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ABSTRACT

High entropy alloys (HEAs) are promising candidates for high-temperature structural material applications. Oxidation is a major factor that
must be accounted for when designing such materials and it is thus important to study the oxidation behavior of HEAs to enable the
optimum design of next generation materials. In this study, the thermodynamic behavior of interstitial oxygen in a Mo-Nb-Ta-W high
entropy alloy was explored beyond the dilute limit. This was accomplished by sampling configurations of the HEA and HEA-oxygen
systems from an isothermal–isobaric ensemble using a series of first-principle-based Monte Carlo simulations. It was found that the intersti-
tial oxygen had comparable stability at tetrahedral (T) sites and octahedral (O) sites. The stability of the interstitial oxygen was correlated
with the composition of the surrounding local metallic environment. The O-site interstitial oxygen was further found to arrange in ordered
clusters and was associated with enhanced mechanical properties as demonstrated by an increase in the bulk modulus with increasing
oxygen content. Finally, the solubility of the interstitial oxygen in the alloy was found to decrease with temperature.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0028977

INTRODUCTION

High entropy alloys (HEA) were originally defined to include a
mixture of five or more principal elements with near equimolar con-
centrations. HEAs, first introduced in 2004,1,2 represent a significant
paradigm shift from the traditional alloying approach, which consists
of a base material with light alloying for improved performance.3

There have been very few significant developments with traditional
alloys over the past few decades as no new base materials had been
recently discovered.3 Furthermore, traditional alloys appear to have
reached their operational limits with the emergence of new technolo-
gies. HEAs, on the other hand, are very promising for a range of
applications including high-temperature structural components for
the aerospace industry,4 steam turbines,5 and nuclear energy infra-
structure including molten salt reactors,6 fusion reactors,7 and even
cryogenics.8,9 This is due to their superior attributes as demonstrated
by improved irradiation resistance,10,11 excellent mechanical proper-
ties, high-temperature strength, good oxidation resistance,12,13 and
outstanding corrosion resistance.14–16

One of the fundamental limitations in the development of
new materials for high-temperature structural applications is high-
temperature oxidation. Refractory metals (principally Mo, W, Ta,
Re, and Ru) and their alloys possess high strength and elevated
melting point temperatures but they readily oxidize in air forming
non-protective volatile oxides. For instance, MoO3 has been shown
to sublime at temperatures as low as 450 °C.17,18 While there have
been numerous studies reporting on HEAs over the past decade,
investigations of oxygen thermodynamics and transport kinetics in
high entropy alloys are currently limited in the literature, and fun-
damental experimental data are still lacking.3 Müller et al.19 attrib-
uted the superior oxidation resistance of TaMoCrTiAl at 1000 oC
in air to the formation of protective Al2O3, Cr2O3, and CrTaO4

oxide layers. The authors also found the slow oxygen diffusion
through the CrTaO4 oxide layer to be rate limiting and that tita-
nium (Ti) was beneficial because it supported the formation of pro-
tective CrTaO4. Zhang et al.20 studied the isothermal oxidation of
Fe25Cr20NixNb (0–1.6 wt. %) and found that niobium (Nb) pro-
moted the chromium depletion underneath the oxide/matrix
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interface. The authors also concluded that the oxidation of niobium
at the chromia layer/metal interface could result in the spallation of
the oxide scale. Jayaraj et al.21 performed an examination of the
microstructure and oxidation of the AlNbTiZr high entropy alloy.
The authors found that the formation of complex oxides of AlNbO4

and Ti2ZrO6 led to sluggish oxidation kinetics of the HEA at 1273 K
for 50 h. Butler and Chaput22 examined the oxidation resistance of
an AlNbTaTiZr refractory complex concentrated alloy (RCCA). The
observed oxidation resistance at 1000 °C was attributed to an outer
composite oxide layer. While this layer was morphologically contin-
uous, it consisted of a non-continuous mixture of NbAlO4, ZrO2,
Ti7Al2O15, and Ta2Nb4O15. In 2014, Liu et al.23 examined the oxida-
tion behavior of four body centered cubic HEAs. It was found that
the oxidation at 1300 °C followed linear kinetic behavior and that
oxidation resistance was significantly improved by adding titanium
and silicon but reduced with the addition of vanadium. On the com-
putational side, Hong et al.24 studied the oxidation behavior of
Al0.3CoCrCuFeNi HEA by investigating the oxygen adsorption
mechanisms on different crystallographic surfaces and thermody-
namic stabilities of possible oxides. The cohesive energy results sug-
gested that Al formed the most thermodynamically stable oxide
(Al2O3) among all the alloying elements and that (Cr2O3) was the
second most stable oxide. The adsorption energy of oxygen to the
studied surfaces was the lowest for the sites with more neighboring
Cr atoms. Osei-Agyemang and Balasubramanian25 recently explored
the surface oxidation mechanism for the refractory high entropy
alloy Mo-W-Ta-Ti-Zr using ab initio calculations. The authors
reported the HEA surface to be highly reactive to oxygen yielding a
full monolayer coverage. It was further determined that pressures as
low as 10−9 bar were incapable of removing the adsorbed oxygen
from the alloy surface at 2000 K. Ferrari and Kormann26 studied the
surface segregation in Cr-Mn-Fe-Co-Ni high entropy alloys using ab
initio calculations. The authors reported very strong segregation of
Cr and Mn upon exposure to O.

