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Abstract
This research develops a mathematical formulation and an analytical solution to
frictional heat partitioning in a high speed sliding system. Frictional heating at the
interface of sliding materials impacts temperature and the wear mechanisms. The heat
partition fraction for a sliding system is an important parameter in calculating the

distribution of frictional heat flux between the contacting surfaces

Lacking an analytical solution, a constant heat partitioning coefficient was typically
used, particularly with the slipper-rail contact surface at the Holoman High Speed Test
Track. This assumption was non-physical as frictional heat partitioning is influenced by
the slipper velocity and the contact pressure profile as well as the material properties.
The solution presented in this dissertation considers the characteristics of the slipper’s

frictional heat partition values along with the experimental loading data.

With a physics based, rather than a phenomenological approach, this solution
improves the estimate for the slipper’s heat partition function. Moreover, this analytical
solution is practical in calculating the average surface temperature and estimating the
total melt wear volume. The heat partition function compares favorably with existing
experimental and analytical data. Using the Strang’s Splitting and ADI methods, a
numerical method for surface temperature and corresponding wear percentage under

dynamic bounce conditions was extensively developed.
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ANALYSIS OF HEAT PARTITIONING DURING SLIDING CONTACT
AT HIGH SPEED AND PRESSURE

1. Introduction

The very rapid friction of two thick bodies produces fire.

Leonardo Da Vinci

Tribology is the study of interactions between a material’s surface and other
materials or environments in relative motion. Because the subject is vague and
complicated, numerous moderately successful attempts with different numerical,
analytical, and experimental solving techniques have been examined to better understand
the connection among friction, lubrication and wear in various fields of study. Current
interest and knowledge on tribology is substantial, and many applications of tribology are
beneficial to our daily life. The core of the tribological discipline is the development of
practical design algorithms needed by engineers to overcome the failure of tribological

components.

The major branches of tribology are mechanical engineering, material science,
and chemistry. In addition, the mathematics of frictional heat partition fractions (the ratio
describing how much frictional heat energy flows into one sliding surface and the other)
and surface temperatures at the interface due to sliding, the mathematics of liquid
lubricant behavior for various shapes of sliding surfaces, the mathematics of the atomic

and micro-scale wear mechanisms whereby solid surface degradation or alterations



occurs during sliding, and the reactivity between lubricants and solid surfaces

respectively are essential to understanding and demonstrating tribological problems.

1.1 Experimental Background

The Holloman High Speed Test Track (HHSTT), located at Holloman Air Force
Base (AFB), NM, is a U.S. Air Force rocket powered sled track facility used for
investigating hypersonic environments, aircraft munitions, egress systems, and
aerodynamic related effects. The HHSTT performs the hypervelocity aerospace testing
using rocket-propelled sleds that travel on steel rail tracks at speeds approaching 3,000
m/s.(1)(2)(3) To date, the fastest sled on record reached a velocity of 2,885 m/s in April

2003 on a newly developed dual rail sled system.

Figure 1. World Land Speed Record : 30 April 2003 (2,885m/s) (1)

While performing the high velocity test, the high-energy impact creates gouging
at the interface of a slipper/rail boundary brought about by contact of the test sled on the
track. These gouges typically are a result of a high pressure core developing at the

slipper/rail interface and high viscoplasticity that leads to material mixing. (4)(5)(6)



Irregularities in the rail and varying aerodynamic loads cause a dynamic bounce.
Two contact-driven hypervelocity phenomena that limit sled velocity are slipper wear
and rail/slipper gouging, both of which have been known to cause catastrophic failure of
the system. The development of these phenomena is affected by a combination of

conditions, temperature, oxidation, loading pressure, etc.

In particular, this research into wear and gouging focuses on surface temperature
of the slipper and thus requires consideration of the thermal state. While in sliding
contact with the rail, the slipper is subject to intense frictional heating. The slipper
quickly reaches a state of elevated temperature. As the slipper travels along the rail, the
rail is subjected to near instantaneous frictional heating. The major task in this research
is to understand how the thermal distributions of rail and slippers are characterized due to
sliding at high speeds with a dynamic bounce, and to investigate its thermal effects on the
slipper. To describe these physical phenomena, a mathematical model needs to
characterize the heat transfer from the hypervelocity contact surface into the rail and

slippers.

A simple model of the thermal transport caused by a moving source at high
speeds along an infinite half-space was developed in one dimension and used the steady-
state solution to determine the effects of source velocity on the effective thermal

penetration depth.(7)



1.2 Wear and Friction

The existing literature reveals many different definitions of wear. Bayer
(8)(9)(10) lists some of the more general aspects of wear behavior. “Wear is a system
property, not a material property. Materials can wear by a variety of mechanisms and
combinations of mechanisms, depending on the tribosystem in which it is used. Wear
behavior is frequently nonlinear. Transitions can occur in wear behavior as a function of

a wide variety of parameters.”

Slipper wear at the Holloman High Speed Test Track can be seen as melt wear
because slipper melted material at the sliding interface is removed due to induced
temperatures that surpass the material’s melting temperature. It may be considered dry
sliding wear (two solid sliding surfaces in contact) because no intentional lubricant or
moisture is introduced into the slipper/rail contact area with a relative sliding velocity.
Or, it may be considered compound impact wear as a result of the slipper’s combined
effect of both sliding on and impacting the rail during the bouncing or skipping motion.
According to Kato, the mechanisms of wear can be grouped into three types of wear:
thermal, mechanical, and chemical. The various mechanisms of wear contribute to the

overall coefficient of friction u. (11)

Several of the wear mechanisms were briefly described in Chad Hale’s
Dissertation. (1)(8)(11) Abrasive wear occurs when hard particles or asperities are forced
against and move along a solid surface. Adhesive wear occurs when the contacting
asperities from two different sliding surfaces bond or adhere together. Melt wear occurs

4



when the conditions at the interface are sufficient to cause localized melting of the sliding
material. Typically, these conditions are high normal load coupled with high sliding

velocity. The melting temperature T__, of the material also plays a role. In the case of

elt
metals, as the sliding velocity increases, a film of liquid or molten metal forms at the

interface which provides melt layer and a lower coefficient of friction. This study will
primarily focus on melt wear, caused by high sliding velocity and high pressure to the

total slipper wear.

“Friction” is the force resisting the relative tangential/lateral motion (slipping or
smooth sliding) of solid surfaces, fluid layers, or material elements in contact, and there
are several subdivided categories; (12)

1. Dry friction : The force resisting relative lateral motion of two solid surfaces in
contact, and also subdivided into static friction between non-moving surfaces, and
kinetic friction (also called sliding friction) between moving surfaces

2. Lubricated friction : the force resisting relative lateral motion of two solid
surfaces separated by a layer of gas or liquid

3. Fluid friction : the friction between layers within a fluid that are moving relative
to each other

4. Internal friction : the force resisting motion between the elements making up a

solid material while it undergoes deformation

The magnitude of friction is expressed in terms of the coefficient of friction,(13)

which is the force to slide divided by the force or load pressing the two solid bodies



together.(14)(15) In other words, the coefficient of friction is the ratio of the frictional

resistance force to the normal force pressing the surfaces together.

1.3 Thermal Effects on Melt Wear and Frictional Energy

Solid friction occurs whenever two solid bodies slide against each other
generating a mechanical deformation, which is transformed into internal energy. Heat
produced upon the sliding of two solid materials, called frictional heat, is among the most
important contributors to of wear. Solid friction and resulting frictional heating is
concentrated within the real contact area between two materials in sliding. In a micro-
scale interaction, these mechanisms occur at the asperities on the contacting surfaces. In
a macro-scale interaction, most heat energy dissipates into the contact surfaces of a solid
by heat conduction and deformation processes. Experimental work has shown that at
least 95 percent of the energy dissipation occurs within the top 5 um of the contacting
bodies(16)(17) and most tribologists agree that nearly all of the energy dissipated in
frictional contact is transformed into heat.(18) This frictional heat raises the temperature
of the sliding surfaces. The ability to predict the surface temperatures of contacting
bodies is important to avoid a failure of tribological components. In addition, frictional
heating has such an important influence on the tribological behavior of so many sliding
systems that all tribotests (physical tests of friction, lubrication and wear) must be
designed with thermal considerations in mind and frictional heating must be considered
in interpreting the results of tribotests. For the purposes of our discussion, it is assumed

that all frictional energy is dissipated as heat.



With the agreement that most frictional energy is transformed into heat at contact
surface areas, frictional heating and contact temperatures of sliding materials produce a
strong effect on the tribological behavior and failure of sliding materials. This in turn
means high surface temperatures and leads the cause of changes in the friction and wear
behavior of the materials, such as changes in the structure and properties of the sliding

materials and melting of the contacting solids.

During tribological processes, frictional heating produces the following

outcomes;(19)

1. Due to the high sliding velocities, sliding frictional heat of metallic components
can increase contact temperatures high enough to melt the sliding face. This
results in a thin layer of molten material which lowers the friction significantly
but at the cost of increased wear. Such a condition can occur with rocket sleds or
with projectiles traveling in gun barrels.

2. Frictional heating can cause surface temperatures to reach the melting or
softening temperature of thermoplastic polymers. The combination of contact
pressure and sliding velocity causes the surface temperature to reach the critical
temperature of the material.

3. Contact temperatures and the resulting thermal stresses can play an important role
in the wear of sliding metallic components. The fact that temperature gradients at
and near the contact surface are very large can be responsible for the softening

and shear failure of the near-surface layer of the material in many situations. The



thermo-mechanical stress field around a sliding contact can be responsible for

wear of the contacting materials.

1.4 Heat Transfer Mechanisms

Heat is transferred between any two particles which are at different temperatures.
These two particles may be part of the same solid body, of two different solids, or of a
mass of fluid. There are three distinct methods by which heat transfers: Conduction,
Radiation and Convection. The mechanism of heat transfer depends on the nature of the

system and on the character of the material state surrounding the two particles.

Conduction: Between two particles of a solid body which are at different
temperatures, heat is transferred by conduction. Consider a solid plate of thickness d

>T

lower *

with surface area A and upper and lower surface temperatures, T, Since a

igher

temperature difference (T, — Tiower ) EXIStS between the surfaces, heat flows from the

igher

to the lower one T

lower

upper surfaceT, through the plate. Intuitively, the greater

igher
temperature difference and surface area yield the greater heat flow rate and the shorter the
distance (in a homogenous solid) between surfaces yields a faster heat flow rate.

Therefore, the rate of heat flow q is

-7

T.
q — kA higher d lower (11)



where q is heat flux, the positive constant k is thermal conductivity of the solid, A is

surface area, T, IS higher surface temperature, T .. is lower surface temperature, and

igher lower

d is thickness of a solid plate.

koo 9 ;

Th!gh I : '/
g D e— 1 T'(x+ Ax)

Tix) —— i T

! & * lower

-
Ll

Figure 2. One-Dimensional Heat Conduction Through a Flat Plate (20)

Consider the same solid plate with the temperatures T (x) at xand T(x + Ax) at

X + Ax, then

q= kAT(x)—T(x+Ax)

1.2
A~ (1.2)
Since the limit is the derivative of temperature with respect to x
lim g = —kA Jim —-X)F T (X4 (1.3)
Ax—0 AXx—0 AX
the expression of the rate of heat flow above reduces to
q=—+al" (1.4
dx



where k is defined as the thermal conductivity of the solid, known as Fourier's law of

heat conduction for a one-dimensional steady system.(20)

The heat flux is the quantity of heat transferred per unit time across a unit area,

and using Equation (1.4) the heat flux in one dimension can be written as

m_49_ _p 4T _ _,4dT
q' == kdn kdx (1.5)

where g" is the heat flux in the direction of n at a point P of a solid.(20) In Equation

(1.5), n is the normal vector of the surface at a given point P, so the direction of n is only

x direction and n=1{.

Radiation: If two particles at different temperature are separated by a vacuum,
then heat can be transferred between them not by conduction but by radiation. If the two
particles are separated by an opaque solid or liquid medium, the amount of heat
transferred through it by radiation is usually negligible. Typically, radiant heat transfer is

of chief interest in gasses.

Convection: Heat transfer takes place by mass motion of a fluid such as air or
water when the heated fluid is caused to move away from the source of heat, carrying
energy with it. Convection above a hot surface occurs because hot air expands, becomes

less dense, and rises.

Because materials have wavy and rough surfaces, their surfaces are uneven and

irregular. Friction occurs on those asperities whenever two materials slide against each

10



other. Accordingly, contact between two materials can only occur at a limited number of
asperity points. Since the number of contact points depends on the load, the roughness of
the surface, and the total area of those contact points (typically about the top 5um of the
contacting bodies), very high pressures are concentrated on those points. During contact
between surfaces, there are two interactions taking place, which is between the asperities
externally and inside of materials internally. The interaction between rubbing contact
surfaces results in formation of friction, which is the resistance to the sliding of one solid
body over or along another. Through frictional processes, mechanical energy is
transformed into internal energy or heat, which causes the temperature of the sliding

bodies to increase.

Because of contact surface roughness at the sliding rail and shoes, frictional
processes due to high velocities and heavy loads occur on the asperities. Frictional heat
energy is concentrated on those solid-to-solid contacting areas. Thus, it may be assumed
that most frictional energy is transformed into heat energy, and this heat energy transfers
between two sliding solid materials conductively. Therefore, the conduction is the

dominant mechanism of heat transfer between two sliding solids.

1.5 Heat Partitioning Coefficient On Sliding Surfaces

Hale (1) assumed that frictional heating was split evenly between the slipper and
rail with 50 % of the frictional heating entering the slipper and 50% entering the rail. He
also assumed that the slipper and rail are in contact while sliding. The slipper and rail

were assumed to be made out of the same material. However, the balance of frictional

11



heating is actually a function of the temperature gradients of the slipper and the rail, the

relative velocity (sliding time and distance), and material properties.

Farrell, Eyre (24), Lim and Ashby (25) suggested that heat partitioning values
have strong correlation with loading pressure, relative velocity and frictional coefficient.
Thermal physics suggests that the heat gradient is determined by temperature difference
between rail and slipper as well as change in material properties when melt occurs.
Because the slipper is traveling along the rail, the front edge of the slipper always enters a
cooler region of the rail and the temperature difference at the front edge of the slipper is
larger. So, the gradient of frictional heat energy is greater at the front edge. While the
slipper is sliding on the rail, the slipper is in contact in a cooler region of the rail and
more heat energy tends to flow into the lower temperature region. This leads that the

gradient of heat flux of the slipper is smaller than that of the rail.

Frictional heat energy on the sliding contact is a function of heat partitioning
coefficient, pressure, relative velocity and material properties. While sliding, one
fraction of the frictional heat energy flows into the contact surface of slipper and the
other fraction of the frictional heat energy flows into the contact surface of rail. The
frictional heat energy increases the temperature at the contact surfaces of slipper and rail
and eventually the slipper may reach a melt temperature. Once the slipper starts melting

at the interface, the melt layer is continuously removed by sliding contact.
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1.6 Literature Review on Heat Partitioning Values

The leading works on the thermal analysis of sliding systems are those by Blok
(26) and Jaeger (21). At the interface of two sliding materials, the temperature of both
contacting surfaces should be continuous and the frictional heat energy must be
conserved. The temperature distributions of sliding surfaces at the interface should be
non-uniform. Thus, heat partitioning values should be non-uniform along the slipper and
rail at the contact surfaces and change with time. The heat partitioning values balance the
thermal energy between a slipper and rail. This non-uniform temperature distribution of
sliding surfaces and non-uniform heat partitioning values at the interface, make the
thermal analysis of a sliding system difficult. Furthermore they make the analytical

approach of developing a heat partitioning function complex.

Instead of matching the surface temperature of the two materials at all points
along the contact interface, Blok (26) matched the maximum surface temperature of two
sliding bodies along the contact region and determined the distribution of heat partitioned
into each bodies. Jaeger (21) used a Green’s function to develop steady-state solutions of
moving and stationary bodies, matched the averaged temperature of the two bodies at the
contact interface. Kennedy and Tian (27) used a finite element analysis technique to
develop approximate solutions of surface temperature and heat partitioning fractions for
several sliding problems. Komanduri and Hou (28) used a Green’s function to find
contact-surface temperature distributions of moving and stationary bodies to determine

variable heat partitions along the interface between two bodies.
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1.6.1 Analytical Analysis Approach

Francis (29) developed a steady-state solution for the temperature distribution on
a sliding contact interface using Hertzian contact. He assumed that each body would get
all of the frictional heat energy and that the temperature would only be influenced by the

frictional heat energy of each point of the body.

Iwand et al. (30) found analytical solutions by assuming a constant heat flux
flowing into the moving body over a circular area of radius a given by q=(1-a) puV
where q is the heat flux into the moving body, « the heat partition factor which is the
fraction of the total friction heat generated that flows into the rail, p the surface pressure

taken as uniform, x the coefficient of friction, and V is the slide velocity. A steady-state

value of heat partitioning value « is determined analytically by the formula

1

a =
1+1.474Vk  aV

(1.6)

where « the thermal diffusivity.

