.18)

Since in this case ¥,,+1 = Y41 < A < Bp,-1, the terms B, = A and y,,, = ¥, = A can be

inserted into (3.18):

,BMS’)/MS..-SIBmPHS')/mpﬂS/lS/lSﬁmp_lﬁ’yml)_lg...SlglS,yl’

and so {,Bm}%=1 C {Ymlm=1. In the remaining case where m, = m, + 1, having {B,.}zm, E

{Ym}mzm, means that

ﬁM S ')’M S tee Sﬁm1,+2 S ')’mp+2 Sﬁmp-}-l S 7’np Sﬁmp—l S yml)_l S M Sﬁl S yl. (3.19)

Since in this case By;,+1 < A < Yim,-1 = Vm,» the terms ¥, 41 = ¥, = A and B, = A can be

inserted into (3.19):

ﬁMS')’MS -.-S')/mp-{-z Sﬁmp_'_l SAS/lS’)/mP S:Bmp—l S... Sﬁl S')’l
and so {8, C {y,,}*._, in this case as well. ]

Lemma 6. If {3, } s )/m}m \» and {0, )Y | are real and nonincreasing and

m=

q(x) r(x) B
Jim (x = )~ o = i lim (x = f,)—— o Vm=1,...,M,

where p(x) = ]_[(x Bu). 4(x) = ﬂ(x yu) and r(x) = ﬂ(x 6u). then q(x) = r(x)

m=1

Proof. Fixanym = 1,..., M, and let L be the multiplicity of 3,, as a root of p(x). Since

PG PRNAC)
Jim (= Bn) -~ o) = lim (e = Bn)— 5 ) (3.20)

where each of these two limits is assumed to exist, then the multiplicities of 3,, as a roots

of g(x) and r(x) are both at least L — 1. As such, evaluating /th derivatives at 3,, gives

24



qPBy) =0 =rdp,) foralll = 0,...,L— 2. Meanwhile, for [ = L — 1, I’'Hopital’s Rule

gives

9® _ 4 (x = )"

Jim (x - ﬁm)%‘ﬁﬁm G- BT )
(L U(ﬁm) L'
- <L—1)! POB)
Lq(L_l)(ﬁm)
= —p(L)(ﬁm) . (3.21)

Deriving a similar expression for r(x) and substituting both it and (3.21) into (3.20) yields
g VB, = r'*=Y(B,,). As such, ¢¥(B,) = r?(B,,) forall = 0,...,L—1. As this argument
holds at every distinct 3,,, we see that g(x) — r(x) has M roots, counting multiplicity. But
since g(x) and r(x) are both monic, g(x)—r(x) has degree at most M—1 and so g(x)—r(x) = 0

as claimed. O

With Theorem 4 and Lemmas 3, 5 and 6 in hand, we are ready to prove the main result

of this section.

Proof of Theorem 2. (=) Let {1,,})_ and {,u,,} , be arbitrary nonnegative nonincreasing
sequences, and let F = {f,}"_ be any sequence of vectors such that the spectrum of FF*
18 {/lm}n"f:l and ||f,||> = u, for alln = 1,...,N. We claim that this particular F can be
constructed by following Steps A and B.

In particular, consider the sequence of sequences {{d,,,}}"  defined by letting
{Aum}™_, be the spectrum of the frame operator F,F; of the sequence F, = {f,/}",_, for
all n = 1,...,N and letting Ao, = O for all m. We claim that {{4,,,}"_}"  satisfies
Definition 1 and therefore is a valid sequence of outer eigensteps. Note conditions (i)

M
ml}

and (ii) of Definition 1 are immediately satisfied. To see that {{4,.,} satisfies (iii),
consider the polynomials p,(x) defined by (3.6) for all n = 1,...,N. In the special case
where n = 1, the desired property (ii1) that {O}’ C {4 m} , follows from the fact that the

spectrum {A4;. m} _, of the scaled rank-one projection F | F| = f, f;" is the value || fill? =

25



along with M — 1 repetitions of 0, the eigenspaces being the span of f; and its orthogonal

complement, respectively. Meanwhile if n = 2,..., N, Theorem 4 gives that
. Pn(X) _
lﬁm (-x_/ln—l;m) ( ) ”Pn 1/ln1mfn| <O vm—la---aMa
X2 Apn-1;m I’l 1

implying by Lemma 5 that {/ln_l;m}ff:] C {4 ,,m} _, as claimed. Finally, (iv) holds since for

anyn=1,...,N we have

M n n
D A = THE,F) = THELF,) = D el = D s
m=1 n'=1 n'=1

M

M N, can indeed be chosen in

Having shown that these particular values of {{A,.,}
Step A, we next show that our particular F' can be constructed according to Step B. As the
method of Step B is iterative, we use induction to prove that it can yield F'. Indeed, the only

restriction that Step B places on f; is that || f;]|?

= uy, something our particular f; satisfies by
assumption. Now assume that forany n = 1,..., N — 1 we have already correctly produced
{fw}"_, by following the method of Step B; we show that we can produce the correct f,,
by continuing to follow Step B. To be clear, each iteration of Step B does not produce a
unique vector, but rather presents a family of f,,;’s to choose from, and we show that our
particular choice of f,,; lies in this family. Specifically, our choice of f,.; must satisfy (3.7)
for any choice of A € {A,,,}"_,; the fact that it indeed does so follows immediately from
Theorem 4. To summarize, we have shown that by making appropriate choices, we can
indeed produce our particular F by following Steps A and B, concluding this direction of
the proof.

(<) Now assume that a sequence of vectors F = { f,,}n]\’:1 has been produced according
to Steps A and B. To be precise, letting {{A,,}"_ 1}” _o be the sequence of outer eigensteps
chosen in Step A, we claim that any F = {f,}", constructed according to Step B has the
property that the spectrum of the frame operator F,F; of F, = {f,/}"._, is {Auu}}, for all

n=1,...,N. Note that by Lemma 3, proving this claim will yield our stated result that the

spectrum of FF™ is {/l,,,}”"f:1 and that || f,||> = u, foralln = 1,..., N. As the method of Step B
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is iterative, we prove this claim by induction. Step B begins by taking any f; such that
I/1lI* = p1. As noted above in the proof of the other direction, the spectrum of F,F} = f, f;
is the value y; along with M — 1 repetitions of 0. As claimed, these values match those of
{A1;m}M 5 to see this, note that Definition 1.(1) and (iii) give {0} = {2p,,}" | C {A1,)Y
and so Ay, = O forallm = 2,..., M, at which point Definition 1.(iv) implies 4;; = y;.
Now assume that for any n = 1,..., N — 1, the Step B process has already produced

F, = {f»}'_, such that the spectrum of F F is (M

m_1- We show that by following

n+l1

Step B, we produce an f,,; such that F,,; = {f,/}""_, has the property that {/l,m;m}f‘f:l 18

the spectrum of F_ F* .. To do this, consider the polynomials p,(x) and p,.;(x) defined

n+l" n+l°

by (3.6) and pick any f,,; that satisfies (3.7), namely

lim (x = Apm) 2 i) NPua fostl? Ym=1,..., M. (3.22)
X= Apm Pn(X) :

A

our goal is to show that {A,; 1., }"

m=1

Letting {/Al,,H;m}f‘nl:l denote the spectrum of F_ F*

n+1" n+l1°

{/1n+1;m}n1‘f: - Equivalently, our goal is to show that p,,;(x) = p,.1(x) where p,.;(x) is the
polynomial

M
) = [ [ = Duro).
m=1

Since p,(x) and P, (x) are the characteristic polynomials of F,F, and F, F;, |,

respectively, Theorem 4 gives:

fim (= A2 _ p p P Vm= 1. M. (3.23)

X2 Aym Pn ()C)

Comparing (3.22) and (3.23) gives:

T T R iGN 31C Y L 72
X= Ay pn(X) X=Aum pn(-x)
implying by Lemma 6 that p,,;(x) = p,+1(x), as desired. m|

3.2 Constructing frame elements from eigensteps

In the previous section, we proved that Theorem 2 provides a two-step process for

N
n=1

constructing any and all sequences of vectors F' = {f,}_, in H,, whose frame operator
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possesses a given spectrum {4,,}_ and whose vectors have given lengths {1,}" . In this
section, we focus on improving Step B, namely how we can explicitly construct any and
all sequences of vectors whose partial-frame-operator spectra match the outer eigensteps
chosen in Step A. While the algorithm below appears very technical, it can nonetheless be
performed by hand or numerically using programs such as MATLAB. MATLAB code for

implementing this algorithm has been included in the appendix.

M
m=1

Theorem 7. For any nonnegative nonincreasing sequences {A,,} and {,un}f;’:l, every

M

sequence of vectors F = { fn}nN=1 in Hy whose frame operator FF* has spectrum {4}, _,

and which satisfies || f,||* = . for all n can be constructed by the following algorithm:

N

A. Pick outer eigensteps {{ )"},

as in Definition 1.

B. Let U, be any unitary matrix, U, = {ul;m}%:], and let fi = +Juiuy;. For each
n=1,...,N-1:

B.1 LetV, be an M X M block-diagonal unitary matrix whose blocks correspond to
the distinct values of { A}, with the size of each block being the multiplicity

of the corresponding eigenvalue.

B.2 Identify terms which are common to both {/ln;m}frf: L and {A,, l:m}nﬂf: |- Specifically:

o Let I, C {1,..., M} consist of those indices m such that A,,, < Ay for
all m" < m and such that the multiplicity of A, as a value in {A,.,» }%:1
exceeds its multiplicity as a value in {1y }%:1.

o Let 9, C{1,..., M} consist of those indices m such that A,.1.,m < Api1w for
all m" < m and such that the multiplicity of A,., as a value in {41, }%:1

exceeds its multiplicity as a value in {/ln;m/}%:l.

The sets I, and [, have equal cardinality, which we denote R,. Next:

28



e Let nty, be the unique permutation on {1, ..., M} that is increasing on both

I, and I and such that iy, (m) € {1,...,R,} forallm € 1,. Let 11z, be the

associated permutation matrix 1z, 6, = 6x; (m)-

o Let g, be the unique permutation on {1, ..., M} that is increasing on both

Inand J; and such that nq (m) € {1,...,R,} for all m € J,. Let 114, be

the associated permutation matrix g, 0, = 0z, (m)-

B.3 Letv,, w, be the R, X 1 vectors whose entries are

D=

1_[ (A = A1
_ m//ej'n
vu(tr, (m)) = l_[ L = Ao Yme L,
n,m nm
m’el,
| m’” #m
) 2
l_[ (/ln+l;m’ - /ln;m"
, m'’erl, /
(e (1)) = Ym' € 9,.
’1( jn( )) n (/ln+l;m’ - /ln+1;m” Ir
m//€$1
L m"" £m’

B4 fu1 = U,V,ITL

Zeros.

B.5 Uy = U,V,ITL

W, (rr, (m), g, (m)) =

Vn

Vn
, where the M X 1 vector is v, padded with M — R,
0 0

n . . .
I14, where W, is the R, X R,, matrix whose entries are:

0 1

Tooror = Ao Va(mr, (m)wy (g, (m")).

Conversely, any F constructed by this process has {A,,}"_ as the spectrum of FF* and

Ifall? = o for all .

m=1

Moreover, for any F constructed in this manner and anyn = 1,..., N, the spectrum of the

frame operator F,F;, arising from the partial sequence F, = {f,/}'._, is {Ayn}',, and the

columns of U, form a corresponding orthonormal eigenbasis for F,F.
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Before proving Theorem 7, we give an example of its implementation, with the hope
of conveying the simplicity of the underlying idea, and better explaining the heavy notation

used in the statement of the result.

Example 8. We now use Theorem 7 to construct UNTFs consisting of 5 vectors in R>.
Here, 4y = 1, = A3 = % and yu; = uo = u3 = uy = us = 1. By Step A, our first task is to pick
a sequence of outer eigensteps consistent with Definition 1, that is, pick {4;.1, 412, 41:3},

{A2:1, A2z, 23}, {431, A3, A33} and {A4.1, s, Aa3} that satisfy the interlacing conditions:

{0,0,0} E {411, A12, A3}
{11, A2, st E {42, Ao, Aoa)
{21, A2, a3} E {4301, A3, A3z} (3.24)
{431, 432, A3a} E {Aaor, Aa, Aaa)

{415 Aazs Aaz) E (3,3, 3),
as well as the trace conditions:

11;1 + /11;2 + /11;3 = 1, /12;1 + /12;2 + /12;3 = 2, (325)

/13;1 + /13;2 + /13;3 =3, /14;1 + /14;2 + 14;3 =4,

Writing these desired spectra in a table:

n 0 1 2 3 4 5

5
Az O 9 9 9 9 S
Ay 0 ? ? ? ? 2
At 0 ? ? ? ? 2

the trace condition (3.25) means that the sum of the values in the nth column is ), _, i,y =
n, while the interlacing condition (3.24) means that any value 4,,,, is at least the neighbor

to the upper right A,;1.,+1 and no more than its neighbor to the right 4,,,;.,. In particular,
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for n = 1, we necessarily have 0 = App, < A1 < Apy =0and 0 = Ap3 < ;3 < App =0
implying that 4;, = A;3 = 0. Similarly, for n = 4, interlacing requires that % = Asp <
Ay < Asy = 2 and 3 = As3 < Ay < Asp = 3 implying that Ay = Ayp = 3. That is, we

necessarily have:

n 0 1 2 3 4 5
Az 0 0 ? ? ? 2
5 5

Az 0 0 ? ? 2 2
5 5

Applying this same idea again forn = 2 and n = 3 gives 0 = A;3 < A3 < A1» = 0 and

% =Agp < A3 L Ay = %, and so we also necessarily have that 1,3 = 0, and A3, = %

n 0 1 2 3 4 5
Az 0 0 0 ? ? 2
Az 0 0 ? ? 2 2
An1 0 ? ? 3 3 3

Moreover, the trace condition (3.25) atn =1 gives 1 = Ay + 412 + 413 = 41, + 0+ 0 and

so Ay, = 1. Similarly, the trace condition at n = 4 gives 4 = A1 + Adap + dgz = 3 + 3 + Aa3

and so 43 = %t
n 0 1 2 3 4 5
2 5
An3 0 0 0 ? 5 3
5 5
An2 0 0 ? ? 3 3
5 5 5
An:1 0 1 ? 3 2 2

The remaining entries are not fixed. In particular, we let A3.; be some variable x and note

that by the trace condition, 3 = A3 + A3 + A3 = X+ A3p + 2 and 50 A3 = 3 — x. Similarly
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letting A, =y gives Ay, =2 —y:

n 0 1 2 3 4 5
A, 0 0 0 X 2 5
’ 3 3 (3.26)
/ln;Z O O y ;_1 - X % %
P S T S S

We take care to note that x and y in (3.26) are not arbitrary, but instead must be chosen so

that the interlacing relations (3.26) are satisfied. In particular, we have:

{30, A3, A33} E { g1, g, gz} &= x<3<3-x<3,
{A21, Ao, o3} E {51, A32, A33) &= 0<x<y<3-x<2-y<3, (3.27)
{Ais iy s E{An, Ao, Aozl &= 0<y<1<2-y

By plotting each of the 11 inequalities of (3.27) as a half-plane (Figure 3.1(a)), we obtain a
5-sided convex set (Figure 3.1(b)) of all (x, y) such that (3.26) is a valid sequence of outer
eigensteps. Specifically, this set is the convex hull of (0, %), (%, %), (%, %), (%, 1) and (O, % .
We note that though this analysis is straightforward in this case, it does not easily generalize

to other cases in which M and N are large.

To complete Step A of Theorem 7, we pick any particular (x, y) from the set depicted

in Figure 3.1(b). For example, if we pick (x,y) = (0, %) then (3.26) becomes:

n 0 1 2 3 4 5
a0 0 0 0 2 s
3 3 3 (3.28)
Az 0 0 3 3 3 3
Ao O 1 s s s :

We now perform Step B of Theorem 7 for this particular choice of outer eigensteps. First,

we must choose a unitary matrix U;. Considering the equation for U,.; along with the fact

32



L
Y

o SBwivf

(a) (b)

Figure 3.1: Pairs of parameters (x,y) that generate a valid sequence of outer eigensteps
when substituted into (3.26). To be precise, in order to satisfy the interlacing requirements
of Definition 1, x and y must be chosen so as to satisfy the 11 pairwise inequalities
summarized in (3.27). Each of these inequalities corresponds to a half-plane (a), and the
set of (x,y) that satisfy all of them is given by their intersection (b). By Theorem 7, any
corresponding sequence of outer eigensteps (3.26) generates a 3 X 5 UNTF and conversely,
every 3 X 5 UNTF is generated in this way. As such, x and y may be viewed as the two
essential parameters in the set of all such frames.

that the columns of Uy will form an eigenbasis for F, we see that our choice for U; merely
rotates this eigenbasis, and hence the entire frame F, to our liking. We choose U; = I for

the sake of simplicity. Thus,
1

fi = Vg =|0]-
0
We now iterate, performing Steps B.1 through B.5 for n = 1 to find f, and U,, then
performing Steps B.1 through B.5 for n = 2 to find f5 and Uj, and so on. Throughout
this process, the only remaining choices to be made appear in Step B.1. In particular,
for n = 1 Step B.1 asks us to pick a block-diagonal unitary matrix V; whose blocks are

sized according to the multiplicities of the eigenvalues {4;.1, 412, 413} = {1,0,0}. That
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is, V; consists of a 1 X 1 unitary block—a unimodular scalar—and a 2 X 2 unitary block.
There are an infinite number of such V,’s, each leading to a distinct frame. For the sake of
simplicity, we choose V; = I. Having completed Step B.1 for n = 1, we turn to Step B.2,

which requires us to consider the columns of (3.28) that correspondton = 1 and n = 2:

n 1 2

s 0 0
(3.29)

o 0 :

A 1 2

In particular, we compute a set of indices 7; C {1,2,3} that contains the indices m of
{411, 412, 13} = {1, 0, 0} for which (1) the multiplicity of 4;., as a value of {1, 0, 0} exceeds
its multiplicity as a value of {4;.1, A2, A23} = {%, % 0} and (i1) m corresponds to the first
occurrence of A;,, as a value of {1, 0, 0}; by these criteria, we find 7, = {1,2}. Similarly
m € 4 if and only if m indicates the first occurrence of a value A,,, whose multiplicity
as a value of {2, 1,0} exceeds its multiplicity as a value of {1,0,0}, and so J; = {1,2}.
Equivalently, 7, and J; can be obtained by canceling common terms from (3.29), working
top to bottom; an explicit algorithm for doing so is given in Table 3.2 near the end of this
chapter.

Continuing with Step B.2 for n = 1, we now find the unique permutation 7y, :
{1,2,3} — {1,2,3} that is increasing on both 7, = {1,2} and its complement /| = {3}
and takes 7 to the first Ry = |7;| = 2 elements of {1,2,3}. In this particular instance,
77, happens to be the identity permutation, and so Iy, = I. Since J; = {1,2} = 1, we
similarly have that 74, and I1q, are the identity permutation and matrix, respectively.

For the remaining steps, it is useful to isolate the terms in (3.29) that correspond to 7

and J:

B=A12=0, y2=Ap= %,
(3.30)

Bi=Au=1, vy =2=13
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In particular, in Step B.3, we find the R; X 1 = 2 X 1 vector v; by computing quotients of

products of differences of the values in (3.30):

2 _ _(:31 —YD)(B1 —72) _ (1- %)(1 - %)

1 —~ =3, 3.31
il B —B2) -0 G-
_ _ 0=2y0=1
[V](Z)]z — _(ﬁZ 71)(ﬁ2 72) — _( 3)( 3) — é, (332)
(B2 = B1) 0-1) ’
2 N5
yielding v; = . Similarly, we compute w; = Ve according to the formulas:
V5 1
3 V6
5 5
=B =B G-DGE-0)
wi(D]” = o =D = T =3, (3.33)
373
[w ()] = 2 =B)(y2 = B2) _ G-DG-0 _1 (3.34)
(r2— 1) (3-23) 6 .
1%
Next, in Step B.4, we form our second frame element f, = U, VIH_T,l it
0
1 0 ofl1 o oflt 0 ofl3]| |3
f=0 1 oflo 1 o||o 1 of|L|=]|¥
001001001»()‘ 0 |

As justified in the proof of Theorem 7, the resulting partial sequence of vectors

I3
F2:[fl fz]:() ?
,0 O,

has a frame operator F,F; whose spectrum is {Az;1, A2, A2;3} = {%, %, 0}. Moreover, a
corresponding orthonormal eigenbasis for F, F7 is computed in Step B.5; here the first step
is to compute the R; X Ry = 2 X 2 matrix W; by computing a pointwise product of a certain

2 X 2 matrix with the outer product of v; with wy:

1 1 V(1) 33| |5 o2 | (XL
— — 1
W, = Y-p1 2P o [wl(l) w1(2)] _1? 2 o 3v6 3Ve| _ | Vo V6 .
1 1 v1(2) 303 505 LA
Y-B2 2P 5 3vV6 36 V6 V6
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Note that W is a real orthogonal matrix whose diagonal and subdiagonal entries are strictly
positive and whose superdiagonal entries are strictly negative; one can easily verify that

every W, has this form. More significantly, the proof of Theorem 7 guarantees that the

columns of
w0
Uz = U]V]l_[[1 Hjl
0 1

10 ol[t oollt ool|% -% o1 00
= I A

0 1 0[{o 1 ojo 1 0[] £ offo 10
0 0 1[0 0 1{{o 0 1|]|og o 1|l0 O 1
e

V% v 0

=|L i

% v

0 0 1

form an orthonormal eigenbasis of F,F3. This completes the n = 1 iteration of Step B; we
now repeat this process for n = 2,3,4. For n = 2, in Step B.1 we arbitrarily pick some
3 x 3 diagonal unitary matrix V,. Note that if we wish our frame to be real, there are only
23 = 8 such choices of V,. For the sake of simplicity, we choose V>, = I in this example.

Continuing, Step B.2 involves canceling the common terms in

n 2 3
An3 0 0
An2 % %
I
to find 7, = ¥, = {2}, and so
010
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In Step B.3, we find that v, = w, = [1] Steps B.4 and B.5 then give that F; = [f1 b f3]

and Us are
2 1 [ v5 1 ]
s - v v Y
= N5 =L 5
F3=10 % = | Us A 0f-
»0 0 0 | 0 0 1

The columns of Uj; form an orthonormal eigenbasis for the partial frame operator F,F7
with corresponding eigenvalues {A3.1, A3, 433} = {%, ‘3—‘, 0}. For the n = 3 iteration, we pick

V3 = I and cancel the common terms in

n 3 4
2

An3 0 3
4 5

A2 3 3
5 5

/ln;l 3 3

to obtain 73 = {2,3} and I3 = {1, 3}, implying

010 100 i
Br=A3=0, y2=M3=35,

Mn=l0o 0o 1|, Tx=lo o 1|,
100 010 Pre=da=i yi=du=3

In Step B.3, we then compute the R; X 1 = 2 X 1 vectors v; and w3 in a manner analogous
to (3.31), (3.32), (3.33) and (3.34):
L N5

V6 3
V3 = =
5 2
V6 3

Note that in Step B.4, the role of permutation matrix H}} is that it maps the entries of

v; onto the 73 indices, meaning that v, lies in the span of the corresponding eigenvectors
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{MS;m}mEI_g:

2 -0l o ollo o 1]|+
V3
= T =L 5 N5
f4U3V3H_730 % v 0l|o 1 ojft 0 o}|2
o o0 1[{[0 0 I]j0 1 0Offo
T
v "% oY
=|L X5 pllL
V6 V6 V6
V5
0 0 1]|]
]
6
= |51,
6
5
L V6

In a similar fashion, the purpose of the permutation matrices in Step B.5 is to embed the

entries of the 2 X 2 matrix Wj into the 73 = {2, 3} rows and J3 = {1, 3} columns of a 3 X 3

matrix:
LW 0
Us = U3V5IT, Iy,
0 I
2 -% 0/t oollo o 1]|® % o1 oo
=L 5 1 A5
% v 0|0 1 offt 0 0|5z <7 0[|0 0 1
»()01_001010»()()1_010
- R ]
7w oo 1t o
=L 5 N5 _L
% v v 0 %
1 V5
0 0 1f|5 0 2]
5 A5 1
6 6 6
= 5 L _A35
6 V6 6
1 v5
% 0 %
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For the last iteration n = 4, we again choose V, = I in Step B.1. For Step B.2, note that

since

n 4 5

2 5

/ln;3 3 3

5 5

/ln;z 3 3

5 5

/ln;l 3 3

we have 74 = {3} and 74 = {1}, implying

0 01 1 00
Uz, =11 0 0, g, =10 1 0f-
010 0 01

Working through Steps B.3, B.4 and B.5 yields the UNTF:

|2 1 11 [ 1 5 A5
3 V6 6 6 6 6 V6
= F: = Vi N5 A5 A5 =|_¥ s 1
F=Fs=lo ¥ 8 5 8| ys=|-8 3 | (3.35)
B L
0 O 0 % Ve B V3 0|

We emphasize that the UNTF F given in (3.35) was based on the particular choice of outer
eigensteps given in (3.28), which arose by choosing (x, y) = (0, %) in (3.26). Choosing other
pairs (x,y) from the parameter set depicted in Figure 3.1(b) yields other UNTFs. Indeed,
since the outer eigensteps of a given F are equal to those of UF for any unitary operator
U, we have in fact that each distinct (x, y) yields a UNTF which is not unitarily equivalent
to any of the others. For example, by following the algorithm of Theorem 7 and choosing

U, = T and V,, = I in each iteration, we obtain the following four additional UNTFs, each
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corresponding to a distinct corner point from Figure 3.1(b) of the parameter set:

[ 2 1 1
s 0 -5 =3
F=|0 g 0 %5 ng for (x,y) = (3, %),
1 1
0 0 1 v TV
| 1 1 1 L
1 3 I T3 TV
— V8 1 1 V2 _(22
F=10 5 355 53¢ ¥ for (x,y) = (5, %),
N5 A5
0 0 Ve s 0 |
1 L
1 0 0 5OV
F = O 1 % _% _% for (X,Y) = (%, 1)’
BB
o0 3 F 7]
[ 1 1 i 1
1 IV 3 73
F=|0 %g % #ﬁ _ﬁﬁ for (x,y) = (0, 2).
N
0 0 0 B % |

Notice that, of the four UNTFs above, the second and fourth are actually the same up to
a permutation of the frame elements. This is an artifact of our method of construction,
namely, that our choices for outer eigensteps, U;, and {Vn},]:/:]] determine the sequence of
frame elements. As such, we can recover all permutations of a given frame by modifying
these choices.