While the reported works in the literature are important, theo-
retical investigations of the oxidation mechanisms and behavior of
high entropy alloys are limited. Few have reported on the oxidation
behavior beyond the dilute limit as far as I can tell. Enhancing our
knowledge and databases for various thermodynamic and kinetic pro-
cesses involved with the oxidation of multicomponent alloys is
crucial. This will ultimately enable better, more efficient material
designs and improve mitigation strategies against oxidation. In this
work, an MoNbTaW alloy was selected as a representative HEA
system. The behavior of Mo14Nb12Ta13W15-Ox (with 0 < x < 9) high
entropy alloys with interstitial oxygen beyond the dilute level was
studied to better understand the early stages of oxidation thermody-
namics. To clarify the notation for the alloy, the system contained the
3 × 3 × 3metal bcc supercell comprising a total of 54metal atoms:
14Mo atoms, 12 Nb atoms, 13 Ta atoms, and 15W atoms. In addi-
tion, a varying number of interstitial oxygen atoms x, ranging from
one up to nine, was also contained in the system in the present study.

COMPUTATIONAL DETAILS

In order to sample equilibrium configurations of the alloy and
the oxygen containing alloys, a series of Monte Carlo simulations
were performed in the NPT ensemble at 300 K and zero pressure.

The MC simulations included at least 1600 steps for equilibration
and then a production run of at least 500 steps. The energy evalua-
tions for these MC simulations were obtained via ab initio calcula-
tions that were performed by the Vienna Ab initio Simulation
Package (VASP) through a python wrapper. The ab initio calcula-
tions were performed under the Density Functional Theory (DFT)
framework using a plane wave basis set and the projector-
augmented wave (PAW) method27,28 as implemented in the Vienna
Ab initio Simulation Package (VASP).29,30 The generalized gradient
approximation (GGA)31 was used for the exchange correlation func-
tionals as parametrized by Perdew–Burke and Ernzerhof (PBE).32

The employed PAW potentials treated the following electrons as
valence states: Mo (4p6 5s1 4d5), Nb (4p6 5s1 4d4), Ta (6s2 5d3), W
(6s2 5d4), and O (2s2 2p4). The 5p states were not explicitly treated
as valence states since these states are rather strongly localized as the
4f shell becomes filled.33 Methfessel Paxton smearing34 with a small
broadening width of 0.1 eV was employed in all simulations. The
wave functions were expanded in a plane wave basis with cutoff
energies of 360 eV. The Brillouin zone was sampled by a Γ-centered
2 × 2 × 2 Monkhorst–Pack grid.35 The positions of the atoms as well
as the volume and shape of the supercell were fully relaxed until the
total stress became zero. In the course of the MC simulation, the
self-consistent calculations converged to an accuracy of 10−5 eV and
the atomic relaxation steps (of positions and shape/size of the super-
cell) were allowed to continue until the force on each atom of the
system satisfied a threshold of 10−2 eV/Å between successive relaxa-
tion steps. Given that ab initio calculations are computationally
expensive, only about 2000–3000 MC attempts (steps) were
attempted for each composition. In this study, the “step” refers not
to a lattice sweep but rather to every attempted move since obtain-
ing fully relaxed DFT energies is computationally expensive. In the
NPT Monte Carlo simulation, two types of moves were possible: the
exchange of positions of two different types of metal atoms in the
lattice structure, or in the presence of oxygen, the attempted move
of an oxygen atom from one interstitial site to another. The
Metropolis algorithm was utilized and for each of these possible
moves the energy difference and change in volume were calculated
by following the proposed move and the move was accepted with a
probability of36

Pacc ¼ min 1, exp Nln
V2

V1

� �
� βΔU � βPΔV

� �� �
: (1)

In Eq. (1), N is the number of atoms in the system, V2 is the
volume after the attempted move, V1 is the volume prior to the
move, ΔU is the energy difference between the two states, P is the
pressure (zero in our case), and ΔV ¼ V2 � V1.