Sun et al. (31) considers a semi-infinite body with a uniform heat flux on a
rectangular area with assumptions of a uniform pressure and the gradient of heat flow
being normal to the surface. Using Jaeger’s method, equating expressions for the average

temperatures of two bodies, they developed a transient heat partition factor in the form

a(t)y=1-L£" 1,‘]1 = %

1.7
S 2+ jl Sll2+ jz Sl/2+ j3 ( )
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where £* the inverse Laplace transform, s the Laplace transform variable, J., j the

functions of the contact area dimensions, slide velocity and thermal properties. The
development of Equation (1.7) and the definitions of each term are well derived and

explained in Sun’s paper, Progress in the reduction of wheel spalling.(31)

1.6.2 Functional Analysis Approach

Komanduri and Hou (32) use the functional analysis approach to investigate the
temperature distribution and the heat partition at the chip-tool interface in machining.
They assume a uniform heat flux distribution along the sliding contact area to develop the
best fit curve of heat partition values. They consider the functional relationships for the
heat partition fractions as a function of the heat intensity distribution, contact length of
interface, the velocity of the moving heat source, and the thermo-physical properties of
the two bodies of the sliding system.

They consider the case of uniform heat intensity distribution and adopt the
solutions for an infinitely long stationary and an infinitely long moving band heat sources
(21). They observe that it takes much longer for a stationary heat source to reach a quasi-
steady-state than a moving heat source. The moving heat source is considered as quasi-
steady-state while the stationary heat source is considered as transient. They determine

the time for a moving heat source to reach the quasi-steady-state given by

_ 20x

S 2
*® oy

t

(1.8)
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where t is the time for a moving heat source to reach the quasi-steady-state, « is the

thermal diffusivity, and v is the velocity of heat source.

Body 1: bronze (with a stationary heat source)
Body 2: steel (with a moving heat source)
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Figure 3. Surface Temperature Rise Along the Contact Interface for the Moving and Stationary Bodies
Considering Uniform Heat Partitioning Fraction (32)

In Figure 3, for Body 1 with a stationary band heat source, the distribution of
temperature rise is symmetric and the maximum value of the temperature rise is at the
mid-point of the contact length. However, for the moving body, it is not symmetric and
the maximum temperature rise is towards the trailing edge. The higher the velocity of the
moving heat source, the closer is the maximum value of temperature rise to the trailing
edge. This is the characteristic form of the temperature rise distribution on the surface
caused by a moving heat source as originally shown by Carslaw and Jaeger (21).
Furthermore, the numerical result, which will be presented in Chapter 7, will show the

same pattern.

16



From the results of the calculation of temperature rise for moving and stationary
bodies for a uniform heat partition as shown in Figure 3, it is clear that matching of the
temperatures at all points on either side along the width of contact would be impossible.
Consequently, when two bodies are in sliding contact, the heat partition would be non-
uniform along the width of contact. Therefore, it is necessary to match the temperature
rise everywhere along the width of contact on either side of the interface and not merely
the average temperature rise.

Komanduri and Hou (32) developed the function for the non-uniform distribution

of heat partition function B, using the curve-fit analysis approach with trial-and-

correction terms. They use a polynomial curve-fit because it is easy to adjust the
parameters for matching the two temperature rise distribution curves at the sliding contact
interface on each body. By increasing the number of terms of the polynomial function, a
high degree of accuracy could be obtained. The resulting functional relationships of the

local heat partition fractions is given

B, = (B, + AB) - 2AB (ﬁjm
" (L9)
B, = (B, — AB)+ 2AB (iJ
w

where B, , B, the averaged heat partition fractions over the sliding contact area for Body

1 and Body 2, B,

i1

B,, the local heat partition fraction for Body 1 or Body 2 at the point
X; » AB the maximum trial-and-correction factor at x, =0, w the width of contact area,

and m determined by a trial and error.
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Figure 4. Variation in the Heat Partition Fraction with Power Function Correction (32)

Komanduri and Hou plotted a pair of temperature rise equations for stationary and
moving band heat sources with a non-uniform distribution of heat liberation intensity,

equations B, and B,, in Equation (1.9). Figure 4 shows the variation of the heat partition
fraction with power function correction, B, as a function of the width of the heat source
X, / w for different values of m. They observed that for smaller values of m (<1), the
compensation effect on the left wide of the temperature rise distribution curves as a
whole can be lowered keeping the effect on the extreme left end (x, / w— 0) still

sufficiently large. Therefore, they stated that it is necessary to select an appropriately
small value of m (<1) such that the portion of the curve near the left end would have
sufficient compensation without causing over compensation to the remaining left part.

For large values of m (10<m <30), the compensation effect is concentrated towards the
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extreme right end while its effect is very small or negligible near the middle or at the left
side.(32)

For matching the remaining part on the right side, a third term with a large
exponent is needed. Thus, Komanduri and Hou discovered the functional relationships of

the local heat partition fractions shown below

k
ﬁ

B, = (B, + AB) — 2AB (ij - CAB(
w w

(1.10)

m k
B, = (B, —AB)+2AB(ﬁj +CAB [ij
W w

where m, k, C determined by a trial and error, i.e. for large values of the Peclet number

(~ 20), m~0.03, k ~ 35~ 45, and C ~ 0.5.(32)

1.6.3 Numerical Analysis Approach Using FEA Model

Gupta et al. (33) assumed 50% of the frictional heat entering the contact surface
of rolling wheel and another 50% of the frictional heat entering the rail, equally
distributed between the wheel and rail. They used finite element analysis to study the
frictional heat energy in a rolling and sliding system. Kennedy et al. (34) consider a
Hertzian pressure distribution over the contact area rather than a uniform one and use a
finite element analysis to determine the heat partition factor by matching the temperature
everywhere between the wheel and rail. They simplify assumptions to determine the

transient solutions for the railcar wheel sliding problem.
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Figure 5 shows the comparison between Sun et al.’s analytical transient solutions
(dotted line), Equation (1.7) (31), and the numerical solution using a transient finite
element analysis. Kennedy et al. have chosen the case presented by Sun et al.(31) which
consists of a BR Mark Il coach wheel with a wheel load of 42,000 N and a sliding
velocity of 40 m/s. The contact patch is a square area with sides of length 0.01m. The
coefficient of friction is 0.075. The thermal conductivity of the wheel and rail steel is
40W/mC, and the thermal diffusivity is 10 X 107® m?/s. The heat generated is assumed

to be uniform across the contact interface and given by q = #pV . A transient finite

element analysis was performed for this case assuming an initial temperature of 0°C

(34)
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Figure 5. Heat Partition Factor vs. Time at Positions Along the Contact Patch (34)
Figure 5 shows that for all points on the interface, the heat partition factor rises

rapidly with time to a value close to one. The results of the analytical model by Sun et al.
20



(31), in which the heat partition factor « is treated as being uniform across the contact
patch, are shown in Figure 5. This simplified analytical solution is very close to the FEA

results at the center (x = 0) of the contact patch.(34)

TEMPERATURE, T (°C)

-5 I l ‘ | 0 I I I I 5 10
POSITION, x (mm)

Figure 6. Temperature Distribution Along the Contact Patch at Various Times (34)

Figure 6 shows temperature profiles on the wheel surface near the contact patch at
various values of time. Att = 0.1 ms, the temperature distribution along the contact
patch is approximately uniform and is zero outside the contact patch. As time progresses,
the temperature distributes in a non-uniform manner with a peak value near the tailing
edge. The numerical model using ADI and Strang Splitting methods will present similar

behavior, and the numerical results developed are compared in Chapter 7.

Malinowski, Lenard and Davies (35) used the mechanical models of the hot/warm
forging process. The method for the determination of the heat-transfer coefficients in

bulk metal-forming process consisted of two steps. The first involved measuring the
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temperature distributions within two dies, one of which simulated the cold forming tool
and the other the hot workpiece. The second step made use of the finite-element
simulation of the resulting heat-transfer problem. The two stainless steel 303 dies of 25.4
mm diameter each are instrumented with four Type K thermocouples of 1.6 mm outside
diameter, with INCONEL sheaths and exposed beads, located 2, 4, 10 and 25 mm from
the contact surface and embedded to a depth of 10 mm. The dies are connected to the
water-cooled heat exchangers of a servohydraulic testing system. One of the dies is
heated to a pre-selected temperature in a split, openable furnace. When the desired
temperature is reached, the furnace is removed and the cold die is brought into contact
with the hot die under closely controlled conditions. The velocity of approach is selected
at 0.83 mm/s. The initial temperature of the hot die is varied from 300 to 900°C . They
used the heat-transfer coefficient as an unknown function of the time of contact, the
pressure and the temperature, and the heat-transfer coefficient function was determined
using a least-squares approximation. They developed empirical relations of the heat-
transfer coefficients as a function of the three parameters, the interfacial pressure, the
time of contact, and the initial temperature of the hot die. Equation (1.11) is the heat-

transfer coefficient function they estimated

a =1000[(A—2BQ)t+Bt’] for0<t<Q

(1.11)
a =1000[At—BQ?] forQ <t <40
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The predictions of Equation (1.11) are valid for pressures in the range of 30 —

90 MPa and temperatures from 300 to 900°C . The parameters A, B and Q are defined as

follows

A=[-0.99861+1.39288D + 4.16282T —1.93378p° —7.58453T * + 4.85524T °]

B =[-1.40191+1.50341p +5.51342T —0.89550p° —5.71863T * +1.19936T °]°

Q =[-18.81105+ 24.37649p —55.55330T +35.30695p> +45.07317T * + 40.67235T °
~16.59242p° —42.08732T *1* + 4

T +273
1000

where p=P/100and T =

They discovered that the interfacial heat-transfer coefficient is strongly related to
the contact pressures, but not strongly related to the temperature of the hot die. The
calculated temperature distribution does not depend on the magnitude of the coefficient

of heat transfer as strongly.(35)

Igbal, Mativenga and Sheikh (36) developed an experimental setup using Finite
Element modeling of dry sliding metals to estimate interface heat transfer coefficient.
Rubbing tests were performed where the end surface of a cylindrical pin made of tool
material was pressed against the end surface of a rotating workpiece. For these tests, a
pin of 2.5 mm diameter and 15 mm length was made of cemented tungsten carbide. The
mass of the pin was measured using a precision electronic balance to calculate the
amount of weight loss during the rubbing process. The rubbing experiments were
performed at the rubbing speeds up to 776 m/min. The rubbing time was set to one

minute for all rotational speeds in order to achieve a steady state temperature in the pin.
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The thermal imaging camera was used and this camera can capture and store thermal
images and data. They observe that the estimated interface heat transfer coefficient
decreases at low speeds and then becomes approximately steady for high speeds based on
their experimental results. Also, they estimated values of interface heat transfer
coefficient highly depend on temperature at very low speed but do not show a

dependence on any parameter at high speed over 600 m/min (equivalent to 10 m/sec).

1.7 Research Objectives

The objectives of this dissertation are to develop an analytical solution for the
slipper’s frictional heat partitioning (the function evaluating how much frictional heat
energy flows into the slipper while sliding) in order to describe the interaction and melt
wear mechanism on the sliding surfaces at high velocity and high pressure, to develop the
mathematical model to calculate the distribution of the frictional heat partitioned into a
slipper numerically, and to analyze its effects on a sliding surface of material such as the
surface temperate and melt wear. Understanding the distribution of heat partitioned into
sliding materials and the resulting surface temperatures is critical to develop designs that
minimize material failure due to melt wear. The problem may be split in two parts: pre-
melting problem and post-melting problem. Before melting during sliding contact the
frictional heat energy influences the temperature profile raising the temperature at sliding
surfaces. When the surface temperature of the material reaches its melting temperature,
the material changes phase from solid to liquid at the sliding surface, i.e. creating the melt

layer. Due to high sliding velocity and turbulence flow between two contact surfaces,
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this melted layer is removed so the melt layer does not stay on the sliding contact

interface. This process is called the melt wear.

The surface temperature profile during the pre-melting period is developed using
Green’s function. The heat partitioning function is developed using the Laplace
Transform and Incomplete Gamma Function analytically and is evaluated numerically.
The heat partitioning values on the sliding interface demonstrate the surface temperature
of a one dimensional half space region in sliding contact with various velocities and
pressures, and calculate the wear percentage due to melting process. Because the
frictional heat partitioning values determine the amount of frictional heat energy flowing
into the sliding surface over the other, these values are important factor to evaluate the
surface temperature distribution and to find the time required for the sliding interface to

reach the melt temperature at one surface.

With the immediate melt layer removal, the surface temperature at the contact
area never exceeds its melt temperature and is assumed to hold at melt temperature after
melting occurs. When the melt layer is created at the sliding surface due to the frictional
heat energy, the liquid is formed at the outer layer and the boundary between the liquid
and solid (the melt front) moves in the direction of the material’s depth. The liquid layer
(melt layer) is removed instantaneously while sliding. This process explains how melt

wear at high sliding velocities and pressure influences is directed to either surface.

Chapter 2 discusses the mathematical development and formulation of the heat
transfer problem using partial differential equations and different initial boundary
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conditions. It then presents the mathematical approach to find the temperature
distribution solution to heat transfer problem using Green’s function and the error
function. In Chapter 3, the mathematical models of rail and slipper are developed for a
two dimensional heat transfer problem to the high speed sliding system. Carslaw and
Jaeger’s approach, matching the averaged surface temperatures of rail and slipper, is
adopted to develop the analytical solution of frictional heat partitioning. There are some
assumptions made in order to formulate and solve slipper and rail’s two dimensional heat
transfer problem analytically, which are the sum of the frictional heat energy flowing into
the slipper and rail being equal to the total frictional heat energy, the uniform heat
partitioning value and uniform pressure distribution along the contact surface. No change
in thermal properties due to temperature change and phase change may be assumed.
Because of these assumptions, the analytical solution to the two dimensional heat transfer
problem is only valid until the melt layer on sliding contact occurs. It is important to find
melt time, i.e. when the melt layer is first generated. As such, in Chapter 4, the slipper’s
one dimensional heat transfer problem is formulated using a partial differential equation
and solved using Green’s function. For the melt temperature of slipper given, the melt
time formula is developed for two velocity cases: constant velocity and linearly
increasing velocity. In order to verify the analytical heat partitioning solution of the two
dimensional heat transfer problem, the two dimensional numerical heat partitioning
solution is sufficient and necessary. In Chapter 5, the slipper and rail’s two dimensional
heat transfer numerical models are developed using ADI and Strang Splitting Methods.

Then, in Chapter 6, the slipper and rail’s numerical models calculate their surface
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temperature distributions and match the averaged surface temperatures, which is Carslaw
and Jaeger’s approach in order to develop the numerical solution of frictional heat
partitioning for two dimensional heat transfer problem. After verifying the analytical
solution with the numerical solution, the melt wear percentage is estimated numerically
for different scenario in Chapter 7. Finally, the numerical results of melt wear percentage
are compared and analyzed and the final considerations of the analytical and numerical

solutions for frictional heat partitioning are discussed.
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2 Analytical Modeling

2.1 One Dimensional Heat Conduction Problem

Conservation of energy assumptions are foundational to modeling heat flow with
partial differential equations. The heat equation is derived from the conservation of heat
energy. In Section 1.4, the solid used to formulate differential equations of heat
conduction is assumed isotropic (i.e. homogeneous material) having isothermal surfaces
(i.e. same temperature at every point at this instant upon it), as well as linear heat flow.
Since temperature distribution of the very thin layer on local sliding contact areas is of
interest with high velocities and pressures in this research, the heat flux vector at an inter-
boundary surface may be considered in only one direction. Accordingly a one-
dimensional heat transfer example will be used to demonstrate the simplified heat
conduction problem in order to understand how frictional heat input affects the equation

of heat conduction.

Suppose a thin rod of length h satisfies following assumptions:

1. The rod is isotropic solid (made of a single homogeneous material).
2. The lateral surface area of the rod is insulated perfectly (heat flows only in the x
direction).

3. The temperature of the cross sectional area at x is constant.

Conservation of heat energy says that the heat energy between x and x + Ax

changes in time due only to heat energy flowing across the edges at x and x + Ax, and
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heat energy generated inside. Applying the principle of conservation of heat to the

segment [a,b], the conservation of heat energy is

Rate of change of = Heat energy flowing across +Heat energy generated
heat energy in time ~ boundaries per unit time inside per unit time

Let e(x, t) be the thermal energy density, the amount of the thermal energy per
unit volume and assumed to be constant throughout the volume. Then the total heat

energy in the slice from x to x + Ax is e(x, t)AAx.