We emphasize that these four UNTFs along with that of (3.35) are but five examples
from the continuum of all such frames. Indeed, keeping x and y as variables in (3.26)
and applying the algorithm of Theorem 7—again choosing U; = I and V,, = I in each
iteration for the sake of simplicity—yields the frame elements given in Table 3.1. Here,
we restrict (x,y) so as to not lie on the boundary of the parameter set of Figure 3.1(b).

This restriction simplifies the analysis, as it prevents all unnecessary repetitions of values
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in neighboring columns in (3.26). Table 3.1 gives an explicit parametrization for a two-
dimensional manifold that lies within the set of all UNTFs consisting of five elements
in three-dimensional space. By Theorem 7, this can be generalized so as to yield all
such frames, provided we both (i) further consider (x,y) that lie on each of the five line
segments that constitute the boundary of the parameter set and (ii) throughout generalize
V, to an arbitrary block-diagonal unitary matrix, where the sizes of the blocks are chosen

in accordance with Step B.1.
Having discussed the utility of Theorem 7, we turn to its proof.

Proof of Theorem 7. (<) Let {/lm}f‘nl:1 and {,un}f;’:] be arbitrary nonnegative nonincreasing

N in accordance

M
}n:()

m=1

sequences and take an arbitrary sequence of outer eigensteps {{A,..}
with Definition 1. Note here we do not assume that such a sequence of outer eigensteps
actually exists for this particular choice of {/1,,,}""14:1 and {u, }}’]:[:1; if one does not, then this

direction of the result is vacuously true.

We claim that any F = {f,}"_, constructed according to Step B has the property that for
alln =1,..., N, the spectrum of the frame operator F, F, of F,, = {f,,},_, is {/ln;m}fn’lzl, and

that the columns of U, form an orthonormal eigenbasis for F', F,. Note that by Lemma 3,

M

. and
m=1

proving this claim will yield our stated result that the spectrum of FF* is {4,,}

that ||f,|> = u, for all n = 1,...,N. Since Step B is an iterative algorithm, we prove

M
m=1

this claim by induction on n. To be precise, Step B begins by letting U, = {u.,,},._, and

fi = uiug;;. The columns of U, form an orthonormal eigenbasis for F F| since U, is

unitary by assumption and

. MU m= I,
F1F1M1;m = <u1;m’f1>f1 = (Ml;m, \/#_1M1;1>\/,U_1M1;1 = /11<M1;m,u1;1>bl1;1 =
0 m#1,

forallm =1,..., M. As such, the spectrum of F', '} consists of u; and M — 1 repetitions of

M
m=1"

0. To see that this spectrum matches the values of {4;.,} note that by Definition 1, we
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Table 3.1: A continuum of UNTFs. To be precise, for each choice of (x,y) that lies in the
interior of the parameter set depicted in Figure 3.1(b), these five elements form a UNTF for
R?, meaning that its 3 x 5 synthesis matrix F has both unit norm columns and orthogonal
rows of constant squared norm % These frames were produced by applying the algorithm
of Theorem 7 to the sequence of outer eigensteps given in (3.26), choosing U; = I and
V, = I for all n. These formulas give an explicit parametrization for a two-dimensional
manifold that lies within the set of all 3 X 5 UNTFs. By Theorem 7, every such UNTF
arises in this manner, with the understanding that (x,y) may indeed be chosen from the
boundary of the parameter set and that the initial eigenbasis U; and the block-diagonal
unitary matrices V,, are not necessarily the identity.

1
S =0
0
I-y
Lo = 2=y
0
Gy-DR+3x—3pC—xy) VG-3E-33-39)0-0
6/1-y B 64/1-
£ o= VB D32y 4 MEwend-seae-y
’ 62 6yh (-
34H2y)
_ \/(4—3x)(3y—l)(2—x—y)(4—3x—3_v) _ (4-3x)(5-3y)(y—x)(2+3x-3y) _ x(3y—1)(y—x)(2+3x-3y) 4 x(5-3y)(2—x—y)(4-3x-3y)
124/@-3x)(1-y) 124/@-3x)(1-y) 41323001y 44323001y
£ - VE3CGy-DRx)E3edy) @G0B YoG-ho-n@sed) | V)6-3e-xy)é-3x)
T 124/2-3001-»2- 124/2-30y(1-y) 44/3@-3x)(1-y)2-y) 41/32-3x)y(1-y)
V@=30Gy-D2—x—y)@-3x-3y) V@=306-3)(-0(2+3x-3y) VAGy-DO—0)(2+3x-3y) Ax(5—3)2—x—y)@—3x-3y)
124/2-3x)(1-y) * 124/2-3x)(1-y) - 44323001y * 44/32-30(1-y)
_| VE30yGy-D@--»@E-3x-3y) VE-3929)(5-3)(-9(2+3x-3) VorGy-Do—-92+3x-3y) Vx2=9)5-3)2-x-y)d-3x-3y)
5= 124/2-30)(1-5)2-) - 12+/2-30y(1-y) CaBeamawey 41/3@-30y1-y)
5x(2+3x-3y)(4-3x-3y) V5@ 300-02—x—y)
T evemew " PV T e

know {4,,}*_ | interlaces on the trivial sequence {Ao,,}*_, = {0} in the sense of (3.3),
implying A;,, = O for all m > 2; this in hand, note this definition further gives that
A = Znﬂle A1yn = (1. Thus, our claim indeed holds forn = 1.

We now proceed by induction, assuming that for any givenn = 1, ..., N—1 the process
of Step B has produced F, = {f,},_, such that the spectrum of F, F, is {/ln;m}f‘n"':1 and
that the columns of U, form an orthonormal eigenbasis for F,F,. In particular, we have

F,F:U, = U,D, where D, is the diagonal matrix whose diagonal entries are {A,,,}',.
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Defining D,;; analogously from {/ln+1;m}n1‘f:1, we show that constructing f,.; and U,
according to Step B implies F, \F> U ., = U, . D, , where U,, is unitary; doing such
proves our claim.

To do so, pick any unitary matrix V,, according to Step B.1. To be precise, let K,
denote the number of distinct values in {/l,,;m}f?‘f: »and forany k = 1,..., K,, let L, denote
the multiplicity of the kth value. We write the index m as an increasing function of k and
1, that is, we write {4, )M, as {duman}e:, =% where m(k, 1) < m(k',l') if k < k' orif k = K

and / < I'. We let V,, be an M X M block-diagonal unitary matrix consisting of K diagonal

blocks, where for any k = 1,..., K, the kth block is an L, X L, unitary matrix. In the

M
m=1

extreme case where all the values of {4,.,} are distinct, we have that V,, is a diagonal
unitary matrix, meaning it is a diagonal matrix whose diagonal entries are unimodular.
Even in this case, there is some freedom in how to choose V,; this is the only freedom that
the Step B process provides when determining f,.;. In any case, the crucial fact about V,,
is that its blocks match those corresponding to distinct multiples of the identity that appear
along the diagonal of D,, implying D,V,, = V,D,.

Having chosen V,,, we proceed to Step B.2. Here, we produce subsets 7, and .7, of
{1,..., M} that are the remnants of the indices of {xln;m}f‘rf:l and {/ln+1;m}n"f:1, respectively,
obtained by canceling the values that are common to both sequences, working backwards
from index M to index 1. An explicit algorithm for doing so is given in Table 3.2. Note
that foreachm = M, ..., 1 (Line 03), we either remove a single element from both 7 f{") and

) (Lines 04-06) or remove nothing from both (Lines 07-09), meaning that 7, := 1 2
and 9, = Y9, ,(Ll) have the same cardinality, which we denote R,. Moreover, since {/1n+1;m}f‘,f:1

interlaces on {/l,,;m}%: ,» then for any real scalar A whose multiplicity as a value of (M

m=1
is L, we have that its multiplicity as a value of {A,;1.,}*_, is either L — 1, L or L + 1. When

m=1

these two multiplicities are equal, this algorithm completely removes the corresponding

indices from both 7, and J,,. On the other hand, if the new multiplicity is L — 1 or L + 1,
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then the least such index in 7, or [, is left behind, respectively, leading to the definitions
of 7, or 9, given in Step B.2. Having these sets, it is trivial to find the corresponding
permutations 71y, and 4, on {1,..., M} and to construct the associated projection matrices
Il;, and Il .

We now proceed to Step B.3. For the sake of notational simplicity, let {ﬁ,}f;l
and {7,}121 denote the values of {A,n}mer, and {Ays1ymtmes,, respectively. That is, let
Brr,my = Aum for all m € I, and vy, ) = App1m for all m € J,. Note that due to the
way in which 7, and ., were defined, we have that the values of { ,}f;l and {y,}f; , are
all distinct, both within each sequence and across the two sequences. Moreover, since

{Anzmtmer, and {A,+1.m}meq, are nonincreasing while 77, and 74, are increasing on J, and

g respectively, then the values {Br}f; , and {7,}f§1 are strictly decreasing.

R n
r=1

We further claim that {y,}” interlaces on {,8,}5;1. To see this, consider the four

polynomials:
M M
() = | ] = ), o = | |G = A,
o o
bx) = | -8, @ =] |- (3.36)
r=1 r=1

Since {,L?r}f;1 and {y,}fgl were obtained by canceling common terms from {4,,,} , and
{Aur1n}™_ |, we have that p,.i(x)/p,(x) = c(x)/b(x) for all x ¢ {A,,}*_,. Writing any
r=1,...,R, as r = ny, (m) for some m € I,, we have that since {/l,l;,,,}f‘nl:1 C {/ln+];m}n"f:1,

applying the “only if” direction of Lemma 5 with “p(x)” and “g(x)” being p,(x) and p,,(x)

gives

x) Pnr1(X)
) <0. (3.37)

lim(x =475 = lim (x = ) -

Since (3.37) holds for all r = 1,...,R,, applying “if” direction of Lemma 5 with “p(x)”
and “g(x)” being b(x) and c(x) gives that {y,}fi , indeed interlaces on {Br}f:"l.
R)l R)l

Taken together, the facts that {8} ", and {y,} ", are distinct, strictly decreasing, and

interlacing sequences implies that the R, X 1 vectors v, and w, are well-defined. To be
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Table 3.2: An explicit algorithm for computing the index sets 7, and 7, in Step B.2 of
Theorem 7.
o1 IV i=A{1,...,M)
02 JM:={1,...,M)
03 form=M,...,1
04 if A € {1}

meg\"
05 D=1\ (m)
06 D= g ('} where m’ = max {m” € T dpsrowr = i)
07 else
08 =1
09 =g
10 end if
11 end for
12 1,:=1)
13 J,:=1)

precise, Step B.3 may be rewritten as finding v,(r), w,(r') > O forall r,7 = 1...,R, such

that

R, R,
[ 16 - [ o -8

r’=1 r’=1

PP = = ()P = . (3.38)
l—l(ﬁr - ﬁr”) l—[ (yr’ - yr”)
Vo Ve

Note the fact that the 8,’s and ,’s are distinct implies that the denominators in (3.38) are
nonzero, and moreover that the quotients themselves are nonzero. In fact, since {,Br}fgl is
strictly decreasing, then for any fixed r, the values {8, — B,+},»+ can be decomposed into
r — 1 negative values {8, — ﬂru}iii , and R, — r positive values {3, — 3, }f,’fzr .- Moreover,

since {ﬁ,}f:"1 C {y,}fgl, then for any such r, the values {3, — y, }f,?:l can be broken into r
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negative values {8, — y,~}/,_, and R, — r positive values {5, — v, }f,” With the inclusion

'=r+1°
of an additional negative sign, we see that the quantity defining [v,(r)]* in (3.38) is indeed
positive. Meanwhile, the quantity defining [w,(")]* has exactly 7 — 1 negative values in

7

both the numerator and denominator, namely {y,, — 8~ };:,‘: ! and {y,, — y»}., respectively.

Having shown that the v, and w, of Step B.3 are well-defined, we now take f,
and U,,; as defined in Steps B.4 and B.5. Recall that what remains to be shown in this
direction of the proof is that U,,, is a unitary matrix and that F,.; = {f,}’"] satisfies

n’=1

F, F.,U.=U

Y DY S 11D,.1- To do so, consider the definition of U, and recall that U, is

unitary by the inductive hypothesis, V, is unitary by construction, and that the permutation
matrices I17, and Il are orthogonal, that is, unitary and real. As such, to show that U,
is unitary, it suffices to show that the R, X R, real matrix W, is orthogonal. To do this,
recall that eigenvectors corresponding to distinct eigenvalues of self-adjoint operators are
necessarily orthogonal. As such, to show that W, is orthogonal, it suffices to show that the

columns of W, are eigenvectors of a real symmetric operator. To this end, we claim

(Dp.z, +v,yDOW, = W,D,,1.7., WIW (r,r)=1,Vr=1,...,R,, (3.39)

n-n

where D,.; and D,,,.4, are the R, X R, diagonal matrices whose rth diagonal entries are
given by B, = /ln;,,}l n and y, = 4, i ()5 respectively. To prove (3.39), note that for any

/

rnr'=1,...,R,,
[(Dy.z, + vy)Wol(r, ') = (Dyr, W), r') + v W (r, 1)
Ry
= BWar, 7Y +0,(0) D v, (WG, (3.40)
r’=1

Rewriting the definition of W, from Step B.5 in terms of {,Br}R”1 and {7,}5;1 gives

r=

W, (r,1r") = M (3.41)

Yr _ﬁr
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Substituting (3.41) into (3.40) gives

Iu(OWalr) 1(7) Z ) Vn(r )Wn(r)

[(Dn;fn + VnVE)Wn](”’ r/) =B Yy =B

s
=1 r

Br N [vn(r”)]z)_
Yr _ﬁr Yr _IBr"

= V(W) ( (3.42)

r’=1
Simplifying (3.42) requires a polynomial identity. Note that the difference ]—[f,’f:] (x—=vym)—
Hf,’}: ,(x = B,») of two monic polynomials is itself a polynomial of degree at most R, — 1,
and as such it can be written as the Lagrange interpolating polynomial determined by the

R, distinct points {ﬁ,}fz”lz

- - (1 (=)
r”]—:[](x ¥or) J:ll(x M—WZ:](;[W ) O)Eww—m
N r#r
X, —[(ﬂw—%)
= —]—[(x By). (3.43)
" T(Br, B i
ko

Recalling the expression for [v,(r)]* given in (3.38), (3.43) can be rewritten as

Rn Rn R,, Rn
[[a=p -] [@=y =D P Jx-80. (3.44)
r’=1 r’=1 r’=1 =
r#r”

R,
Dividing both sides of (3.44) by ]_[(x — B,) gives

r’=1

R, 77\12
1—[ (x - Vr _ E:cn(—;ﬁ)]) Vx g {B)5 . (3.45)
r’=1 -

r —1
Forany r =1,...,R,, letting x = y,» in (3.45) makes the left-hand product vanish, yielding

the identity:
[v.(r")]

—_— Vr'=1,...,R,. (3.46)
=1 (yr/ _ﬁr”)
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Substituting (3.46) into (3.42) and then recalling (3.41) gives

[(D”Jn + VnVE)Wn](V, r/) = Vn(V)Wn(r/)( ﬁr + 1)
Yr _ﬁr

Va(r)w, (1)

Yr _ﬁr
=Y Wn(r’ I",)

r

= (WiDys1,7,)(r, 1), (3.47)

As (3.47) holds for all r,¥ = 1,...,R, we have the first half of our claim (3.39). In
particular, we know that the columns of W, are eigenvectors of the real symmetric operator
D,.r, + v, vI which correspond to the distinct eigenvalues {)/,} . As such, the columns of
W, are orthogonal. To show that W, is an orthogonal matrix, we must further show that
the columns of W, have unit norm, namely the second half of (3.39). To prove this, at any

xé {ﬁ,}f;l we differentiate both sides of (3.45) with respect to x to obtain

R R,
- (x - %)] Yoo =B _ X a1 R
= Vx & B} (3.48)
ﬂJU —Bo P (xR Brh=
Vif
For any ' = 1,...,R,, letting x = v, in (3.48) makes the left-hand summands where

r’” # r’ vanish; by (3.38), the remaining summand where r"” = r’ can be written as:

R
l—l(yr’ - 7r)
! w O =y ¥ =B X (P
- = = R e—— 3.49
[W"(r/)]z R [l:l ()/r’ —,8,)] ()/r’ _IBr’)z =1 (yr/ _ﬁr”)2 ( )

[low-8r =

r=1
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We now use this identity to show that the columns of W, have unit norm; for any

r=1,...,R,, (3.41) and (3.49) give

Ry
UAAGROE Z[Wm", Dl

_ Z(vn(r“)wn(r ))

R 2%
= oy Y )

=1 (’yr, _ﬁ””)z

_ ’\12 1
= O e

= 1.

Having shown that W, is orthogonal, we have that U, is unitary. For this direction of the

vu,.,=U,D

wi1D,11- To do this, we write

proof, all that remains to be shown is that ¥, F” |

F F . =FF,+f  f andrecall the definition of U, :
* * T Wn 0
Fn+1Fn+1U (FnFn + fn+1 n+1)UnVnH]n Hjn
0 I

w0
LUV My. (3.50)
I 0 1

n-n n'n

W, 0
= F,F,U,V,IT; g + foo
0

To simplify the first term in (3.50), recall that the inductive hypothesis gives F F U,k =

n-n n

U,D, and that V, was constructed to satisty D,V, = V,D,, implying

n—n?

n n

0 W, 0
F,F,U, VI Iy, = U,V,D,J} g
I 0 I
T T W, 0
=U,V,II; (1, DI} ) My . (3.51)
0 I
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To continue simplifying (3.51), note that II, DnH} is itself a diagonal matrix: for any

’

m,m’ =1,..., M, the definition of the permutation matrix I1;, given in Step B.2 gives

(IL; D, Ym,m') = (D,ITF 6,,, 1% 6,,)

/1,1.,,—1 m=m
iy (m)? >
= <Dn6n}’11(m/)a 6ﬂ}’11(m)> = o ,

0, m+m.

That is, HIHDHHEH is the diagonal matrix whose first R, diagonal entries {,8,}1:;1 =

{/ln;ﬂ}l (,)}fil match those of the aforementioned R, X R, diagonal matrix D,.;, and whose

remaining M — R, diagonal entries {1 form the diagonal of an (M —R,,) X (M —

1o P
may (I m=R,+1

R,) diagonal matrix D, z<:

. D,r;, O
I; D,I1; = . (3.52)
0 Dn;],‘;
Substituting (3.52) into (3.51) gives
o |Wn 0 o |Pur, 0o ||wW, O
FnF;;UnVnHI,, Hjn = UnVnHI,, Hjn
I | 0 Durg|| 0 1
o | Pnz,Wa 0
=U,V,Il; Ilg . (3.53)
0 Dy

To simplify the second term in (3.50), we recall the definition of f,,,; from Step B.4:

W, 0 Vi W, 0
fn+l :+1UnVnH},, Hjn = UnVnH}n [V; 0] Hj"
0 I _O i 0 I
T vViW, 0
= UnVnH],, Iy, (3.54)
0 0_
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Substituting (3.53) and (3.54) into (3.50), simplifying the result, and recalling (3.39) gives

| T

F* U =UVIL Dz, +¥avn )W 0 I
n+tl~n+l = Yn'n "I, TIn

0 D,z

F

n+l1

W.Dpi1.q, O
= UnVnH},l o Hjn'
0 Dn;If,

By introducing an extra permutation matrix and its inverse and recalling the definition of

U,.1, this simplifies to

) r | Wa O r |Prrg, 0
Fn+1Fn+1Un+1 = UnVnHI,l Hjnnjn Hj"
0 1 0 Dn;Iﬁ,
Dn LIy O
= Uyt | My,. (3.55)
0 D, 1

We now partition the {/l,Hl;m}%:l of D, into J, and J; and mimic the derivation of (3.52),
writing D,,,; in terms of D, .4, and D, .. Note here that by the manner in which 7, and
J» were constructed, the values of {A,,,}merc are equal to those of {A,41..} ¢, as the two

sets represent exactly those values which are common to both {xln;m}fy‘le and {A,,1.,Y . As

m=1"

these two sequences are also both in nonincreasing order, we have D,,.;c = D,,,1.4¢ and 8o

Dyrg, 0 | |Durg, 0
my, = | S . (3.56)

0 Dyi1g¢ 0 D1

My D

n+1

Substituting (3.56) into (3.55) yields F,, F> U, ., = U, D

U 2i1D,.1» completing this direction

of the proof.

(=) Let {/l,,l}n"f:1 and {,u,,},’y:1 be any nonnegative nonincreasing sequences, and let

M
m=1

F ={ f,,}nl\’:l be any sequence of vectors whose frame operator FF* has {4,,} as its
spectrum and has ||f,]> = u, for all n = 1,...,N. We will show that this F can be
constructed by following Step A and Step B of this result. To see this, foranyn =1,..., N,

let F, = {f»}},_, and let {/l,,;m}nl‘f':1 be the spectrum of the corresponding frame operator
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F,F;. Letting Ay, := 0 for all m, the proof of Theorem 2 demonstrated that the sequence
of spectra {{A,,,}2_,}" ) necessarily forms a sequence of outer eigensteps as specified by
Definition 1. This particular set of outer eigensteps is the one we choose in Step A.

All that remains to be shown is that we can produce our specific F' by using Step B.
Here, we must carefully exploit our freedom to pick U; and the V,’s; the proper choice of
these unitary matrices will result in F, while other choices will produce other sequences
of vectors that are only related to F through a potentially complicated series of rotations.
Indeed, note that since { {/l,,;m}ff:] }iv:o is a valid sequence of outer eigensteps, then the other
direction of this proof, as given earlier, implies that any choice of U, and V,’s will result in
a sequence of vectors whose outer eigensteps match those of . Moreover, quantities that
we considered in the other direction of the proof that only depended on the choice of outer
eigensteps, such as 7, J,,, {ﬂr}f; , {yr}fg1 , etc., are thus also well-defined in this direction;
in the following arguments, we recall several such quantities and make further use of their
previously-derived properties.

To be precise, let U, be any one of the infinite number of unitary matrices whose first
column uy,; satisfies fi = +/ujui;;. We now proceed by induction, assuming that for any
givenn = 1,...,N — 1, we have followed Step B and have made appropriate choices for

{V }Z,‘:ll so as to correctly produce F,, = {f,+},_,; we show how the appropriate choice of

V,, will correctly produce f,.;. To do so, we again write the nth spectrum {A,,,}*_ in terms

Kn Ln;k

i oy Forany k = 1,...,K,, Step B of Theorem 2 gives

of its multiplicities as { Ay}
that the norm of the projection of f,,; onto the kth eigenspace of F,F is necessarily given
by

. pn+1(x)
P, P == lim (X = dpgmer) ———=
|| n; n’m(k,l)fn+ || x—>/l,l;m(k_1)( n;m(k, )) pn(x)

(3.57)
where p,(x) and p,.;(x) are defined by (3.36). Note that by picking [ = 1, A1)

M

m_1- As such, these indices

represents the first appearance of that particular value in {4,,,}

are the only ones that are eligible to be members of the set 7, found in Step B.2. That
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is, I, € {m(k,1): k=1,...,K,}. However, these two sets of indices are not necessarily
equal, since 7, only contains m’s of the form m(k, 1) that satisfy the additional property
that the multiplicity of 4,,, as a value in {4, }f‘f,:l exceeds its multiplicity as a value in
{/l,m;m}ﬁle. To be precise, for any given k = 1, ..., K,, if m(k, 1) € I then A1) appears
as a root of p,.(x) at least as many times as it appears as a root of p,(x), meaning in this
case that the limit in (3.57) is necessarily zero. If, on the other hand, m(k, 1) € 7,, then
writing 77, (m(k, 1)) as some r € {1,...,R,} and recalling the definitions of b(x) and c(x)
in (3.36) and v(r) in (3.38), we can rewrite (3.57) as

Ry
l—[(ﬁr - Yr’/)

Pr+1 ()C) — i C(.X) =1

2 1; _ _ _ _ _ 2
1P, Sl == lim (=) =252 == lim (v == == =[NP (3.58)
[ |6 -8
Vo

As such, we can write f,, as

Ky
fn+1 = z Pn;/lrl;m(k,l)ﬁl+1
k=1

Ry
= Z Pn;ﬂ,fn+l
r=1
R, 1
= Z vn(r)_Pn;ﬂ,flwl
Vu r

= > vl (m) ———

mel,

n n+ 3.59
v f”( ) o et (5-59)

where each umﬁﬂI wmJn+1 has unit norm by (3.58). We now pick a new orthonormal
eigenbasis U, : {unm} , for F, F, that has the property that for any k = 1,..., K, both

{tnmk, ,)} and {2k, ,)} “ span the same eigenspace and, for every m(k, 1) € 7, has the
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additional property that @, 1) = Jfus1- As such, (3.59) becomes

1
va(rr,, (m(k,1)) P 1B 7, (mk, 1))

Jus1 = Z Va7 7, (1))

merl,

=0, D valrr, (m)3s,,

mel,

=007 | | (3.60)

Letting V, be the unitary matrix V, = U*U,, the eigenspace spanning condition gives that
V. is block-diagonal whose kth diagonal block is of size L, X L,,. Moreover, with this

choice of V,,, (3.60) becomes

N A v
fn+1 = UnUZ UnHI,, = UnVnHIn
0 0
meaning that f,.; can indeed be constructed by following Step B. O
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IV. Top Kill algorithm and the characterization of the set of all eigensteps

In this chapter, we continue the work of Chapter 3 and show how to explicitly
construct every sequence of eigensteps—a sequence of interlacing spectra—as required
by Step A of Theorem 2. The major results are Theorem 16 which provides the explicit
Top Kill algorithm for constructing a sequence of eigensteps, and Theorem 17 which gives
a complete characterization of the set of all eigensteps for a given {4,,}_, and {x,}"_ ;. When
these results are combined with those in Chapter 3, they provide a complete solution to the

following problem:

N

=1’ construct

Problem 9. Given any nonnegative nonincreasing sequences {/lm}f‘f:l and {u,}
all F = {fn}nN=1 whose frame operator FF* has spectrum {A,,}"_, and for which Wll? =

for all n.