After the equilibration run, supercells were sampled from the
NPT ensemble at equilibrium and then the thermodynamic behav-
ior of these systems was studied with a Γ-centered 3 × 3 × 3
Monkhorst–Pack grid and an energy cutoff of 450 eV.

RESULTS AND DISCUSSION

Based on the experimental evidence of a single phase disor-
dered bcc structure for the alloy,37–39 a bcc structure was utilized
for the metal in all calculations. MC simulations generated
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structures that sampled the isothermal–isobaric ensemble (NPT)
with zero pressure and 300 K temperature. When the volumes of
these structures were examined, it was found that the average lattice
constant was 3.228 Å in agreement with various estimates in the lit-
erature for the Mo25Nb25Ta25W25 alloy including experimental
observations of 3.222 Å40 and 3.22 Å37 for first-principles calcula-
tions of 3.228 Å40 and 3.237 Å.41 Moreover, the alloy mixing
enthalpy was calculated to be −0.0999 eV/atom, which was found
to be in reasonable agreement with the mixing enthalpy calculated
using Calphad by Gao et al.42 The authors of that study reported
an enthalpy of mixing of −0.0902 eV/atom.

After sampling alloy configurations from the NPT ensemble,
at least 60 oxygen atom insertions were attempted at random octa-
hedral (O) and another 60 random insertions at tetrahedral (T)
interstitial sites. The oxygen solution energy was calculated for each
insertion, and the results are displayed in Fig. 1. The oxygen solu-
tion energy was calculated using

Es ¼ E(Mo14Nb12Ta14W15-O)� E(Mo14Nb12Ta14W15)

� 1
2
E(O2) : (2)

Figure 1 seems to indicate that both octahedral and tetrahedral
sites of the bcc high entropy alloy have comparable energies and
this result is consistent with recent experimental observations on
another HEA system by Lei et al.43 who found that interstitial
oxygen occupied both octahedral and tetrahedral sites of a bcc high
entropy alloy with a similar frequency. Therefore, and in an effort
to reduce the computational overhead required for performing the
MC simulations in the NPT ensemble, we limited our investigation
of the interstitial sites beyond the dilute level to the O-sites only.
This is reasonable as the T- and O-sites have comparable energies.
Furthermore, it is important to note that for all the oxygen

insertions into interstitial sites sampled here the most stable site is
actually an O-site.

The dependence of oxygen insertion energy on the local atomic
environment was explored by analyzing the energy of each insertion
and the chemical composition of the nearest neighboring metallic
atoms. This analysis was only conducted for the O sites, and the
results are summarized in Figs. 2 and 3. Again, these figures were
obtained by first sampling several configurations for the 54-atom
Mo14Nd12Ta13W15 alloy from the isothermal–isobaric ensemble at
300 K and zero pressure at equilibrium and then inserting a single
oxygen atom into random octahedral positions in each of the sampled
configurations with the solution energy was computed using Eq. (2).

Figure 2 shows the dependence of the solution energy at the
O-site on the composition of the first nearest neighbor metal shell.
From Fig. 2(a), it appears that increasing the Mo occupation of the
first nearest neighbor shell is associated with decreased stability.
The same trend is observed for tungsten as can be seen in Fig. 2(d).

Figure 3 illustrates the dependence of the oxygen solution
energy on the composition of the second nearest neighbor (nn)
metallic shell. By examining Fig. 3, several trends may be gleaned.
From Fig. 3(a), the oxygen solution energy increases (becomes less
stable) with the increasing content of Mo in the second nn shell.
This trend also holds for tungsten where Fig. 3(d) clearly illustrates
a general increase in the oxygen solution energy as the tungsten
occupation of the second nn shell increases. Figure 3(b) depicts a
general trend where the Nb atoms in the second nn metallic shell
have a stabilizing effect on the interstitial oxygen.