In a finite segment [a,b], the total heat energy is IbAe(x,t)dx, the sum of the

contributions of the infinitesimal slices. So the rate of change in heat energy is

equivalent to the following;
%f;[e(x, t)Adx] = [q(b,t)A — q(a, t)A] + f; QAdx (2.1)

where q(x,t) is defined as heat flux (the amount of thermal energy per unit time flowing
to the right per unit surface area), Q(x,t)or Q is heat source (heat energy per unit volume
generated per unit time), and e(x,t) is thermal energy density (the amount of thermal

energy per unit volume).

The total thermal energy in a thin slice, e(x,t) AAx, can be defined as the energy
required to raise the temperature from a reference temperature T, to its actual

temperature T(x,t),
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e(x,t) AAX = c(x) p(X)(T (x,t) —T,) AAX (2.2)

where c(x) is the heat capacity or specific heat (the measure of the heat energy per a unit

mass necessary to raise the temperature of a substance by one unit temperature), and

p(X) is mass density (mass per unit volume). Based on this definition, the specific heat
c(x) of a material depends on the temperature T (x,t) making the heat equation nonlinear

and mathematically complex. Under some conditions, such as restricted temperature
intervals and homogeneous rod, the specific heat may be assumed to be constant ¢

having a mass density p. Using Equations (2.1) and (2.2), the conservation equation

results in a partial differential equation;

oT o ot
cpl _ 9oL 23
P ot ax[ axj+Q 23)

If there are no internal heat sources Q = 0 and the thermal conductivity k is

constant, then Equation (2.3) becomes

—=K— (2.4)

where « is the thermal diffusivity and defined as k :
cp

2.2 Simple Heat Conduction Problem Due to Sliding Contact Flux

Carslaw and Jaeger introduced the solution when heat was a moving source. They used
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1ar = AT for the differential equation of conduction of heat in 3 dimensions, and this

K

equation is satisfied by T :Ls/ze‘[‘x‘x'>2+‘y‘y)2+‘z‘z')2]""“t fort > 0.
8(7xct)

As t — 0 this expression tends to zero at all points except (x',y',z"), where it

becomes infinite. Also the total quantity of heat in the infinite region is

f : I : I :chdxdydz = %‘;3/2 J' : J' : I :e—ux—x')z+(y—y>2+(z—z32]/4m dxdydz=qpc . (2.5)

8(

Suppose that heat is generated at the origin for times t > 0 at the rate g heat units
per unit time, and that an infinite heat generator uniformly moves by the origin with
velocity v, parallel to the axis of x. In the element of time dt" at t', qdt' heat unit were
generated at the origin; also the point where the heat is generated, which at time t is at

(x,y,2),attime t' was at (x — vy(t — t"),y,z). Thus the temperature at t at (x, y, z)

2
! —vo(t-t")) +y2+z2
due to the heat qdt' emitted at t' iSLs/Zexp —(x ol )), ¥ | And the
8pc(mr(t—t")) 4x(t—t")
temperature at t due to the heat emitted at the origin from time 0 to t is
2
t 1 x—vo(t-t")) +y%+z2 ,
. 3 Jo 3 €Xp l_( 4K(t—)t’) dt
8pc(mK)2 (t-t")2
vox _52_< v(Z)RZ )
= ZquWeF fRojzme 166%82)dE  where R = x% + y2 + 22, (2.6)
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Equation (2.6) is the solution for heat supply for a finite timet. If t >, a

—vgo(R—X)
2K

q

steady state solution is established, and the temperature at (x, y, z) is ol

If heat is produced at the constant rate q"' per unit time per unit length along the y-

axis, the temperature in the steady state at the point (x, y, z) is found by integration to be

/ 1 vy

d Yox
Tyzﬁe 2K Ko[vo(xz +Z2)/2K] (2.7)

where K, (x) is the modified Bessel function of the second kind of order zero.

Consider the thermal effects of contacting surfaces of slipper and rail of
Holloman High Speed Test Track (HHSTT). In this case, heat is supplied over some
area, whose shape is not well-defined. A slipper is assumed to be an infinite strip heat

source of —b < x < b, —0 < y <o inthe plane z=0 moving with constant velocity v,. As

it slides over the rail, the frictional heat is generated at the constant rate ¢ per unit time

per unit area over the strip.

In Section 10.7 of Carslaw and Jaeger’s book Conduction of heat in solids, they
presented the solution of the infinite strip heat source with velocity v,. Using their
approach to the solution, the temperature distribution is formed by integrating Equation

(2.7)

 2mkJ-b 2k

v (x_xl) o 2 ZZ 1/2
T="L(" ¢ K, (”"[(’“ ¥+ )dx’ (1) (2.8)
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where K,(x) is the modified Bessel function of the second kind of order zero.(44) On

the sliding contact between the rail and shoe at HHSTT, the frictional heating generates
the thermal energy, which flows into the rail and shoe. If it is assumed that the rail and
shoe are semi-infinite solids, Equation (2.8) is applicable to find the temperature of the

rail or shoe when they slide with a velocity v,.

2.3 Initial and Boundary Conditions

Equation (2.4), the one dimensional heat conduction equation, is the partial
differential equation that describes one dimensional heat flow in a homogeneous material.
However, additional information is needed for a well posed and physically meaningful

problem. This information is given in the form of initial and boundary conditions.

1. Initial Condition describes the state (temperature or concentration) of material
when time is zero, t=0. Simple initial condition is the prescription of the
temperature at every point in the body at the initial moment and it is expressed

mathematically as

T(x,0)=g(x) (2.9)

where g(x) is a known function. If the heat equation is satisfied for all time t >0 and

T(x,t) > g(x)as t — 0, then its solution is said to satisfy its initial condition.

2. Boundary Condition describes the behavior (temperature or heat flux) at the

surface (boundary). The boundary or surface in one dimensional heat conduction
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problem generally consists of the endpoints x=aand x=b for —-c<a<b<w.
If both the temperature and heat flux are specified at both x =a and x =b, then
the problem is considered to be over specified, and generally there is no solution
to the heat equation. Therefore, it is necessary in obtaining a unique solution to
prescribe either the temperature or heat flux, or some relationship between the

two at the endpoints x =a and x =b.

During the sliding of two solid materials, the frictional process occurs and
produces energy, mostly in the form of heat energy. A continuous supply of heat energy
raises the temperatures of both contact surface areas and inside the material. After some
time, the temperature of the contact surface areas eventually reaches the melting
temperature. The boundary between solid material and melted region moves with time,
and is called a moving boundary. Finding the speed and position of the this moving
boundary is essential to determine how fast the material’s surfaces melts away and how

much the melt wear is created.

2.4 Moving Boundary and Conditions Due To Phase-Change

When a material reaches the melt temperature and undergoes a phase change from
solid to liquid, there is energy absorbed as a result of phase change and that heat energy is
stored in melt layer. During this phase change process, there is no temperature change at
the melt layer and stays at the melt temperature. This energy is called latent heat of

solidification or melting, and the amount of latent heat of melting determines the
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thickness of melt layer. Thus the rate of heat supply to phase change is related to the rate

at which the boundary moves.

Let p,c k,x;, T, be the constant thermal properties (density, specific heat,

conductivity and diffusivity) and temperature of solid (i = solid) and liquid (i =

liquid). The specific heat is the measure of the heat energy required to increase the
temperature of a unit quantity of a material by a unit of temperature, i.e. more heat energy
is required to increase the temperature of a substance with high specific heat capacity
than one with low specific heat capacity. In the problem to be considered, there is no

volume change assumed. So both solid and liquid states have the same densities,

Psolid = Pliiquid = P -

r I Moving Boundary
»

Solid

L4

x=a(t)

Figure 7. Melting of a Solid On the Heat-Source-Contact Surface

When a solid material is in contact with a heat source on the surface, there exists a
separating interface between two phases and this interface can move as time progresses.
Figure 7 illustrates how the moving boundary between a solid and a liquid is created and

which direction the moving boundary moves. Solidification or melting process occurs
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when the material’s temperature reaches the melting temperature T,,,. Figure 7 shows that
the moving boundary of a solid material moves to where the temperature reaches the
melting temperature T,,,. From Figure 7, the position of the moving boundary can be
determined by the temperature distribution inside the material, in which a phase change

occurs at melting temperature.

If it is assumed that solid and liquid densities do not change significantly during
phase transformation, some particle movement in a liquid phase can be ignored and heat
transfer by convection does not take place. Accordingly heat transfer by conduction

dominates the solid and liquid.

Let ¢, T, o(t) be the latent heat (amount of heat energy required during a change
of state, in this case between solid and liquid, without changing a temperature), the
melting temperature, and the separating interface location (or moving boundary, position

from the initial contact surface) between the solid and liquid phases. Until such time that

the temperature reaches melt (call this the melt time, t_), the moving boundary does not

move o(t) =0.

Temperatures of solid and liquid phases are continuous at the solid-liquid
interface (moving boundary), and they are equal to its melting temperature. This leads to

the boundary condition at the interface

T (% 1) =Tiug (X, 1) =T, when x=o(t) fort>0 . (2.10)
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In Figure 7, a semi-infinite region 0 < x < oo contains a solid initially at a temperature
Tso1:4 lower than the melting temperature T_. Where the right boundary in Figure 7 is

held at a constant temperature T

o (lOwer than melting temperature), T_ is applied at the
liquid surface x =0 at t=0. T,,,s Can be either the initial temperature or the ambient

(room) temperature The temperature at x = oo is maintained at this temperature T___ for

const
t>0. The solid starts to change phase at the boundary x =0 which is treated as the

separating interface located at x = o(t) between solid and liquid. It moves a distance do

in the x direction during dt. We know that the thermal conductivities K,k Of solid

solid * "Miqui
and liquid are different and the rates of heat energies which exit the liquid and enters the
solid must be balanced. Therefore, the latent heat / must be liberated at this interface

o(t) of liquid and solid. Mathematically this leads to the condition,

oT,

liquid
liquid 8X

oT.

_ solid
— Msolid P

do
Pac

(2.11)

x=0o(t) x=0o(t)

Equation (2.11) is known as the “Stefan condition” for the local velocity of a
moving boundary as a function of quantities evaluated at both sides of the phase
boundary. The Stefan condition, Equation (2.11), is usually derived from a physical

constraint when considering problems of heat transfer with phase change.(22) Solving

Equation (2.11) for Z—(: produces the follow

d_O' = i k aTsolid —k aTliquid (2 12)
dt - f,O solid OX liquid OX X:U(t)' '
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: : . . d . .
This expression shows that the velocity of the interface, d—(: , IS proportional to the

difference of heat flows entering and exiting across the interface.

2.5 Green’s Function Solution

Consider the one dimensional infinite space |x| < oo and the linear heat flow along

the x-axis. The equation of linear heat flow in one dimension is

o°T _oT

where x is thermal diffusivity, T(x,t) is a temperature of a point x attime t>0. The

expression

—x%/4kt

N

T(x,t)= (2.14)

is a particular solution of linear heat flow Equation (2.13).
Observe that:

1. Forafixedt > 0, T approaches zero as X —> +oo and T approaches 1/+/t as
x—0.

2. At x=0, T approaches zeroas t — oo and T approaches « as t— 0.

3. Forall t>0, J'jo Tdx = 27K .
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If x,t,T are considered as position in the depth of solid from a surface boundary,
time, and temperature distribution respectively, then Equation (2.14) captures the

physical properties of heat transfer;

1 The temperature distribution is “smoothing out” over a material with the
maximum temperature decreasing as time progresses, implying that heat energy
stored in a material spreads to an even distribution as time progresses.

2 The maximum value of T occursat x =0 as t — O, which implies that the heat

source is applied initially at the center of a material x =0.
Let’s integrate Equation (2.14) with respect to space variable x over a semi-

infinite area 0 < & < x. Introducing the change of variable & =—— LU is replaced

N

with 24/xd & = d—)t( ,

2

[rax jxe_lem dx = 2k jx’me-ézdg Jirerf(——) fort>0 (2.15)
0 0 \/f 0 2\/E
with the error function erf(x) defined as
erf (x):ire‘ézdé : (2.16)
Jr

Equation (2.16) is known as “error function solution” or “Green’s function” of the
heat equation. (Appendix A.1) The function given by Equation (2.14) is positive for any

t >0 and has a bell-shaped graph over —o < x < for a fixed t. Figure 8 shows that the
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graph of the Gaussian function %e(x"”z’z"z is a bell-curve shape with the peak of
2no

height 1/+/27zc? at X = ¢ and the bell shape gets wider as the value of a2 gets larger.

By letting 2 =0 and o =+/2«t , the Gaussian function %e‘x‘”)z’z"z becomes
2no

Equation (2.14) which is a particular solution of linear heat flow Equation (2.13).

10—

Figure 8. Gaussian Distributions With Different Parameters (23)

Thus, for some fixed time t > O the peak height of Equation (2.14)

T=e*"""/Jtis1/vt at x=0 and decays as t grows. This describes the temperature
distribution of a material with one point heat source at x = 0 over time. Since the

temperature at some point x in a material at a certain time is the total sum of thermal

—x2 |4kt

contribution from the initial state at all points, integrating T = N over the positive

X gives the temperature distribution for t>0.
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3 Two-Dimensional Mathematical Model

The sliding system of rail and slipper is a semi-infinite solid, and the temperatures
of both bodies are initially at an ambient temperature. Once the rocket-powered sled
starts moving, friction generates the intensive heat energy which is applied to both
contact surfaces at the interface. Because the physical geometry of slipper and rail’s
surfaces is rough and the sled is moving with loading pressure, dynamic bounce effects
should be considered. While in contact, the frictional heat energy should be the only heat
source and no frictional heat loss to environment assumed. While not in contact, there is
the heat energy gain or loss due to turbulence flow between two surfaces. Therefore the
conductive heat transfer mechanism is applied while in-contact and convective heat
transfer mechanism is applied when not-in-contact. The frictional heat partition fraction

is only engaged in conductive heat transfer while in contact.

This research employs a two dimensional heat transfer formulation to the high
speed sliding system instead of a three dimensional one. It has been shown (40) that the
surface temperature distribution along the centerline of a sliding contact area from a three
dimensional analysis is virtually identical to its two dimensional counterpart for high

velocity.

3.1 Characteristics of Heat Partition Fractions and Bounce Effects

The slipper and rail in sliding contact is illustrated in Figure 9. This sliding
contact generates heat due to friction. The flow of this heat is accounted for in terms of

heat flux and is partitioned into flux into the slipper and flux into the rail.
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Figure 9. Frictional Heat Distribution of Slipper and Rail with Heat Partition Fraction

It is assumed that there is no heat loss at the sliding interface areas of slipper and
rail. For now, the heat partitioning function a(t) is assumed to be the constant function
a. If a (0<a<1) isdefined as the slipper’s heat partitioning value, then 1-¢« is the
rail’s heat partitioning value. Thus, the expression for the frictional heat flowing into the

rail and slipper is

Qslipper (t) =au PV(t)

Q. (t) = Q- a) uPv(t) (3.1)

q(t) = uPv(t) = {

where heat flux into slipper Qipper (), heat flux into rail Q,.4;, (t), total frictional heat
q(t), sliding velocity v(t), coefficient of friction u, heat fraction flowing into slipper «,

pressure P, and heat fraction flowing into rail 1 — «.

Due to the aerodynamic behavior of the load, a skipping or bounce effect at the
interface of slipper and rail is created. Figure 10 illustrates the bounce or skipping of the
slipper along the rail. During the time of contact, frictional heating takes place and a flux
is generated as given by Equation (3.1). During the time of no contact, the slipper

experiences forced convection which is modeled by the boundary condition
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4
In-Contact
Figure 10. Slipper's Bounce Model Along a Rail (1)
LN h(T,-T.), (3.2)
OX |20

where T is the forced fluid reference temperature and h is the surface convection

r

coefficient. To account for the bounce effect on the flux, a switch function m(t) using the

Heaviside step function is

m(t) = {1 (In-Contact) (33)

0 (Not-In-Contact)

This leads to the boundary condition

LT

=m(t) (eq(t)) +@-m®)h(T,-T,) . (3.4)

— H_/
x=o(0) Heat Conduction Heat Convection

As time progresses, a melt layer may appear. This layer, as illustrated in Figure
11, is removed continuously after the temperature of slipper’s sliding surface reaches its

melting temperature. The latent heat of fusion stored in the slipper’s melt layer must be
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accounted for. To this end, the boundary condition at the sliding interface with the melt

layer is modified as

K ot

=m(t) (aQ(t) - pﬁz—fj +@-m()h(T,-T,)

(3.5)

x=0(t)

pdensity ¢:latent heat of fusion o :melt front location

T(x,1)
Latent Heat Loss of Fusion
[
Meit Tem
P =melt time+AT
\ i=melf fime
T;i
L X
leg
Melt Layer

Figure 11. Dynamics of Melt Layer Removed Due to Latent Heat of Fusion

The melt wear volume is calculated using melt front, i.e.