To proceed, we first recall that any F = {f,}"", for which FF* has {4,})_ as its

m=1

spectrum and for which ||f,||* = u, for all n generates a sequence of outer eigensteps. In

Chapter 3, Theorem 2 proves that the converse of this statement is also true. As already
noted, Theorem 2 is not an easily-implementable algorithm. While we have already seen
that Step B can be made more explicit (Theorem 7), Step A is still rather vague. The

techniques in this chapter will make Step A explicit, with our main result being:

Theorem 10. Let {/lm}i”l:] and {,un}f;’:l be nonnegative and nonincreasing where M < N.

N

hey N CM whose frame operator FF* has

There exists a sequence of vectors F = {f,}

spectrum {A,}*_ and for which \|f,|I> = w, for all n if and only if {4, U{OYN_ = >

(. Moreover, if {1,,}*_, U{O}Y > {,}Y_,, then every such F can be constructed by

m=1 m=M+1
the following process:

A. Let {Ax)™ | := (2,)M

m=1"

Forn=N,...,2, construct {d,_1,,})_ in terms of {4}, as follows:
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Foreachk=M,...,1,ifk >n—1, take 4,_14 := 0.

Otherwise, pick any A,_1x € [An-1.4> Bn-14], where

M M
An—l;k = max {/1}1;/6+1’ Z /ln;m - § /ln—l;m - ﬂn}a
m=k m=k+1
n—1 k M
B,_1y := min {/ln;k’ lzlllmk{ Z,um - Z Apym — Z /ln—l;m}}-
o m=I m=1+1 m=k+1

Here, we use the convention that A,.)1,1 = 0, and that sums over empty sets of indices

are zero.
B. Follow Step B of Theorem 2.

Conversely, any F constructed by this process has {4,,}"_, as the spectrum of FF* and

M

| f,,||2 = Wy, for all n, and moreover, F,F, has spectrum {A,.,,},_,.

In Section 4.1, we begin by discussing how solving Problem 9 via Theorem 2 suffices
to construct all Schur-Horn matrices. We also introduce the notion of inner eigensteps.
While outer eigensteps give the spectra of the partial frame operators, inner eigensteps will
give the spectra of the partial Gram matrices F F,. In Section 4.2, we visualize the inner
eigenstep construction problem in terms of iteratively building a staircase. We then provide
a new algorithm, called 7op Kill, which produces a sequence of inner eigensteps whenever
possible to do so. Finally, in Section 4.3, we find an explicit parametrization of the set of

all valid inner eigensteps for a given {4,}"_ and {x,}",.

4.1 Preliminaries

In this section, we first further detail the connection between the Schur-Horn Theorem
and Problem 9. We then reformulate Step A of Theorem 2 in terms of inner eigensteps
which are an alternative, but mathematically equivalent version of the outer eigensteps

defined in Chapter 3; it turns out that it is more convenient to work with spectra whose

N

number of elements equals that of {u,},,,

namely N.
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By applying the Schur-Horn Theorem (page 15) to the Gram matrix F*F, whose

diagonal entries are given by {||£.|*}"_, and whose spectrum is {1,}" , we are able to

n=1 n=1°

determine when a frame with prescribed spectrum and lengths exists. Here it’s important to

M

note that the spectrum of the Gram matrix is a zero-padded version of the spectrum {4,,},"_,

of the frame operator F F*. The only difference between the eigenvalues of the Gram matrix
and the frame operator is zero eigenvalues; that is, 4,,,, = 0 for M < n < N. Thus the Schur-
Horn Theorem implies that Problem 9 is feasible if and only if {,u,,} _, 1s majorized by
{ﬂm}%zl padded with N — M zeros. Indeed, if Problem 9 has a solution F, then G = F*F has

and so {u,})_; < {4}, U0}

spectrum {A4,, }M U{O}m w4+ and diagonal (N < =Ml

by the

n=1’

Schur-Horn Theorem. Conversely, if {u,}"_, < {4} u {0}

o = then the corresponding

=M+1
Schur-Horn matrix G can be unitarily diagonalized:
D, O||Vy

G =VDV* = [Vl Vz] =V,D,V;,
0 0f|V;

where D is an M X M diagonal matrix with diagonal {4,,}*__ ; the matrix F = D V] is then

=1
one solution to Problem 9. This line of reasoning is well-known [1, 19].

We follow an alternative approach that is modeled in that of [33]: rather than use the
Schur-Horn Theorem to determine the feasibility of Problem 9, we instead independently
find all solutions to Problem 9—see Theorem 10—and then use these matrices to construct
all Schur-Horn matrices. To be precise, note that though the Schur-Horn Theorem applies to
all self-adjoint matrices G, it suffices to consider the case where G is positive semidefinite.
Indeed, any self-adjoint matrix G can be written as G = G + ol where G is positive

semidefinite and @ < Ayin(G); it is straightforward to show that the spectrum {/Aln},[:’:1 of

G majorizes its diagonal {f,}"_ if and only if the spectrum {1,}, = {1, -}, of G

n=1 n=1

majorizes its diagonal {,u,,}nN: L= - a}fq\’: ,- Moreover, since G is positive semidefinite,
it has a Cholesky factorization G = F*F where F € CV*V, Regarding F as the synthesis

operator of some sequence of vectors {f,}, in C¥, we are thus reduced to Problem 9 in
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the special case where M = N. Presuming for the moment that Theorem 10 is true, we

summarize the above discussion as follows:

Theorem 11. Given nonincreasing sequences {/Aln}nN:] and {,&n}n’\’:l such that {;ln}r’:’:l
N
n=1’

N
n=1

majorizes {{i,} every self-adjoint matrix G with spectrum (Y and diagonal {ﬁ,,}nN:1
can be constructed as G = F*F + al where F is any matrix constructed by taking any
@ < Amin(G) and applying Theorem 10 where A, := A, — « and p,, := i, — . Moreover, any

G constructed in this fashion has the desired spectrum and diagonal.

The remainder of this chapter is focused on solving Problem 9. In particular, we
focus on Part A of Theorem 2 of finding a valid sequence of outer eigensteps for any
given nonnegative nonincreasing sequences {4,,}_, and {u,}"_ . Recall Example 8 from
Chapter 3. While solving for the conditions upon the eigensteps was fairly simple in
that example, its complexity will quickly increase as M and N get larger. Finding all
valid sequences of eigensteps (3.26) often requires reducing a large system of linear
inequalities (3.27). The goal of the remaining sections of this chapter is to derive a
more efficient algorithm for systematically finding the necessary conditions upon a given
sequence of eigensteps. It turns out that this method is more easily understood in terms
of an alternative but equivalent notion of eigensteps. To be clear, for any given sequence

of outer eigensteps {{A,..}"_}

m=11n=

o» recall from Theorem 2 that for any n = 1,..., N, the
sequence {4}, is the spectrum of the M X M frame operator (3.4) of the nth partial
sequence F, = {f,}!,_,. In the theory that follows, it is more convenient to instead work
with the spectrum {A,,,}) _, of the corresponding n X n Gram matrix FF,; we use the
same notation for both spectra since {A,.,}, _, is a zero-padded version of {/ln;m}nl‘f: , or vice

N

n=1

versa, depending on whether n > M or n < M. We refer to the values {{4,,,}"_,},_; as a
sequence of inner eigensteps since they arise from matrices of inner products of the f,’s
(Gram matrices), whereas outer eigensteps {{/ln;m}n"f:1 }Q/:o arise from sums of outer products

of the f,,’s (frame operators). To be precise:

58



Definition 12. Let {1,}Y ., and {u,}"

_ . be nonnegative nonincreasing sequences. A
n=1 n=1

corresponding sequence of inner eigensteps is a sequence of sequences {{A,,,}"_,}"_, which

satisfies the following three properties:

(i) The final sequence is {/lm}f‘lez Ay = Ay foreverym=1,...,N,
(i) The sequences interlace: {4, 1;m}z;11 C {Aym))_, foreveryn=2,...,N,
(iii) The trace condition is satisfied: Y, | Ay = 2oy U fOreveryn =1,...,N.

Unlike the outer eigensteps of Definition 1, the interlacing relation (ii) here involves
two sequences of different length; we write {am};’;l C Bl , if Bt < @y < By, for all
m=1,...,n—1. Now we revisit Example 8 to demonstrate the connection between inner

and outer eigensteps:

Example 13. We revisit Example 8. Here, we pad {/lm}?n:1 with two zeros so as to match the

length of {/’L”};Szzl' That iS, /11 = /12 = /7.3 = %, /14 = /15 = O, andul =My = U3 = Uy = U5 = 1.

We find every sequence of inner eigensteps {{A,,.,,}" }flzl,

=1 namely every table of the form:

n 1 2 3 4 5

Ans 0

/ln;4 ? 0
4.1)

/111;3 r’ ? %

A2 v 3

A ? ? ? ? 2

that satisfies the interlacing properties (ii) and trace conditions (iii) of Definition 12. To

be precise, (ii) gives us 0 = Ass < Ay < Asy = 0 and so Adgy = 0. Similarly,
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2 < 53 < Agp < A3 < Ay < sy = 2 and 50 Ay = Az

= Ay = %, yielding:

n 2 3 4 5
Auss 0
Aus 0 0
P ? ? 2
An2 ? ? % %
o A

(4.2)

Meanwhile, since u,, = 1 for all m, the trace conditions (iii) give that the values in the nth

column of (4.2) sum to n. Thus, A;.; = 1 and A43 = 2:

3
n 2 3 4 5
An:s 0
p 0 0
A3 ? % %
A2 ? ? 2 2
s A

To proceed, we label 133 as x and A, as y, at which point (iii) uniquely determines A3,

and Ay.:

n 2 3 4 5
An:s 0
At 0 0
Ans3 X 3 3
" S
A 2=y 3 3 3
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5

>_, and {:“n}fl:p the above argument shows that every

For our particular choice of {4,}
corresponding sequence of inner eigensteps is of the form (4.3). Conversely, one may
immediately verify that any {{4,.,,} _, }fl:l of this form satisfies (i) and (iii) of Definition 12

and moreover satisfies (ii) when n = 5. However, in order to satisfy (ii) forn = 2,3,4, x

and y must be chosen so that they satisfy the ten inequalities:

{/13;}71}3”:1 C {/14;m}j1=1 — 0 <x< % < % —-x= %’
{/lz;m},izl C {/13;171},3;1:1 — x < y < ;l -x< 2 -y < g’ (44)

{/ll;m}yl,p] C {/lz;m}rznzl — y < 1 < 2 -y

A quick inspection reveals the system (4.4) to be equivalent to the one derived in the outer

eigenstep formulation (3.27) presented in Example 8, which is reducible to 0 < x < %,

1

X <y < min{% + x, % — x}. Moreover, we see that the outer eigensteps (3.26)

max{
that arise from {1;, 4,43} = {3,2,3} and the inner eigensteps (4.3) that arise from
{A1, A2, A3, Ay, A5} = {%, % %, 0, 0} are but zero-padded versions of each other; the next result

claims that such a result holds in general.

Theorem 14. Let {1,}"_ and {u,}"_, be nonnegative and nonincreasing, and choose any
M < N such that A, = 0 for every n > M. Then, every choice of outer eigensteps
(Definition 1) corresponds to a unique choice of inner eigensteps (Definition 12) and vice
versa, the two being zero-padded versions of each other.

Specifically, a sequence of outer eigensteps {{/ln;m}f,;’:l}nN:O gives rise to a sequence of

N

n=1’

inner eigensteps {{ A} _,} where A, := 0 whenever m > M. Conversely, a sequence

. . n N . . . M N
of inner eigensteps {{ ..} _, },_, gives rise to a sequence of outer eigensteps {{A,mb,_ 1o
where A, := 0 whenever m > n.

Moreover, {A,,,}_, is the spectrum of the frame operator F,F}, of F, = {f,}"_, if and

only if {A,m} _, is the spectrum of the Gram matrix F,F,.
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M
m=1

Proof. First, take outer eigensteps {{A,.} }nN=O’ and consider {{A,.,}" where we

m=1 }nzl’

define

Ay =0 whenever m > M. 4.5)

Then Definition 12.(i) follows from Definition 1.(ii) in the case when m < M, and follows
from (4.5) and the assumption that 4, = O for every n > M in the case when m > M. Next,

we note that Definition 1.(ii1) gives

/ln;m+1 < /ln—l;m < /ln;m Ym=1,....M -1, (46)

0 < /ln—l;M < /ln;M» (47)

foreveryn = 1,..., N. To prove Definition 12.(ii), pick any n = 2,..., N. We need to show
A1 < Apmim < Ay forevery m = 1,...,n — 1. This follows directly from (4.6) when

n<Morwhenn>Mandm < M. If n > M and m = M, then (4.5) and (4.7) together give

/ln;M+l =0< /1n—l;M < /1n;M-

Also, (4.5) gives that 4,11 < A1 < Ayym becomes 0 < 0 < 0 whenever n > M and
m > M. Next, to show that {{4,,,}" _, }n’\’:1 satisfies Definition 12.(iii), note that whenn > M,

(4.5) and Definition 1.(iv) together give
n M n
Z /ln;m = Z /ln;m = Z,um (48)
m=1 m=1 m=1
Furthermore, if n < M, then Definition 1.(1) and Definition 1.(iii) together give
Apm =0 whenever m > n, 4.9)

and so (4.9) and Definition 1.(iv) together give (4.8).

Now take inner eigensteps {{d,.}"_,}"_,, and consider {{1,.,}_,}"_ , where we define

Apm =0 whenever m > n. (4.10)
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Then Definition 1.(i) follows directly from (4.10) by taking n = 0. Also, Definition 1.(ii)

follows from Definition 12.(i) since M < N. Next, Definition 12.(ii) gives
Anme1 < Apiom < Ay Yn=2,....Nom=1,...,n—1. 4.11)

Using the nonnegativity of {4, }nN:1 along with Definition 12.(i) and an iterative application

of the left-hand inequality of (4.11) then gives
OS/lNZ/lN;NS"'S/ln;n Vn:l,...,N.

Combining this with an iterative application of the right-hand inequality of (4.11) then
gives

0< Ay <+ < Ay Vn > m. (4.12)

For Definition 1.(iii), we need to show (4.6) and (4.7) for every n = 1, ..., N. Considering
(4.10), when n = 1, (4.6) and (4.7) together become A;.; > 0, which follows from (4.12).
Also, when n > M, (4.11) immediately gives (4.6), while (4.7) follows from both (4.12)
and (4.11):

0< /ln;M+1 < /ln—l;M < /ln;M-

For the case 2 < n < M, note that (4.11) gives the inequalities in (4.6) whenever m < n — 1.
Furthermore when m = n, (4.10) gives 4,.,+1 = A,-1.,» = 0, and so the inequalities in (4.6)
become A,.,, > 0, which follows from (4.12). Otherwise when m > n, the inequalities in
(4.6) become 0 < 0 < 0 by (4.10). To finish the case 2 < n < M, we need to prove (4.7).
When n = M, (4.7) becomes A, > 0, which follows from (4.12). Otherwise when n < M,
(4.7) becomes 0 < 0 < 0 by (4.10).

At this point, all that remains to be shown is that {{/ln;m},’y‘f: | }2’:0 satisfies Definition 1.(iv).

For n < M, (4.10) and Definition 12.(ii1) together imply

n n

M
Z /ln;m = Z /ln;m = Z/’lm (4.13)
m=1 m

m=1 =1
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Next, note that (4.12), Definition 12.(i), and our assumption that 4, = 0 for every n > M

gives

0< Am <Ay =An =0 whenever n > m > M.
Thus, A,,, = O whenever n > m > M; when n > M, we can combine this with
Definition 12.(iii) to get (4.13). |

This result, when coupled with a complete constructive characterization of all valid
inner eigensteps provides a systematic method for constructing any and all valid outer

eigensteps, thereby making Step A of Theorem 2 explicit.

4.2 Top Kill and the existence of eigensteps
In Chapter 3, Theorem 7 gave us an explicit construction of all sequences of vectors
whose partial-frame-operator spectra match the eigensteps chosen in Step A of Theorem 2.

We now focus on the problem of performing Step A explicitly, namely choosing a sequence

N

of outer eigensteps {{A,,,}_}Y

which satisfy Definition 1. By Theorem 14, we see that

every sequence of outer eigensteps corresponds to a unique sequence of inner eigensteps.

N
n=1

Note that if a sequence of inner eigensteps exists, then {/l,,}nN:1 necessarily majorizes {u,}

since
n n n
IS WS YR
m=1 m=1 m=1

In this section, we prove the converse, specifically that if {1,}"_ majorizes {u,}"

n=1°

then a

corresponding sequence of inner eigensteps {{A,,}" :l}N exists. To be clear, the Schur-

n=1

N

N | majorizes {u,}",.

Horn Theorem gives that this set is nonempty if and only if {4,}
Horn and Johnson [33] already proved that such a sequence exists, however, their proof
provides no intuition as to how to explicitly construct such an interlacing sequence. The

main algorithm of this section, Top Kill, not only provides an alternative proof of Horn and

Johnson’s approach, but it refines Step A of Theorem 2 by giving an explicit construction of
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a feasible set of eigensteps. In the next section, we use these results to further parametrize

the set of all eigensteps. We now motivate the Top Kill algorithm with an example:

Example 15. Let N = 3, {1, , 43} = {3,2,1} and {1, 0,3} = {1,1,1}. Since this

spectrum majorizes these lengths, we claim that there exists a corresponding sequence of

3
n=1"

inner eigensteps {{A,;.}) _;} That is, recalling Definition 12, we claim it is possible
to find values {A,,;} and {1, 42,2} which satisfy the interlacing requirements (ii) that
{11} E {A21, 420} E {%, %, %} as well as the trace requirements (iii) that 4;.; = 1 and

A1 + Axp = 2. Indeed, every such sequence of eigensteps is given by the table:

n 1 2 3
Ay 1
2 2 (4.14)
/ln;z X ?—1
/ln 1 1 2—x 47_1
where x is required to satisfy
1<x<2<2-x<i, x<1<2-x (4.15)

L3
2° 4

Clearly, any x € [5, 3] will do. However, when N is large, the table analogous to (4.14) will
contain many more variables, leading to a system of inequalities which is much larger and
more complicated than (4.15). In such settings, it is not obvious how to construct even a
single valid sequence of eigensteps. As such, we consider this same simple example from a
different perspective—one that leads to an eigenstep construction algorithm which is easily
implementable regardless of the size of N.

The key idea is to view the task of constructing eigensteps as iteratively building a

staircase in which the nth level is A, units long. For this example in particular, our goal is to

A

build a three-step staircase where the bottom level has length ;

, the second level has length

%, and the top level has length %; the profile of such a staircase is outlined in black in each
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Figure 4.1: Two attempts at iteratively building a sequence of inner eigensteps for
{41, A2, A3} = {%, %, %} and {u, uo, u3} = {1,1,1}. As detailed in Example 15, the first row
represents a failed attempt in which we greedily complete the first level before focusing on
those above it. The failure arises from a lack of foresight: the second step does not build
sufficient foundation for the third. The second row represents a second attempt, one that is
successful. There, we begin with the final desired staircase and work backwards. That is,
we chip away at the three-level staircase (d) to produce a two-level one (e), and then chip
away at it to produce a one-level one (f). In each step, we do this by removing as much
as possible from the top level before turning our attention to the lower levels, subject to
the interlacing constraints. We refer to this algorithm for iteratively producing {A,_1,,}"}
from {A,,,}" _, as Top Kill. Theorem 16 shows that Top Kill will always produce a valid
sequence of eigensteps from any desired spectrum {4,}", that majorizes a given desired
sequence of lengths {ﬂn}nN=1-

of the six subfigures of Figure 4.1. The benefit of visualizing eigensteps in this way is that
the interlacing and trace conditions become intuitive staircase-building rules. Specifically,
up until the nth step, we will have built a staircase whose levels are {/ln_l;m};‘:ll. To build

on top of this staircase, we use n blocks of height 1 whose areas sum to y,. Each of these
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n new blocks is added to its corresponding level of the current staircase, and is required to
rest entirely on top of what has been previously built. This requirement corresponds to the
interlacing condition (ii) of Definition 12, while the trace condition (iii) corresponds to the
fact that the block areas sum to u,,.

This intuition in mind, we now try to build such a staircase from the ground up. In the
first step (Figure 4.1(a)), we are required to place a single block of area u; = 1 on the first
level. The length of this first level is A4;.; = ;. In the second step, we build up and out
from this initial block, placing two new blocks—one on the first level and another on the
second—whose total area is u, = 1. The lengths A,.; and A, of the new first and second
levels depends on how these two blocks are chosen. In particular, choosing first and second
level blocks of arca % and %, respectively, results in {41, A2} = {%, JT} (Figure 4.1(b)); this

corresponds to a greedy pursuit of the final desired spectrum {ZT’ % }, fully completing the

1
2
first level before turning our attention to the second. The problem with this greedy approach
is that it doesn’t always work, as this example illustrates. Indeed, in the third and final step,
we build up and out from the staircase of Figure 4.1(b) by adding three new blocks—one
each for the first, second and third levels—whose total area is u3; = 1. However, in order
to maintain interlacing, the new top block must rest entirely on the existing second level,
meaning that its length A3 < A, = ‘—11 cannot equal the desired value of % That is, because

of our poor choice in the second step, the “best” we can now do is {431, A3, 3.3} = {%, 1, %,}

(Figure 4.1(c)):

n 1 2 3
/ln;3 i
Ani2 Z 1
/ln;l 1 ZT ZT

The reason this greedy approach fails is that it doesn’t plan ahead. Indeed, it treats the

bottom levels of the staircase as the priority when, in fact, the opposite is true: the top
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levels are the priority since they require the most foresight. In particular, for A3 to achieve
its desired value of % in the third step, one must lay a suitable foundation in which A;, > %
in the second step.

In light of this realization, we make another attempt at building our staircase. This
time we begin with the final desired spectrum {d3;, A3, A33} = {7, 2,1} (Figure 4.1(d))
and work backwards. From this perspective, our task now is to remove three blocks—the
entirety of the top level, and portions of the first and second levels—whose total area is
us = 1. Here, the interlacing requirement translates to only being permitted to remove
portions of the staircase that were already exposed to the surface at the end of the previous
step. After lopping off the top level, which has area 433 = %, we need to decide how to
chip away y; — 433 = 1 - % = % units of area from the first and second levels, subject to
this constraint. At this point, we observe that in the step that follows, our first task will
be to remove the remaining portion of the second level. As such, it is to our advantage to
remove as much of the second level as possible in the current step, and only then turn our
attention to the lower levels. That is, we follow Thomas Jefferson’s adage, “Never put off
until tomorrow what you can do today.” We dub this approach Top Kill since it “kills” off
as much as possible from the top portions of the staircase. For this example in particular,
interlacing implies that we can at most remove a block of area i from the second level,
leaving JT units of area to be removed from the first; the resulting two-level staircase—the
darker shade in Figure 4.1(e)—has levels of lengths {1,.1, 4.,} = {%, %}. In the second step,
we then apply this same philosophy, removing the entire second level and a block of area
o — Aop =1 - % = % from the first, resulting in the one-level staircase (Figure 4.1(f)) in

which {1;,;} = 1. That is, by working backwards we have produced a valid sequence of

eigensteps:
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1

/1n;3 4
1 3

A2 3 I
3 7

A1 3 7

The preceding example illustrated a systematic “Top Kill” approach for building
eigensteps; we now express these ideas more rigorously. As can be seen in the bottom
row of Figure 4.1, Top Kill generally picks A,_1.,, = Ayume1 for the larger m’s. Top Kill
also picks 4,1, := A, for the smaller m’s. The level that separates the larger m’s from
the smaller m’s is the lowest level from which a nontrivial area is removed. For this level,
say level k, we have 4,41 < w, < A, In the levels above k, we have already removed
a total of A, units of area, leaving u, — A4+ to be chipped away from A, yielding

An—1: = Ak — (U — Apks+1)- The following theorem confirms that Top Kill always produces

eigensteps whenever it is possible to do so:

Theorem 16. Suppose (A} _, = {un},_,, and define {1} L according to Top Kill,

m=1 m=1

that is, pick any k such that A,441 <y < Ay, and for eachm = 1,...,n — 1, define:

/ln;m, ISmSk—l,
/ln—l;m = /ln;k + ﬂn;kﬂ — U, M= k, (416)
Anm+15 k+1<m<n-1.