Next, structures of the metal alloy supercells containing intersti-
tial oxygen (in the octahedral sites) beyond the dilute level were inves-
tigated. To this end, structures of the form Mo14Nd12Ta13W15-Ox

(where x = 3, 5, and 8) were sampled from an isothermal–isobaric
ensemble (at 300 K and zero pressure). In the simulation, metal
atoms (of different species) were exchanged and oxygen atoms
were allowed to sample different octahedral interstitial sites until
equilibrium was reached after which a few structures were sampled
during a production run. Figure 4 shows that the composition of
the nearest neighboring metal atom shells has a dependence on the
concentration of interstitial oxygen. When three interstitial oxygen
atoms are bound to the O-sites of the 54-atom metal alloy super-
cell, then the structures sampled from equilibrium favor Ta occupa-
tion of the first nearest neighbor shell (relative to the interstitial
oxygen atoms) and an overwhelming filling of the second nn shell
with Nb atoms. For cases with higher oxygen concentrations (five
and eight oxygen atoms bound to O-sites in this study), the struc-
tures favor a niobium occupation of both the first and second
nearest neighbor metal shells (relative to oxygen) followed by tanta-
lum. Therefore, it is generally clear that all structures favor filling
Nb, Ta in the first and second nearest neighbor shells. The results
in this figure support recent experimental observations by Butler
and Chaput in their analysis of the Al20Nb30Ta10Ti30Zr10 refractory
complex concentrated alloy (RCCA).22 The authors of that study
found that oxides such as Ta2Nb4O15 and NbAlO4 formed in the
outer composite layer and proposed that such oxides may slow
the overall oxidation rate by providing an inherent resistance to the
ingress of oxygen.

An additional scrutiny of Fig. 4 reveals that none of the struc-
tures sampled from the NPT ensemble favor a tungsten occupation

FIG. 1. Oxygen solution energy calculated for inserting a single oxygen atom
into different T-sites and O-sites of different the 3 × 3 × 3 bcc metal alloy super-
cell containing 54 atoms (Mo14Nd12Ta13W15) alloy structures sampled from equi-
librium using the isothermal–isobaric NPT ensemble at 300 K and zero
pressure.
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of the first or second nearest neighbor shells. It is also interesting
to note that significant Mo occupation of the first and second nn
metallic shells is observed for the case with eight interstitial oxygen
atoms (in O-sites).

The sampling of equilibrium configurations beyond the dilute
limit of oxygen allows for a deeper understanding of the effects of
O–O interactions. To accomplish this, oxygen–oxygen radial distri-
bution functions (RDFs) within the various alloy structures were
recorded and analyzed at different oxygen levels and the results are
summarized in Fig. 5. These results were calculated by sampling
several structures from the isothermal–isobaric ensemble at 300 K,
and zero pressure for the structures Mo14Nb12Ta13W15-Ox (for
x = 3, 5, and 8). The results indicate a clustering of the interstitial

oxygen atoms in the alloy with the most likely O–O distance being
less than 4 Å in all cases and with this distance decreasing with an
increasing number of interstitial oxygen atoms. For three interstitial
oxygen atoms, the most likely distance is about 3 Å. This most
likely O–O distance increases to about 1.9 Å for five interstitial
oxygen atoms in the alloy (with nearly all O–O distances contained
in this bin), and finally to about 1.6 Å for eight interstitial O atoms
in the alloy. It is clear from examining the RDF plots [particularly
Fig. 5(c)] that the oxygen atoms cluster together in an ordered
fashion (similar to a solid). This result is consistent with recent
experimental observations on oxygen in high entropy alloy systems
that have reported on the presence of O-rich clusters in the form of
ordered oxygen clusters (OOCs).43

FIG. 2. An examination of the dependence of the oxygen solution energy for a single oxygen at the octahedral interstitial site on the first nearest neighbor metallic shell of
the local atomic environment. The lowest energy points are connected by a line to help guide the eyes. (a) shows the Mo occupation of the first nn shell, (b) shows the Nb
occupation of the first nn shell, (c) shows the Ta occupation of the first nn shell, and (d) shows the W occupation of the first nn shell.
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A visualization of examples of configurations whose RDF plots
are shown in Fig. 5 is included in Fig. 6.

Next, the mechanical properties of the alloy were studied to
determine the dependence of the elastic constants on the intersti-
tial oxygen concentration. To this end, the mechanical properties
of the alloy in the absence of oxygen were determined and com-
pared to the available values in the literature. The results are
shown in Table I.