Melt Wear Volume = J.I A Z—fdt where A =slipper's surface area .

The bounce effect due to external loading changes the boundary condition at the
interface with conductive heat transfer while in contact, but not the convective heat
transfer while not in contact. It creates surface temperature changes of slipper and rail,
influencing the melt wear. The results of the slipper’s surface temperature and melt wear

percentage due to bounce effect will be presented and analyzed in Chapter 7.
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There are a few things to consider which influence the nature of the frictional heat
partition function a. First, as the slipper slides along the rail’s surface, the slipper’s
sliding surface enters into the cooler region of rail. If the frictional heating is assumed to
be the only heat source, the slipper’s surface temperature is always higher than the rail’s.
As such, the motion of slipper needs to be considered. Second, when the slipper and the
rail are in contact, the frictional heat energy flows into the slipper and rail. By Equation
(3.1), the pressure profile is used to calculate the flux when in contact. If there is zero
pressure, it is considered as the slipper and rail are not in contact. So the convective heat
transfer is used. Third, heat transfer occurs at a higher rate across materials of high
thermal conductivity than across materials of low thermal conductivity. More heat flux
flows into the material of high thermal conductivity. Materials of high thermal
diffusivity rapidly adjust their temperature to that of their surroundings, because they
conduct heat quickly. So the material properties are one of the important factors to
characterize the frictional heat partition function. The last thing to consider is the sliding
speed. As the difference of two sliding surface temperatures gets bigger, the more heat
energy tends to flow into low temperature region. If the slipper is moving fast, the
slipper generates more frictional heat energy as indicated by Equation (3.1). More heat
flux tends to flow into the rail rather than the slipper because the slipper’s sliding surface
may be in contact with the larger region of rail. Therefore, the slipper’s sliding speed

influences the frictional heat partition values.

If slipper and rail are made of the same material, they have the same thermal

properties. So, initially any heat input at the interface distributed between slipper and rail
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is determined by the relation of the thermal properties. When the slipper is sliding along
the rail with high velocity and high pressure, the frictional heat partitioning values should

drop rapidly and, as melt is achieved, approach some fixed stable number.

3.2 Two-Dimensional Mathematical Model

As described in Section 3.1, the frictional heat partitioning values are influenced
by material thermal properties and sliding velocity so the frictional heat partitioning can
be represented as a function of material thermal properties and sliding velocity. To better
understand the evolution of the frictional heat partition function « , a simplified two
dimensional model for thermal evolution between the slipper and the rail is examined.

Consider two semi-infinite solids, which is initially at a uniform ambient temperature T, .
During sliding processes, the surface at y =0 in the interval —I < x <| is subjected to a
heat source at the rate of g(t) due to frictional force. Suppose that T*, T" are the

temperature distributions of slipper and rail, respectively, during the pre-melting period.

It is assumed that, at the sliding surface y =0 in the interval —I < x <1, the frictional

heat generates a heat flux while in contact and the convective heat transfer occurs while

not in contact. The temperatures as | y | o« of slipper and rail are the fixed ambient
temperature T, . There is a convective heat transfer outside of contact region on the rail.

Due to aerodynamic effect, a shock wave may be created at the slipper’s front-head and
the convective heated air flows at the slipper’s tail. Figure 12 illustrates the slipper’s

coordinate system relative to the rail’s coordinate system. With this coordinate
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transform, it leads to the following mathematical formulations of slipper and rail’s

thermal evolution equations for a pre-melt problem.

(a)

(b)
(©)

Slipper (d)

(€)

(f)

t=t* =0
v(t)
Xs ":::: Xs
Xr
T ) — |

Figure 12. Slipper's Coordinate Corresponding to Rail's Coordinate System

,05(3583;,[=k5V2Ts for t>0,|x |<I,y>0

I.C. : T°(x,y,0)=T, for |x [<I,0<y,t=0
B.C.: T°(x,y,t)>T, as y >

ksa;( :hl(I'S—Tl)L_I for t>0,y>0 (3.6)
Xs=—| o
L e —
K x:._hza —T2)|XS=I for t>0,y>0
e —m©alxbae )

y=0

+(@A-m@)h,(T*(x,,0,t)=T,) for |x |<I,t>0

where h,, h,, h, are the convective coefficients at slipper’s heading/tailing/contact surface

sides. T,, T, , T, are the temperature distribution outside of the slipper’s head, tail and

between the slipper and the rail’s interface area when not in contact. m(t) is the sign

function indicating if the loading pressure exists, i.e. if P(t) >0, m(t) =1; otherwise,

m(t) =0.
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(@) p“cr%:krvar for t>0,|x [<o,y<0

(b) 1.C.:T'(x,,y,00=T, for|x |[<wo,—00<y<0,t=0

Rail(c) B.C.: T'(x,,y,t)>T, as y—>-wor |Xx, |>® (3.7)
oT'
d k'—(x.,0t)=
oy

mO)A-a(x +x(t),1))a(x, +x(t),t)
+@-m(@)h, (T (x, +x(t),0,t) =T, (x, + x(t),t)) for | x, +x(t) <l
h, (T"(x, +x(t),0,t)-T,) for | x. +x(t) >

where T,(X, +X(t),t)-T, =(T,, —-T,)# (&, 7), v(t) =slipper's velocity, x(t) = J;V(r)dr
and h, the thermal convective coefficient between the air outside of interface interval

and the rail’s temperature. Equations (3.6b) and (3.7b) show that the initial temperature
of slipper and rail is at a uniform ambient temperature. Equations (3.6f) and (3.7d)
explain that only the surfaces (y =0) of slipper and rail in the interval -l < x <1 is
subjected to the frictional heat source. Also, at sliding surface y =0 in the interval

-l < x <1, the frictional heat generates a heat flux while in contact and the convective

heat transfer occurs while not in contact.

Moving _
Direction Slipper
BS
B1 B2 B3

Rail

Figure 13. Boundaries of Slipper and Rail
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Figure 13 shows the boundaries of rail and slipper. B1 and B3 indicate the rail’s
outside boundaries, B2 and B5 the rail and slipper’s contact interface boundaries
respectively, and B4 and B6 the slipper’s back and front boundaries respectively. The

boundaries as y — —o0 and y — oo indicate these surfaces are far from the contact

region.

Consider the rail’s boundary conditions. At the contact interface B5, some
percentage of the frictional rail when it is in contact and the convective heat flows into
rail when it is not in contact. Frictional heat energy is only generated while the sliding

surfaces of slipper and rail are in contact.

The slipper’s PDE can be transformed to non-dimensional formulation. To do

X

this, let T=(x,y,t) =T, + (T, — T,)w*(&,7,z) With dimensionless variables & = I

t . . . .
n= i* and 7 :t—*where | is the slipper’s length, t* is the total event time and

y

y*=+x’t * is a diffusion length.

After introducing these dimensionless variables and defining the constants Nu,

* *
the Nusselt numbers, as Nu, :h—‘:(i =1,2,3) with C* - Y~ and 5zy—,
k K (T, —T.) |

Equations (3.6) become
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oW o'w oW
= .y
or o’ 0&?
1L.C.: W(&n,00=0  |&1,7>0

7>0,7>0,-1<¢&<1

B.C.: w'(&,n,7) >0 as 77— o
W Nuw (-L7,0) -4 2] 750,750 (38)
o,
S NG W @7 )4, 017 750,750
o |,
-2 —em@atenan)
71,

+(1-m(2))eNu, (W (£,0,7) - 4,(5,7))  |S<1,2>0

Additionally, the functions ¢ (n,7) are defined through T,(,7) =T, + (T, - T,)é (1.7).

With y*= W and material properties given in Table 1, the value of ¢is
approximately 107. Furthermore, using a typical value of h ~100 (the reason to choose
the value of h; is explained in Appendix 2) and material properties given in Table 1, Nu
is approximately 0.3. The functions ¢,, ¢, and ¢, will depend on the aerodynamic

heating associated with the shock front generated at high speeds. It is not the intension of

this research to determine these functions.

Because ¢ « 1, the contribution of the boundary condition at the interface will
only exist in a boundary layer of order &. As our interest is in the behavior at the
interface between the slipper and the rail, only the inner expansion solution is chosen.

The solution is obtained from Equation (3.8) after setting £ =0 which becomes
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PDE: W' =w’

I.C.: w’(&,77,0)=0
B.C.: W(&,7,0) >0 as 7 — o (3.9)
W, |,o=-C'm(r)a (&, 7)a(&,7) (CS :#;)J

In this research, only the continuous contact is considered, m=1. That is, it is assumed
that the pressure is always positive. Using the similar process in the one-dimensional
problem, which will be described in Section 4.2 for the solution to slipper’s surface

temperature for pre-melt problem, the solution to Equation (3.9) is

Wi (Em, D) = € J) = a(§, T)q(6 ) (310)
e 4(221:)

and Green’s function for slipper is G* T T 41). Again, this solution is
pp Ennr) = === 41). Ag
the leading order inner solution and does not contain the weak contribution at the

boundary layer.

Next consider the evolution of the temperature in the rail. As our interest is in the
temperature in a neighborhood of the slipper, we establish a moving coordinate for the

rail in reference to the fixed slipper coordinate system.

In Figure 12, x, represents a position with respect to the moving slipper
coordinates while x, represents a position with respect to the fixed rail coordinates. If

the slipper is moving to the left with a velocity v(t) (assume v(t) is a monotone non-
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decreasing positive function), then after time t*the slipper has moved a distance

X(t*) = j;*v(t')dt' along the rail coordinates. Thus any point X, on the rail coordinates is

related to a point X, on the slipper coordinates by the Galilean transformation
X, =X, —X(1). (3.11)

With T, and the dimensionless variables defined in Appendix A.2, the simplified

dimensionless rail’s PDE is

s r * * r 2\2 A2, 1 20,7
K oW _v(t)y (y jaw +(y| j o’w"  o*w (3.12)

_— +—
K" or K" | ) o0& 0% on?

where v(t) is the velocity profile of slipper. Using the definition of diffusion length,

y*=+/k°t*, Equation (3.12) becomes

r * r * 2 2001 200, r
W _ W +}/(y j OW W it =5 (3.13)
or | o0& o0& on K°

r

Using the nominal values given in Table 1, y = K—S ~4.4x10" and
K

* 2 r
(yl_j =&*~O(10™). The contribution of the heat diffusing in & axis direction, %,

v(t*o)t*

is negligible. With t=t*z, let V(r) = . Simplifying Equation (3.13) further

yields
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ow' oW 8w
=V(7)

- ; | 3.14
o7 oc o (3.14)

v(t*7)t* 308

I =240. In Appendix A.2, the rail’s

If v(t*7) ~30m/sec, then V(r) =

simplified and dimensionless boundary conditions at the contact surface for Equation

(3.7d) are

y*h4 Wr
‘ —W(5,0,7) [SP1
ow (£,0,7) = k (3.15)

on Cfm(l—a(cf,r))q(f,rw%(l—m)[wf(g,o,r)—czﬁs(f,r)] €)1

*
where C" = ﬁ With the similar analysis in the slipper PDE system, the rail’s

simplified reduced PDE system becomes

: ow' ow' o'W
Rail's PDE: =V + <o,n<0,7>0
™ (7) oc o |Sl<e0,n<0,7
I.C.: w'(&,17,00=0 |El< oo, n<0
B.C.:(a) W' (&,1,7) >0 as|é|»>woorn—>—0,7>0 (3.16)
aWI‘
(b) = -(£.0.7)
n
=HL-&)C 1-a(g ) 7) [Ekkeo,7>0
where v(7) = M ;/=K—S, C' y* and H (&) is the Heaviside function.

l TK(T,-T.)

Then, the solution of rail’s pre-melt problem (Appendix A.2) is
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2

wi(é,n, 1) = \/%Cr f;%e4yzj-f')[H(1 — zz)(l — a(z,r’))q(z,r’)]dr’ (3.17)

where z=E(r)-&(7)+ & and E(7), (') and & are different points on rail.
E(r) = I;V(r*)d 7 and is the position on slipper, &(z') is the slipper moving distance on

the rail during the time 7', & (z) — & (z") (the slipper is moving in the negative direction in
£-axis) is the position on rail at time t = ', which corresponds to the contact point of

slipper, and ¢ is the observation point. The Green’s function for the rail is

—n?

G'(n,7;7) = e (e=7), (3.18)

n(t—1")
Let’s define h = h(r,7") = £(r) — £(¢") and consider Heaviside function in

Equation (3.17), i.e. H (1 — (5 +&(1) — E(r’))z) =H(1 - (£ +h)?). Ifthe

observation point exists in the interface interval, the frictional heat energy flows into the
contact surface of the rail and slipper. Otherwise, no frictional heat energy is generated.
Equation (3.17) describes that the frictional heat energy input distribution exists only
along the sliding contact surface. Therefore, the values for Heaviside function in

Equation (3.17) are given below

1 for —1<&é+h<1
0 otherwise '

H( - +h)?) ={ (3.19)

where h in Equation (3.19) represents the value of —h in Figure 14. Figure 14 describes

that the region where y(x) = 1 — (x —h)? > 0 is the sliding contact surface along the
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rail. The value of Heaviside function with y(x) = 1 — (x — h)? > 0 becomes one. If
the rail and slipper are in-contact and the frictional heat is generated, the product of
Heaviside function and the partitioned frictional heat flux is the heat source effecting rail

and slipper.

2
y(x)=1-(x-h)

H(y)=0 H(y)=1 H(y)=0

Figure 14. Graph of Heaviside Function Along Rail's Surface

Let’s consider the parabolic function y(x) = 1 — (x — h)? and the domain of x

for y(x) >0 can be represented as slipper and rail’s contact surface. If h moves as
slipper slides along the rail and £ is the point on the rail, the frictional heat flux

influences in the interval —1< £ <1 and no frictional heat flux outside of the interval.

Using Equations (3.10) and (3.17), the surface temperature distributions of the

slipper and rail at the contact interface n =0 are

VT—1’

W (E, 0,7) = \/% cr fofH(1—<f+h>2)(1—a(s+h.r’))q(f+h,r’) iy’ (3.208)
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wi(§,00) =< [ % dr’ (3.20b)

The temperature distributions for the slipper and the rail should be continuous

along the axis perpendicular to the contact interface, | £ |<1at 7 =0. This would require
w' (£,0,7) =w*(£,0,7) over the in-contact interval even though between mirroring

points of the slipper and rail along the contact surface the temperature gradient may be
different. This implies the heat partition fraction would be non-uniform. If a non-
uniform distribution of the heat partition fraction is considered, this equation becomes a
Volterra Integral Equation of the first kind which would require a numerical method to
solve. In an effort to obtain an analytical solution, the method of Carslaw and Jaeger (21)
is adopted. Their method was to match the averaged contact-surface temperature
distributions for the slipper and the rail. We further assume the frictional heat partition
fraction value and the total frictional heat energy generated are uniformly distribution
along the contact surface which is equivalent to assuming the variation in the function
along the contact region is small. With these assumptions, the frictional heat partition
fraction value and total frictional heat energy only depend on the sliding time, i.e.

a(é,7)=a(r) and q(&,7) =q(r). Were these assumptions not made, the heat partition

fraction solution would have a solution in an integral form not analytically solvable.