Then {ﬂn—l;m}n_ll c {/ln;m}zpl and {/1n—l;m}n_1 z {:um}z_:l]

m= m=1 —

N
n=1

Furthermore, given any nonnegative nonincreasing sequences {A4,}.' . and {pt,,}nN:1

such that {1}, > {ﬂn}nsz define Ay, = A, for every m = 1,...,N, and for each

n=1

N
n=1

n = N,...,2, consecutively define {/l,,_l;m}”m‘:‘1 according to Top Kill. Then {{A,.,}" _,}

m=1

are inner eigensteps.

Proof. For the sake of notational simplicity, we denote {a,}"} := {4,-1,,)"_, and

m=1

Buln_y = {umly_,- Since (B} | = {um}),_,, we necessarily have that 8, < u, <y < B
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and so there exists k = 1,...,n — 1 such that 85,1 < u, < Br. Though this kK may not
be unique when subsequent 5,,’s are equal, a quick inspection reveals that any appropriate
choice of k will yield the same «,,’s, and so Top Kill is well-defined. To prove {ozm}Z[:l1 C
{Bn}),_,» we need to show that:

Bt £ @ < By (4.17)
forevery m = 1,...,n—-1. If 1 < m < k-1, then @, := B,, and so the right-
hand inequality of (4.17) holds with equality, at which point the left-hand inequality is
immediate. Similarly, if k+ 1 < m < n -1, then @, := 5,41, and so (4.17) holds with

equality on the left-hand side. Lastly if m = k, then @ := B+ Br+1 — i, and our assumption

that B, < w, < By gives (4.17) in this case:

Brs1 < Br + Brrt — pn < B

Thus, Top Kill produces {a,,}" ‘]1 such that {a,})_, T {B.},_,- We next show that

{am)" ! = )" If j < k— 1, then since {,,}"_, > {F‘m}nm:p we have:

m=1 —
j J J
Z Z > .
m=1 m=1 m=1
On the other hand, if j > k, we have:

j+1

2 Z:Bm + Bk + Brr1 — M) + Z Bl = Z,Bm s (4.18)
m=1

m=k+1 m=1

with the understanding that a sum over an empty set of indices is zero. We continue (4.18)

by using the facts that {3,,} _| > {un},_, and 1 > p,:

j+1 j+1 J
Z Zﬁm o 2 Zum Hn 2 )t (4.19)
m=1
Note that when j = n, the inequalities in (4.19) become equalities, giving the final trace
condition.
For the final conclusion, note that one application of Top Kill transforms a sequence

{Am}y_, that majorizes {u,}_, into a shorter sequence {A, 1.}, _, ! that interlaces with

70



n—1
m=1"

{Aumty_, and majorizes {u,} As such, one may indeed start with Ay, = 4, and

N

n=1

apply Top Kill N — 1 times to produce a sequence {{A,.,,}) _,},_, that immediately satisfies

Definition 12. O

4.3 Parametrizing eigensteps

In the previous section, we discussed Top Kill, an algorithm designed to construct

a sequence of inner eigensteps from given nonnegative nonincreasing sequences {1,}"_|
and {u,}"_ . As previously mentioned, the Schur-Horn Theorem gives that the set of all

N

N | majorizes {u,}" . Indeed, as noted

inner eigensteps is nonempty if and only if {4}
at the beginning of the previous section, if such a sequence of eigensteps exists then we

necessarily have that {1,}"_ > {u,}"_ . Conversely, if {1,}" > {u,}", then Theorem 16

n=1 — n=1 —
states that Top Kill will produce a valid sequence of eigensteps from {4,}" | and {x,}"_,.
That is, the results of the previous section give an alternative proof of the Schur-Horn
Theorem.

In this section, we use the intuition underlying Top Kill to find a systematic method

n }N—l

for producing all such eigensteps. If the values {{A,..}) _}._

are treated as independent

N

n=1

variables, it can easily be shown that the set of all inner eigensteps for a given {4,}"_ and

{u.}Y_, form a convex polytope in R"™~1/2. The main result of this section gives a complete
characterization of the set of all eigensteps for a given {4,}"_ and {u,}"_,. Unlike Top Kill
which gives just one strategy for constructing a sequence of eigensteps required by Step A

of Theorem 2, the results of this section provide a systematic method for producing any

feasible sequence of eigensteps. In the work that follows, we view these non-Top-Kill-

N
n=1

produced eigensteps as the result of applying generalizations of Top Kill to {4,}) , and

Y.
Recall Example 13 at the beginning of this Chapter where {4, Ay, A3, A4, A5} =

{%, %, %,O, 0} and w, = 1 foralln = 1,...,5. In order for (4.1) to be a valid sequence of

eigensteps, the 10 unknown values in (4.1) must satisfy the interlacing and trace conditions
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(i1) and (ii1) of Definition 12. The set of all such eigensteps form a convex polytope
in R!°. Taking advantage of the interlacing and trace conditions, we reduce these 10
unknowns to just two unknowns in (4.3). The variables x and y must then be chosen so
that they satisfy the system of inequalities given in (4.4). In general, for any {4,,}" | and
{un}_,, constructing all sequences of eigensteps will require simplifying a large system of
inequalities which motivates us to find a more systematic way of parametrizing the resulting
convex polytope.

In this section, we suggest a different method for parametrizing the polytope: to

systematically pick the values {{A,...}) _, }4_, one at a time. Top Kill is one way to do this:
working from the top levels down, we chip away us = 1 units of area from {As,,}>_, to

successively produce Agq = 0, Ay3 = %, Agp = % and A4, = %; we then repeat this process

3

-1» and so on; the specific values can be obtained by

to transform {A4,,}} _, into {13,,}
letting (x,y) = (O, %) in (4.3). We seek to generalize Top Kill to find all ways of picking the
Anm’s one at a time. As in Top Kill, we work backwards: we first find all possibilities for
Ay.4, then the possibilities for 143 in terms of our choice of A4.4, then the possibilities for

A4 1n terms of our choices of A4.4 and A4.3, and so on. That is, we iteratively parametrize

our convex polytope in the following order:

/14;4’ /14;3, /14;2’ /14;1, /13;3’ /13;2, /13;1’ /12;2, /12;1’ /11;1-

More generally, for any {1,}"_ and {u,}"_, such that {1,}" > {u,}" we construct

n=1 — n=1
every possible sequence of eigensteps {{,.,,}"_,}"_, by finding all possibilities for any given
An—1 1n terms of A, where eithern — 1 < n’ orn —1 = n’ and k < m. Certainly, any
permissible choice for 4,1, must satisfy the interlacing criteria (ii) of Definition 12, and so

we have bounds 4,441 < A-1x < Ay Other necessary bounds arise from the majorization

conditions. Indeed, in order to have both {4,,,}" _, > {u,}" _, and {/ln—l;m}zl_zll > {,um}g;l1 we

need:

n n—1 n n—1
MHn = Z,um - Z,um = Z /ln;m - Z /ln—l;m, (420)
m=1 m=1 m=1 m=1
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and so we may view u, as the total change between the eigenstep spectra. Having
already selected A,—1,-1,- - -, Au-14+1, We’'ve already imposed a certain amount of change
between the spectra, and so we are limited in how much we can change the kth eigenvalue.

Continuing (4.20), this fact can be expressed as:

n—1

n—1
Mn = /ln;n + Z(/ln;m - ﬂn—l;m) > /ln;n + Z(/ln;m - /ln—l;m)a (421)
m=1 m=k

where the inequality follows from the fact that the summands A,,.,, — 4,,-1., are nonnegative

if {/1,1_1;,"}"‘:11 is to be chosen so that {/1,1_1;,,1}”_11 C {A.m}" _ . Rearranging (4.21) then gives

m m= m=1"

a second lower bound on 4, to go along with our previously mentioned requirement that

Angs1 < Apori

n n—1
Z /ln;m - Z ﬂn—l;m — Mn < /ln—l;k-
m=k

m=k+1

That is, we necessarily have that

n n-1
max {/ln;k+la Z /ln;m - Z /ln—];m - ,un} < /ln—l;k- (422)
m=k m=k+1

We next apply the intuition behind Top Kill to obtain other upper bounds on 4,14 to
go along with our previously mentioned requirement that 4, < A,4. Recall that we have

already selected {A,,,, };‘:1,( ., and are attempting to find all possible choices 4,1 that will

}k—l

allow the remaining values {A,_1.,},

to be chosen in such a way that:

7 IR o Nl 7 O SR 17 WU L 0 (V70 L (4.23)

To do this, we recall our staircase-building intuition from the previous section: if it is
possible to build a given staircase, then one way to do this is to assign maximal priority
to the highest levels, as these are the most difficult to build. As such, for a given choice
of A,-14, if it is possible to choose {/ln_l;m}ﬁ;:ll in such a way that (4.23) holds, then it is
reasonable to expect that one way of doing this is to pick 4,_;4—; by chipping away as

much as possible from 4,1, then pick 4,14, by chipping away as much as possible from

Ank-2, and so on. That is, we pick some arbitrary value 4,4 and to test its legitimacy,
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k-1 .

apply the Top Kill algorithm to construct the remaining undetermined values {4, ...}, ;3

we then check whether or not {4,_1,, )"~} € {A,)"

=1 = m=1°

k-1
m=1’

To be precise, note that prior to applying Top Kill, the remaining spectrum is {A,,,,}

and that the total amount we will chip away from this spectrum is:

n—1
- (/ln;n + Z(/ln;m - /ln—l;m))- (424)
m=k

To ensure that our choice of 4,1 satisfies A, < A,-14-1, we artificially reintroduce A,
to both (4.24) and the remaining spectrum {A,,,}*~!, before applying Top Kill. That is, we
apply Top Kill to {8,.}, _, := {/ln;m}"_ u {0} _,,, where:

m=1

n-1 n n—1
M= Uy — (/lnn + Z(/lnm - /ln—l;m)) + /ln;k = HMn — Z /1n;m + Z /ln—l;m- (4.25)
m=k m=k

m=k+1

Specifically in light of Theorem 16, in order to optimally subtract u units of area from
{Bn),_,» we first pick j such that §;; < u < ;. We then use (4.16) to produce a zero-

padded version of the remaining new spectrum {A4,,_;. m}k Ly {0}

/ln;m, 1Sl7’l§]—1,

n

Aptym = Anj + Apsjst — Mo + Z —- Z/lnlma m=j

m’=k+1

/ln;m+la ]+1§m§k—1
Picking / such that j + 1 </ < k, we now sum the above values of A,,_., to obtain:

}:Anlm }:an1m+/ul,+ }S Aot

m=j+1

n

= Z Ao — o + Z A — Z At (4.26)
m=1 m=k

m=k+1
Adding " i, = > Ay = 0 to the right-hand side of (4.26) then yields:
m=1 m=1

n n—1

-1 l
Z/ln—l;mzz/ln;m_,un'i' Z n;m Z/lnlm"'Z/Jm Z/lnm
m=1

m=k+1

_ZM ZMmZMm (4.27)

m=I[+1
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Now, in order for {41} _ z tm})y 1 as desired, (4.27) must satisfy:

Zumszanlm Zum Zﬂnm Zﬂnlm (4.28)
m=1

m=I+1

Solving for 4,14 in (4.28) then gives:

n1k<2um Zﬂnm Zanlm (4.29)

m=I[+1 m=k+1
Note that, according to how we derived it, (4.29) is valid when j + 1 < [ < k. Combining
the interlacing requirement that A,,_x < A, with (4.29), we have

Ap-1;x < min {/ln;ka Z:gllin ) { Z,um - Z Apm — Z /ln_l;m}}. (4.30)

.....

As established in the following theorem, this bound actually holds when [ = 1,... k.

Overall, (4.22) and (4.30) are precisely the bounds that we verify in the following result:

Theorem 17. Suppose { A}, = {m}r_. Then {1} = {m} 1 and {/l,,_l;m}ﬁ;ll C

{ At _, if and only if A,_1x € [Ap_14, Buoix] for every k = 1,...,n— 1, where:

n n-1
An—];k .= max {/ln;k-H, Z /ln;m - Z /ln—l;m - ,Un}’ (431)
m=k m=k+1

B, 1 —mln{ ek £n1n {Z,um Z Apm — Z A lm}} (4.32)

""" m=I+1
Here, we use the convention that sums over empty sets of indices are zero. Moreover,
suppose Ay_1pn-1,--->An-14+1 are consecutively chosen to satisfy these bounds. Then

Ay < By_14, and so A,_1y can also be chosen from such an interval.

Proof. For the sake of notational simplicity, we let {am}’,:;l1 = At 1, Bl

{/ln;m},r;:p Ap = An—l;k’ and By := Bn—l;k-

(=) Suppose {am}m =N 77 i 11 and {a,))_, T {Ba),_,- Fix any particular k =
1,...,n—1. Note that interlacing gives S, < a; < Bi, which accounts for the first entries in
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(4.31) and (4.32). We first show a; > A;. Since {8,}) _| > {un}_, and {a@,,}) 1 > i)

m=1’

then:

Z/"m Z/Jm Zﬁm Z Oy = Bn + Z(Bm - a'm) (433)

m=1 m=1 m=1

Since {a,, }”m‘:‘1 C {Bn})_,, the summands in (4.33) are nonnegative, and so:

n—1

>,8n+Z(,8m—a/m)—Z,8m— > - (4.34)

m=k+1

Isolating a; in (4.34) and combining with the fact that @ > Sy, gives @, > Ai. We next
show that a; < By. Fix [ = 1,...,k. Then {a,})_, = {tm}]_ 1 implies Z 1a/m > Zm 1| Mm

and Y @,, = 3| i, and so subtracting gives:

-1 n—1 n—1 k-1 n—1 k-1
Z Z = D O+ D @z Y @t ) B, (4.35)
m=I m=I[ m=k m=I m=k m=[
where the second inequality follows from {amz . T {Bu}r_,. Since our choice for
[ =1,...,k was arbitrary, isolating a; in (4.35) and combining with the fact that o, < S
gives a; < By.
(<) Now suppose Ay < a; < By forevery k = 1,...,n — 1. Then the first entries in
(4.31) and (4.32) give Byy1 < ay < By forevery k=1, .. — 1, that is, 1 C{Bulr_
It remains to be shown that {a,,}/ 11 > {,um}m - Since a; < By foreveryk =1,...,n-1,
then:
n—1 k n—1
W< Y pn= D Pu= D aw  Vk=1...n-1, 1=1. .,k (4.36)
m=l m=[+1 m=k+1

a,, < Mo Vek=1,...,n—1. 4.37)

Moreover, @ > Ay implies @; > 3 _, B — 2o L @,y — . Rearranging this inequality and

applying {8,}" _, = {un} _, then gives:
n n—1
D= Bt = (4.38)
m=1 m=1
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Combining (4.38) with (4.37) in the case where k = 1 gives:

-1 n—1
a, = Mo (4.39)

m=1 m=1

N

Subtracting (4.37) from (4.39) completes the proof that {a,,}) | L > {,Um}z;ly
For the final claim, we first show that the claim holds for k = n — 1, namely that
A,_1 £ B,_;. Explicitly, we need to show:

max(By, Byt + B — ) < min B, 1, _min {Zum— Sall @

""" m=I+1

Note that (4.40) is equivalent to the following inequalities holding simultaneously:
@) Bn < Bu-1s

(11) ﬁnfl +ﬁn — Hn Sﬁnfl’

(iii) ,8,,<Z,um— Zﬁm VYi=1,...,n—1,

m=[+1

(iv) Bu1 + P, — ,Un<z,um Z,Bm Yi=1,...,n—1.

m=I[+1

First, (i) follows immediately from the fact that {§,,}’ _, is nonincreasing. Next, rearranging
(i1) gives B, < u,, which follows from {8,} _, = {ua.},_,. For (i), the facts that
B} _, = {tm}" _, and {u,,}" _, is nonincreasing imply:

iﬁmﬁ Zn],umﬁnzl,um Vi=1,...,n—1,
m=I

m=I[+1 m=I[+1

which in turn implies (iii). Also for (iv), the facts that {8,,}] _, is nonincreasing and

Bty = {m)h_, imply:

Bu-t + Zﬁm<2ﬁm Zn:ym Vi=1,...n-1,
m=[

m=I[+1

which in turn implies (iv). We now proceed by induction. Assume a;,; satisfies Ay, <

@r+1 < Byyy. Given this assumption, we need to show that Ay < Bj. Considering the
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definitions (4.31) and (4.32) of A; and By, this is equivalent to the following inequalities

holding simultaneously:

(1) Bre1 < Br

n n—1
) ) Bu= D =t <P
m=k m=k+1
(1) B <Z/lm Z:Bm_ Z Ay =1,...,k,
m=I+1 m=k+1
(iv) Zﬁm Z xS Zkl i Vi=1,...k
m=k+1 m=l m=l+ m=k+

Again, the fact that {8,,}" _, is nonincreasing implies (i). Next, a1 > Agy gives:

n n—1
Ak+1 > Z ,Bm_ Z Ay — MUn,s

m=k+1 m=k+2

which is a rearrangement of (ii). Similarly, @,y < By gives:

k+1
st < Zﬂm—mi;lﬁm—m;fm Vi=1,... k+1,

which is a rearrangement of (iii). Note that we don’t use the fact that (iii) holds when
[ = k + 1. Finally, (iv) follows from the facts that {8,,}" _, is nonincreasing and {8,}_, >

{tn) _ ;> since they imply:

B + Zn:ﬁmszn:ﬁmszn:um Vi=1,...,k,
m=[

m=I[+1 m=I
which is a rearrangement of (iv). O
By starting with a sequence {/lN;m},’:’l:l = {4}, that majorizes given {,um}m 0>

n

repeatedly applying Theorem 17 to construct {A,_i,,)", from {A,,)"_, results in a

=1
sequence of inner eigensteps. Conversely, any sequence of inner eigensteps {{A,,.,}" _}"

m=1'n=1

can be constructed by repeatedly applying Theorem 17. This fact is summarized in the

following corollary:
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Corollary 18. Let {/l,,}f;’=1 and {,un}ﬁlv=1 be nonnegative and nonincreasing where {/ln}nl\’:1 >
(.. Every sequence of inner eigensteps {{d,,}"_ |}V, can be constructed by the
following algorithm: Let Ay, = A, forallm=1,...,N=1; foranyn = N, ...,2 construct
{/1,1_1;,11}2‘:11 Jrom {Q,,n}) | by picking A, 1k € [Ap-14, Baorxl forallk =n—1,...,1, where

A1 and B,_yy are given by (4.31) and (4.32), respectively. Moreover, any sequence

constructed by this algorithm is indeed a corresponding sequence of inner eigensteps.

We now redo Example 13 to illustrate that Corollary 18 indeed gives a more systematic

way of parametrizing eigensteps:

Example 19. We wish to parametrize the eigensteps corresponding to UNTFs of 5 vectors

in R, In the end, we will get the same parameterization of eigensteps as in Example 13:

n 1 2 3 4 5
An:s 0
dns 0 0
(4.41)
A X 3 3
An2 y $-x 3 2
5 5 5
Aoy 1 2-y 3 3 3
where 0 < x < %, max{{,x} <y < min{3 + x,3 —x}. In what follows, we rederive the

above table one column at a time, in order from right to left, and filling in each column
from top to bottom. First, the desired spectrum of the final Gram matrix gives us that

Ass = Asa = 0and As3 = Asp = As;y = % Next, we wish to find all {/14;,,,}31:1 such

that {Agn)?_; T {Asyn},_, and {Aa)t_, > {w,}}_,. To this end, taking n = 5 and k = 4,

m=1 —

Theorem 17 gives:
4

4
max{dss, As4 + As;5s — s} < A4 < Min {/15;4, min, { Z,um - Z /ls;m}},

.....

m=[ m=I[+1

0 = max{0, -1} < 244 <min{0,3,3,2,1} =0,
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and so A44 = 0. For each k = 3,2, 1, the same approach gives A43 = %, Ay = % and

Ay = % For the next column, we take n = 4. Starting with k = 3, we have:

3 3
max{Asy4, A43 + Agq — Ha} < A33 < min {/14;3, lHllin3 { Z,um - Z /14;m}},
o m=I m=I+1
1 .22 4 2
0= maX{O, —g} < /13;3 < mln{g, 323> 1} =3

Notice that the lower and upper bounds on A33 are not equal. Since A3 is our first free

variable, we parametrize it: 133 = x for some x € [0, %]. Next, k = 2 gives:

4 _ 2
3 — X = max{3

— 4

3%

b

Wl

—x} < A3, < min{%,;—‘—x,2 - x}

4 _

and so A3 = 3

x. Similarly, A3, = % Next, we take n = 3 and k = 2:

max({x, 1} <, <min{? - x, 3 +x, 1},

Note that A,., is a free variable; we parametrize it as A,., = y such that

1 2

1 2 : 1 4 .
yel3.5+xlif x €10, 3], yelx,3-x]ifxe[3,5]

3
Finally, o, =2 —-yand 4;,; = 1.

It turns out that when all {u,}"_, are of equal lengths, the upper bound (4.32) of

Theorem 17 can be simplified. In this case, the majorization requirement that {A,,_,}"_}, >

{un}" ! comes for free. This is a result of the fact that any nonnegative nonincreasing

sequence {x,}"_, of sum s = 3} _, x, majorizes the uniform sequence {u,};_, where
U, = % for all m = 1...n. To see this, first note for k = 1,...,n, since {x,}' _, is in
decreasing order, the sum of the first k elements of this sequence will always be greater
than or equal to the sum of any k elements chosen from {x,,}/' _,. Averaging over all (Z)
k-combinations, we have:

k n n n n
mezéz D e D G X ). (4.42)
k

mi=1 mpy=1 m3=1 mi=1
my#my m3z#mi,my mg#mj...mg_
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Taking into account that each x,, is repeated a total of (Z:i) times, the summations in (4.42)

can be collapsed into one and further simplified to give the majorization condition,

k (7)) & -1 K-k ks <
T E; me:(k—’:)!(n—k)' nn Z Zx’":?szzu’"’

m=1 m=1
which holds for k = 1,...,n. It is straightforward to show equality in the case that k = n.

Thus, the uniform sequence {u,,} _, is indeed majorized by {x,}" _,. Returning to the upper

m=1"
bound (4.32) of Theorem 17 in the case when {u,,}" _, are all of equal lengths, we will now
show that the minimum always occurs when / = 1. Hence, the new upper bound for 4,

can be found by taking the minimum of just two quantities rather than k + 1 quantities.

Theorem 20. Let {A,,,}" _, and {u,}), _, be nonnegative nonincreasing sequences. Suppose

ot Awm = nu. Then Y- " dpoton = (0= Dy and {ﬂn—nm}fn;l C {Aum)i_, if and only if

m=1 m=1 1 =

An-1:k € [Ap—14> Bpo1x] for every k = 1,...,n -1, where

A,k 1= max {ﬂn;lm, Ak — Vn;k}v (4.43)
Bn—l;k = min {/ln;ka /ln;l - Vn;k}' (444)
where
n n—1
Vok = M — Z /ln;m + Z /1n—l;m- (445)
m=k+1 m=k+1

Here, we again use the convention that sums over empty sets of indices are zero.
Moreover, suppose A,_1.-1, ..., An-1:4+1 are consecutively chosen to satisfy these bounds.

Then A,_1 < B,_14, and so A,_1 can also be chosen from such an interval.

Proof. The proof here is similar to that of Theorem 17. For the sake of notational

ST . -1 . —
simplicity, we again let {a,,}) | := {Ad,_in}) 1, Bt _1 = At _1s Vak = Vi Ak i= Ak

and Bk = Bn—l;k-
The “=” direction of the proof follows immediately from Theorem 17. For the “«

direction, suppose A; < @, < By for every k = 1,...,n — 1. Then the first entries in (4.43)
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and (4.44) give Bry1 < a; < By forevery k = 1,...,n — 1, that is, {a/m}m‘:l1 C {Bul,_,» as
claimed. It remains to be shown that Z”;ll ap=m—-Du.Fork=1,8-vi<a <B1—

m

and so

n n—1
=i =vi =B (= Yt ) ) (4.46)
m=2 m=2
Rearranging (4.46) and using the fact that ), _, 8,, = nu gives

n—1

S = === = D
m=1 m=1

as claimed. For the final claim, we first show that the claim holds for £k = n — 1, namely

that A,_; < B,_;. Explicitly, we need to show that

max{ﬁn’ﬁn—l +:8n _/J} < min{ﬁn—l’ﬁl +18n —/,l} (447)

Note that (4.47) is equivalent to the following inequalities holding simultaneously:

@) Bn < Bu-1,
(11) IBn—l +ﬁn —H Sﬁn—l,
(111) IBn Sﬁl +ﬁn — M,

(V) Bt +Bn — 1 < Bi + B — 1.

As in the proof of Theorem 17, (i) follows immediately from the fact that {8,}" _, is
nonincreasing. For (i1) and (iii), we use the fact that the average always falls between

the maximum and minimum values of {8,}" _,:

= B S LD == D e S M =B (849
Items (ii) and (iii) follow immediately from (4.48).