Table I shows that our results for the alloy are consistent
with the available theoretical results in the literature. The compar-
ison cannot be exact because the atomic ratios are slightly differ-
ent in these cases, but our results for the alloy are not too
different from the reported calculations in the literature and that
matches our expectations. Moreover, the configurational represen-
tations for the alloy in our study were found by sampling the

isothermal–isobaric ensemble unlike in the study of Hu et al.44

where special quasi-random structures were used. In any case, the
mechanical properties of the alloy may be viewed as a reference to
explore the effects of gradual interstitial oxidation on the elastic
property of the material. To illustrate these effects, the elastic con-
stants were computed for each of the alloys Mo14Nb12Ta13W15-Ox

(x = 3, 5, 8) and the results are displayed in Fig. 7. Here, calcula-
tions on three configurations sampled from the NPT ensemble (at
300 K and zero pressure) at each O concentration were performed
and averaged to determine the elastic constants. It is important to
mention that all the calculations of the elastic constants were per-
formed at 0 K using VASP’s implementation of IBRION =6.

Figure 7 clearly reveals a trend where the elastic constants
increase with increasing the O-site interstitial oxygen concentration
in the alloy. The results show that these elastic constants may increase

FIG. 3. An examination of the dependence of the oxygen solution energy for a single oxygen at the octahedral interstitial site on the second nearest neighbor metallic
shell of the local atomic environment. The lowest energy points are connected by a line to help guide the eyes. (a) shows the Mo occupation of the second nn shell, (b)
shows the Nb occupation of the second nn shell, (c) shows the Ta occupation of the second nn shell, and (d) shows the W occupation of the second nn shell.
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by about 8% in value (for the O concentrations used) as a conse-
quence of the interstitial oxygen. Using the calculated elastic con-
stants, the bulk modulus B was found to be 250.47 GPa, 246.65 GPa,
241.28 GPa, and 232.8 GPa for Metal-O8, Metal-O5, Metal-O3, and

the oxygen free metal, respectively (where the “metal” stands for
Mo14Nb12Ta13W15). Clearly, the bulk modulus also increases with
increasing concentration of interstitial oxygen atoms. The bulk
modulus is a measure of the material’s resistance to compression and

FIG. 4. An analysis of the local atomic environments around oxygen atoms in the octahedral sites for oxygen concentrations beyond the dilute level. The structures ana-
lyzed were sampled from equilibrium in the isothermal–isobaric ensemble at 300 K and zero pressure. A series of Monte Carlo NPT simulations were performed on the
3 × 3 × 3 bcc metal alloy supercell containing 54 atoms (Mo14Nb12Ta13W15) containing 3 O atoms [(a) and (d)], 5 O atoms [(b) and (e)], and 8 O atoms [(c) and (f )].

FIG. 5. Radial distribution functions for O–O atoms from metal alloy-oxygen structures sampled at equilibrium for (a) Mo14Nb12Ta13W15-O3, (b) Mo14Nb12Ta13W15-O5, and
(c) Mo14Nb12Ta13W15-O8.
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describes the average bond strength between atoms in the material.
Our calculations show that the material’s resistance to compression
becomes enhanced during the early stages of interstitial oxidation.
This result is in agreement with recent experimental observations of
this phenomenon in other HEA systems.43,45 For example, Lei et al.43

reported improved strength and ductility in a TiZrHfNb HEA via the
formation of ordered interstitial oxygen complexes.

While the results here seem to suggest a slight enhancement
of mechanical properties with the addition of a few oxygen atoms,
this result may not generalize to all HEAs and it may not be
correct to extrapolate such a result to situations containing a higher
concentration of oxygen.

Finally, and considering the important role oxygen solubility
may play in determining the oxidation thermodynamics of a mate-
rial and the inward progression of internal oxidation fronts, oxygen
solubility in the Mo14Nb12Ta13W15 HEA was studied. The solubil-
ity of interstitial oxygen in the high entropy alloy as a function of
temperature was first calculated in the dilute limit by considering
both the O-site solubility and the T-site solubility. In this

calculation, the solubility was predicted by utilizing the binding
energies and vibrational frequencies of dissolved oxygen in metals
using Eq. (3) through (5),46

θ ¼ 1
K
:

qsolffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qgas
PV

kBT

r
þ qsol

0
BB@

1
CCA, (3)

where

qgas ¼ 2πmO2kBT
h2

� �3
2

V
8π2IO2kBT

σh2

exp � hνO2

kBT

� �

1� exp � hνO2

kBT

� � exp � EO2

kBT

� �
,

(4)

qsol ¼
Yn
i¼1

exp � hνi
kBT

� �

1� exp � hνi
kBT

� �
0
BB@

1
CCA exp � Eins

kBT

� �
: (5)