First define w(r) =%'[_11w(§,0,r)d§ . Then W' (r) and W°(z) are respectively the

averaged temperatures of rail and slipper at the interface at a given time z . Using

Equation (3.20), these values become
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W= L i (Gh)z)r(_lr,a(ﬂ))qh') dt'dé (3.21a)
W) == [ AU gy, (3.21b)

Next equate the averaged surface temperatures of slipper and rail at the interface using
equations (3.21a) and (3.21b). Then, using Lemma A.3 given in Appendix A.3 with

K (h) define as
1t has AN Lol P L]
K =2 [ HA-(E+h))ds =H{-"a-20), (3.22)
and h = h(zr, ") = £(1) — &£(¢), the equation reduces to

D g = ey D

or
[ == (1 + BKM))a(Hq(t)dr' = B f, == KM)q(™dr'  (3.23)
0 Voor' q 0 Voo A '
where § = W K The argument of the Heaviside function changes as the

Cs K"\ kS
velocity profile changes because h(z,t') = £(1) — &£(z') and & (z) = I ;V(r*)d 7", The

function h(z, t") represents the distance between the position on rail of the slipper at time
t = rand the position at time t =7'. This implies that the Heaviside function is a
functional whose argument is velocity, v(t). Thus Equation (3.23) remains a Volterra

integral equation of the first kind with a weak singular kernel and would require a
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numerical method to solve. However, if the velocity is constant, V(z) =v,, then
E(r) = I;V(r*)d " =v,rand h(z,7")=&(z)-&(¢") =V, (r —'). Further, from Equation

(3.22), K (h) becomes

K(h) = H(1 - 27 (1 - wle=)) (3.24)

The integral equation given by Equation (3.23) now has a difference kernel and is

solvable using Laplace transform methods. As shown in Appendix A.4, this leads to the

solution
L{aq}=L{q}B(s) (3.25a)
where
ps c{ ﬁ }
B(s) = TK (3.25b)
+,Bf£{ }

with £ {Kél_')} = [ e‘“%H (1 —~ VOTM) (1 - U°T|T|) dt. Thus for non-vanishing q(t)

1 :
a(t) =W(q*5 (B))(®)

L (3.26a)
=E£b(t—r)q(r)dr

with b(t) = £7*(B)(t). If both the pressure and the velocity remain nonzero constants
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then q(z) = u P(z)v(z) = u Py, = q, is constant and, from equation (3.25a),
t
L{a}=B(s)/s = a(t)= j b(r)dz. (3.26b)
0

At this point, it is necessary to determine B(s) as given by Equation (3.25b)

which requires the evaluation of

K(h . v, |7 v, |7
L’,{%}:}[e %H[l— 2”}[1— 2||Jdr. (3.27a)

Because H (l—%) =0 for l—% < 0, the upper limit can be terminated at

. . z dz . i
7 =V, /2. Introducing the change of variables, z=sr, r=— and dz =—, into Equation
S S

(3.27a) along with the reduces upper limit of integration yields

KM _ —1/2 (25/Vo ,—z,-1/2 3, _ Yo .=3/2 (25/Vo -z _1/2
L{ﬁ}—s Jo etz Mz — 25732 [T 27 2 d . (3.27b)

These integrals can be expressed in terms of incomplete gamma functions defined as

(41)(42)

1 1
(@) v(sx) =@f0xts le~tdt

() y(s,x) =(s—Dy(s—1,x) — (x°"te™¥) (3.28)

where y (s, x) is the lower incomplete gamma function, and I'(s) = fO°° tS~letdt.

Further recalling F(J/Z) =/ and using Equation (3.28a), Equation (3.27b) becomes
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3 25

Introducing Equation (3.28b) for 7/(5, y Jand defining

0

F(x)=x"? (X—%)y(%, x)+ e:

Equation (3.29) is more compactly written as

{52} =F(s) = \/%F(i—j)

and B(s), as given in Equation (3.25b), becomes

__BsF(s) B
B(S)_1+ﬂ*\/§F(s) where f I

Using the results of the lemma from Appendix A.6, which states

2k+1k!

2k +1)1

7(%, X) = X" AX where A =
k=0

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Equation (3.30) can be written as an alternate expression for F(x) as (Appendix A.7.)

B 22k+lk!

F()=e*Y (k+1)A, X" where A T2kt
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From the ratio test, it is clear that the series portion of F(x)converges everywhere in the

complex plane so that F(x) is an entire function.

Before proceeding to the inverse Laplace transform, consider the case of constant
flux, (t) = q, , and apply both the Initial and Final VValue Theorem (93). For this case,

the solution is given in Equation (3.26b) and the Initial VValue Theorem states

"JsF
a(07) = lim sC{a}(s) = lim B(s) = lim ﬁﬁ () _ B (3.35)
S—>+o0 S—>+o0 S 1+ﬂ \/EF (S) 1+ﬂ
where lemma A5 is use along with £~ = % The Final VValue Theorem states
T
. . . _ BsF(s)
limea(t)=limsL{a}(s)=limB(s)=lim—————=0. 3.36
t—>+0 ( ) s—0" { }( ) s—0" ( ) s—0" 1+ﬂ*\/§|:(s) ( )

If the slipper and the rail have the same thermal properties, then g =1 and Equation
(3.35) says the initial partitioning of heat flux will be ¥2. As the thermal properties of the
system materials vary, the initial heat flux will be bias to the slipper or rail accordingly.
Further, as time progresses Equation (3.36) suggests the thermal energy generated will be
bias toward the rail.

Returning to the case where the flux g, and the velocity v, are constant, the heat
partition function «(t) is determined through the inverse Laplace transform of L‘,{a} as

given in Equation (3.26b). Thus
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1 ijsest ﬂ*\/gF (S)

3.37
271 5, s+ B sF(s)) (3.3

1'% 4 B(s)
t) = e ds =
a(t) 27i 'i[o S

Analysis of this equation can be found in Appendix A.8. However, the integrand clearly

contains a branch point at s=0. Further, the apparent simple pole at s=0 is removed by the
s term which appears in the numerator. Using the numerical tool Matlab suggests and
analysis will show 1+ 8*+/sF(s) has no roots in the complex plane. Thus, taking the

branch cut along the negative real axis in s plane, a branch cut integral is evaluated to

determine the heat partitioning function «(t). Referring to Appendix A. 8, the heat

partitioning function «(t) is given by

a(t) =£jwe7" b ﬁZF ) (3.38)
rdo r(l+ (g ) rE<(-r))
. kS [ wr ~ o k+1)!
where g* = % = # and F(—r) = e” ¥ (k + 1)22k+3 % (—r)k. (See

Appendix A.8.)

Equation (3.38) is the solution of the heat partition function with a non-zero

constant velocity profile (V(z) =v, = 0). This function has two parameters 4 and v,,

where £ is determined by the thermal properties of the slipper and rail, and v, is the
*
dimensionless velocity, V(r) = tl—v(t*r) =V,, which is constant. Equation (3.38) is the

slipper’s frictional heat partition function «(t) for times prior to melting. Typical

behavior of this function «(t) can be seen in Figure 25 found in Section 7.1.
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4 One-Dimensional Mathematical Model

In this chapter, a simple one-dimensional pre and post-melting mathematical
problem is formulated and the analytical solution of the pre-melt temperature distribution
is developed. With some given parameters, this solution determines the time required to

reach the melting temperature of the slipper.

A rocket sled slipper, where high-velocity and high-pressure are present, is
governed by a coupled system of thermal and mechanical phenomena. During sliding, a
localized region of high temperature yields a thin melt layer and material loss on a sliding
contact area. By sliding, the rapid cooling by onrushing rail and air flow may result in
the solidification of melted material forming a teardrop shaped shallow depression in
both the slipper and rail material.(4)(5) Calculating the contact temperature between
contacting surfaces is necessary to estimate the properties of the melt-wear layer and its

resulting material failure.

Traveling along the rail, the front edge of the slipper always enters a cooler
region. Accordingly, the gradient of frictional heat energy of the rail is greater at the
front edge. The gradient of heat flux of the slipper is smaller than that of the rail due to
the surface temperature difference between the rail and slipper’s sliding interface. The
frictional heat energy is a function of pressure, relative velocity, and material properties.
While sliding, the frictional heat energy increases the temperature at the contact surfaces
of slipper and rail and eventually the slipper reaches its melting temperature. Once the
slipper starts melting at the interface, the melt layer is continuously removed by sliding
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contact. All of these factors influence the temperature distributions of the slipper and the

rail.

moving surface

Solid Layer

Liquid Layer Heat Transfer

Solid Layer

stationary surface

Figure 15. Heat Transfer in Liquid Layer Between the Sliding Surfaces (37)

Figure 15 illustrates a solid surface or solid-liquid interface which has a complex
structure and complex properties depending on the nature of the solids and the interaction
between the sliding surfaces. The surfaces contain irregularities of various orders
ranging from macroscale to interatomic scale. Even the smoothest surfaces contain
irregularities, asperities, whose heights exceed the interatomic distance. In addition to
surface irregularities, the solid surface consists of several layers with deformed layers as
the outermost layers.(37) These layers are extremely important because their mechanical
behavior is influenced by the depth of deformation of the surface layers and the presence
of the deformed layers affects friction and wear. Therefore, microscale and nanoscale
models for the surfaces are important for tribological applications. This length scale at

the surface is much smaller than the depth of material. For the numerical and
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mathematical analysis at the sliding surface, we focus on the macroscale thin layer to
render the present problem tractable by avoiding some of the details above. This scale is
still much smaller than the material depth by 2-3 orders of magnitude. This suggests that

the material could be assumed to be the half space, a semi-infinite material.

When formulating differential equations of heat transfer for this dissertation, only
heat conduction is considered as a heat transfer mechanism. Other assumptions are: no
changes in material properties during phase change, solids made up of homogeneous
materials, no heat energy loss other than melt removal, no heat energy source other than
frictional heat on sliding surfaces and fixed temperature at the other ends. More specific

assumptions will be made in formulating mathematical models.

This chapter starts with simple one-dimensional mathematical formulations of pre
and post-melting problems and develops the analytical solution of the pre-melt
temperature distribution. This solution determines the time required to reach the melting
temperature of slipper using certain parameters, frictional coefficients, sliding velocities,
and heat partition values. The next chapter develops two-dimensional models and the
temperature distribution of slipper and rail using Green’s function for the pre-melting
problem. Finally an expression for heat partitioning fractions of the pre-melting problem

is developed.
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4.1 One-Dimensional Mathematical Model of Pre/Post-Melting Problem

Recall Figure 7 in Section 2.4, which illustrates the melting process of a solid

material when there is a heat source at the surface. Let Tionst , Tsotia » Tiiquia D€

To(x), T, (x,t), T,(x,t), and a heat source be defined as heat flux Q(t).

Consider a semi-infinite solid, which has the initial temperature distribution T, (x)

inside the solid in Equation (4.4).

Pre-Melting Problem

oT, o°T
PDE: —i= L (x>0,0<t<t 4.1
P ( m) (4.1)
BC1: T,(x,t) > Ty(x) as x - o 4.2)
_ oT,
BC2: —ka—:Q(t) (x=0,0<t<t,) (4.3)
X
IC: T, (x,0)=T,(x) (x>0) 4.9

where k, k, Ty(x), T, (x, t), Q(t), t,, are thermal diffusivity, thermal conductivity, initial
temperature, ambient temperature, pre-melt temperature, heat source, and melt time.
Equation (4.3) shows that during sliding process, the surface at x = 0 is subjected to heat
source at the rate of Q(t) due to frictional force. Suppose that T;(x, t), t,, are the
temperature distribution during pre-melting period and the time required for a solid to

begin melting. Before the melting time, the temperature at any point inside of a material
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never exceeds its melting temperature T_. During the time prior to melt, 0<t <t _, the

material remains solid, i.e. To(x,t) < T;(x,t) < T,,. Itisassumed that only sliding
surface at x =0 has a heat source and as x — oo the material temperature approaches an

ambient temperature.

Now consider the melt evolution with removal of a semi-infinite solid region.
The temperature distribution inside a solid material is initially at a uniform temperature

To(x) = Ty. When Q(t) >0, the heat source adds progressively more thermal energy at

the boundary x =0, the temperature of a solid increases and may eventually reach its

melting point at a characteristic melting time t_. Therefore, a material begins to melt at
the sliding surface for t > t_, and this melted layer is assumed to be removed

immediately. After melt occurs for t > t_, the following PDE system must be satisfied.

Post-Melting/Melt Removal Problem

oT. o°T.
PDE: —%= Z (x>o(t),t>t 4.5
P (Xx>o(t),t>t) (4.5)
BC1l: T,(x,t) > T, as x — o (4.6)
BC2: —kﬂzqa)—pg do (x=o(t),t>t) 4.7)
OX dt

Initial BC:  T,(xt ) =T,(xt,) (x=of(t,)=0)

(4.8)
Interface BC: T,(o(t),t)=T, (t>t))
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where T,,T,, T,, p, ¢ are the initial temperature, post-melt temperature, melting temperature,

v I'mo

density and latent heat.

The phase change of a material occurs when the surface reaches the melting temperature.
The thin melted layer at the boundary x = 0 is developing when the time is greater than or equal
to its melt time. During this process, the additional energy of phase change, latent heat
introduced in Equation (4.7), must be added for melt to continue. In the initial boundary

condition of Equation (4.8), now the melt boundary location defined by x = o (t), must start at
t=t_,1.e. o(t,)=0. Also, since the melt region is assumed to be removed immediately due to
sliding two materials, for any t > t_ the temperature on the melt boundary cannot exceed its
melting temperature T_, which implies that T, remains constant (T_) at the melt boundary after
the melt time t_, shown in the interface boundary condition in Equation (4.8). In order to

maintain the constant temperature on the melt boundary, melt region removal is necessary and its
expression appears shown in Equation (4.7). The boundary condition as x — oo, in Equation

(4.6), remains unchanged for the pre-melt state, Equation (4.2).

Note that the system is continuous from the pre-melting problem to post-melting
problem. Before solving the melt evolution with removal problem, it is necessary to know the

temperature distributionT,(x,t ) because it provides the initial condition of the melt removal
problem. So the temperature distribution of pre-melting problem (t =t _) should be the initial

temperature distribution of post-melting problem, i.e. T,(x,t,) =T,(x,t,,) -
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4.2 Model Solution Using Laplace Transforms

In this section, the PDE system to find the melt time (Melt Time Problem) along with its
boundary and initial conditions is formulated. The solution of the Melt Time Problem and its
development are presented. Using the Laplace transform in the time dynamic transforms a PDE

system to an ODE system in one-dimension for which a closed form solution is obtained.

Let f(t) be afunction of t defined for t >0. Then the Laplace transform of f with

transform variable s is
f(s)=L(f(t) = Iowe‘S‘f(t)dt , (4.9a)
while the Inverse Laplace transform is given by

F(t)=LN(F(s)) = Zim [e*f(s)cs. (4.9b)

Many of the properties of the Laplace transform and its inverse can be found in

references (38),(60) and (93). Using these properties, the one-dimensional time-dependent

function T(x,t) and the notation £(T (x,t)) =T (x,s) =I0we‘StT(x,t)dt, yields

o°T

5%) Ty LE -

)=T"(X,5) L‘(%) =sT(%,5)-T(x,0) , (4.10)

~

~ ~ 2 r
where T '(x,s) =Z—T(x,s) and T "(x,s) =Z—-|2-(x,s). Therefore with the initial condition in
X X

Equation (4.4), Equations (4.1) through (4.3) become
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PDE: sT;(x,s) —Ty(x) = xT;" (x,s) (4.11)
BC1: Ti(x,s) » Ty(x) as x — o (4.12)
BC2: —kT; (0,s) = O(s) (4.13)

where Q(s) = £ (Q(t)). Equation (4.11) is an ordinary differential equation for T} (x, s), which

can be written

7, (x,5) —%ﬁ(x,s) = D& (4.14)

K

If T,(x) =0, the homogeneous solution for T, is given by

Tin(x,5) = A(s)e™ + B(s)e % with @ defined as \/% : (4.15)
where the positive branch of the square root is chosen which leads to
Re(a) >0 . (4.16)

The coefficients A(s), B(s) are determined from boundary conditions given in Equation (4.12)
and (4.13). If the initial temperature distribution does not vanish (i.e. T,(x) = 0), a particular

solution which satisfies Equations (4.12) and (4.13) is needed. Such a solution is found by using

the method of variation of parameters and is given by

T, (X,8) =~ j:%[e““f) —et9de. (4.17)
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The general solution using the homogeneous solution and particular solution of Equations (4.15)
and (4.17) is of the form T, =7, + T, or
T, (x,s) = [A(s) - fOxZOT(i)e‘“EdE] e + [B(s) + fOxZOT(i)eafdf] e %, (4.18)

Now apply boundary conditions, Equations (4.12) and (4.13), to the general solution, Equation

(4.18), to determine A(s), B(s) . Beginning with Equation (4.12), and observing Equation

(4.16) implies lime™™ =0 .

[BC1]  Ty(xs)|  =limye (A(s) — [F2E g-atge) eas = 0 (4.19)
X—00 0 2ak
_ OOTO(g) —a&
= A(s) —L S e % d¢

Next using Equation (4.13),
[BC2] —kT/(0,5) = Q(s) = —kaA(s) + kaB(s)
> B(s)=A(s) +22, (4.20)

Now the solution to Equations (4.11) - (4.13) is

A~

- CTo(§) Q(s) CTo(§)
T : — O —a(x=8) N\ —ax j 0N —a(x+8)
1(x,5) jo o © dé + x ¢t . Zax e d¢
— (®T&) ,—ax-§ —a(x+§) Q©) ,—ax
=Jo Sun [e +e 1d& + € (4.21)

where o =+/s/x and Re(«) >0.
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To determine the solution of T,(x,t), it is necessary to invert the Laplace transform.