We now proceed by induction. Assume ay.; satisfies Ay < @1 < Biy. Given this
assumption, we need to show that A; < By. Considering the definitions (4.43) and (4.44)

of A, and B, this is equivalent to the following inequalities holding simultaneously:
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@ Brr1 < Br

(ii) B = vi < Br
(i) B < B = Vi
(V) B =vi < B —w

Again, the fact that {§,,}’ _, is nonincreasing implies (i). Next, substituting the definition of

Vi1 from (4.45) gives

n n—1
Viel = Brst + Qps1 = — Z B + Z Ay = Prs1 + st

m=k+2 m=k+2
n n—1
=HM— Zﬁm + Z ap
k+1 m=k+1
= V. (4.49)

Next, note that our inductive hypothesis gives a1 > Axs1 = Bi+1 — Vis1. Combining this
fact with (4.49) then gives v, > 0, which then implies (ii). Next, substituting (4.49) into

st < Byt < By — vig glves

0 < By — @ks1 = Vw1 = B1 — Q1 — Vi + Brs1 — Q1) = B1 — Vi — Brest

which is a rearrangement of (iii). Finally, (iv) follows from the fact that {3,}" _, is

nonincreasing. O
We now give an example to show the necessity of the minimum over all / in (4.32).

Example 21. Let N = 4, {4y, A5, A3, A4} = {11, 8,8, 1} and {uy, to, u3, s} = {10, 6,6, 6}. In
this example, we show that when {/,Lm}fn:1 are not of equal lengths, the minimum does not

always occur when [ = 1.

4
n=1

Our goal is to construct a sequence of inner eigensteps {{A,.}" _,}

m=1

which satisfy

Definition 12. We will show that every sequence of eigensteps is given by the following
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table:

n 1 2 3 4
Ana |
A3 x 8 (4.50)
An y 8 8

A1 10 16—y 14—-x 11

where 3 <x<4and2+x<y<6.

We rederive this table one column at a time working backwards from right to left.
To begin, the desired spectrum of the final Gram matrix completes the last column of
(4.50); that is, Ay = 11, A4p = 8, A4z = 8, and A4y = 1. Next, we complete the
third column of (4.50) and find all {4s,,}> _, such that {13,,}} _| € {A4,,}?_, and such that
{Aan)?_, = {m} _,. Taking n = 4 and k = 3, Theorem 17 gives

3

3
max{Asy, g3 + Agq — pa} < A33 < min {/14;3, lilllin3 { Z,Um - Z /14;m}},
m=l

.....

m=I[+1

3 = max{l, 3} < 433 < min{§, 6,4, 6} = 4.

Notice that the lower and upper bounds on A33 are not equal. Since A3 is our first free
variable, we parametrize it: A33 = x for some x € [3,4]. Also, notice that the minimum
occurs at / = 2 which demonstrates that when {u,}! | are not of equal lengths, it is
necessary to consider the minimum over all / in order for {/13;,,1},371:l > {,um}i:l. Indeed,
if we had followed the approach of Theorem 20, the upper bound on x would occur at/ = 1
implying x € [3,6]. However, picking x = 6, leads to A3,; = 8, contradicting the fact that

10 = Ay < A3,;. Finally, to complete the third column, we are left with the cases when

k =2 and k = 1. Following the approach of Theorem 17 gives A3, = 8 and A3, = 14 — x.
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For the second column, we take n = 3. Starting with k = 2, we have

2 2
max{As;3, A3 + A3;3 — p3} < Ay < min {/13;2, min { Z—z’um - Z /13;;11}},

.....

m=I[+1

2 + x = max{x,2 + x} < A, < min{8, 8,6} = 6.

Note that A, is a free variable; we parametrize it as A, = ysuchthat 2 + x <y < 6.

Finally, 4., = 16 —y and 4;,; = 10.

In conclusion, we now give a complete constructive solution to Problem 9, that is, the
problem of constructing every frame of a given spectrum and set of lengths. Recall from
the beginning of this chapter that it suffices to prove Theorem 10:

Proof of Theorem 10: We first show why such an F exists if and only if we have

{3 U {OY_ ., = {u,)Y,. Though this may be quickly proven using the Schur-

Horn Theorem—see the discussion at the beginning of Section 4.2—it also follows from

the theory of this chapter. In particular, if such an F exists, then Theorem 2 implies

M

that there exists a sequence of outer eigensteps corresponding to {4,},_,

and {u,}_,; by
Theorem 14, this implies that there exists a sequence of inner eigensteps corresponding

to {4}

m=1

U {0}V_,,., and {u,}" ; by the discussion at the beginning of Section 4.3, we

necessarily have {4,,}’L U {0}V > {pa}_,. Conversely, if {4,,}_ U {O}Y > (|,

m=1 m=M+1 m=M+1
then Top Kill (Theorem 16) constructs a corresponding sequence of inner eigensteps, and

M

so Theorem 14 implies there exists a sequence of outer eigensteps corresponding to {4,,},_,

and {u, }nNzl’ at which point Theorem 2 implies that such an F' exists.

For the remaining conclusions, note that in light of Theorem 2, it suffices to show
that every valid sequence of outer eigensteps (Definition 1) satisfies the bounds of Step A
of Theorem 10, and conversely, that every sequence constructed by Step A is a valid
sequence of outer eigensteps. Both of these facts follow from the same two results. The
first is Theorem 14, which establishes a correspondence between every valid sequence

of outer eigensteps for {4,}_ and {u,}"  with a valid sequence of inner eigensteps
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for {4} U{0}_, ., and {u,}" | and vice versa, the two being zero-padded versions
of each other. The second relevant result is Corollary 18 which characterizes all such
inner eigensteps in terms of the bounds (4.31) and (4.32) of Theorem 17. In short, the
algorithm of Step A is the outer eigenstep version of the application of Corollary 18 to
{43 U{O}Y_,,. | one may easily verify that all discrepancies between the statement of

Theorem 10 and Corollary 18 are the result of the zero-padding that occurs in the transition

from inner to outer eigensteps.
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V. Completing finite frames

In this chapter, we generalize the theory of Chapters 3 and 4 and address the problem

of completing finite frames for a given nontrivial initial spectrum. We wish to complete the

frame Fy = {f,}"_, by adding P additional measurements in order to construct F = {f,}""**
M

m_1- Our goal is to characterize all such frames

whose frame operator has spectrum {A,,}

whose final spectrum is (@, u)-constructible:

e 0 . . . . _ M _ P
Definition 22. Given nonnegative nonincreasing sequences @ = {a,,},_, and u = {uy, p}p:1 ,
M

oy 18 (a, p)-constructible if

a corresponding nonnegative nonincreasing sequence {4}

given any N vectors Fy = { fn}nl\’:1 in CM whose frame operator F vy = Zflv:l f.f has

M

spectrum {,},_;

it is possible to find vectors { fl\/ﬂ,}[’;1 such that || fy +p||2 = Uy.p for all

M
m=1"

N+P
n=1

p = 1,... P, and such that the new frame operator F = {f,}"""" has spectrum {A,,}

In particular, in this chapter we solve the following problem:

Problem 23. Given nonnegative nonincreasing sequences a = {ozm}ﬁ‘r’l":1 and u = {,uN+p}§ —p

M

characterize all (a, u)-constructible sequences {4,,},_,.

Specifically, the major results of this chapter are Theorem 39 which characterizes
which spectra are («, p)-constructible and Theorem 40 which provides the explicit Chop
Kill algorithm for constructing a sequence of continued outer eigensteps.

To solve Problem 23, we build on the theory of Chapters 3 and 4 to characterize all
frames whose final spectrum is (@, u)-constructible. Taken together, the results of these
two previous chapters allow us to explicitly parametrize the set of all frames whose frame
operator F'F* has a given spectrum and whose elements have a given set of lengths in the
case where no initial spectrum is given, i.e., where «,, = 0 for all m. In particular, we

I

saw that any F for which FF* has {,}"_| as its spectrum and for which ||f,|I* = u, for

all n generates a sequence of eigensteps. The main result of Chapter 3, Theorem 2, proves
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that the converse of this statement is also true and characterizes and proves the existence
of sequences of vectors that generate a given sequence of eigensteps. In light of these
facts, solving Problem 23 can be reduced to finding a valid sequence of continued outer

eigensteps which have the additional property that Ay, = @,:

Definition 24. Given nonnegative nonincreasing sequences {@,}*_ , {1,,}*_ and {uy. p};’ -,

a sequence of continued outer eigensteps is a doubly-indexed sequence of sequences

T iT——l };’:0 for which:
(i) The initial sequence is prescribed: Ay, = @, Ym=1,..., M.

(ii) The final sequence is {4} : Ayspyn = A, Ym=1,..., M.

el

(iii) The sequences interlace: {An.p-1.m}"_| T {Anspmt™,¥p=1,..., P.

(iv) The trace condition is satisfied: Zle AN+pm = Znﬂle a,, + Zﬁ,:] Un+p YD =1,...,P.

The differences between Definition 24 and Definition 1 of outer eigensteps in

Chapter 3 are conditions (i) and (iv). Conditions (i) and (iv) are both results of the fact

M

m=1"

that we are adding measurements to the existing spectrum « = {a,,} In this chapter, we
are not concerned with constructing eigensteps for « as this problem has been completely
resolved in Chapter 4 which provides an explicit parametrization of the set of all valid
eigensteps for . Instead, we focus our attention on constructing the continued outer

eigensteps for {1,,}"_,. To this end, our goal is to complete the following table of continued

outer eigensteps for given initial and final spectra:

N+p 0 1 2 P
/lN+p;M a3 ? ? “e /1M
ﬂN+p;] (03] ? ? Ce /11
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Note that once we have a sequence of continued outer eigensteps, we can then apply the
algorithm of Theorem 7 in order to complete the frame Fy by explicitly constructing the
added frame vectors, { fi. p}i .

In order to solve Problem 23 we first consider a class of sequences {4,,}" | which is

larger (and easier to understand) than the (a, u)-constructible class that we are interested

M

m=1

in. If @ = {a,}_, is the initial sequence of eigenvalues, we know from the interlacing
condition of Definition 24 that ,, = An., < Ayspu for p = 1,..., P. Since a is nonnegative,
{An+pm ) is nonnegative as well. Sequences which have these properties are what we call

a-admissible:

M

m=1°

Definition 25. Given a nonnegative nonincreasing sequence « = {a,,} a corresponding
nonincreasing sequence {/lm}r":: | is @-admissible if a,, < Ay, forallm = 1,..., M. The set

of all @-admissible sequences is denoted by adm(«).

Every (a, u)-constructible sequence is an @-admissible sequence, but the converse is
not necessarily true. Due to the complexity of Problem 23 we first understand what it
means for a sequence to be @-admissible. Once we have restricted our search to only
those sequences which are @-admissible, we then tackle the problem of determining what it
means for one of these sequences to be (a, 1)-constructible. To begin, in the next section we
consider how only a single eigenvalue is related to a given initial sequence of eigenvalues
a. In Section 5.2 we then turn our attention to solving Problem 23. There we make use of
the theory in Section 5.1 to create a one-to-one correspondence between an @-admissible

sequence and a new matrix which represents the relationship between the initial sequence

M

a and final sequence {/lm}nl‘le. We also characterize sequences {4,,},_,

which are (a, p)-
constructible and generalize the Top Kill algorithm of Chapter 4 for generating a valid

sequence of continued outer eigensteps.
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5.1 Preliminaries
In this section we explore the connection between a single eigenvalue A and a given
initial sequence of eigenvalues @ = {a,,}*,. The following two functions will help us relate

Ato a:

Definition 26. Let p € R¥*!, Define the function s : R¥*! - R

M+1

s(p) = an. (5.1)

n=1

M
m=1°

Definition 27. Let A € [0, o). Given a nonnegative nonincreasing sequence o = {a,,}

define p, : [0, 00) — RM*!

[Pa(D], = €10, ] N (@, @1 1), (5.2)

where ¢ is the length (Lebesgue measure) of an interval and we adopt the convention that

ag := oo and a4 := 0.

The function s simply computes the sum of the elements of any vector whereas p, can
be thought of as taking any nonnegative real number, A, and breaking it up into intervals
according to @. In other words, p, partitions A according to @ leading to the following

definition.

Definition 28. Define the set of all a-partitions as follows:

0<p,<a,—a,,Vn;
Part(a) := {p € RM*! : . (5.3)
if p, >0, thenp, = ay_1 —ay, Y0’ >n

In a moment, we will show that Part(«) is the range of p,. The next result states that

any vector in Part(a) must be of a particular form.
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M

Lemma 29. Given a nonnegative nonincreasing sequence @ = {a},_,

and p € Part(a),

there exists an index no = 1... M + 1 such that:

0, if n < no,

Pn s(p) —ay, ifn=ny, (5.4)

-1 — Ay, l:fl’l > No.
Specifically, for nonzero p € Part(a), ng is the unique index such that a,, < s(p) < @,—1.

Proof. Let p = {p,}M*! € Part(@). We claim that in the case where p, = 0 for all

n=1,...,M+ 1, we can choose n) = M + 1. Indeed, we immediately have p, = 0
forn < M + 1. Moreover, forn = M + 1, p, = s(p) — a, = s(0) — ap1 = 0 since by
definition, @y, := 0. Hence p = 0 is of form (5.4).

Now consider the case where p # 0. Pick ng to be the minimal index such that p,,, > 0.
Since ny is the minimal such index, p, = 0 for all n < ny. Moreover, by definition of

Part(a), p, = a,-1 — a, for all n > ny. In light of these facts,

M+1 no—1 M+1
Pny = an_ an_ Z Pn
n=1 n=1 n=np+1
M+1
=s(p) =0~ > (a1 —a)
n=np+1
= S(p) - (a/n() - aM+l)
= S(p) - a”l’lo’

where the final equality follows from the fact that @y, := 0. Thus, p is of form (5.4).
Next we show that the index ny is unique provided p # 0. Take any n, such that (5.4)
holds. First note that since s(p) — a,, = pn, > 0, this gives that a,, < s(p). Moreover, since

p, = 0forall n < nyand p, < (@, — a@,) for all n by (5.3), we have:

M+1 M+1 M+1
s(p) = E Pn = E Pn < § (@1 — @) = Apy—1 — UApM+1 = Apy—1-
n=1 n=ny n=ny
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Putting these two facts together yields @, < s(p) < @,,-1. This implies that the index n is

unique since such an inequality can only hold for at most one ny. O

In the next section, we will see that solving Problem 23 will require a one-to-one
correspondence between any eigenvalue A,, and its a-partition p,(4,,). The following
theorem states that p, is a bijection from the nonnegative real numbers onto their

corresponding a-partitions.

Theorem 30. p,, is a bijection from [0, o) onto Part(a@), with
pPe ' =s: Part(a) — [0, c0).

Proof. We first show that s is a left-inverse of p, for any 4 > 0:

M+1 M+1

S(Pa(D) = Y [Pe( D]y = Y €10, A1 0 (@, 0 ])
n=1 n=1

M+1

= f( 10,410 (s, an_l]) (5.5)
" M+1
= 5([0, an ( |, an_]])).
n=1

M+1
n=1

By definition, @ := oo and a4 := 0, implying | J,_} (@,, @,—1] = (0, o0]. Coupled with

the fact that 1 > 0, (5.5) becomes
8(pa()) = €([0, 4] N (0, eo]) = £((0, ]) = A.

Thus, s is indeed a left-inverse of p,, in particular implying p, is one-to-one.

M+1
n=1

To show that s is a right-inverse of p,, let p = {0,} € Part(@), and without loss of

generality, assume p # 0. Then by Definition 27,

0, if s(p) < a,,

[Pa(s(o))]s = £00,5(0)] N (@, @uct D) = {5(p) = @, if @y < 8(0) < @y, (56

@p-1 — Ay, if @y < S(P)
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Moreover, since p # 0, the ny of Lemma 29 is the unique index such that @,,, < s(p) < a@y,_1.

We use this fact to prove that p,(s(0)) = p by relating (5.6) to (5.4). That is, we want to

show that
0 if s(p) < a,, 0 if n <ng
s(p) — a,, ifa,<s()<a,i, (=9 s(p)—a,, ifn=ny, (- (5.7
Ay — @, ifa,_1 <s(). a1 — @y, ifn>ng.

In particular, considering (5.7) for an index n for which s(p) < «,, (5.6) gives [p.(s(0)], =
0. Moreover, since a,, < s(p) < @, and {am},’:le is nonincreasing, n < ny and so (5.4) gives
pn, = 0. Meanwhile, for n such that s(p) > «@,_1, (5.6) gives [p,(s(0))], = @,-1 — @, while
(5.4) gives p, = @,-1 — a, since the fact that @,,—; < s(p) < @,,-; implies n > ny. In the final
case where n happens to satisfy @, < s(p) < @,-;, we necessarily have that n = ny—the
index np in Lemma 29 is unique when p < 0—implying [p,(s(0))], = s(p) — @, = pn.
Having that s : [0, co) — Part(«) is both a left and right inverse of p,, then we have p, is a

bijection from [0, o) onto Part(a). O

The following example demonstrates how we use the function p, to go back and forth

between a single eigenvalue A and its a-partition.

Example 31. Let M =3, 1 = % and {a(, as, a3} = {%, 43?’ %}. The a-partition of A, p,(4), is

the 1 x 4 vector where each entry in computed using Definition 27. That is,

[Pa(D]n = £([0, 2] N (@, @1 D).
When n = 1, by definition, @ := oo and so
[pa(D11 = £([0, A1 N (@1, ao]) = £([0, F1 0 (§, 0] = £((F, £]) = 3. (5.8)
Continuing forn =2 and n = 3,

[Pa(D]2 = €([0, A1 N (@2, 1 ]) = [0, F1N (5, §D = &G, 7D = 1,

[pa(D]s = £([0, 2] N (a3, @2]) = ([0, F1N (5, 3D = (G5, 3D = §- (5.9)
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Finally in the case that n = 4, we use the fact that a4 := 0 which gives
[pa(D]s = £([0, A1 N (@5, as]) = £([0, F1 0 (0, 5]) = £(0, 51) = 5. (5.10)

Taking (5.8), (5.9), and (5.10) together gives that the « partition of A = 14—3 is

[po(2)] = [g 1 i]. (5.11)

1
1 2
It is straightforward to verify that (5.11) is also consistent with Lemma 29 when ny = 1.

In the next section, we use these results to relate the initial spectrum {cx,,,}n"f:1 to the

M
m=1"

final one, {A4,,}

5.2 (a,u)-constructible sequences and Chop Kill

In this section, we focus on Problem 23, namely the problem of finding all (e, u)-
constructible sequences. Solving this problem involves finding a valid sequence of
continued outer eigensteps (Definition 24) for given nonnegative nonincreasing sequences
A, @ = {a,} | and pu = {uNer};’:l. Just as in Chapter 4, we can view the problem
of constructing a sequence of continued outer eigensteps as building a staircase—the
difference here being that we already have an initial sequence of eigenvalues, or stairsteps,
to build on.

When no initial spectrum is given, we have already seen that the highest levels are
the hardest the build. This motivated the Top Kill algorithm for constructing a sequence

of inner eigensteps by removing as much area from the top of the stairsteps as possible

since these areas require the most foresight to build. In that case, a sequence of inner

N

eigensteps existed if and only if {/ln}fqul majorized {,un}n’v:1 where {4,},",,

the spectrum of

M
m=1

F*F, is a zero-padded version of {4,,} when M < N. In contrast, when we consider
the current problem of constructing continued outer eigensteps on top of a given nontrivial
initial spectrum, the areas that are the hardest to build are those that are the highest relative

to the initial spectrum . In this setting, determining whether a sequence of eigensteps
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exists 1s not as straightforward. In this section, we solve Problem 23 by introducing a
new algorithm, the Chop Kill algorithm, for generating a valid sequence of continued outer
eigensteps when starting from a nontrivial initial spectrum . In order to solve this problem
we build on the theory of Section 5.1 in order to relate the initial spectrum « to the final
spectrum {A,,}*_ . First, consider the following definitions which are vectorized version of

Definitions 26 and 27 in Section 5.1.

Definition 32. Let A € R¥*M+D_ Define the function S : RM*M+D _, RM
[S(A)]i := s(Ap). (5.12)

Definition 33. Given a nonnegative nonincreasing sequence @ = {,}"_, let {1,}"_ be

a-admissible. Define the function P, : adm(a) — RMXM+D

[Pa({/lm}%:])]m,n = [pa(/lm)]n = 5([0’ ﬁm] N (a/n’ a’n—l])’ (513)
where p, is the function defined in Definition 27.

The function S operates by applying s defined in Section 5.1 to each row of the matrix
A. That is, S sums across rows. Similarly, P, operates by applying p, to each element of
{4}, and then stacking the outputs as rows of some M X (M + 1) matrix A. That is,
the mth row of Pa({/lm}nﬂle) represents how the eigenvalue A,, is broken up into intervals
according to the initial spectrum a. Because of this, we refer to A = Pa({/lm},"jzl) as the
spectral partition matrix of {/lm}f‘nlzl. The following example demonstrates how to find the

spectral partition matrix for a set of eigenvalues.

Example 34. Let M = 3. We now use Definition 33 to construct the 3 x 4 spectral partition

matrix P,({4,)3_)) where {1, 1, 43} = {£,2, 1}, and {a1, ar, @3} = {3,2,1}. As already

3
m=1

mentioned, P, operates by applying p, to each element of {4,,}° _, and then stacking the
outputs as rows of the matrix Pa({/lm}fnzl). As such, we calculate the entries of Pa({/lm}fn:l)

one row at a time.
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When m = 1, the entries of the first row of P,({1,,}> 5.—1) correspond to the a-partition

of A; = 3. Using the result of Example 31 where we calculated the a-partition for 1 = 12,

the first row of P,({4,,}2 _,) is given by (5.11):

Palltal i =[3 14 4], (5.14)

Next, for m = 2, by Definition 33, each entry of the second row of Pa({/lm}fn: |) s given by

[Po({dn)pe)]on = €10, 2] 0 (@, @1 D), (5.15)

where n = 1,...,4. Substituting n = 1,...,4, into (5.15) and using the fact the @y := oo
and a4 := 0, gives
[Po({dnhyD]an = €(10,31 0 (2, 00]) = €3, 3]) = 1,

[Poz({ m}m 1)]22 = f( s 9] N (4’ 4]) = f((%? 47_;]) =1,

(5.16)
[Pa({ }m ])]23 _g([ ’9]0(25 4]) f((27 4]) %
[Po({An};,-D]oa = €10, 210 (0, 1]) = £(0, 1) = L.
Collectively, the equations of (5.16) give the second row of P,({4,, }’3":1):
Paalil: = |4 1 4 1], (5.17)
Repeating the calculations for A3 = 1, the last row of Pa({/lm}fn:l) becomes
Palltal e =0 ¢ 1 4], (5.18)

Stacking (5.14), (5.17), and (5.18) together, the spectral partition matrix for {1;, A, A3} =

—

(%

Jkl\O

, 1} 1s given by:

301 11

2 4 2

3y = 11
Polidnby-) =3 1 1 3 (5.19)

R

96



Note that by definition, each row of Pa({/lm}f‘::l) is an a-partition. We will show in
a moment that a one-to-one correspondence exists between any a-admissible sequence
(Definition 25) and the spectral partition matrix it generates, Pa({/lm}nl‘f:l). Since we will
show that we are able to go back and forth between the sequence {4,,}_ | and its spectral

partition matrix, Pa({/lm}f;‘f: 1)» we use the same term a-admissible to refer to a specific class

of matrices as well:

Definition 35. Given a nonnegative nonincreasing sequence @ = {cym}M:1 the M x (M + 1)

m

matrix A is a-admissible if:
(i) each row of A is an a-partition, i.e., lies in the set Part(a) defined in (5.3).

(i1) the values in any column of A appear in decreasing order, i.e., A, < Ay, for all

m=2..Mandn=1,..., M + 1.
(1) A, = @y-1 — @, Whenever n > m.
The set of all a-admissible matrices is denoted by Adm(a).
We now prove that P, is a bijection from adm(a) onto Adm(«).

Theorem 36. P, is a bijection from adm(«a) onto Adm(a) with
P, =S : Adm(a) — adm(a).

Proof. Let @ = {a,,}*_, be nonnegative and nonincreasing. We first show that P, is well-

m=1

defined, namely that if {/lm},’?‘f:1 € adm(«) then Pa({/lm}n"le) € Adm(a). First note that since
Part() is defined to be the range of p,, each row of Pa({/lm}ff:]) is an a-partition and so (i)
of Definition 35 is satisfied. For (i), since {/lm}r"rf:1 is nonincreasing, [0, 4,,] € [0, A,,-1] for

all m =2, ... M, which in turn implies that

[Pa({/lm}%=1)]m,n = [([Oa /lm] N (ana an—l]) < 5([0’ /lm—l] N (an’ an—l]) = [Pa({/lm}nﬁlil)]m—l,n
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foralln =2,..., M+ 1. Finally for (iii), for any n > m, we have that n — 1 > m which gives
An = -1 = @,_1, where the last inequality follows from the fact that {/lm} , € adm(a). In

this case, (5.13) becomes

[Pa({ }m 1)] ([0 Anl N (a'n, a’n—l]) = f((a/m an—l]) = Qp-1 — Ay.