In these equations, mO2 is the mass of the oxygen molecule,
and IO2 is moment of inertia, h is Planck’s constant, V is the
volume (but it cancels out in the calculation), the symmetry
number is σ ¼ 2 for a diatomic molecule (oxygen), and νO2 and νi
are the normal mode vibrational frequencies of the oxygen mole-
cule and the atomic oxygen solute in the metal, respectively. EO2 is
the electronic energy of the oxygen molecule, and [Eins ¼
E(Metal� O)� E(Metal)] is the calculated insertion energy for the
interstitial oxygen in the metal. The variable θ in Eq. (3) denotes
the solubility as the ratio of the number of dissolved oxygen atoms
to the number of metal atoms. The factor (K) takes on the value of

FIG. 6. An illustration of example configurations whose RDF plots are shown in Fig. 5. The contents of exactly one supercell are shown. Mo atoms are shown in blue, Nb
atoms in green, Ta atoms in brown, W atoms in pink, and O atoms in red. The size of the oxygen atoms relative to the metal atoms is exaggerated to indicate their loca-
tions. (a) Mo14Nb12Ta13W15-O3, (b) Mo14Nb12Ta13W15-O5, and (c) Mo14Nb12Ta13W15-O8.

TABLE I. Comparison of the DFT-calculated elastic constants and bulk modulus for
the Mo14Nb12Ta13W15 alloy with similar theoretical calculations from the literature.
Our calculations were performed at 0 K using VASP’s implementation of IBRION = 6

a
(Å)

C11

(GPa)
C44

(GPa)
C12

(GPa)
B

(GPa)

This worka 3.228 383.2 59.6 157.6 232.8
Maresca and
Curtinb41

3.237 374 64 163 233.3

Hu et al.c44 3.195 392 79 158 236

aMo14Nb12Ta13W15.
bMo25Nb25Ta25W25.
cMoNbTaW.
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three for octahedral sites and six for tetrahedral sites in a bcc
metal. That is because a bcc conventional unit cell contains 2 metal
atoms, 6 O-sites, and 12 T-sites. The solubility was calculated at
ambient pressure (1 atm = 1.01 × 105 Pa). The DFT calculations for
the oxygen molecule were performed by placing an oxygen mole-
cule in a 10 × 10 × 10 Å3 box and the relaxed distance between the
two atoms was found to be 1.23 Å in agreement with the experi-
mental result of 1.21 Å.47 The vibrational frequency for the oxygen
molecule was also calculated to be 1560 cm−1 consistent with the
experimental value of 1556 cm−1.48 The normal vibrational fre-
quencies for the atomic oxygen in the metal were calculated by per-
forming 0.005 Å displacements of the oxygen atom only and then
taking central finite differences. Both the oxygen solution energy
and the vibrational energies were calculated for a number of differ-
ent sites within different alloy configurations sampled from the
NPT ensemble as discussed earlier. These numbers were then aver-
aged, and the results were utilized in Eq. (5). The results of the sol-
ubility calculation in the dilute limit are displayed in Fig. 8.

The results in Fig. 8 show that the O-site solubility is almost
twice as large as T-site solubility despite the fact that the oxygen
solution energies at these sites are comparable. The reason for this
can be attributed to the larger number of available T-sites. It is also
important to note that these estimates for solubility are only
correct in the dilute limit where O–O interactions are not
accounted for and this may no longer be valid beyond that regime.
Nevertheless, it is interesting to note the behavior of oxygen solu-
bility and that it generally decreases with increasing temperature.
Moreover, the T-site and O-site estimates appear to converge for
larger temperatures. Figure 8 only examines the oxygen solubility
behavior from a thermodynamic point of view but tells us nothing
about the kinetics. So while very high oxygen solubility may be
thermodynamically favorable at low temperatures, the activation
energies to reach such a state may be too large to overcome.

To more accurately examine the solubility beyond the dilute
oxygen concentration, we utilized the Widom insertion method.49

This methodology was used to calculate the chemical potential of
the solute using the canonical (NPT) ensemble. The chemical

potential can be expressed as μ ¼ μideal þ μexcess, where

μideal ¼ �kBTln
kBT

P λ3

� �
: (6)

In Eq. (6), λ is the thermal de-Broglie wavelength of the solute
atom, P is the pressure (1.01 × 105 Pa), kB is the Boltzmann cons-
tant, and T is the temperature. The thermal de-Broglie wavelength

FIG. 7. Elastic constants as a function of interstitial oxygen (in the octahedral sites) calculated for Mo14Nb12Ta13W15-Ox structures sampled from equilibrium (where x = 0,
3, 5, and 8) (a) C11, (b) C44, and (c) C12.