Using the inversion formula £ - (% e_x\/g)

xZ
L¢3t from Handbook of Mathematical
Vmt

Functions with Formulas, Graphs, and Mathematical Tables (42), the solution of T; (x, t) for
O<t<tpandx>0is

T.(x,1) =J.OmTO(f)%\/%{exp(%j+exp(—(x+§) de

dict
2 (4.22a)
t 1 K —X
+ — ex d
J, Q) K\ z(t—2) p(4x(t—r)] ‘
— —-ax - X % —x?
since £ (ea ) - e\/g = \/%em. Thus the half-space Green’s function for the

Neumann boundary condition (22) is

_L L[ 2(x=9)° —(x+8)*
G(x,é,t)_z\/;{exp( it J+exp( i H

Using this Green’s function, Equation (4.22a) is simplified to

(4.22b)

T.(00) = [ T(EG( &.DdE+] T QB 0.t-r)de (4.23)

The first term of Equation (4.23), J‘:To(g)G(x,g,t)dé , Shows the influence over time t due to

the initial temperature distribution T (&) while the second term,I;Q(r)G(x,O,t—r)dr, is the

influence of the frictional heat source Q(z).
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4.3 Physical Interpretation of Mathematical Solution T, (x,t)

Equation (4.22) is the solution to the pre-melting problem, Equation (4.1), under
considerations of boundary and initial conditions. Equation (4.2) - (4.4) shows that the
temperature distribution during the pre-melting period is influenced by the initial temperature
distribution Ty (x) and heat source Q(t). In Equation (4.23), the temperature at time t in the solid
at the sliding contact area is influenced by two factors, a transient heat distribution due to the
initial temperature over one-dimensional space and a continuous frictional heat source over time.

G(x,&,1) influences the initial temperature distribution and G(x,0,t —z) influences the heat

source for 0<t <t and x>0. f0°° To(8)G(x,&,t) dE describes how the initial temperature

evolves over space, and | Ot Q(7)G(x,0,t — 1) dt describes how much the heat source affects the

temperature distribution over time. If there is no initial temperature given, then only the
frictional heat source raises the temperature requiring more time to reach melt temperature. If

there is a change in the flux function Q(z), such as an increase or decrease in heat flow rate,

then the time to reach the melt temperature takes less or more time respectively.

Next we determine the time required for the temperature at the sliding contact surface to
reach the melting point with given parameters, such as pressure, velocity, friction and material
properties of a given material. After a material reaches melt temperature at the sliding surface, it
forms a thin melt layer at the boundary as the phase change occurs. The thin melt layer creates
new wear phenomena as the phase changes with resulting new material properties, friction
coefficient and boundary conditions. In order to understand the relation of wear and temperature

distribution, it is essential to know the temperature distributions in the two sliding materials due
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to frictional heating; how quickly a material reaches melt temperature; how fast the melt front

moves from the boundary; and what affects the velocity of moving boundary.

Recalling an earlier discussion, the melt layer at the sliding surface starts developing at

its melt time t =t_ and moves continuously into the material depending on the heat flux.

Because the melt layer is removed and the melt front moves, the rate of melt removal (melt wear)

is directly proportional to the rate at which the melt front moves.

With these considerations, finding the time t_ to start melting (melt time) is equivalent to
solving T,(0,t,) =T, fort . Melttemperature T  of a specific material (VascoMax, whose melt

temperature is 1685 K in SI unit(39)) can be obtained from any reference book or handbook of

material properties.

Heat flux being the essential factor in the melting process, it is necessary to consider the

frictional heat energy to define the heat flux function Q(t). It is influenced by velocityv,

friction coefficient ., partition coefficienta and pressure P. Some assumptions are needed;

1. The velocity of moving body is either constant or increasing, v(t) > 0. There are two
cases for the velocity function of interest in this research. The velocity function will be
given by v(t) = at +q,; constant (a = 0) and linear (a #0), where g, initial velocity
and a acceleration.

2. The frictional coefficient u is a number related to the two specific surfaces that are in

contact with each other. It is dependent on the roughness of each surface and how the

materials slide against each other. The pressure or force P is the force pushing two
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materials together, perpendicular to each surface. For a sufficiently small time

increment, friction coefficient u and pressure P are constant. Also, partition coefficient

a 1s assumed to be constant (to be discussed in section 4.1).

The assumption of constant values for ., P, « is not strictly true as the values will

depend on the nature of the contacting surfaces. However, in the transient moving problem, they

are assumed fixed for a small time increment.

Because frictional heat is the major contributor to the melting process, it is important to

define the frictional heat flux function Q(t). Consider a two-body sliding contact in which Body
1 is moving with velocity v, (t) relative to the contact area and Body 2 is moving with velocity
v,(t) relative to the same contact area. The rate of total energy dissipated in the sliding contact

is determined by the friction force and the relative sliding velocity. If it is assumed that all of
this energy is dissipated as heat on the sliding surfaces within the real area of contact, then the

rate of heat generated per unit area of contact Q(t) for either Body 1 or Body 2 is defined as

Q(t) = uaPv(t) = uaP(q, +at) = paPq, + (naPa)t (4.24)

where u is the coefficient of friction, « the frictional heat partitioning value, P the contact
pressure or load, and v(t) =| v, (t) — v, (t) |= at + q, the relative sliding velocity. The sliding

velocity of two materials is either accelerating at a constant rate (linearly increasing velocity with

time, a # 0) or a fixed constant velocity, a =0 where g, is the initial velocity.
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Let the sliding surface (x =0) temperature reach the melt temperature T_when t=t, .
Since the material’s melt temperature is a material property, the melt time t_ can be calculated.

Let the change in temperature at the melt front be equal to the difference between the melt

temperature T, and the initial temperature T,. Let’s assume that the initial temperature
distribution is the same as the ambient temperature, i.e. T, =T,. Then solve Equation (4.23)

with x=0,t=t,, forthe melttimet_,i.e.

T.(0.t,)=T,
o0 th K . (425)
Js TO6O.£t,)d¢ + [ Q@G(0,01, ~7)dz =T,
Note that if T,(&) =T, , then LOOTO(GZ)G(O,g,tm)dg:Ta . Then, Equation (4.25) becomes
j;mEQ(r)G(0,0,tm—r)dr=Tm T, (assumed tobe T, =T,) . (4.26)
i R N NN (CTT 1 IR
Combining G(x,f,t)—2 — {exp( it ]+exp( it H in Equation (4.23) and

Q(t) = uaPq, + (uaPa)t in Equation (4.24), yields

J-tm uaPq, + (uaPa)r K 4T -1 4.27)
0 k (t, —7) "o '

First, consider the material moving at a constant velocity, i.e. a =0 . The rate of heat

flux is constant, Q(t) = uaPq,, and the solution of Equation (4.27) for melt time t_, solved in

Appendix A.10, is
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2
¢ E[(n=Tk ) (4.28)
x\ 2uaPq,

Let’s apply this result to a Holloman High Speed Test Track experiment.

Table 1. Physical and Material Properties for the HHSTT Wear Project (1)

Thermal . Thermal Specific | Meltin
Condu}ctivity D?ITQSIW Diffuszivity H?at Temp.g
ey m
%) m? ) (o) ( K)
Slipper
(VascoMax V300 31 8000 9.2e-6 420 1685
Maraging Steel)
Rail
(AISI 1080 15 8055 3.91e-6 480 1670
Carbon Steel)

Slipper’s Dimension 4 in (width)*8 in (length)*14.7 mm (thickness)
Total Traveled Distance | 5.8155 km
Total Sliding Time 8.14 seconds

The material used for the Holloman High Speed Test Track experiment (1) is VascoMax,
whose material properties are given in Table 1. During the experiment, the ambient temperature

T, is 300 K, the initial velocity q, is fixed at g, = 10 m/sec , the pressure is fixed at

P =100 MPa and the frictional coefficient value ¢ ranges from 0.1 to 0.5. It is assumed that

half of the total frictional heat energy dissipated enters into a shoe and the other half enters into
the rail.(1) In Table 2, time to reach the melting point on the sliding contact surface is evaluated
for different values of frictional coefficient while considering that the rate of heat input is

constant.
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Table 2. Time to Reach the Melt Temperature at the Contact Surface with Various Frictional Coefficients for a Constant
Fixed Velocity 10 m/sec

Coefficient of 0.1 0.2 0.3 0.4 0.5
Friction (W)
Melt time (sec) 6.295 1.574 0.699 0.393 0.252

Table 2 shows that it takes less time to reach the melting temperature if the frictional
coefficient increases. The larger coefficient of friction (the increase of sliding resistance
between two contact surfaces) means dissipating more frictional energy during sliding process.
More frictional heat energy heats up the material faster, and the material’s contact area reaches
the melt temperature faster. The result of Table 1 explains that more energy input shortens the

time to reach the melting point or melt temperature.

Second, consider the case where the velocity of the material is linearly increasing, i.e.

a = 0. From Equation (4.24), the rate of heat input is a linearly increasing function of time. For
the linearly increasing heat flux condition (a = 0) and s° =t_, solving Equation (4.27) is

reduced as following

s$*+pBs-1=0, (4.29)
where 1323& and }LZM% T
2a auPa 4 \«k

The exact solution to Equation (4.29) is

s:(%j [(\/1+|v| +)¥ —(J1+ M —1)1’3] where M = 28" (4.30)

274%
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With the linearly increasing value a fixed at 10 m/s? and the initial sliding velocity g,
vary from 0 to 50 m/sec, the solution to Equation (4.30) with various frictional coefficient values
is presented in Table 3. In Table 3, time to reach the melting point on the sliding contact surface

is calculated while the rate of heat input increases linearly. Each column represents the time to
reach the melting point for different values of g which is defined as 32%) . So the increase in q,

(the initial velocity) means the increase in 8. Each row represents the time to reach the melting

3k(Tm_Ta)

point for different values of A which is defined as
4auPa

\/% . So the increase in u (coefficient
of friction) means the decrease in A.

Table 3. Time to Reach the Melt Temperature at the Contact Surface with Various Frictional Coefficients and Initial
Velocities for Linearly Increasing Velocity

B=0[B=15|B=3|B=45|B=6|B=75
u=01|21=3.4624 | 2289 | 1413 | 0.821 | 0.482 | 0.302 | 0.202

u=02|1=17312 | 1.442 | 0.649 | 0.279 | 0.139 | 0.081 | 0.053

#=03|A=1.1541 | 1.100 | 0.378 | 0.136 | 0.064 | 0.037 | 0.024

u=04|21=0.8656 | 0.908 | 0.246 | 0.079 | 0.036 | 0.021 | 0.013

#=05|21=0.6925| 0.783 | 0.172 | 0.052 | 0.023 | 0.013 | 0.009

: 3 . i .
With g = % the values of g increase as the initial velocity g, changes from zero to
a

Tm _Ta %
auPa 4

50m/sec. With 4= \/E , the values of A4 decrease as the fictional coefficients u
K

change from 0.1 to 0.5. So time (in seconds) to reach the melting point for a linearly increasing

flux condition is a function of s* with parameters # and 4. In Table 3, the values of each
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column with a fixed value for initial velocity g, are decreasing as the values of frictional

coefficient increase. This trend is similar to the one described in Table 2 where less time is taken
to reach the melting temperature if the frictional coefficient increases. The increased initial
velocity contributes to increased heat energy input (or increase of heat flux Q(t)). More heat
energy accelerates the material’s melting process on the sliding contact area and shortens the
time to the start of melting. Expectedly, an increase in the frictional coefficient and initial
velocity provides more frictional energy which heats the material faster reducing melt time, here

we have quantified it.
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5 Numerical Formulation of Two Dimensional Heat Transfer Problem

v(t) length = 2L
- _—— Slipper
L- KS?D L+
xé:D
Rail

Figure 16. Rail and Slipper's Two Dimensional Heat Transfer Model

During numerical analysis, let’s consider the sliding system of rail and slipper to be
finite. The length of the slipper is 2L and the length of the rail is some multiple of the length of
the slipper, i.e. Rail length = 2kL for some positive constant integer k, and the slipper lies in the
middle of the rail. In Figure 16, L™ and L™ represent +L and — L respectively for some L (the
half of the slipper’s length). They are initially at T;(X,y). Finding the temperature distribution

and melt wear of the slipper, and the slipper’s frictional heat partitioning function are our
interest. The length of the slipper is fixed, and the entire contact surface of the slipper is subject
to the frictional heat source while sliding. So it is reasonable to set the slipper’s coordinate
system fixed and to make the rail’s coordinate system match the sliding velocity. Treat the rail

as a moving object sliding at the velocity v(t) in the opposite direction of slipper’s ‘real world’

direction in x-axis and treat the slipper as a stationary object. Using the coordinate change due to

the slipper sliding along the rail, the rail’s PDE introduces the extra term v(t)g—u.
X
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While sliding, dynamic loading pressure is observed. This dynamic loading was earlier
described as the bounce effect. This phenomenon randomly changes the interface boundary
condition between rail and slipper from in-contact to not-in-contact. From Figure 16, when the

slipper’s surface is in contact on the rail’s surface, the sliding contact surface area —L <x, <L at

y =0 is subjected to frictional heating. For t >0, the position x, on the slipper’s surface
corresponds to a position X, ontherail, i.e. x, = J:v(t’)dt’+ X, = X(t) + X, , where x(t) is the

distance that the sled has traveled on the rail for time t.

This heating generates a flux q(x,t) along the contact surface. It is assumed that only the
sliding surface area | x, [<L at y =0 is subjected to the heat source at a rate of q(x,t). When
they are not in-contact, the surfaces are subjected to convective heat transfer between the
slipper’s surface and the air layer in the gap. The region outside of the sliding surface area,
| X, [>L,at y=0is subjected to convective heat transfer. The other boundary conditions of rail
y — —oo and slipper y — oo are a fixed boundary temperature, T, , call it *ambient temperature’.

Later, for the discrete PDE, the domain of the y-axis will be finite. The slipper’s head and tail
boundary x =—-L and x=+L will be subjected to convective heat transfer between the slipper’s
heat and tail and the surrounding air. Let the temperature surrounding the slipper head, tail and

below be T, (y,t), T,(y,t) and T,(x,t) . These assumptions lead to the slipper and rail’s two

dimensional PDE, initial and boundary conditions as the following.

82



For the slipper,

2 2
PDE: (a) pca—u:ksa—ng sa—g
ot OX oy

I.C.: (b) u(x,y,0)=T,(x,y) for|x|<L,y>0
BC:(© k| =R .yD-T0) fory>0
XlxeL
@ kD =hyD-T(r0) fory>0 - 61)
X |
t)-q(t i tact
(e) ksa—u = (0)-a(t) mcfonac for|x|< L
Y1, h,(u(x,0,t)-T,(x,t))  notin contact

where «(t) heat flux partition flowing into slipper
() uxyt)=T, asy—ow

For the rail,

2 2
PDE: (a) pc(a—u—v(t)g—uj:k Ou_y ou
X

ot “ox2 " oy?
I.C.. (b) u(x,y,0)=Ty(x,y) |X|<oo,y<0
B.C.: (¢) u(x,y,t)=T, as|X|>woy—>—w
ou
@ kol =
Yly-o
- N * . (5.2
h(u(x,0,t)-T,) X <L orx >L i contact (5.2)
L-a(t))q(t) L <x <L’
h(u(x,0,t)-T,) X, <L orx >L" :
not in contact
h,(u(x,0,t) - T,(x,t)) L' <x <L

T, X, <L orx, >L
where T,(x,t) =
S %(u(x,O,t)+Ta) L <x <L
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Equations (5.1b) and (5.2b) set the initial temperatures of slipper and rail as T,(x,y).
Equations (5.1e) and (5.2d) describe the bounce effect. When in contact, the sliding contact
surface area at y =0 is subjected to frictional heating. When not in-contact, the surfaces are
subjected to convective heat transfer between the contact surface and the air layer in the gap.
Equations (5.1c) and (5.1d) are the slipper’s head and tail boundary x=-L and x=+L,
subjected to convective heat transfer. Equations (5.1f) and (5.2c) are the other boundary

conditions of slipper and rail, which is a fixed boundary temperature T, .

From this point, the label x will be used instead of x; or x, for slipper or rail. The rail is

divided into three intervals on the surface as indicated in Figure 16. The interval | x|< L has
either a conductive heat transfer boundary condition when in contact or a convective boundary
condition when not in contact. The other two intervals —oo < x<—-L and L < X <+ have a
convective heat transfer. This implies that the boundary conditions are not continuous at the
endpoints x=L and x=—-L. For the numerical analysis, we take the limit at the endpoints

from the positive and negative directions and set these two limits being equal. Therefore, at the

endpoints L™ and L, the continuous condition has to be applied, i.e.