Hence, Pa({/lm}n"le) € Adm(a) and so P, is into Adm(«). Next we show that S is well-
defined, namely that if A € Adm(a) then S(A) € adm(w). Here, for any A € Adm(«), using

the fact that A,,,, < A,,—1,, from Definition 35.(i1),

M+1 M+1

(S = D A < Z Antn = (SNt
n=1

which implies {S(A),,}*_, is nonincreasing. Additionally, from property (iii) of Defini-

tion 35,
M+1 M+1 M+1
S(A) Z Amn = Z Amn = Z (a'n—l - a'n) =0 — Ay+1 = Ape
n=m+1 n=m+1

Putting together the fact that {S(A)m}%:1 is nonincreasing with the fact that [S(A)],, > @,
forallm=1,..., M, we have {S(A)m} _, 1s @-admissible. Moreover, we claim that P, and
S are inverses of each other over these domains. This follows from the fact that P, and S
are simply vectorized versions of p, and s, which were proved to be inverses of each other

in Theorem 36. O

Now that we have a one-to-one correspondence between any sequence of eigenvalues
{4}, and its spectral partition matrix P,({4,,}",), we simplify notation by denoting
this matrix as simply A for the remainder of the chapter. Now we turn our attention to
Problem 23, specifically characterizing all (a, i)-constructible sequences. Later on, we
will see that the lower diagonals of A play an important role in determining whether or not

a sequence {/lm}f‘nl:1 is (@, w)-constructible. For each pair of indices in M = {(m,n) : m =

I,....M,n = 1,...,m}, we now introduce a new indexing which indexes each of these
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lower triangular elements according to the diagonal it belongs to as well as its location on
the diagonal. In this case, we use the subscript Ay ;) where j = 1,..., M is for the diagonal

andk=1,...,M — j+ 1is the location along that diagonal. We let
J={Gk:j=1,.... Mk=1,.... M- j+1}

be the set of all pairs of indices in the lower triangle of A. Given A,;x, we can go back
and forth between its corresponding row and column index (m,n) € M as a function of j
and k,

(m,n) =o(j,k) =G —-1+k k). (5.20)

Conversely, given A,,,, we can determine its lower diagonal and location index (j, k) €

as a function of m and n,
(j,k) =1(m,n) = (m—n+1,n). (5.21)

For example, if M = 3, indexing the 3 X 4 matrix A according to standard row and

column indexing, the (m, n) entry of A is assigned the label

Ly = * = o(l,1)  * R
2D 22 * *=|=|oc@2l) o2 * = | (5.22)
(3,1) (3,2) (3,3) * o(3,1) 0(22) o(1,3) *

It it straightforward to show that the coordinate transforms (5.20) and (5.21) are inverse
bijections from M to J. We now define the following function which computes the sum

of any lower diagonal of A:

Definition 37. Let A € RM*M*D_Define the diagonal sum function DS : RM*M+D _, RM

M—j+1 M—j+1
DS(A)j = > Aey= . Ajtei (5.23)
k=1 k=1

The function DS computes sums along the diagonals of the lower triangular part of

A € RMXM+D For any A, we claim that DS(A) is a nonnegative nonincreasing sequence.
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Indeed, DS(A) is nonnegative as a result of Property (1) of Definition 35 which requires each
row of A to be an a-partition, meaning all entries of A are nonnegative. Meanwhile, the
fact that DS(A) is nonincreasing follows from property (i), particularly that A,,,, < Ay—1.-

Specifically, for j = 2,..., M we have,

M-j+1 M—(j-1)

DSA)]j = D) Ajraek < ) Agoiteek < [DS(A)] 1.

k=1 k=1

The following example demonstrates how to calculate the diagonal sums of the spectral

partition matrix (5.19) of Example 34.

Example 38. Recall from Example 34, the spectral partition matrix for {4;, A;, 43} =

1 7 15.
(2,2, 1} and {1, @2, a3} = {2, 2, 1):

3 1 1

3 13 3

|11 11

A 2 1 4 2

1 1 1

07 3 2

We now use Definition 37 to calculate the lower diagonal sums of A. There are three lower
diagonals of A: DS(A); consists of three elements, DS(A), consists of two elements, and

DS(A); consists of only one element. When j = 1, (5.23) gives

3 3
DS(A) = ) Apaiy = D Awx=Ara+ Mgy + Ass =3+ 1+ 1 =1L
k=1 k=1

Similarly, when j = 2, (5.23) gives

2 3
DS(A), = Z Aspy = Z A =Ny +A3p = % + i = ?‘1-
=1 Py

Finally, when j = 3, DS(A); only consists of one element, and so DS(A3) = A,y = Az =

0. Notice that DS(A) = {12, 2,0} is a nonnegative nonincreasing sequence as claimed.

As previously mentioned, the lower diagonals of A play an important role in

determining whether or not a sequence {/lm}%: , 18 (@, p)-constructible. In fact, we now

M
m=1

show that if a sequence {A,,}"_. is (a, u)-constructible {DS(A) j}j"i , necessarily majorizes

{:uN-%—p}IIjzl .
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M

Theorem 39. Given nonnegative nonincreasing sequences {am}le, {un+ p}i _pand { A},

which satisfies A,, > a,, for all m = 1,..., M, if {1} is (a,u)-constructible then

m 1
{DS(A)j}ﬁ/il z {/JN+p}§:1-

Proof. Let @ = {a,™ |, u = {,UN+[,}£:1 be nonnegative nonincreasing sequences and
{ﬂm}%zl be a-admissible. If {/lm}f‘,f:1 is (a, u)-constructible, there exists a sequence of
continued outer eigensteps {{/INJ,p;m}fr’l’ l}P o and a corresponding sequence {AN+p} _o of

a-admissible matrices where Ay., = Po({Anspm}h,) is the spectral partition matrix of

{Anspm )|, and A := Ay, p. We claim that

P M
Z e = Z DS(A);. (5.24)
min{M,p}
Zuw < Z DS(A);. (5.25)
for all p = 1,..., P. From the trace condition (iii) of continued outer eigensteps and the

convention that a,,,; = 0, we have

)4 M M
§ MN+p = § /lN+p;m - § A
p/zl — —

(/lN+pm - Q'M+1)) (5.26)

M

m=1

M M+1
Z(ﬂmpm - Z (@1 —an))

m=1 n=m+1

Since {/lNﬂ,,;m}n"f:l is a-admissible for any p, Theorem 36 gives that Ay,, € Adm(a).
Property (iii) of Definition 35 then gives that Ay, = @,-1 — @, whenever n > m. As
such, (5.26) can be rewritten as

M+1
Z,UN+[7’ - Z (/1N+p;m - Z+ AN+p;m,n)- (527)

m=1 n=m+1

Combining this with the fact that Ay, = M AN, pmns (5.27) becomes

)4 M+1 M+1 M m
Z,uNﬂJ/ = Z ( Z AN+pmn - Z AN+pmn) = Z Z AN+p;m,n’ (528)
p'=1 n=m+1 m=1 n=1
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which is a sum of all the lower triangular elements of Ay,,. By making a change of
variables according to (5.21), these lower triangular elements can also be summed along
diagonals. That is, (5.28) becomes

)4 M m M
PICEEDIDNEIEDY
p'=1 '

m=1 n=1 j=1

IE
.
+

M
ANspij-t+kk = Z DS(An+p);- (5.29)

1 j=1

>~
Il

Letting p = P, gives the majorization condition (5.24). In order to obtain the remaining
condition (5.25) for p = 1,..., P — 1, we first show that DS(Ay.,); = 0 whenever j > p.

To do this, note that forany k = 1,..., M — j + 1, by Definition 33,

Anipij-tskk = [Pa(Ansp;jm1+0]k = ([0, Angp;jm14k] N (@, @1 1). (5.30)

P

=1 Must interlace (Definition 24.(iii)),

Since the continued outer eigensteps {{/lNJ,p;m}fn”:l}

we have
ANspjtsk < ANip-t:j24k < 0 L ANsjoi—prk = Ajoi—p+o (5.31)

for M > j—1—-p+k > 1. Continuing, since j > p, we have j — 1 > p and so

j—-1-p+k>p-p+k =k Thus, (531) becomes Ay.p.j-14x < ai, at which point

(5.30) becomes zero, and so

DS(Awsp); =

M—j+l
Anspj1+kk = 0,

k=1

whenever j > p, as claimed. Returning to (5.29), the fact that DS(Ay,,); = 0 whenever

Jj > p gives
p M min{p,M}
D vy = Y DS(Awip)j = D DS(Awsy);. (5.32)
p=1 j=1 j=1

In order to obtain the final majorization condition (5.25), we also claim that

DS(An+p)j < DS(Anipir)jforp =0,...,P—1and j = 1,..., M. To see this, we use
the fact that {Ayspum} | C {Ansprim,, specifically that Ayspmm < Anspetn < ANtpm—1-

Note that by Definition 33,
AN+p;m,n = 5([(), /1N+p;m] N (an’ an—l]) < 5([0, /1N+p+1;m] N (a’na a’n—l]) = AN+p+1;m,n' (533)
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Coupling (5.33) with Definition 37, we see that
M-j+1 M-j+1
DS(An+p)i = ), Avepjotskk S D Anpetjotekk = DS(Anipi))s
k=1 k=1
as claimed. Indeed, having DS(Ay.,); < DS(Ay.p+1);, (5.32) becomes

P min{p,M} min{p,M} min{p,M}
D= Y DS(Anip);< > DS(Awwp)j= Y. DS(A);,
p'=1 Jj=1 j=1 Jj=1
which is the final majorization condition (5.25) forp =1,...,P — 1. |

5.3 Parametrizing continued eigensteps

In the final section of this chapter, we characterize sequences {/l,,l}r"rf:1 which are (a, p)-
constructible. As discussed in the beginning of the previous section, solving this problem
involves finding a valid sequence of continued outer eigensteps for given nonnegative
nonincreasing sequences {A,},_,, @ = {a,}y_, and g = {un.,}/_;. Having just shown
the necessity of majorization in order for a sequence {/lm}nl‘f:1 to be (a, u)-constructible, in
this section, we prove the converse result, namely that if {DS(A) j}?i | majorizes {,uN+p}II:: 1>
then a corresponding sequence of continued outer eigensteps {{ Ay pum}"_ 1}1’; _ EXists.

Recall from Chapter 4 the simpler case when no initial spectrum is given, that is,
a, = 0 for all m. There we showed the sufficiency of majorization using the Top Kill

algorithm. Top Kill removed as much area as possible from the top levels of the staircase

(see Figure 4.1) subject to the interlacing and trace constraints. In a similar fashion we

M

develop an algorithm that will show that majorization is sufficient for a sequence {4,,},_,

to be (a, u)-constructible; however, this time we remove as much area as possible from
the outermost diagonals. We now introduce this generalization of Top Kill, called Chop
Kill. This algorithm gives an explicit construction of a feasible sequence of continued outer

eigensteps whenever {DS(A) j}ﬁ | majorizes {pN+p}§:1.

Theorem 40. Given {Ay. "

m=

, € adm(a) and for which {DS(AI\,er)j}J.I"i1 > {,u;\/ﬂ,/}g,=1 the

following Chop Kill algorithm constructs {Ay. p_l;m}M

m=1

C {Anspmi) and {(DS(Aysp- Dby = {unep 0 :

€ adm(a) such that {Ay,p-1.m}"

m=1

103



01 Let Ayip-imn = @y — @y forn>m

02 vy = Unep

03 forj=M,...,1

04 fork=M—j+1,...,1
05 0 = min{V;_ 11k, AN+pjtsik — ANap:jeki}
06 ANip-t,j-1+kk = ANipsj-tsik — O

07 ifk > 1

08 Vicdtkk-1 = Vjl+kk — O

09 else

10 VMM-j+2 = Vj—l4kk — O

11 end

12 end

13 end

14 /lN+p—1;m:[S(AN+p—1)]mf0r all m

M

me and

Furthermore, given any nonnegative nonincreasing sequences {am}f‘le, {4}

{,u;vﬂ,}lf;:1 such that {DS(A)I-}?i1 > {,L1N+p}§:1, define Ayipy = Ay foreverym =1..., M,

M

and for each p = P, ..., 2, consecutively define {Ay.p-1.n},_,

according to Chop Kill. Then

{{/l,\prp;m}n]‘f':1 }1‘: _o are continued outer eigensteps.
In order to prove Theorem 40, we will need the following lemma:

Lemma 41. Given {Ay,,,,}"_, € adm(a) and for which {DS(ANH,).,-}iZ1 > {,uNﬂ,/}ﬁ,:l, if
{/1N+p_1;m}f‘::1 € adm(a) is constructed according to the Chop Kill algorithm of Theorem 40,

then

AN+p;m+1,n < AN+p—l;m,n < AN+p;m,n, (534)
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forallm=1,...,Mandn = 1,...,M + 1. Moreover, there exists an index (jo,ky) € J

such that

AN p:jik if (j, k) > (jo, ko),
ANip-1:j-14kk = (5.35)

Anip-tij-1+kk I (oK) < (jos ko),
where “(j, k) > (jo, ko) ” means either j > joorif j = jo then k > ko. Moreover, in the case

where (j, k) = (jo, ko):

M—jo+1 M—jo+1
ANip-1ijo-tekoko = —Hn+p + DS(Anip)jort + Z ANipijo-t4kk — Z Anspjoski (5.36)
k=k() k=k()+1

Before proving Theorem 40 and Lemma 41, we give an example in order to

demonstrate how the Chop Kill algorithm works.

Example 42. We use the Chop Kill Algorithm of Theorem 40 in order to construct a
sequence of continued outer eigensteps for a frame obtained by adding P = 4 additional

vectors to a set of preexisting vectors in R*. For this example, our initial starting sequence

3

@ = {a,m }m=1

is given by the final sequence of eigenvalues in Example 15 of Chapter 4.
Specifically, we let {a, @, @3} = {1,3,1}. The desired final spectrum is {1;, 1, A3} =
{%, %, 1} with the additional vector lengths given by {ty+1, tn+2, Un+3s Un+a) = {2, 1, }‘, %}.
Our goal is to complete the following table according to the rules of continued outer

eigensteps (Definition 24):

N+p 0 1 2 3 4

PR ? ? ? 1
(5.37)

An 2 ? ? ? 2

A 1 ? ? ? L

3
m=1°

To be precise, we must pick {Ay;i.n) {Avs2m} _; and {Ayss,) | that satisfy the

interlacing conditions,

{, 1),

1 3 3 3 13
s 5} C {/1N+1;m}m:1 C {/1N+2;m}m:] C {/1N+3;m}m:1 C {Z,

Al
B el
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as well as the trace conditions,

3
An+1:1 + Ay + Aye13 = Z A + Uy+1 =5,

m=1

3 2
/lN+2;l + /1N+2;2 + /lN+2;3 = a, + Z/JN+[)’ =6,
m=1 p'=1
3 3
Anest + Ayizo + 4 = + =2
B > s m B
N+3;1 N+3;2 N+33 = a HN+p = 7
m=1 p'=1
3 4
_ _ 13
Ansat + Aviap + Aywaz = ) @y + E HN+p = 5
m=1 p'=1

The trace condition means the sum of the values in the N + p column is an:l a, +
Zirzl Hn+p, While the interlacing condition means that any value Ay, is at least the
neighbor to the upper right Ay, p+1.,+1 and no more than its neighbor to the right, Ay p+1.m.

We can view the task of completing (5.37) as iteratively building a staircase. Our
goal is to build on top of an existing three-step staircase with steps of length {‘7—1, %, %}
(Figure 5.1(a)) so that the resulting bottom level has length % the second level has length
%, and the top level has length 1 (Figure 5.1(b)); the initial and final profile of each staircase
is outlined in black in each of the subfigures of Figure 5.1. Similar to Top Kill in Chapter 4,
Chop Kill works backwards chipping away at the three-level staircase in Figure 5.1(b) until
all of the light gray area is removed. To determine which areas should be removed first,
we chop up the staircase into blocks according to the initial spectrum « (indicated by the
dotted lines in Figure 5.1(c)), and then place labels on each gray block corresponding to
its position relative to the initial spectrum a. Blocks with label “1” in Figure 5.1(d) are
one step above the initial spectrum a while blocks with label “2” are two steps above the
initial spectrum. As you can see in Figure 5.1(d), areas with the same label form a diagonal
along the profile of the staircase. Chop Kill works by removing diagonal “2” first followed
by the diagonal labeled “1”. Chop Kill derives its name from this process of chopping up
the staircase according to @ and then “killing” off as much as possible from the outermost

diagonals.
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g 2 )
1 1
11 3 5 3 7 9 5 11 13 11 3 5 3 7 9 5 11 13
Oz22l3232335%37 Oz22l3232335%37
(a) (b)

,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,

7 9 51 3
5121327137

—_
—_

7 9 5 11 13
512137137

Figure 5.1: Given existing spectrum @ = {ay, @, @3} = {1,3, 1} (a), we add 4 additional
11

vectors whose lengths are given by {uwi1, uns2, ines, veat = {2, 1,7, 7} so that the
completed frame has spectrum {1, 4>, A3} = {14—3, %, 1} (b). Our goal is to build a sequence of
continued outer eigensteps for the gray area in (b). To determine the priority in which area
should be removed, we chop up the staircase into blocks according to the initial spectrum «
(indicated by the dotted lines in (c)), and then place labels on each gray block corresponding
to its position relative to the initial spectrum « (d). Blocks with label “1” in (d) are one
step above the initial spectrum a while blocks with label “2” are two steps above the initial

spectrum.

We now attempt to build this staircase, working backwards until all of the gray area has

been removed. As just mentioned, our strategy for removal is to remove diagonal “2” first,
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L1 3453799514913 L1383 4537 909514913
O323132323273% O3231332323273%

Figure 5.2: Iteratively building a sequence of continued outer eigensteps for {1;, A, A3} =
{£,3,1} where @ = {ay,a2,a3} = {3,323} and {puyer, e, s v} = (2,1, 4,50
Beginning with the final desired staircase, we work backwards to the initial staircase.
That is, we chip away at the three-level staircase (a) to produce (b), chip away at (b) to
produce (c), and then finally chip away from (c) to produce (d). In each step, we do this
by removing as much as possible from the top diagonals before turning our attention to the
lower diagonals, subject to the interlacing and trace constraints. We refer to this algorithm

for iteratively producing {Ay, p—l;m}fnil from {/1N+p;m}M as Chop Kill.

m=1

followed by diagonal “1”. We begin with the final desired spectrum {Ay.4:1, An+4a:2, AN+a:3} =
{% %, 1} (Figure 5.2(a)). Observe in Figure 5.2(a), that the highest portion of diagonal *“2”

is at the third level of the staircase. As such, we remove ty.4 = i units of area from

108



this level resulting in a staircase—the darker shade in Figure 5.2(b)—which has levels of
lengths {Ay.3.1, Avsso, Avezs) = {5, 3,2). In the next step we remove a block of area
Unsz = }‘ from the second level of the staircase. We remove from the second level since
it contains the highest instance of diagonal “2” that has yet to be removed. This results
in a staircase with lengths {Ayi2.1, Ay+22, ANs2:3} = {14—3,2, %}—again, the darker shade in
Figure 5.2(c). In the third step, we apply this same philosophy, this time removing two
blocks of area from the second and third levels whose total area will be uy., = 1. Since

there is still part of “2” left at the second level, we chip away this remaining 7 units

NN N

of area first. At this point, all of the “2” area has been removed, which leaves 3 units
of area to remove from diagonal “1”. Accordingly, we chip away i units of area from
level three and an additional % units of area from level two resulting in a staircase with
levels {An+1:1, An+1:2, An+1:3} = {14—3, %, %} (Figure 5.2(d)). In the final step, we remove the

remaining areas of diagonal “1” totaling uy,; = 2 units of area. This process produce the

following valid sequence of continued outer eigensteps:

N+p 0 1 2 3 4

1 1 3 3
/1n;3 2 4 4 1
(5.38)
3 5 9 9
A2 4 4 2 4 1
7 1 13 13 13
ﬂn;l 4 4 4 4 4

In the analysis that follows, we show that the Chop Kill algorithm does indeed produce this
same sequence of continued outer eigensteps.

Now that we know intuitively how the Chop Kill algorithm works, we repeat the
process of constructing (5.38) using the algorithm given in Theorem 40. We will apply
Chop Kill three times, once for each of the undefined columns in (5.37). As with Top Kill,
we work backwards, producing the third column from the fourth, then the second from the
third, and so on. For each column, the Chop Kill algorithm first finds the spectral partition

matrix for the eigenvalues belonging in that particular column (Lines 01-13). For this
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example, M = 3, so each spectral partition matrix that is constructed will be of size 3 X 4.
Chop Kill defines the entries of each spectral partition matrix one at a time—sweeping
through each lower diagonal from right to left. As a final step (Line 14), Chop Kill sums
across the rows of the spectral partition matrix produced by Lines 01-13 to obtain the
desired eigenvalues.

We begin with p = 4, and use the Chop Kill algorithm to construct Ay.,3, the spectral

partition matrix for {Ay,3.,}>

m=

,- In order to do so, we need to know Ay.4, since the value of
0 (Line 05) depends in part on a differences between matrix entries of Ay.4. For the values
of {1,,}> _, chosen in this example, we have already shown in Example 34 how to construct

m=1

this spectral partition matrix using the function P, (Definition 33):

3 11

> Lg 3

Ania = % 1 i %
111

0 3 3 2

At Line 01, we begin by setting Ayi3mn = @,-1 — @, for n > m. In essence, this
is done to ensure that the resulting matrix Ay,;—which much be a-admissible—satisfies

Definition 35.(iii). This completes the upper triangular portion of Ay.3 as follows:

2 11
YLy
Aniz = (7 2 JT %
2 92 9 1L
17?7 3

Next at Line 02, we set v3| = iy = +

1+ Since we are removing a total area of py.4,

these “v” quantities track how much area is left to be removed at future iterations of the
“for-loops” (Lines 03-13). The for-loops set the values of the diagonals of Ay,3 working
from the outermost diagonal to the main diagonal, and then from right to left within each

diagonal. Referring to the matrix indexing given in (5.22), the Chop Kill algorithm sets the

values of Ay,3 in the following order:

(3,1), (3,2), (2,1), (3,3), (2,2), (1, 1).

110



Beginning with j = 3 (Line 03), the outermost diagonal only consists of one element and

so k = 1. At Line 05, we set
6 = min{v3 1, Ania31 — Aniaan} = min{}‘, 0} =0,

where Ayi4.4. = 0, which gives Ayi331 = Aysazs — 60 = 0—0 = 0 (Line 06). The

next value of v is defined by Lines 07-11 depending on the value of &, and since k = 1,

Vip 1= v3,1—5:i—0:}‘. At the end of the for-loop for j = 3, we have:
11
g
AN+3— ? 9 }L %
1
0?7?35

Next for j = 2, the Chop Kill algorithm sweeps from right to left along the 2nd lower
diagonal of Ay,3. The 2nd diagonal consists of two elements and so k ranges from 1 to 2.
Sweeping from right to left along this diagonal is equivalent to working backwards from

k=2,...,1. When k = 2, Line 05 gives

. . 1 1
6 = min{vso, Ana32 — Aniaan} = mln{Za 0} = g

1

which means that 3

units of area will be removed from Ay.4:32, 1.€., Ay4332 = Aysa32—0 =

= 0. Since }T unit of area is removed and py.4 =

i i %, we expect the next value of v to

be zero since all of the area has already been removed; this indeed is true:

=0.

= —s=L1_1
V2,1 = V32 5—4 1

In fact, once the value of v becomes zero, all remaining values of v computed in subsequent
iterations, particularly vs 3, v,,, and v, 1, will be zero as well. As such, ¢ (Line 05) will also
become zero. This simplifies the calculations for the remainder of the iterations and Line
06 will simplify t0 Anip—1 j-1+kk := An+pj-1+kk- Notice in all the calculations up to this

point, 0= AN+p;j—1+k,k - AN+p;j+k,k» glVlIlg that AN+p—1,j—l+k,k = AN+p;j+k,k- USiI’lg this fact,
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we expect Ay,3 to be

3 1 1
3 1 g 3

Aws=[L 1 11 (539)
004}

Later we will show that this “transition” point (jo, ko) = (3,2) € J is unique and that
all the matrix entries of Ay,,-; can be defined according to this unique index pair. We
formalize this result in Lemma 41 and use it to prove Theorem 40. While knowing this
transition index greatly simplifies our calculations, its value cannot be determined explicitly
in advance, and so, the Chop Kill algorithm is still the main tool we use in order to construct
a sequence of continued outer eigensteps.

To verify that (5.39) is indeed true, we return to our example and pick back up with

the case when j = 2 and k = 1. In this case,
6 = min{vy1, Ansa21 — Ansaz} = min{0, % -0} =0,

which is what we expected since all of .4 was removed in the previous iteration. Line 06
gives that Ayi3:01 := Ansang = % and at Line 08, we have v33 = 0, which finishes the 2nd

diagonal of Ay,3:

1 1
Tlg
=1 11
Anis 5 1 7 3
1
00?7 3
What remains is the main diagonal which corresponds to the case when j = 1.

Since this diagonal has three elements, the Chop Kill algorithm works backwards from

112



k =3,...,1. We summarize these calculations in the following table:

J ok 0 Angjisrk 14 ANz
o ‘1‘ %
1 3 0 Ansazi=1 vp:=0 1241
00 3 3
L ‘_1‘ %
(5.40)
I 2 0 Ayaoai=1 viy=0 |1 1 11
oot s
R
1 1T 0 Anssia 12% v34:=0 % 1 411 %
00 5 3

In each of these last few steps, the new value in the Ay,3; matrix is set to the value in the
corresponding location of Ay.4. As we expected, all values of ¢ and v in columns three and
five of (5.40) are set to zero since all of uy.4 has already been removed. At Line 13 of the
Chop Kill algorithm, we have indeed produced (5.39), the spectral partition matrix Ay.3.
Having this spectral partition matrix, we now sum across its rows (Line 14), which gives
the fourth column of (5.38).

Next we repeat the Chop Kill algorithm for p = 3 and construct Ay,, by removing a
total of .3 = }1 units of area. Again we work from the outermost diagonal and from right
to left along each diagonal. For the outermost diagonal, j = 3, the Chop Kill algorithm

produces:

J k6 Anojiik v AN

1
4
R |
3 1 0 AN+2,3’1 =0 V3p = 7 7 9 i

0?7 7?