FIG. 8. Solubility for oxygen in Mo14Nb12Ta13W15 calculated in the dilute limit
for oxygen occupying both the tetrahedral (T-sites) and the octahedral sites
(O-sites) as a function of temperature.
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may be obtained via

λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2π�h2

mkBT

s
, (7)

where m is the mass of the solute atom (oxygen). The excess chemical
potential may be calculated by an NPT ensemble average over the N
particle system, which is denoted by the angular brackets as shown in

μexcess ¼ �kBTln
V exp � ΔU

kBT

� �� �
Vh i

0
BB@

1
CCA, (8)

where the insertion energy given by ΔU ¼ E(Metal �Oxþ1)�
E(Metal� Ox) is the change of energy following the random inser-
tion of an oxygen atom and its interaction with the rest of the system.
The angular brackets denote ensemble averaging over all positions of
the inserted atom (where the structure before the insertion is sampled
from the NPT ensemble). The solubility of the solute corresponds to
the fraction of atoms that yields the same chemical potential as the
free gas, i.e.,

μ(oxygen; metal) ¼ 1
2
μ(O2): (9)

Moreover, the binding energy was evaluated using

Ebind ¼ E(Metal� Oxþ1)� E(Metal� Ox)� 1
2
E(O2): (10)

The solution energy and the binding energy are equivalent
within the context of this paper. These energies are a function of
the amount of oxygen in the metal. The insertion energy is differ-
ent from the binding (solution) energy as it measures the excess
energy from adding one oxygen atom to the system. The binding
energies were calculated for all the random insertions into octahe-
dral sites of structures of the form Mo14Nb12Ta13W15-Ox (with
x = 0, 3, 5, and 8) sampled from the NPT ensemble. The results are
included in Fig. 9(a) and it can be clearly seen that the binding
energy for the vast majority of attempted insertions into octahedral
sites in the metal is attractive. This is consistent with the calculated
radial distribution functions in Fig. 5 and the experimentally
observed clustering of interstitial oxygen in high entropy alloys.43

Figure 9(b) shows the final volume of the system after insertion
when the termination criteria for the DFT calculations (atomic and
volumetric relaxation) have been met. The figure appears to be lev-
elling off as the number of oxygen atoms increases in the system.
This observation also supports the notion of attractive O–O inter-
actions and clustering within the system.

The solubility of interstitial oxygen in the metal system was
then examined through the Widom insertion method to account
for the O–O interactions which clearly are significant and cannot
be ignored. Using the calculated values for the insertion energy
and the final volume after each insertion, the results for the solute
oxygen chemical potential in the metal and the oxygen chemical
potential in gas were plotted for different temperatures and
recorded in Fig. 9. The chemical potential for the oxygen gas was
calculated by using46

μO2, gas ¼ �kBT ln
qgas
PV

kBT
	 


: (11)

FIG. 9. (a) The binding energy of one oxygen into Mo14Nb12Ta13W15-Ox structures sampled from equilibrium (where x = 0, 3, 5, and 8) with oxygen occupying the octahe-
dral sites. (b) The volume of the supercell after O insertion as a function of the number of oxygen atoms originally contained in the structure before insertion. The average
volume of the clean metal alloy not containing any oxygen was 907.86 Å3.
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The chemical potential for the oxygen in the gaseous form
in Fig. 10 was obtained by Eq. (11) (multiplied by ½) as required
by Eq. (9).

In obtaining the results of Fig. 10, the vibrational contribu-
tion to the insertion energy was approximated by utilizing the
vibrational frequencies calculated for the single interstitial atom
in the O-site to calculate the zero point energy correction. This
same zero point energy calculated for the case of one oxygen
interstitial atom in the structure was used for all structures. While
this is not exact, it does allow us to approximately account for the
vibrational effects to a degree and these effects become important
as the temperature increases. Figure 10(b) shows an enlargement
of a small section of Fig. 10(a) to more clearly illustrate the behav-
ior of the chemical potential of the oxygen atom solute in the
metal at different temperatures.