In Contact: lim . . kra—u =lim __ . kra—u
X" X = 0
y=0 y=0
= h(L)(u(L",0,t)-T,) =(@—-e(t)q(L",t) (5.3)
. ou ou
lim. k— =lim__ _k—
y=0 y=0

= h(L)(u(L,0,)-Ty) = 1-a®)q(L 1)
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ou ou

Not in Contact: Iimxgu k. — = Iimx,w K, —
y=0 y=0
= h(L")(u(L",0,t)-T,) = hy(L")(u(L",0,t)-T,) (5.4)
IingL, K, au = Iimx,{ K, au
|, Y|,

= h(L)(u(L,0,0)=Ty) = h,(L)(u(L",0,t) - T;)

The following section adopts Lakoba’s study (45) on development of numerical method and
analysis. In the next section, numerical methods for the heat transfer problem in 2 dimension in
space will be developed. The simple explicit scheme for the 2D heat equation (Crank-Nicolson
scheme, CN scheme) will be presented, and it will show the stability of CN scheme of 2D heat
equation. However, after analyzing CN scheme for 2D heat equation, it is discovered that CN
scheme of 1D heat equation is even more time-efficient than of 2D heat equation. In order for
the 2D heat equation to be stable and time-efficient, CN scheme needs to be modified using
operator splitting and this modified CN scheme of 2D heat equation is called Alternating

Direction Implicit (ADI) method.

Since this chapter has lots of details and computations of 2D heat equation developments
using CN scheme, ADI and Strang’s Splitting methods, here is a brief preview for each section.
In Section 5.1, we will examine the stability and time-efficiency of CN scheme for 2D heat
equation, and discover that CN scheme for 2D heat equation is not time-efficient. The ADI
method for 2D heat equation will be derived by splitting operators into x and y directions, and
we will prove that ADI method is stable and time-efficient. The boundary conditions need to be
altered for x and y direction. So Section 5.2 will present the developments of different boundary

conditions, such as Dirichlet, Neumann and Convective boundary conditions of ADI method. In
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section 5.3 and 5.4, the numerical implementations of slipper and rail will be developed using
ADI method and redefined boundary conditions of 2D heat equation, and presented in vector-
matrix form. In Equations (5.49) and (5.76), the matrix B will represent the 2D heat transfer

PDE, and the vectors U]‘f ,b™"1 (i =n,n+ 1andj = x,y) will represent the temperature

distribution in x or y direction and the boundary conditions of interface and the other end. Since
the heat partitioning function only appears at the interface while the slipper is sliding in contact
with the rail, the heat partitioning function a(t) will be seen in the boundary vector b™*1. Also,

the accuracy and stability of ADI methods for the slipper and rail’s 2D heat equations will be
discussed. Since the 2D heat transfer PDE for the rail has heat flow term v(t) Z—Z, it becomes the

convection-diffusion equation which has some restrictions on numerical analysis. So in Section
5.5, Strang’s Splitting method will be introduced to overcome the technical problem when
implementing 2D convection-diffusion equation using ADI method. Then, the numerical results
of temperature distributions for the rail and slipper using ADI and Strang’s Splitting methods can
be found. The slipper’s heat partitioning values will be calculated iteratively by matching the

averaged surface temperatures of rail and slipper in Section 5.6.

5.1 Stability and Derivation of ADI for Two Dimensional Heat Problem

The general form of the two dimensional parabolic differential equation is

o

ou_ou, 5.5
ot ox* oy’ (5:5)

with proper boundary conditions and initial condition.
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Figure 17. Crank-Nicolson Method for 2D Heat Equation

To construct a difference scheme, the space domain is partitioned into a uniform

rectangular grid with the time domain. Figure 17 shows the Crank-Nicolson schematic of 2D

heat equation for u, and u™**. If the second-order difference operator & is defined as

n

2,,n n n
ocu) ., =u 2uy‘X +Uy, g,

X 2y, x yox+l

an explicit scheme for Equation (5.5) is

n+1l n 2..n 2..n
Uy —Uyy 5ny,x 5yuy'X
= -+ > (5.6)
At AX Ay

The stability of the 2 dimensional heat PDE scheme can be obtained by the von Neumann

technique. Substituting uj , = A"e'®**> for x, y € R into Equation (5.6), the amplification

factor A is 1:1—4A—t23in2 aAx -4 Atz sin® bAy . With the condition A—t2+A—t2§£,
AX 2 Ay 2 AX® Ay® 2

then | 2|<1 for all aandb. Therefore, this scheme is conditionally stable.

The Crank-Nicolson (CN) scheme of Equation (5.5) is obtained by averaging the spatial

variation over two time steps which leads to
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un+l _ un 52 un+l 52 un+l
Y, X Y, X ( - ) ( . ' (5'7)
At 2 AX Ay
. At At . . .
With s, =—and s, =— defined, Equation (5.7) can be rewritten as
AX? Ay
1 1 - 1 1 ]
(1—55 57 —Esyéyzj L= [1+Esx§f +Esy5y2ju” : (5.8)

A similar stability analysis produces the amplification factor

1-2s,sin’ (ang —2s,sin’ (bgy)
A= (5.9)

1+ 2s.sin? aax +2s sin? bAy
X 2 y 2

Since s, s, , and sin® are positive, Equation (5.9) is always less than or equal to one for any

X! yl

partition size Ax and Ay. Hence Equation (5.8) is unconditionally stable.

In The Heat equation in 2 and 3 spatial dimensions, Lakoba (45) performed the accuracy

2

52 9y Gy

analysis for CN scheme. Because —5———tuy
x® Ay? At

=0(1), it follows that

AP 5} 5y upi-up,
4 AX* AY® At

= O(At?) . Since the accuracy of the scheme

[1—%5@2 ;s 52j nt _(1+%s S+ ;s 52J is O(At? + AX® + Ay?), Lakoba (45) says

that it may be added to any term of the same order without changing the accuracy of the scheme.

88



2 2 52 un-*—l_un
At 5x2 L —LE 2% to L.H.S. of Equation (5.7)
4 AX® Ay At

Using this observation, add the term

resulting in

u™t—yn 2 g2 §2 ymt_yn 2 o2
VX yx At 5)(2 y2 ¥, X yX _ 5)( g n y . ( n+l +u" ) (510)
At 4 AX° Ay At 2AX°  2Ay

Y, X Y. X

Equation (5.10) still has the accuracy O(At” + Ax* + Ay?) . After multiplying by At, Equation

(5.10) has the equivalent form

e 2 2 "2

1-Sgz g2, ScseS s
2 X Ty Ty Y

S S
]unﬂ:(1+%x5j+—y5y2+s—wf—y5y2ju;{x. (5.11)

Factoring the operator expressions on both sides results in

S S
(1—%*55)(1—%55]@;1 :(1+S—2‘féfj(1+?y5§Ju;,x (5.12)

which is the modified Crank-Nicolson scheme(46). For the CN scheme, a system of second-
order difference operators of both x and y directions must be solved at each time step. Because it
does not form the tridiagonal matrix as a 1-D problem, solving such a system can be quite
laborious due to the expensive computational power and memory depth to store and solve the
matrix directly systematically. A simple and efficient method, called Alternative Direction
Implicit (ADI) method, for solving 2-D parabolic problems was first proposed by Peaceman and
Rachford in 1955.(47) The basic idea is to break a 2-D problem into two 1-D problems solved

by implicit schemes as tridiagonal.
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For the ADI method, Equation (5.12) is implemented as follows

\ S
( _S?ngjuyYX:[H?y%Zju;x .- (a)

. (5.13)
Sy c2 | na Sy <2 |,
(1——2 @Juylx —(1+—2 5X )Uy‘x .-+ (b)

First, it is necessary to prove that this method is equivalent to Equation (5.12). This will imply
that it satisfies the same accuracy. Apply the operator (1—%*55) to both sides of Equation

(5.13b). Then the sequence of equations follows

S *
1-2s2 | 12052 |yra 1—S—X53j(1+5—xafju )
2 2% ) 2 2 7 )
(1+S—X§3j(1—s—xxju’;x
2 2 '

where the fact that the operators [1+S?X§fj and [1—%55) commute is used. Next apply

(5.14)

Equation (5.13a) and Equation (5.14) becomes

S S
( —%53}{1—%5;};;1 :(1+%5j][1+?y5jju;x. (5.15)

This proves that Equation (5.12) is equivalent to Equation (5.13).
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5.2 Boundary Conditions for the ADI methods
The ADI methods solve a 1-dimensional heat transfer problem implicitly in one direction

and repeat it in the other direction. Between these steps, the boundary conditions need to be

modified. It is important to prescribe boundary conditions for the intermediate solution u;'x in

Equation (5.13). There are three kinds of boundary conditions, Dirichlet, Neumann and mixed

boundary conditions.

Figure 18. Two Dimensional Boundaries for the ADI Method (45)

ou
9oy, 1) =u(0,y,t) or &(0, y.t)
u 0<y<L, t=0
9,(y,t) =u(M, y,1) or&(M,y,t)
A (5.16)
g,(x,t) =u(x,0,t) or —(x,0,t)
Sy 0<x<M, t=0
9,06 t) =u(x, L, t) or 2 (x, L, t)
oy

Figure 18 shows how to label the boundaries for the ADI scheme. Equation (5.16)

defines g, for i=0,1,2,3 as a function for each boundary. M, L represent the upper endpoints of x

and y domain.
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In order to find the required boundary values u; , and u; ,, with1<y <L -1, two

equations in Equation (5.13) must be added to solve for u;,x . This leads to the equation

y.X yx Uy

u :%(uglx+u”+l)+%y6j(u” uys’) (5.17)

which is valid for all integers.

Here, the derivations of three intermediate boundary conditions of the Peaceman-

Rachford method for the two dimensional heat transfer problem are demonstrated.

For the Dirichlet boundary condition, the boundary values of the intermediate step u;]x

at x=0and x=M are

*

1 n n+1 Sy 2 n n+l
Uy om) = _(Uy,(o,M) +”y,(o,M))+_5y (Uy,(o,M) _“y,<o,M))
2 4
l n n+1 Sy 2 n n+l
- E(gy,(o-l) + gy,(o,l) ) +75y (gy,(o,l) o gy,(O,l) ) (5-18)

n n n
1 S (gy+1,(0,1) - 2gy,(o,l) + gy—l,(O,l))
— _( g n +q n+l ) n Oy
2 y.(0,1) y,(0.1) 4 n+l 2 n+1 n+l
“\9y:101 ~ 49y, 01 T 9y-100)

for 1<y<L-1. Here the notation u, , ,, represents the row vector u,, or u,,, and g,

represents the boundary condition g,(y,t)or g,(y,t) described in Equation (5.16).

To determine the Neumann boundary condition values at the intermediate step u;’x , the

central difference scheme around u;’(l,M_l) is used in conjunction with Equation (5.17) to

estimate the heat flow rate. This leads to the following sequence of equations.
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* * n n n+l n+1
Uy.om) “Uyom-2 :l{uy,(z,wl) “Yem-a  UYyem _uy,(o,M—Z)]

2AX 2 2AX 2AX
n n n+l n+1
L3y 52| Yvem “Yyoma  Yyem TYyom-2
Y 2AX 2AX

n n n+1 n+1
:i[“y,(z,wl) “Yyom-z | Yyem) “Yyom-2 ]

2 2AX 2AX
n n n n n n '(5'19)
+S_y(uy—1,(2,M) —Uy 1 0m-2) _ Uy 2m) ~Yy om-2) i Uy.12m) ~Uyiaom-2) j
4 2AX AX 2AX
_s_y u;j,(Z,M) B u;j,(O,M—Z) _ u;?z,M) B u;}t,M—Z) i u;ﬁ,(z,M) B u;ﬁ,(o,m-z)
4 2AX AX 2AX

n n n
s, (gy—l,(o,l) —29, 0p gy+1,(o,1))

_ - n n+l Yy
- 2 (gy,(o,l) + gy,(o,l) ) + 4 n+1 2 n+l n+l
- gy—l,(O,l) - gy,(o,l) + gy+l,(0,1)

The Robin boundary condition at the intermediate step u;’x is derived by considering the

n n

. . uy,—u .
boundary condition of n™ time step, %— h(uy,) =—hT," for T," the air temperature at the
” :

boundary x =0 of n™ time step and h the convective coefficient. For the boundary condition

*

. . u ,—u, . . . :
for u , this expression becomes %— h(u;,) =—hT,". Using Equation (5.17) and
x ,

y,x!
substituting into LHS of Equation (5.19), the boundary condition for u;yx can be represented

with n™ and (n+1)" as per the following steps
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n n+1 S 2 n n+1 1 n n+l
0, ! (up s +uys ) +=267 (up 5 —uyy) E(uy'ﬁuyyz)
, 1 hu ) = B
2AX " ZAX n n+ n n+ S n n+
—=(uy, +upit) =287 (up, —up) +2L57 (up, —uyy)
1( Uy —Uy, Sy 2 Uys —Uys
2( 2AX ”J 477 2Ax ’
un+l_un+1 S un+1_un-¢-l
] o i VL NP L o EA L
2 2AX 4 2AX
_1 n SY 2 n 1 n+1 Sy 2 n+1
_E(_th )+75y (-hT, )+§(_th )—Z5y (=hT,")
_h n n+1 Sy 2 n n+1
:7(T1 +T, )+75Y(T1 -T)
(5.20)
Therefore, the boundary condition is reduced to
U* - —U* * h n n+ S n n+
Loy ;)AX — =h(uy,(2,M71))_E(T1 +T, l)+7y5y2 (Tl -1 l) : (5.21)

In the following sections, the development of the numerical code for slipper and rail
using the ADI method will be presented and analyzed. In the numerical analysis of slipper and
rail, their conductive and convective boundary conditions are considered. The numerical
representations of three boundary conditions, Equations (5.18), (5.19) and (5.21), are adopted
when the numerical method using the ADI method is being constructed according to Lakoba’s

paper(45).
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5.3 Numerical Analysis for Slipper using ADI method

length = 2L

Slipper

NE:D

Kr:D

Rail

Figure 19. Slipper and Rail's Sliding System

Let’s formulate Peaceman- Rachford’s 2D ADI scheme (47) for the slipper. Use the

Crank-Nicolson method (48) for V(57 and &),

n+l n n+l n
(a) PDE: U0 VR and L
At At
n+1 _un KS ; N
(b) Average: = =7V2(u +u 1)
zﬁ_éxz (uy +uy,) N Se Uy +uy,) (5.22)
2 L AXZ Ayz
ERTAN
= _X+_ un+ +un
A AY? (Uyic +Uy)
: K At K At . , ) |
Define p, = 22 >0 Py = 2; >-and define the operators A, = p,o; and A = p,o,, then R.H.S. in
X y

Equation (5.22b) becomes

RHS.=-{A+ A} (U +uy,) =0(a)
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As shown in Section 5.1, and according to Lakoba’s accuracy analysis (45),

2 2 52 n+1 un un+l —un
At” 9, X% = O(At*) which is equivalent to A A, 2% = O(At?). Further, the
4 AX* Ay® At At

accuracy of the slipper’s 2D ADI scheme is O(At?> + AX* + Ay®) . Therefore, it is possible to add

to the scheme any term of the same order without changing the accuracy of the scheme. Using

this observation and add the term appearing on L.H.S of Equation (5.22b),

un+l_un un+1 Un n+1 u"
R.H.S.= +AAY—_{1+ A&Ay} (5.24)
Then, rewrite Equation (5.22b) using Equations (5.23) and (5.24)
n+l n
{1+ A A |2 '”' {&+&ywﬂw )
e (5.25)

ﬁ A - &+&&}M-ﬁ+&+&+ag}

and this is the slipper’s 2D scheme. A and A, are operators, and the operator expressions on

both sides can be factored. Result in the factored form is

n+1 n
B,B,u,, =B;B,u,,

. (5.26)
where B =(1-A),B,=(1-A)),B;=(1+A)and B,=(1+A)

When factoring the operator expressions, the order of operators in their product is not

changed as these operators may not commute. For splitting steps, choose u;x such that

, (5.27)

{Blu :Bu’y‘x} (1— pxc?f)u* :(1+ pyéz)u” -+ (a)
=
B,uys = Byuy, (1-p, 87 Juyst = (14 pS7 Uy, - (b)
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which is Peaceman and Rachford’s 2D ADI method for slipper. In order to show that Equation

(5.27) is equivalent to B,B,u;"" = B,B,uy , apply the operator (1 p, 57 ) to both sides of

Y, X y,x!

Equation (5.27b), and apply the operator (1+ px5f) to both sides of Equation (5.27a) to produce

(1+ px53)(1_ pxé‘xz)u;,x (1+ px5><2)(1_ pxé‘xz)u;,x

5.28
(1 0.6) (1= py0 ' = (1= p.6?) (L p.37)u, o

Because the operators B, =(1- p,5; ) and B, =(1+ p,5; ) commute, Equation (5.28) lead to the

following result
(1= P02 ) (1= B0 Just = (1 0,57 ) (1+ 2,657 ), (5.29)

This proves that Peaceman and Rachford’s 2D ADI method for the slipper is equivalent to

n+1 n
B,B,u B,B,u, , -

yx

It is sufficient to show that the explicit heat transfer scheme is conditionally stable with
very strong restrictions and the Peaceman and Rachford’s 2D ADI method for slipper, Equation
(5.27), is unconditionally stable using the von Neumann stability analysis. Note that this
stability analysis does not consider any influence of the boundary condition, but only considers

the PDE. It uses the fact that the solution of the constant-coefficient difference equation is

satisfied by the Fourier harmonics uj} , = A"e'™"e'** where 1 is the amplification factor and

a, b are arbitrary scaling factors.