D= = =

For the next iteration j = 2, the Chop Kill algorithm defines the second diagonal as follows:
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J k ¢ AN+2,j—1+k,k 4 Anio

D1t
2 2 0 Ani3a=0 wy=3 |2 2 ;3
0 0 2 4
)1t
2 1 3 Anooii=3 vi3:=0 1?11
ooy

Notice in these calculations when j = 2 and k = 1, 41‘ units of area are removed from
the (2, 1) entry of Ay,3. Since all of uy,3 is removed at this iteration, the next value of v,
V33, 1s set to zero. In this case, the unique index (jy, ko) which corresponds to when all of

Un+3 has been removed is (2, 1). Finally, for the last iteration when j = 1:

J k0 Anojikk 14 Anio
2 14
1 3 0 Aywgzi=g1 =0 1211
KR
214
I 2 0 Anpop:i=1 vi;:=0 [1 ] ‘l‘ %
00 5 3
EREE
I 1 0 Ay 1:% va:=0 |1 1 411 %
004y

This yields the resulting matrix for Ay»:

3 1 1
2 1 1 2
Anio = i 1 i %
oo L 1L
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Summing across the rows of Ay,, (Line 14) yields the third column of (5.38) as desired.
Finally, we repeat this process for p = 2, removing uy,, = 1 in order to construct
An+1. The evolution of Ay, at each iteration of the Chop Kill algorithm is summarized in

the following table:

J k6 Aniijrskk 14 Anyi
_? - %
3 1 0 Aniiz1:=0 wp:=1 (2 2 él—l %
02 2
RN
2 2 0 Anp32:=0 wp:=1 |2 2 % %
g() 0 ? %
)1
2 1 i Aniop1:=0 w33 3:% 0 ? }L %
0024
S
1 3 3 Ani23z=0 wvpi=3 |0 2 ;3
000 %;
)1
1 2 3 Ayooo:=3 vii=0 |0 114
b ooy
bty
1 1 0 Ayaii:=3 via:=0 |0 113
_0 00 %

Summing across the rows of the resulting matrix Ay,; does in fact produce the

eigensteps in the second column of (5.38).
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For p = 1, the Chop Kill algorithm produces Ay which is already given by the initial
sequence of eigenvalues a@. It is straightforward to verify that the Chop Kill algorithm
produces the same Ay that can found by applying P,, given by (5.13), to @. While these
calculations seem very tedious, it is very easy automated using MATLAB. The code can be

found in the appendix.

}M

: b

m=

Note that one application of Chop Kill generates {Anp_1.m},_; from {Ay pmt,_,. Just

as demonstrated in the example, one may start with any {Ay.p,}2, :

= {4, and apply
the Chop Kill algorithm P — 1 times in order to produce a valid sequence of continued outer
eigensteps {{ Ay pml’, }ﬁ _, that satisfies Definition 24.

Having discussed how Chop Kill works, we now prove Lemma 41 first followed by

the proof of Theorem 40.

Proof of Lemma 41. For the sake of notational simplicity, we denote B := Ay,,-; and
C := Ayyp meaning Bjy := Aynip-1,jx and Cji := Anip k. We begin by proving (5.34).

Specifically we wish to show that
Cm+1,n < Bm,n < Cm,n- (541)

To do so, we consider the case when n > m and the case when n < m. In the case that

n > m, the fact that C € Adm(a) implies
Cm+l,n < Cm,n = Up-1 — Ap. (542)

From Line 01 of the Chop Kill algorithm, B,,,, = @,-; — @,; substituting this into (5.42)
gives

Cm+1,n < Cm,n =Qp-1 — @y = Bm,n =Qp-1 — @y = Cm,n’

and so (5.41) holds in the case that n > m. On the other hand if n < m, note that Line 05

gives 0 < Cj_iixx — Cjixk- Substituting this for ¢ at Line 06 gives
Biiikk 2 Cjitaik — (Cicisnk — Ciara) = Clakcke (5.43)
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We also have that 6 < v;_j,, which follows from Line 05 as well. This implies that all
new values of v defined at Lines 08 and 10 are nonnegative; specifically, v; >..x > 0 and
vmum-j+2 = 0 for all j < k. Combining this with the fact that C,,, — Cy—14n,, = 0—due to

the fact that C € Adm(a)—implies 6 > 0 (Line 05). As such, Line 06 gives
Bi 11k = Cirikk — 0 < Ciopppn (5.44)

Combining (5.43) and (5.44) and making a change of variables according to (5.20), we
have that (5.41) holds in the case that n < m.

Next we prove (5.35). First, we place an ordering on the set of all pairs of indices .
Specifically we write (j, k) > (j',k’) if either j > j" orif j = j' and k > k’. Notice that the
algorithm computes the entries of B from those of C in this order working from greatest to
least. That is, at first it defines values of B at (M, 1), then at (M, 2), (M —1, 1), etc., finishing

at (1, 1). We now let (o, ko) be the maximal pair (j, k) such that
Victskk < Cjkrrh — Cliogke (5.45)

To show that (jo, ko) is well-defined, we must show that (5.45) holds for at least one
(j, k) € J. Suppose to the contrary that there is no such pair (j, k) such that (5.45) holds,
That is,

Victakk > Cjictaip — Ciakke (5.46)

In particular for (j, k) = (1, 1)
Vi1 > Cl,l - C2,1. (547)

Moreover, for (j, k) > (1, 1), (5.46) implies that ¢ of Line 05 is given by
0 = Cj_14kk = Cjrkk-

As such, progressing through all but the last step of the Chop Kill algorithm, namely

progressing from (j, k) = (M, 1) down to (j, k) = (1,2), gives

M M-j+l M
Vi1 'S MNtp — Z Z (Cicttik = Cigrp) — Z(Ck,k = Cra10)- (5.48)
P =
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Combining (5.47) with (5.48) and rearranging gives:

M M-j+1

UNip > Z Z (Citskk = Claip)- (5.49)

j=1 k=1

Next we make a change of variables according to (5.20). This allows us to rewrite (5.49)

as follows:
M m M m M+1 m—1
MN+p > Z Z(Cm,n - Cm+1,n) = Z Z Cm,n - Z Z Cm,n- (550)
m=1 n=1 m=1 n=1 m=2 n=1
Since Cyyy1, 1= 0, (5.50) further reduces to
M m M m-1
nep > DD Con= D > Conn
m=1 n=1 Yo m=2 n=1 I
—C11+chm,n_z Cm,n
m=2 n=1 m=2 n=1
M
=Ci 1+ Z Com
m=2
= DS(O)

This contradicts our assumption that {DS(C) j}jM: = {uws p}l’; ,—specifically this contradicts
the fact that DS(C); > py+1 > pn+p. As such, (5.45) holds for at least one pair (j, k) and so
(Jo, ko) 1s well-defined.

We now prove (5.35), that is, for all but the (jo, ko)th entry, the “new” spectral partition
matrix entry is either a copy of the existing entry in that spot or a copy of the entry directly
below it. To see this fact, note that if (j, k) > (jo, ko), then since (o, ko) is the maximal pair

such that (5.46) holds, then (5.46) does not hold for our particular choice of (j, k), implying

0 at Line 05 1s 6 = Cj_14k — Cjsik. At this point, Line 06 gives
B 1iik = Citik — (Cimionk — Clakk) = Claicks

namely (5.35) in the case that (j, k) > (jo, ko). To prove (5.35) holds in the remaining case

where (j, k) < (jo, ko), note that at the (jy, ko)th step of the Chop Kill algorithm, the fact
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that (5.45) holds implies 6 = v;_j.xx. Thus subsequent values of v defined at Lines 08 and
10, namely v;_».xx when k > 1 and vy p—js2o when k = 1, will be zero. As such, for all
remaining steps of the Chop Kill algorithm (namely those where (j, k) < (jo, ko)), Line 05
gives 0 = 0 at which point Line 06 gives (5.35) in the case that (j, k) < (jo, ko)-

Finally, we must show that (5.36) holds in the case that (j, k) = (jo, ko). Note that since

(Jo, ko) 1s the maximal index such that (5.45) holds, at Line 06 of the Chop Kill algorithm,

Bjo—1+/<0,k0 = C4/0’—1+k0,k0 -6= C.io—1+k0,k0 = Vjo—1+ko.ko (551)

where v _14x,x, 15 given by

M M-j+l M—jo+1

Vijo—1+koko = MN+p — Z Z (Ciottkk — Clarp) — Z (Cjo-1skk — Cjouin)-  (5.52)
J=jo+l k=1 k=ko+1

Substituting (5.52) into (5.51) gives (5.36) as claimed. O

Proof of Theorem 40. For the sake of notational simplicity, we denote {B,}" , :=
{ANap-t™ 1, Bjx = Anip-tjks B := Anipo1, and denote {y,)", = {Ayipm),,
Cix := Anspjix and C := Ay,,. First we show that B € Adm(a) by showing that B
satisfies all three properties of Definition 35. Property (iii) follows immediately from Line
01 that B,,, = a@,-1 — @, for n > m. Property (i1) is satisfied as a result of Lemma 41—in

particular from (5.34) . Combining (5.34) at m and (5.34) atm — 1,
Cm+l,n < Bm,n < Cm,n < Bm—l,n < Cm—l,w

Comparing the second and fourth terms gives property (i1) that B,,,, < B,,_1,. In order

to show property (i) holds we consider several different cases. To be clear, assume that

By, », > 0 for some (m;,n;). We must show that
Bml,n = Q-1 — Oy, (553)

for n > n;. From Line 01 of the Chop Kill algorithm, (5.53) immediately holds for n > m;

and so it suffices to prove (5.53) for n; < n < m,. In particular since n; < my, the index pair
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(my,n;) € M, the lower triangular part of B. By applying the coordinate transform (5.20),

(my,n;) can be written as:

(my,ny) =o(i, k) =i — 1+ ki, k)

for some unique (j;,k;) € J. We now prove (5.53) by separately considering the case
where (ji,k1) < (jo, ko) and the case where (ji, k1) > (jo, ko). If (ji, k1) < (jo, ko) then by

Lemma 41, Bj_1.xx = Cj-14x for all (7, k) < (ji1, k1). As such

Bml,n = le,n, (554)

for all n > n;. Moreover since (ji,k1) < (jo, ko), then the assumption that Bj _j , =
B, », > 0implies C,,, », > B, ,, > 0 as a result of Lemma 41. Combining this with the
fact that C € Adm(a) we have

le,nl = Up-1 — Ay, (5.55)

for all n > n;. Putting (5.54) and (5.55) together gives B,,, , = @,-1 — @, for all n > n; as
claimed. In the case where (j;, k1) > (jo, ko), Lemma 41 gives B,,, », = Cy,+1.n,- Note that
since B, ,, > 0, this immediately rules out m; = M. Since Cyy 414, = B, n, > 0 where
C € Adm(a), then

Cm1+1,n = Ap-1 — Ay,

for all n > n;. By Lemma 41

A1 — Ay = Cm1+l,n < Bml,n < le,n S —

where the last inequality follows from C € Adm(w), in particular the fact that the rows of
C are a-partitions (see Definition 28). Thus B,,, , = @,-1 — @, for all n > n, as claimed and

so B € Adm(a).
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Next we show that {3,,}"_, C {ym}nl‘le. Using the results of Lemma 41 and the fact that

m=1 =

B and C are both a-admissible, we have

M+1 M+1
Ym+1 = Z Cvm+l,n < Z Bm,n :Bm’ (556)
m=1 m=1
M+1 M+1
Bu=D Bun< D Con =Y (5.57)
m=1 m=1
Putting (5.56) and (5.57) together, ¥,,+1 < B < ¥m and so {8} C {y,,}™ | as desired.

For the final claim that {DS(B) j}j"’i , majorizes (w7 first we write {DS(B) j}j"’i . in

n=N+1"

terms of {DS(C) j}ﬁ |- To do this, we use the result of Lemma 41 that there exists an index

(Jo, ko) € J such that (5.35) and (5.36) hold. In the case that j < jj,

DS(B); = B 1k = Ci-1+1x = DS(C);. (5.58)

M—j+1 M—j+1
=1 k=

k 1

On the other hand, in the case that j > jj,

M—j+1 M—j+1
DS(B); = Z B 14k = Ciikk
=) =1
M=(j+1)=1
= Cysim—js1 + Cijsty-1+kk = DS(C) i1 (5.59)
P

since Cy41,, := 0. Finally in the case where j = jy, DS(B), becomes:

M—jo-1 ko—1 M—jo+1
Z Bj _1ikk = E Cjo-14kk + Bjo—ttkodo + Z Cjotick- (5.60)
k=1 k=1 k=ko+1

Substituting (5.36) into (5.60),

M M M—jo+1
DS(B);, = > DS(C);= > DS+ > Ciotati = Hnsp
J=jot1 J=jo+l k=1
M M
= > DS(C);= > DS(Cju1 — vy (5.61)

J=jo J=jo+1

= DS(C)j, + DS(C)jy+1 — Mn+p-
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Taking (5.58), (5.59), and (5.61) together, gives the following formula for the diagonals

(DS(B) )} :
DS(C);, if j < jo,
DS(B); = {DS(C); + DS(C) 11 — tnsp»  if j = jo, (5.62)
DS(C) 1, if 7> jo.

We next show that {DS(B)j}?i1 > {,uNﬂ,/}ﬁ_l . If I < j,— 1, then since {DS(C)j}?il >

/=1 sl

N+
{un}, v, we have

[ l l
2, DS(B); = > DS(C);2 ) uwen.
j=1 Jj=1 n=1

On the other hand if [ > j,, we have

l Jjo—1
> DS(B); = > DS(C); + DS(C)j, + DS(C)jp11
j=1 j=1
i
—finep + Y DS(O)jun, (5.63)

n=jo+1
with the understanding that a sum over an empty set of indices is zero. We continue (5.63)
by using the facts that {DS(C).,-}J."’L] > {UN+p }ﬁ,zl and pniie1 > 1Unep:

I+1 I+1 l

]
D DS(B); = > DS(C); = tinep = D Husn = ey = ) fhne- (5.64)
= j=1 n=1 n=1

Note that when [ = M, the inequalities in (5.64) become equalities, giving the final trace
condition.

For the final conclusion, note that one application of Chop Kill transforms a sequence
{ym}™_, with the property that {DS(C) j}jﬂi L= Ny }ﬁ ,_, into a shorter sequence {B,,}",
which also has the property that {DS(B) j}ﬁ = ey }Z,_:ll. As such, one may indeed start

with Ayip,, = A, and apply Chop Kill P — 1 times to produce a sequence of continued

outer eigensteps that immediately satisfies Definition 24. O
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To summarize the results of this chapter, note we have completely solved the frame
completion problem given in Problem 23: by combining results of Theorems 39 and 40,

we obtain the following result:

Corollary 43. Given nonnegative nonincreasing sequences {a,}"_,, {ty+ p}ﬁ; Land {4}
which satisfies A,, > a,, for all m = 1,..., M, then {A1,}*_ is (a, u)-constructible if and

m=1
: M P
OI’lly lf{DS(A)m}le z {,uN+p}p:1-
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VI. Optimal frame completions

In this chapter, we build on the theory of Chapter 5 to find the optimal (a,u)-
constructible sequence. The main result of this chapter is Theorem 48 which provides
an explicit formula for the optimal (e, u)-constructible sequence in the special case that
u = {,uN+p}§: , are all of equal lengths. In particular, we provide a partial solution to the

following problem:

Problem 44. Given nonnegative nonincreasing sequences @ = {a,,}"_ and y = {:”N+p}§=1’

find the (a, p)-constructible sequence which is optimal with respect to the MSE, FP, or some

other given convex functional of the eigenvalues of the frame operator.

We are interested in solving Problem 44 because of its real-world applications. For
example, if we consider transmitting an encoded signal over a noisy channel, it is possible
that part of the signal being transmitted will be distorted or even lost. As such, we desire
an encoding scheme that will be as resilient to these errors as possible. It is already well
known that optimal frames in such situations are UNTFs as they are minimizers of the
MSE and FP [5, 26]. Constructing a UNTF for a given application may not be achievable,
however, if given an initial frame, one is restricted to adding only a finite number of new
measurements. In such cases, the solution to Problem 44 is not obvious.

To find the optimal (a, u)-constructible sequence, we follow an approach found in [40]
and [41] and measure optimality with respect to majorization. Here it is shown that optimal
frame completions are minimizers of a family of convex functionals that includes, but is
not limited to, the MSE and FP. Later we will show that the optimal («, u)-constructible

sequence is the one which is majorized by all other sequences in the following set:

M
m=1

Definition 45. Given nonnegative nonincreasing sequences @ = {a@,} and u =

{,uMP};’: \» consider the set of all possible (a, u)-constructible sequences which according
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to Corollary 43 are:

A, 1) :={{ 4,1 € adm(a) : {1,,}Y_, is (a, p)-constructible}

={{A,), € adm(e) 1 {DS(A) A, = {unaplh ).

We begin in Section 6.1 with a discussion on frame metrics. In particular we derive
the MSE and FP and then expand our measure of optimality to include majorization. Then
in Section 6.2, we present a partial solution to Problem 44—an explicit formula for the
optimal (e, u)-constructible sequence in the special case when all {:“N+p},1::1 are of equal

lengths.

6.1 Frame metrics

Errors are introduced when a signal, being transmitted over a communications
networks, is distorted by noise or when part of it is lost due to network errors. In
such a situation, the original signal x must be reconstructed from F*x + € where € =
[e16...ey]T = ZnN:1 €.€,, 1s the zero-mean, independent, identically distributed added
noise with variance 0. In order to approximate the original signal, we apply the Moore-
Penrose generalized inverse or pseudoinverse of F*. Therefore, the reconstructed signal
becomes (FF*)"'F(F*x + €) which has error given by (FF*)~! Fe. In order to find the best
reconstruction, we desire for this error to be a minimum. Specifically, we integrate the
norm squared of the error ||(FF*)"' Fe|*> over R" to derive the MSE:

N
MSE = LN II(FF*)‘IF(Z fnen)llzpl(el)pZ(GZ) ...py(ey)dede . . . dey. (6.1)

n=1
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Here, p,(e€,) is the probability density function for €,. Writing p(€) = pi(€;) ... py(ex) in

(6.1) gives,

N N
MSE = fR ) <(FF*)-‘F(Z eien). (FF*) ' F( Z:; cies) >p(e)de

n=1

f enen/((FF*)_lFe,,,(FF*)_IFe,,/>p(6)d6
RN n n’:

N IJI

ZZ((FF) Fe,,(FF*)'Fe,) f 6,60 p(e)de. (6.2)

n=1 n'=1

Focusing on the integral of (6.2), and using the fact that each ¢, is an independent and

2

identically distributed random variable with mean zero and variance o~ we see that:

f €6 p(€e)de
RN

f €€rpi(e)pr(e) ... py(ey)dede, . . . dey
RN

f_O:o e p,(€,)de, n=n'

(f:: enpn(en)den)( f_O:o anpn/(E,,f)dfn/) n+n'

var(e,) n=n'
= . (6.3)
0 n+n
Substituting (6.3) into (6.2) gives:
MSE = Z Z((FF )y 'Fe,, (FF*) ' Fe,) f 6,60 p(€)de
n=1 n'=
N N €2 n=n
= Z<F<FF*>—2Fen, ew)
n=1 n'= 0 n+n
N
=" ) (F(FF')?Fe,.e,)
n=1
= o *Tr(F(FF*)°F)
= o*Tr((FF*)™)
L
=0 ) — 6.4
7 ; L ©4)
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where {1,,}*_ are the eigenvalues of FF*. Since calculating the MSE involves inverting
FF*, which can be difficult or impossible, another metric that may be used is the FP. The FP
is a measure of the total orthogonality of the frame vectors [5]. Inspired by Columb’s Law,
the FP involves visualizing the movement of M charged particles restricted to M concentric

spheres [9]. The FP of a sequence {f,}", in R is given by:

N N

FPUAIL) = D) ) Kb fid (6.5)
1

n=1 n'=
Note that (f;, f,») is the (n,n’)th entry of the Gram matrix F*F, and so the FP is an L?
norm squared on the entries of F*F. Recalling the Frobenius norm of a matrix A defined
by llAll% = Tr(A*A), (6.5) becomes,

N N N N M
FPUAID =Y D Ko )= Y (F Flu P =IIF FIR =Te(FF*Y)= Y 2. (6.6)
m=1

n=1 n'=1 n=1 n'=1

Minimizing this quantity involves finding a sequence {f,}",

whose elements are as
orthogonal to each other as possible [35].

Note that the MSE and FP are of a similar form which can be generalized to a family
of convex functionals. A Schur-convex function is one which preserves the ordering
of majorization, that is, ¢(x) > ¢(y) whenever x > y. The following proposition, a

combination of results from [30] and [42], will be useful in determining the optimal (a, u)-

constructible sequence.

Proposition 46 (Proposition 3.C.1. of [38]). If I C R is an interval and g : I — R is

convex, then
M
(x) = > g,
m=1

is Schur-convex on IM. Consequently, x > y on I™ implies ¢(x) > ¢(y).

If g(x) = x?, then ¢(x) becomes the FP (6.6), and if g(x) = % then ¢(x) becomes
the MSE (6.4). The exponential function, ¢(x) = Z%:l e™, is yet another example of

a Schur-convex function since g(x) = e* is strictly convex. Moreover, the converse of
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Proposition 46 is also true: if 221421 g(xy) = Znﬂle g(y,») holds for all continuous convex
functions g then x > y (Proposition 4.B.1 of [38]). In light of these facts, it suffices to show
that the optimal (a, u)-constructible sequence is the one which is majorized by all other
sequences in A(a, i) (Definition 45). Specifically, we say that a sequence {;lm}f‘,le € Na, 1)

is the optimal (e, p)-constructible sequence if {4,}*_ | < {4,}M_ for all {1,,}*_ € A(a,p);

that is, if

In the next section, we consider a special case when all {/lNJ,p}If:l are of equal lengths.
In this case, we provide an explicit formula for the optimal («, u)-constructible sequence
and verify that it is indeed optimal by showing that it is majorized by all other («, u)-

constructible sequences in A(a, ).

6.2 Construction of the optimal («, 1)-constructible sequence

In this section, we construct the optimal (@, u)-constructible sequence in the case when
all {,llN+p}11::1 are of equal lengths. We begin by considering what it means for a sequence
{/lm}n"f:1 to be (a, u)-constructible in this special case, and illustrate how to find the optimal
(a, p)-constructible sequence with an example. The main result of this section, Theorem 48,
provides an explicit formula for the optimal («, 1)-constructible whenever {y]\;ﬂ,,}[’j:1 are of
equal lengths.

To begin, recall from Chapter 5 that a sequence {A,,}"", is (e, u)-constructible if and

only if (DAY, = {u.p)!

el When {,uN+p}[[;:1 are of equal lengths, this majorization

requirement can be simplified. In this case, the requirement that {DS(A)‘,}ﬁi | = {uNﬂ,};’:1

comes for free since any sequence of diagonal sums {DS(A) j}jﬂi , majorizes the uniform
sequence {u N+p}[’; _, provided it has the proper sum (see discussion preceding Theorem 20).

As such, to verify that {/lm}”"f:1 is (a, u)-constructible, we need only check that it is
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nonincreasing and that,

P M M
D e = D (An =) = ) DS(A);. (6.7)
p=1 m=1 j=1

Moreover, we claim that when {,u]\uq,j};’:1 are of equal lengths, any (a,u)-constructible

sequence {/lm}n"f:1 must satisfy:
Oy <A< app Ym=1,...,M, (6.8)

where @,, := oo for m < 0. The left hand side of (6.8) follows immediately from the
fact that any (a, i)-constructible sequence is necessarily a-admissible, i.e., @,, < 4,, for all

m = 1,..., M. The right hand side of (6.8) follows from the fact that subsequent sequence

M

m=1

of continued outer eigensteps generated by {4,,}"_, € A(a, 1) must interlace:

An = ANepm S ANsp-tm-1 < ANip—2m—2 <+ < Anstym—P-1) < ANyn-P = Qp-

It turns out that if all of the added lengths are equal, any sequence which satisfies both

(6.7) and (6.8) will automatically be (a, u)-constructible, that is, {DS(A) j}jﬁi = {,uNﬂ,}IIj:l.

1 5

This is not true if {,uN+p}§=] are of different lengths. For example, if {uy.1, un2} = {3, 31,

{a1, an, a3} = {1,2,3}, and {4, 4», 43} = {3, 3, 3}, fnzl(/lm — a,,) = 3 as required by (6.7)

and (6.8) is satisfied for every A,,, but {1,,}>_. is not (a, u)-constructible—specifically,

m=1

5

3 f DS(A); = 2. However, if the same spectrum was built by uy+; = ys2 = %,

{/lm}?n:1 will automatically be (a,u)-constructible since % < DS(A); = 2 and 3 =
DS(A); +DS(A), = 2+1 = 3. In light of these facts, we now turn to an example illustrating

how to find to optimal (e, u)-constructible sequence.

Example 47. Let M = 3 and P = 2. In this example, we build the optimal (a, w)-
constructible sequence {4,,}} _, where @ = {a1, @, a3} = {1,3,3} and g = {uy1, pvao} =
{2,2}. The initial sequence « is outlined in black in Figure 6.1(a). Just as in previous

chapters, we can view the process of building the optimal (e, u)-constructible sequence as
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iteratively building a staircase. By looking at the quantities we wish to minimize, we can
gain insight into what the optimal staircase should look like. For example, if we consider
the FP, since this quantity is calculated by taking the sum of the squares of the eigenvalues
{/lm}f’n=1 , we would want to make the highest steps in the staircase as large as possible; that
is, we would want to make A3 as large as possible, followed by A,, and finally A;. Similarly,
if we consider the MSE, we would want to make the lowest steps in the staircase as small as

possible. We know that there are limits on how large each step can be as well. In particular,

since Uy = Un+2 = 2, each 4, must satisfy (6.8) forallm =1, ..., 3, specifically,

%:Glﬁﬁlﬁa—lzm,
=gy <Ay < ag = oo, (6.9)
1 _ 7
5—0’3</13Sa’1—z.