Upon examination of Fig. 10(a), we see that the chemical poten-
tials for all the concentrations considered here (up to 0.167 atomic
fraction) are below the chemical potential of the oxygen gas evaluated
at 300 K. This means that the solubility of oxygen at 300 K must be
greater than 0.167 (O/M). This conclusion is in agreement with the
dilute formula treatment, which essentially predicts the solubility at
300 K to be between 0.17 and 0.34 (O/M). Figure 10(b) also shows
that the solubility of oxygen at 600 K is also greater than 0.17 (O/M).
Furthermore, the particle insertion method also predicts that solubil-
ity decreases with increasing temperature. For example, Fig. 9(b)
shows the point at which the two plots cross for temperature 1000 K
corresponding to an atomic fraction of about 0.05 O/M. This trend is
also consistent with the solubility behavior as a function of tem-
perature calculated in the dilute limit. However, in the dilute
limit at 1000 K, the solubility is predicted to be larger (still
between 0.17 and 0.34 O/M). The solubility limit is exceeded for

all the concentrations shown for the cases of 1500 K and 2000 K
meaning that it is expected that the solubility is lower than
0.02 atomic fraction for these temperatures. Again, it should be
emphasized that these plots tell us nothing about the kinetics of
the process and how fast the oxygen dissolves in the alloy.

Another interesting observation to be made here is that the
Widom particle insertion method appears to be showing a depar-
ture from the monotone decreasing trend displayed by the solubil-
ity lines in the dilute limit. This is especially obvious when we
notice that the chemical potential first increases for low concentra-
tions but then starts decreasing again at higher concentrations (9/
54 atomic fraction). This is due to the attractive nature of the inter-
actions between the oxygen atoms, which tend to cluster together
at higher concentrations. This attractive interaction indicates that
some departure from the dilute limit predictions can be expected
for higher concentrations of oxygen.

It is important to note the limitation of this analysis. Only
octahedral interstitial sites were considered here and the important
role that substitutional defects, vacancies, and grain boundaries
may play in real experiments has been completely ignored. Another
limitation of the current study was the computationally expensive
nature of the DFT-based NPT simulation. Due to this computa-
tional overhead, it was only possible to perform 2000–3000 MC
steps per configuration. Roughly 75% of these steps were consid-
ered the equilibration part of the run and sampling was performed
over the final 25% of the trajectory (the production run).
Therefore, it is possible that a true equilibrium may not have been
achieved. In the present study, the vibrational contribution to the
total energy within the NPT Monte Carlo simulations was
completely ignored. Furthermore, and within the current imple-
mentation of the Widom particle insertion method, the vibrational

FIG. 10. (a) The chemical potential for the oxygen atom in gas form at different temperatures (red lines) and the chemical potential for an interstitial oxygen atom inserted
into Mo14Nb12Ta13W15-Ox structures sampled from equilibrium at 300 K and zero pressure (where x = 0, 3, 5, and 8) with oxygen occupying the octahedral sites. (b)
depicts an enlarged section of (a) for more clarity.
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contribution to the oxygen insertion energy was approximate and
based on the zero point energy correction calculated for a single
interstitial oxygen in the structure. It is also important to stress that
the sampling of the NPT ensemble was only done at 300 K.

CONCLUSIONS

In this work, the thermodynamic behavior of interstitial
oxygen in an Mo-Nb-Ta-W HEA was studied via first-principles
calculations. The analysis accounted for oxygen–oxygen interac-
tions and considered concentrations beyond the dilute limit. A
series of Mo-Nb-Ta-W-Ox (for x = 0, 3, 5, 8) were sampled from
an isothermal–isobaric ensemble at zero pressure and 300 K. Zero
pressure was selected to allow for atomic and structural relaxation
in the DFT calculations. When a single oxygen atom was inserted
into HEA configurations sampled from the NPT ensemble, it was
found that O-sites and T-sites had comparable stability consistent
with recent experimental observations. This led us to limit our
analysis to O-sites for calculations beyond the dilute limit. The
Mo-Nb-Ta-W-Ox structures sampled from equilibrium showed
that the O-site interstitial oxygen atoms favored Nb and Ta to
occupy the first and second nearest neighbor metal shell sur-
rounding the oxygen. An analysis of the O–O RDF plots from
the equilibrated structures showed that oxygen atoms clustered
together in an ordered fashion. Furthermore, it was found that
random insertions of additional oxygen atoms into the equili-
brated structures led to overwhelmingly negative binding energies
indicating attractive interactions. It was additionally found that
the interstitial O-site oxygen may enhance the mechanical prop-
erties of the alloy through the ordered structures. The solubility
of oxygen in the alloy was also examined using two different
methods. The first approach following Lee et al.46 in the dilute
limit led to a solubility of (0.17–0.34) atomic fraction at 300 K.
This approach agreed with the solubility calculated using the
Widom insertion technique. Both methods led to decreased solu-
bility with increasing oxygen concentration. The kinetics of oxi-
dation, the roles of vacancies, and grain boundaries were also
ignored in this study.
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