The upper bound on 4,, is indicated by the dotted line in Figure 6.1(b).

To build the optimal (a, u)-constructible sequence, we use a sort of “water-filling”
approach. Water, representing the total amount of area that is added to the initial spectrum
a—in this case ty. +uy+2 = 4 units of area—flows from left to right in the staircase picture.
The water flows at a constant rate and will reach a barrier at the dotted lines whenever the
value of 4, is maximized. Water-filling stops whenever the total volume of water has be
used. The optimal spectrum for @ and u chosen in this example is shown in Figure 6.1(c).

The optimal (e, u)-constructible sequence in this case is {1, 1, A3} = {3, &, 7).

We claim that this water-filling process will always produce the optimal (a,u)-
constructible sequence in the case that {uNﬂ,}ﬁ: _, are all of equal lengths. In the following

theorem, we provide an explicit formula for this optimal water-filled spectrum and prove

M
m=1

that it is indeed optimal by showing that it is majorized by all other sequence {A4,,}

Ala, ).

€
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Figure 6.1: Given existing spectrum « = {@, a;, a3} = {Z, 1 5} (a), we add two additional

vectors whose lengths are given by {uy 1, un+2} = {2, 2} so that the resulting spectrum is the
optimal (a, u)-constructible sequence. Since pys; = Uy = 2, by (6.8), @, < A, < @y
for all m = 1,2,3. The upper bound on 4,, is indicated by the dotted line in (b). Since no
dotted line is present at levels m = 1 and m = 2, the upper bound is infinite. Water-filling
with uyy1 + uys2 = 4 units of volume yields the optimal (a, u)-constructible sequence
{A1, 2, 43} = (&, &, 7} indicated by the gray area in (c).

Theorem 48. Let {am} _, and {/.1N+p} be nonnegative nonincreasing sequences and

suppose fi = % Z;’:l Un+p- Form =1,..., M, define,

Vi := (@1 — @) min{M —m + 1, P}, (6.10)
M M

W= > Vi= ) (@1 — a) min{M — k + 1, P}, 6.11)
k=m k=m

where «y := co. Define {1,}"_ according to the following rule: Pick any j such that

Wi < Pii < W, define:
A I1<m<j-1,
Ay = aj+W(P,u W,+1), j<m< j+min{M - j+1,P}—1, (6.12)

Qpp—p, j+minfM — j+ 1,P} <m < M.

Then {4, }m | € Aa,u) and (A M is the optimal (a, u)-constructible sequence, that is,

m=1

by < AAnbyl, for all {2,001, € Aa, ).

Proof. To prove that (6.12) is optimal, we must show that it is (a, u)-constructible and that

it is majorized by every sequence {A,,}”_, in A(@, ). We begin by showing that (6.12) is
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(a, w)-constructible, i.e., {DS(A) ]} = {,uN+p} el By assumption {,uN+p} _, are all of equal
lengths, so in order for {DS(/~\)]~}J. > {un+p)h_ it suffices to show that >, DS(A); = P

To do this, we first show that ¥ 2, = > A,.. Summing (6.12) for all M:

j—1 Jj+min{M—j+1,P}-1

~

LA 1
Ap = a, + a;+ — - Piu—-W,; ]+ @
; m=1 mzzj ! mln{M_‘]+ 1’P}( g j+1) m= j+m1§/[ Jj+1, If}
j-1
= Y, +min{M - j+ 1, Pla; + Pii— W;,, + Zam p (6.13)
m=1 m=j+min{M—j+1,P}

Substituting the fact that Pi = Z§:1 UN+p = Zf‘nl:l(/lm — a,,) for any arbitrary sequence
(A} € A, p), (6.13) becomes:

M M j-1 M
D A= A=)+ Y an+ Y aup+min{M—j+1,Pla;- W,

m=1 m=1 m=1 m=j+min{M— j+1,P}

M M
=Y =D an+ Yy prmin{M = j+ 1 Plaj- Wi (6.14)

m=1 m=j m=j+min{M-j+1,P}
To further simplify (6.14), we consider two different cases. First, we consider the case

when min{M — j+ 1, P} = M — j + 1. In this case, (6.14) can be simplified as follows:

M M M
;lm = Z A — Z Oy + (M — J+ 1)a'j j+1 (615)
m=1 m=1 m=j

M M M M
D= A= D e+ (M= j+ Daj= > (m 1 = )M —m+1)
m=1 m=

m=1 J m=j+1

M M M

= > An= D+ (M= j+ Daj = (M= aj+ >
m=1 m=j m=j+1
M

=D A,
m=1

and so Z ZM A, in the case that min{M — j+ 1, P} = M — j+ 1, as claimed. Next,

we consider the case when min{M — j + 1, P} = P. In this case, (6.14) becomes

fz Z/l —Za/m iam_ﬁpaj—wjﬂ. (6.16)
m=1 m=1

m=j+P
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Again, substituting (6.11) for W, , (6.16) becomes:
M M M M
D= dw= > awt+Paj— Y (@ -a)min{M-m+ 1P} (617)
m=1 m=1 m=M-P+1 m=j+1

We can further simplify (6.17) by splitting the last summation into two depending on

whether min{ifM —m+1,P} =M -m+1ormin{M —m+ 1, P} = P:

M M
A, Z @+ Parj— Z (@1 — ) P— Z(am_]—am)(M—m+1). (6.18)
m=1 m=1 m=M-P+1 m=j+1 m=M-P+1

Notice in (6.18), that two of the four sums on the right hand side of the equation are

telescoping sums and so simplifying (6.18) results in many terms that cancel each other

out yielding:
M M M M M
;lm:Z/lm— Zam+PCYj—Pa’j+PQM_p—PQM_p+ Z Qm:Z/lm.
m=1 m=1 m=M-P+1 m=M-P+1 m=1

Hence, ZM: Ay = an‘le A, 1n the case that min{M — j + 1, P} = P. Having this result, we
are now able to prove that (6.12) is (a, u)-constructible. Since {,u]\/ﬂ,};:1 are all of equal
lengths by assumption, in order for (6.12) to be (a, u)-constructible, it suffices to show that

S, DS(A); = Pii:

M M M M P
SIDSA); = > (M~ ) = 3 (A=) = Y DS(A); = Y sy = P
J=1 m=1 m=1 J=1 b=l

so indeed, (6.12) is (a, u)-constructible.
Finally, we claim that (6.12) is optimal. In order to prove this, we must show (6.12) is

majorized by all other (a, u)-constructible sequences in A(a, ). That is,
Adp, Yk=1,...,M~—1, (6.19)
Ans (6.20)

for all {/lm}%:1 € A(a, u). We just finished proving that (6.20) holds in order for (6.12) to be

(a, w)-constructible, and so we are left to show that (6.19) holds fork =1,...,M — 1. For
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1 <k<j-1,(6.19) follows immediately from (6.12) and the left hand side of (6.8):

Similarly for j + min{M — j+ 1, P} < k < M, (6.19) follows from (6.12) and negating the

right hand side of (6.8); that is, —,,_p < —4,, for all m:

For the remaining case when j < k < min{M — j + 1, P} — 1, we first claim that

(k—j+1)
min{M — j + 1, P}

M k
(PR=Wi) SPi= )" (n=a)+ 3 dn—(k=jaj.  (621)

m=j+1 m=j+1
To show that (6.21) is in fact true, we consider two separate cases—when A, < A; and
Ax > A. For the case when A, < A, first note for any j < k < min{M — j+ 1, P} -1, (6.12)

gives
(k—j+1
min{M — j + 1, P}

k
(Pii— W) = Zim—(k—j+ De;. (6.22)

m=j
In order to simplify (6.22), note from (6.12) that all values of A, are equal whenever

j<m<min{M — j+ 1, P} — 1. Combining this with the case that A < A, we have

/1j=/~lj+1="':/~lkS/1kS/lk_1S"'</lj,

at which point (6.22) becomes:

(k—j+1)
min{M — j + 1, P}

k
(Plt=Wis) < ) Aw = (k= j + Da

m=j
k
=(—a)+ > A= (k= e
=i+l
J k
<> —ap+ ) A= (k- ja;
.

m= j=j+1
M k
=Pii= ), (n—a)+ Y An= k=)
m=j+1 m=j+1



Thus, (6.21) holds in the case that A, < A;.

In the second case when A, > A, first note that since (6.12) is (a, u)-constructible and

Ap=apform=1,...,j-1:
M j-1 M M
D =) = ) (@ =an) + ) =) = )l — ). (6.23)
m=1 m=1 m=j m=j

Substituting (6.23) into the right hand side of (6.21) gives

M M M M M
Pii— Z A+ Z - (k= ja; = Z(im—am)— Z A+ Z @ — (k= . (6.24)
m=k+1 m=j+1 m=j m=k+1 m=j+1

Next, we use our assumption that A > A and the fact that all values of A, are equal

whenever j < m < min{M — j+ 1, P} — 1 ; specifically, this implies

AjrminM-j+1,P-1 = " = A1 = A 2 A 2 Aggr -+ 2 AjeminM—j+1,P)~1>
and so
min{M-j+1,P}-1 min{M—j+1,P}-1
D R T Y (6.25)
m=k+1 m=k+1

Combining the right hand side of (6.8) with the fact that A = @p_p for m = min{M — j +

1, P},..., M, we obtain a similar expression:
M M
Z A = Z Qup > Z A (6.26)
m=min{M—j+1,P} m=min{M—j+1,P} m=min{M—j+1,P}

Having (6.25) and (6.26), we continue (6.24):

M M M M M
Pi— > dnt > an—tk=Pa;2 Y (=)= Y A+ Y an—(k-ja;

m=k+1 m=j+1 m=j m=k+1 m=j+1
k M M
= Zim_zam‘i' Z CYm_(k_j)a'j
m=j m=j m=j+1
k
= > A= k= j+ Day. (6.27)
m=j
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Finally, we substitute for A according to (6.12) in order to obtain (6.21):

M M
Pji - Z A, + Z @y — (k= ja;

m=k+1 m=j+1

. 1 N .
> (k—]+ l)[aj+ min{M—j+ LP}(P/J—WJ'_H) —(k—]+ l)aj
(k—j+1)

" min{M—j+ 1, P}

(Pt — Wisy).

Having that (6.21) is indeed true, we now show (6.19) in the case that j < k < min{M — j +
1,P}-1:

k
1
m T+ P —W;
@ Z[a, m1nM—j+1,P}( H JH)]

m=

~.
|
—_

i~
;.,1
II

3
I

~.
|

(k—j+1)

:;a k= o Dy b e (P = W)
SZ]: P,u—Z(/l am)+zk"am
m=1 m=j+1 m=j+1
IS YA I
=1 m=j+1

Il
M&- n
<

3
N

Therefore, {A,,}M M is majorized by every sequence {1,,}*_, € A(e,u) and so it is the optimal

(a, p)-constructible sequence. O

We leave the construction of the optimal (a, i)-constructible sequence for any arbitrary

set of lengths {uy+ p},}: _, for future work.
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VII. Conclusions and Future Work

In this dissertation, we considered the problem of constructing every frame whose
frame operator has a given spectrum and whose vectors have prescribed lengths. Regardless
of building a frame from scratch or completing a frame from preexisting measurements,
the solution to this problem involved a two-step process—first, picking a sequence of
eigensteps and second, constructing the frame vectors one by one. We also considered
the problem of finding the optimal frame completion, and were able to prove optimality
in the case where the set of lengths are all equal. While we feel confident that we know
intuitively what the solution should be in general, proving optimality in all cases has proved
to be difficult.

This leads directly into our future work. When we consider optimally completing a
frame for any arbitrary set of lengths, any solution we have proposed to date has been in the
form of an algorithm. The problem with this method is that it does not lend itself well to the
proof techniques that we currently use or to prove that the conjectured optimal sequence
is indeed optimal. The authors of [40] have already proposed their own algorithms for
solving for the optimal frame completion problem, but their results, like our own, are just
conjectures at this point. As such, our future work revolves around formally proving the
solution we propose. We do not include our solution algorithm for the optimal («, u)-

constructible sequence here, rather we close with an example illustrating how it works.

Example 49. Our goal is to construct the optimal («, i)-constructible sequence for a frame
obtained by adding P = 4 additional vectors to a set of preexisting vectors in R*. For this
example, a = {ay, @z, a3} = { %, %}, and the added vector lengths u = {,uNﬂ,};i:1 are given

7
}t, }—the same values used in Example 42. We know from

I

by {un+1, uns2, une3t = {2, 1,
Corollary 43, that a sequence is (a, u)-constructible provided its diagonal sums majorizes

the set of added lengths. This majorization requirement involves taking partial sums of
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diagonal sums as defined in Definition 37. As such, we give a special name to these partial

sums:

Definition 50. Let A € RM*M+D_Define the triangular sum function TS : R¥ — RM
M
[TS(A)]; := Z DS(A). (7.1)
k=j

For this example, we can use Definition 50, to reformulate the original majorization
inequalities given by (5.24) and (5.25) in terms of these new triangle sums. Specifically,

in order for {A,,}>

m=1

to be (a, u)-constructible, i.e., {DS(A) j};zl > {,uN+,,}2:1, the optimal

spectrum we will build must satisfy the following:

4 3
2 Hvsp = ) DS} = TS
p'=m

j=m
4 3
D vy = Y DS(A); = TS(A), (7.2)
p'=1 j=1
form = 1,...,3. We refer to (7.2) as the triangle sum constraints throughout the rest of

this example.

Again, we can visualize the process of constructing the optimal («, u)-constructible
sequence by building a staircase just as we did in Examples 15 and 42, with « being
the initial set of steps. To build {/lm}f;1 _;» We use the same “water-filling” approach used
in Example 47. Water, representing the total amount of area that is added to the initial
spectrum «a, flows from left to right in the staircase picture. The water flows at a constant
rate and will reach a barrier if equality occurs in one of the triangle sum constraints. For
our example, if TS(A), = Zizz UN+p, TS(A), 1s “full,” meaning water is barred from
the second and third lower diagonals. A barrier is placed to prevent water from flowing
into these diagonals, and water is restricted to filling in the first diagonal, DS(A);, from
that point forward. Water filling stops when the total area requirement has been met,
that is 3 (A, — ay) = Zf,):l un+p—particularly for this example, Y, _ (4, — @,) =

22:1 UN+p = % In contrast to finding the optimal (a, u)-constructible sequence when all
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the added lengths are equal, we are unable to determine where the barriers (dotted lines in
Figure 6.1(b)) should be placed a priori.

We now simulate this water-filling process by introducing variables into the optimal
spectral partition matrix we wish to build. We begin with the spectral partition matrix for

a and let Aj3 = x.

01 1

= 1

A o o L 1 (7.3)
OOx%

In order for (7.3) to be constructible, Z?Zm DS(A); < Zi:m Uns+p form = 1,...,3, and
(7.3) must also be a-admissible according to Definition 35. Specifically, A,,, > 0 for
allm = 1,...,3and n = 1,...,4, and we much check (ii) that A,,,, < A1, for all

m=2,...,3andn =1,...,4. Inlight of these facts, x must be chosen so that the following

inequalities occur simultaneously:

TS(A)y =x<1

TS(A), =0<3 1
=>X:Z

TS(A); =0<1

OSxS%

Substituting x = }‘ into (7.3), and tracking the area in each triangle sum, we have:

0 1 3 3 TS(A) =1 <1
A=l 0o o L ! TS(A), =0 < 3 (7.4)
0o 0 L I TS(A); =0<1

At this point, summing across the rows of A gives that 1; = %, A = %, and A3 = %

Since 2,3”:1(/1,,1 — Q) = }l < %, the total area requirement has not been met. Also note

that since none of the triangle inequalities in (7.4) have been saturated (i.e., no equalities),
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no barriers have been placed and water filling continues from left to right in the staircase

picture. Continuing this process, we now let Ay, = Az, = x.

014y
Aeloox gy
0 x 44

Again we require the resulting A to be constructible, which amounts to finding the value of

x such that the following inequalities occur simultaneously:

TS(A) =2x+1 <1
TS(A), =x<3
=x=1
TS(A); =0<1
0<x<1
o 1 4 1 TS(A) =3<1
A=l o 1 1 1 TS(Ap, =1<3 (7.5)
o1 L TS(A); =0<1

Summing across the rows of A gives that 4; = 4, = A3 = %. The total amount of area that

has been added at this point is an:l(/lm -, = % < %, which gives % units of area left

to water-fill with. Again, none of the triangle inequalities in (7.5) have been saturated, so

water filling continues from left to right. Next, we let Aj; = Ay = Az = x.
1 1
x 13 3
A= 1 1
x 1y 2
1 1
x 13 3
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The following inequalities must be satisfied in order for A to be constructible:

TS(A); =3x+ 2 <1 x< 3

TS(A), =2x+1<3 x<1 1
= :X:Z

TS(A); = x <4 x<3

0<x 0<x

Here we see that the value of x = ‘1—‘ is a result of TS(A), reaching its maximum value of %

o 4 TS(A); =3<1

A TS(A), =3 <3 (7.6)
=11
N T I TSy =323

Barriers are placed in (7.6), indicated by the shaded bands in A, to prevent water from
flowing into diagonals two and three. The remaining %units of area left to water fill with is

restricted to filling in the first row of A. As such, we let x be the amount of area that can be

added to Ay ;.
1 1 1
gty 13 3
1 1 1
Z L3 2
1 1 1
4 1 4 2

Choosing x so that the following inequalities are satisfied simultaneously,

TS(A) =x+3<1

TS(A)» =3 <3 1
:>)C:§

TS(A); =1 <3

0<x

gives x = % which is a result of the total sum requirement being met, i.e., TS(A); has

reached its maximum value. The water filling is now complete and the resulting optimal
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(a, w)-constructible matrix has been found.

R O R T

— _ 3 3

A TS(A), =3 <3 (7.7)
1 1 1 =11
: L q 3 TS =525

Notice that all of the diagonals of (7.7) are now shaded because TS(A); has been saturated.
That is, Zf’nzl(/lm —ay) = Zizl Hn+p- Summing across the rows of (7.7) gives the optimal

(a, w)-constructible sequence to be:

i]z ,;12:2,/7.3:2.

|

We claim that this is the sequences that is majorized by all other sequences which can be
built from @ and u. For example, if we compare this optimal (a, i)-constructible sequence

to a nonoptimal one such as the one given in Example 42, we see that

13 ~ ~ ~ 13
—:/11+/12+/13:/11+/12+/13:—,
2 2
11—/1 +L>+A _2
2_ 1 2 = A1 2_2’
13 ~ 5
— =4 >A = —,
)

and so {£,3,1} > {3,2,2}. We leave the proof that {1,,}}_, is majorized by all {1,,}}_, €

m=1

Ala, ) for future work.

142



Appendix: MATLAB code

The following MATLAB code implements the algorithm given in Theorem 7. For the
sake of simplicity, V,, = I for all n. The following two functions must be placed in the same
directory in order to execute the code.

The first function constructU.m implements Step B of Theorem 7. Here the
output of the function is a slightly modified version of Steps B.4 and B.5. The function
constructU.mreturns U, f , and U,U, . We recursively call constructU.m and then
multiply the outputs at each iteration in order to calculate f, and U, forn = 2,..., N. This
step is accomplished by the function constructFrame.m which outputs the final sequence
of vectors F' = { fn},’:’:1 whose frame operator F'F* has spectrum {/lm}n"f:1 and which satisfies
I/l = p, for all n.

function [U, Uf] = constructU(El, E2)
% Description: This function implements Steps B.1-5 of the algorithm to

% explicitly construct any and all sequence of vectors whose
% partial-frame operator spectra match the eigensteps chosen
% in Step A. Here, we assume V1,...,Vn are the identity.

% Call: [U, Uf] = constructU(El, E2)

% El = Spectrum at (n)

% E2 = Spectrum at (n+1)

% Output: U=0U_)* U_(n+1)

% Uf = U_(m)* £_(n+1)

% File: constructU.m

%spectra must be row vectors and listed in decending order¥ ¥k
if “isrow(E1l), E1=E1’; end

if "isrow(E2), E2=E2’; end

El = sort(El, ’descend’);

E2 = sort(E2, ’'descend’);

M = length(ELl);
%Find indices of unique elements (Step B.2) ¥¥#wsididddddiiiddoiddddimiidiidd
R1 = El1; %Unique set of eigenvalues of El
R2 = E2; %Unique set of eigenvalues of E2
for i = 1:M
[tf, loc] = ismember(E1(i), R2);
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if tf==1
[tf,loclast]=ismember(E1(i), R1);
R1(loclast) = -1;
R2(loc)=-1;
end
end

%Index sets of unique elements of E1 and E2, respectively.
I = find(R1 >=0);
J = find(R2 >=0);

M1 = length(I);
M2 = M-M1;
R1 = R1(D);
R2 = R2(D);

%Construct column and row vectors (Step B. 3)wF#wdfiddddddioidddodddddiiidddddd
for i = 1:M1

P(i) sqrt(-prod(R1(i)-R2)/prod(R1(i)-R1(find(R1"=R1(i)))I));

Q(i) sqgrt (prod(R2(i)-R1) /prod(R2(i)-R2(find(R2"=R2(i)))));
end

%Construct difference matrix
for i = 1:M1

D(i,:) = 1./(R2-R1(i));
end
W =(P’*Q).*D;

%Create Block Diagonal Matrix
UU=blkdiag(W,eye(M2));

%Permute Row and Columns;
PRow = permMat(I,M);
PCol = permMat(J,M);

%Compute U and Uf (Modified Steps B.4 and B.5) ¥ ddddtmiiddoiddddimiiddids
U = PRow*UU*inv(PCol);

Uf=zeros(M, 1);

Uf(I) = P;

% e R R R R e A Lt St R R R e b b o b L i S S Lt i S bt S SRt i S A A R R S S L e S L e e b o S b e e
%Define permutation matrix given the unique index set I

function P = permMat(I,M)

m= 1:M;

pi = [I setdiff(m,I)];

Id = eye(M);
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P = Id(1:M,pi);

7**************************************************************************
o

function tf = isrow(E)
[rows,cols]=size(E);
if rows==1

tf=1;
else

t£=0;
end

function F = constructFrame(E,U1)
% Description: This function implements Step B of the algorithm to

% explicitly construct any and all sequence of vectors whose
% partial-frame operator spectra match the eigensteps chosen
% in Step A. Here, we assume V1,...,Vn are the identity.

% Call: F = constructFrame(E, Ul)

% E = Matrix of eigensteps

% Ul = Initial unitary matrix

% Output: The frame, F.

% File: constructFrame.m

uu(:,:,1) = Ul;
UC:,:,1) =U00C:,:,D);
F(:,1) =UC,1,D);
[M,N] = size(E);

for i = 2:N
[vu(:,:,i), U£(:,i)] = constructU(E(:,i-1),E(:,1));
U(C:,:,1) = eye(D;

%Multiply matrices to find new U
for j = 1:i, U(:,:,1i) = U(C:,:,1)*UU0(C:,:,]);end

%Multiply to find new f
Temp = eye(M);
for j = 1:i-1; Temp = Temp*UU(:,:,j); end
F(:,i) = Temp*Uf(:,i);
end

The following example reproduces the results of Example 8 where the eigensteps are

given by (3.28). For the sake of simplicity, U; =land V, =Iforn=1,...,4.

> E=1[000 2/35/3;0 1/3 4/3 5/3 5/3;1 5/3 5/3 5/3 5/3]

145



0 0 0 0.6667 1.6667
0 0.3333 1.3333 1.6667 1.6667
1.0000 1.6667 1.6667 1.6667 1.6667
>> Ul=eye(3)

Ul =

S =

>> F = constructFrame(E,Ul)
F =
1.0000 0.6667 -0.4082 -0.1667 0.1667

0 0.7454 0.9129 0.3727 -0.3727
0 0 0 0.9129 0.9129

The following MATLAB code constructs a sequence of continued outer eigensteps

using the Chop Kill algorithm given in Theorem 40:

function eigensteps=CK(lambda,alpha,mu)
% Description: This function implements the Chop Kill (CK)

% Algorithm and creates a sequence of eigensteps for lambda.
% Call: eigensteps = CK(lambda,alpha,mu)

% lambda = final spectrum

% alpha = initial spectrum

% mu = set of lengths

% Output: table of eigensteps

% File: GTK.m

%spectra must be row vectors and listed in decending order®#**¥*##kdiididiiik
M = length(alpha);
P = length(mu);
T(:,:,P) = table(lambda,alpha);
eigensteps = zeros(M,P+1);
eigensteps(:,P+1) = flipud(sum(table(lambda,alpha),2));
eigensteps(:,1) = flipud(sum(table(alpha,alpha),2));
for p = P:-1:2
newT = T(:,:,p);
newT(find(tril (newT)))=0;
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nuM, 1)=mu(p);
for j = M:-1:1
for k = M-j+1:-1:1
if k==(M-j+1)
delta = min(nu(j-1+k,k), T(j-1+k,k,p));
else
delta = min(mu(j-1+k,k), T(j-1+k,k,p)-T(j+k,k,p));
end

newT (j-1+k,k) = T(j-1+k,k,p)-delta;

if k>1
nu(j-2+k,k-1) = nu(j-1+k,k) - delta;
else
nu(M,M-j+2) = nu(j-1+k,k) - delta;
end
end

end

eigensteps(:,p) = flipud(sum(newT,2));
T(:,:,p-1) = newT;

end
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