Before examining the difference scheme, first observe
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(a) 52un :lneibyAyeia(xﬂ)Ax _ZineibyAyeiaxAx +lneibyAyeia(x—1)Ax

X Uy, x
_ (eian _24 e—ian)lneibyAyeiaxAx

— (_4)Sin2 (%‘Xj lneibyAyeiaxAx . (530)

(b) 52uﬂ =(_4)S|n2(%j lneibyAyeiaxAX

yy.X

n+1 n

The explicit heat transfer scheme is given by ! 4 x,V2u" and its equivalent form is

52 52
+1 X
Uy’ =uy, +KAt o uy, + Ayz uy, | - (5.31)

Substituting Equations (5.30a) and (5.30b) into Equation (5.31), produces

(_4)Sin2 aAXx /ftneibyAyeiaxAx
2 AX?

+(_4)Sin2 [bij lneibyAyeiaxAx
2 Ay?

ﬂ’m-leibyAyeiaxAx — ﬂlneibyAyeiaXAx +K3At (532)

Upon removing a common factor, the amplification factor is

z:1—4"SA2tsin2(aAXj—4"SA2tsin2(aij. (5.33)
AX 2 Ay 2

In order to make this scheme stable, the stability condition | 4 |<1 has to be imposed.
Clearly, 0 <sin (%‘XJ <1 and 0<sin? [tw%) <1. If the largest value of sin’ [%X) and

sinz(%j is used, i.e. sinz(%jzl and sinz(mﬂjﬂ, then 1—4'(S—A2t—4KSA2t <A. Ifthe
2 2 2 AX Ay

98



smallest value is used, i.e. sin [aﬁxj 0 and sin (bgyj 0,then 2 <1. Since |A|<1is

K, At KAt
AX® Ay?

< A1 <1. This leads to

At At ) )
K + ’ZS —< 1 In order for the scheme to be stable, the size of the time
y

2

: AX Ay?
step has to satisfy At < T and At< L.

K, 2K,

Now it remains to show that the Peaceman and Rachford 2D ADI method for the slipper
is unconditionally stable. Recall Equation (5.27). For the von Neumann stability analysis of the

modified Peaceman-Rachford 2D ADI method scheme, set u; | = 1"e®™e™* and

u,, =A"A"e""e™* where 1"is the amplification factor for the intermediate step from the n"

time step. Substituting these expressions into Equation (5.27) admits the following

n 2 n
(a) u ol =U,, +p,o,u

X 7Y, X y YL X
N 4ibyAy 4iaxAx 2 n AibYyAy qiaxAX | _ 4 n4ibyAy 4iaxAx 2 n 4 ibyAy 4iaxAx
A ATV p 57 (A ANV ) = 2Ne™ Ve 4 p 57 (A" Ve )

A {1+4pX sin’ (%‘XJ} = {1—4py sin’ (kw%j}

n+1 2 n+1
(b) U 5y Y, X —U +px X yx

ﬂﬂnelbyAyelaxAx py52 ( /»LnelbyAyeiaxAx) ¥ ﬂnelbyAyelaxAx + px52 ( ineibyAyeiaxAx)

oo (32 o2

(5.34)
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By defining E =4p, sin® (b;;yj and F =4p,_sin’ (aTij the results of Equations (5.34a) and

(5.34b) can be written as A" = 17 nda=2=F respectively. This leads to
1+F 1+E
iR _1mELR ITELTR ran positive E and F, 7B qand 22 <101t
1+ 1+F1+E 1+E1+F 1+E 1+F

follows that | 2 |<1 for all a and b. Therefore, the Peaceman-Rachford 2D ADI method for the

slipper, Equation (5.27), is unconditionally stable.

In order to solve the heat transfer problem and find the solution numerically, it is
necessary to discretize the region of slipper in space and time. Let the length of the slipper be /.
Let xn be the number of gridpoints of slipper including the endpoints, and add one ghost point at
each end outside of the slipper. Therefore, xn+2 is the number of gridpoints of slipper including
the ghost points along x-axis. Similarly, let yn be the number of gridpoints of slipper along y-

axis. Therefore, yn+2 is the number of gridpoints including the ghost points. Using this

n

- and

discretization in space and time and the difference operators 52u”, =u’ 2uy  +u

x Ay, x yox+1

S,uy =uy,, —2uy +uj ., the finite difference Crank-Nicolson scheme of Equation (5.1)

becomes

n+l __n 2 2

u ) , 5)( n+ n N+ n
PDE: po—tt = =k~ (upfuy ) +k, A} (Uys +Uy,)

1LC.: Uy, =To(x,Y) with 2 < (y,x) < (yn+1,xn+1)
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n

ur,—u’

B.C.1(Head): ks%ﬂl(u;z—ﬂn(y)) with2<y<yn+1
X :
n n 2 AX n n
= uy,l :uy,S_ hl (uy,Z _T1 (y))"'O(sz)
® (5.35)

ur. L, —ul

B.C.2 (Tail): K, 2220 =, (U], — TS (Y))  with2<y<yn+l

2AX

n N 2hAX , N
= uy,xn+2 = uy,><n - ; (uy,xm+l _Tz (y)) +O(AX2)

S

uy, —u; -a"q" in contact
B.C.3(Interface): k —2X—*= ) | ; .
2Ay —h,(uy, —=T;'(x))  notin contact
N . 2Ay a"q" in contact
=>Uu, =U, +—— ] ) _
' ' ki |hy(uy, —T;'(x))  notin contact

n n 2A n~n n n
= ul, =u, + S (ma"q" - A= mh, (o], ~T () + O(ay?)

S

B.C.4 (Top): ul =T with2<x<xn+1

yn+1,x a

where m is the switch function depending on loading pressure. The region of slipper uj, is

within 2 <(y,x) <(yn+1,xn+1), and boundary values are u;, and uy ., , with2<x<xn+1 and

yn+1,x

n
y, xn+1

uy,andu with 2<y<yn+1. Given the solutions uj with 3<(y,x) <(yn,xn), itis

necessary to find the values at the boundary points ug, and ug ., with 2<y <yn+1 and

y,xn+1

uy, anduy,,, with2<x<xn+1.

yn+1,x

To complete the boundary condition, four corner points of the slipper have to be added.
These corner points are ghostpoints, which are not part of the slipper and exist at each corner of
the slipper externally. Using Lakoba’s method (45), the boundary conditions at slipper’s head

and tail are used to evaluate the two left endpoints and two right endpoints. For the left low
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endpoint u,,, apply the convective boundary condition at the slipper’s head y =1 and solve for

u,, i.e.
Uy — Uy, 2hle
k=2, -T") = u’, =u, (u', -T,"
S ZAX hl 1,2 ll 1, 2 1
u1n><n+2 - ufxn n n 2h2AX n n
ks = _h2 (ul,xn+1 T ) = ul Xn+2 u1,><n - (ul,xn+1 _T2 )
2AX K, (5.36)
Uy ps— Ul 2h AX |
k yn+2,3 yn+2,1 — (U T ) — U un _ ( n _-I-n)
S ZAX hl yn+2,2 yn+2,1 yn+2,3 ks yn+2,2 1
uy, —uy 2h,Ax
yn+2,xn+2 yn+2,xn n _ N 2 n n
ks 2AX - _h2 (uyn+2,xn+l T ) = uyn+2 Xn+2 uyn+2,xn - k (uyn+2,xn+l _TZ )

S

It is further necessary to determine the boundary values for the intermediate solution

At

t : : «
—-and r, = L . To find the expression for u,
X Ay Y,

u; . Recall Equation (5.27) and definer, =

Y.X

add Equations (5.27a) and (5.27b) and solve for U;,x :

. r
(1—%5fjuyyx—(l+%5j}u§yx+(1+%5fj (1 %yj -0
. (5.37)

u;’xzé(u +u”*1)+zc$2( . u;fxl)

The result u’y‘,X in Equation (5.37) will find the intermediate boundary values of the slipper’s

* *

. - N ¢
head and tail by examining the expression ZTASx(uy's —Uy,

)— huy, . Itisassumed that the

temperature distributions T,"(y) and T,"(y) at the slipper’s head and tail are uniform, so there is
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no temperature difference along y-axis. In Section 5.2, the convective boundary condition for

the slipper, Equation (5.21), with the result u, becomes

Similarly, for the intermediate boundary condition of slipper’s tail,

* *

u —u *
¥, Xn+2 yxm &U +2h_|z (Tzn —|—T2”+l) = G2 . (539)

2AX k, "

S

Next, use the first step in Equation (5.27) to find the intermediate solutions u;x . This
step solves the heat transfer problem in the x-direction. Let U, and U, be the row vector at a
fixed y and the column vector at a fixed x for slipper inside, i.e. U, =[u,,,U,4,--,U,,,,]" and
U, =[Uy,, Uy, -+, Uy,, ] @nd b, and b, be the boundary influence vector at slipper’s

bottom/top and head/tail, i.e. b, =[u,,,0---O,u,.,]" and b, =[u, ,0---0,u,,, . T Foreach

2<y<yn+1, solve Equation (5.27a), which is the linear system

I * n I n n n s *
(1_EX5X2)UVZUV+EY(U —2Uy+uy_l)+?yby . (5.40)

y+1

L.H.S. of Equation (5.40) is

Uy Uy
1-s2 )l e, 5.41
_E X * — M * . ( . )
uy,xn uy,xn
_uy,xn+l_ _uy,xn+1_
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H
+
—
|
—
o
o

—-—= 1+, Loy 0
2
0 ~Loayr Koo 0
2 2
where A, =
0 0 o koo
2 2
0 0 - g4 r _L
2 2
| 0 0 -, 141, |
R.H.S. of Equation (5.40) is
u;i u;+1,2 u;g u;,]_yz —2AXG1
U;,3 +r_y u;+l,3 _ 2 u;yg n u;71,3 +£ 0 ’ (542)
2 20 ...
_u;XrHl_ _u;+l,xn+1_ _u;,xn+l_ _u;_lvxn_*_]__ ZAXG2

where G,, G, are defined in Equations (5.38) and (5.39). Combine Equations (5.41) and (5.42),

then the result of Equation (5.40) in a matrix form is
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[ roAxh
* k uy’2
Uy, s
. 0
Al . |+
uy,xn
Uy i —r-Axh, .
y, xn+1
L kS
n
uy+1,2
r.| u"

= Ey ?/TTYS + (1_ ry)

n
y+1,xn+1

u

n
y,2
n

Uy‘3

u

[ r-Axh
2k

S

(Tln + T1n+l)

0

—r -Ax-h
X 2 (Tzn + -I-2n+l)

2k,

. (5.43)

Now the values of the intermediate solution u;,x with 2<(y,x) <(yn+1,xn+1) are

determined. In order to complete this first step, solving the heat transfer problem in the y-

*

direction, it is necessary to determine the values of u, and u for2<y<yn+1 using

y,xn+2

Equations (5.38) and (5.39),

* * _2h1'AX u* + hlAX

Uy, =Uys K v.2 K (Tln +T1n+l)
2hSAx sh AX ' (5.44)
u;,xn+2 = u;,xn +i2<—u;,xn+1 +2k—(T2n +T2n+1)

The results of Equation (5.44) are the values of the intermediate solution U;,x with 1<x<xn+2
and 2<y<yn+1,and these values are necessary and sufficient to find the solution on the

(n+1)* time level.
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The solution at the new time level, ugfxl with 2 <(y,x) <(yn+1,xn+1) is determined by

solving the heat transfer problem in the y-direction (into slipper’s depth) with the values of the

intermediate solution u, , with1<x<xn+2and2<y<yn+1.

. ! I . .
Let’s recall Equation (5.27b), (1—%5;}%& :[1+§§fjuyyx . Equation (5.35) shows a

Dirichlet boundary condition at the slipper’s top (B.C.4 of Equation (5.35)) and the Neumann
boundary condition or mixed boundary condition at the interface (B.C.3 of Equation (5.35)). In
this step, Equations (5.19) and (5.21) need to be considered. For each x for 2<x<xn+1, solve

the linear system

r * r * * * r
y o2 n+l _ X Yy |n+l
(1_?5VJUX _ux+5(ux+1—2ux+ux,l)+?bx (5.45)
L.H.S. of Equation (5.45) is
Uz Uz
(1_252] | 5.46)
n+l S n+l '
2 ! uyn,x uyn,x
_u;rﬁl,x_ _u;rﬁl,x_
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1+r, -, 0 0
r r
-2 1l+r, -2 O 0
2 2
r
0 —ZX 1l+r, _?y 0 0
where B, =
0 0 -2 1+r, -2 0
0 0 2= 1+r, -2
r
0 0 —ZX 1+r,
L 2 dynxyn

In order to solve R.H.S. of Equation (5.45), it is necessary to determine the boundary

influence vector b*™ . At the interface, the on-and-off bounce effect changes the boundary

condition from conductive to convective heat transfer. The boundary condition at the interface is

S U L (gt mphy g -T0) =6, (647
2Ay k ’

S

Note that G, contains the unknown value uj’'. This definition is a convenient way to show the

step from Equation (5.48) to (5.49). B.C.4 of Equation (5.35) shows that the boundary condition
for y=yn+land 2<x<xn+1 (the slipper’s top) is a fixed temperature boundary condition

] are defined.

(Dirichlet boundary condition). u,, and u for b, =[u,,,,0---0

yn+l,m ! uyn+1,m

Therefore, R.H.S. of Equation (5.45) is
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u2,X u2,x+l
u3,x + r_x u3,x+l
2
_uyn+1,x_ _uyn+l,x+l_

u2,x u2,x—1
U, U,
3,X 3,x-1
+ +—=
_uyn+1,x_ _uyn+l,x—1_

(5.48)

where G, is defined in Equation (5.47). Combine Equations (5.46) and (5.48), then the result of

Equation (5.45) in a matrix form is

r,-Ay-h
n+l y 3 n+ly,,n+1l * *
u2,X K (1_ m )u2,2 uZ,x+1 u2,x
S * *
cee r u3 u
_ X X+1 3,X
B, i + 0 =5 +(1-r,)
yn,x
n+l * *
uyn+1,x 0 uyn+1,x+1 L’IynJrl,x
. ry Ay rnn+1 n+lon+l ry Ath (1_ mn+1)-|-3n+l
2,x-1 ks S
| U, 0
+ E)( S,X 1 +
uyn+l,x—1 ry
_TO
L 2 J

5.4 Numerical Analysis for Rail using ADI method

(5.49)

Recall Figure 19, Slipper and rail’s sliding system, of Section 5.3. Peaceman and

Rachford’s 2D ADI method (47) for the rail is different from Equation (5.22) because the rail’s

PDE contains the heat flow term v(t)g—u due to its moving velocity v(t) (in the slipper’s
X

reference frame). Similar to the numerical analysis for slipper in Section 5.3, the Crank-
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Nicolson scheme(47) is obtained by averaging both forward and backward central difference

scheme (49) to produce

—Z%(Krvz (un +un+1)+vn.vun +Vn+1.vun+l) (550)

where Vis a vector valued function andv" =v(t ) and v** = v(t_,). With the Taylor series

expansion around t__, ., the vector functions v" and v"** may be expressed by the common term

V™2 (the averaged velocity),

Vn+1:Vn+l/2+i(vn+1/2)£+O(At2)
‘i'it Azt | (5.51)

Vn :Vn+l/2 _ Vn+112 _+O Atz

gV roen)

The heat flow term v™ - Vu® + v™*1 . vu*1 in Equation (5.50) can be rewriten using Equation

(5.51) as

= {v"% + % (vn%) %} -Vuttl + {vn% — % (v"%) %} -Vu™ + 0(At?) (5.52)

1 2 1 n+i_,n
=v"" 2.V +un) + %%(v"ﬁ) -% + 0(At?)

2 1 n+i_,n
Assuming V - % = 0(1), then %%(v“?) -W = 0(At?) and Equation (5.52)
reduces to
1
vy L T = ™2 V(T + u) 4 0(AE?). (5.53)
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Introducing Equation (5.53) into Equation (5.50) along the central difference operators,

defined in the usual way as S,u; , =u’ ug .., produces

X Uy, x yox+l

n+l n

Y. X UY-X
At
r n+ n n+ n n+1/2 oc n+1 n n+1/2 ¢c n+1 n
K, | Sr(uys +uy,) . S +ul ) A o (uy'X +uy,x) Vs, (uy,X +uy,x) L OA)
2| A¥ Ay? 2 2AX 2Ay
P B 52 55 X 1 [y ge V;1+1/25yc X ,
| =+ um™tu! )+ = X X 4 u™ +u” )+ O(At 5.54
2 _AX2 Ayz ( Y, X y,x) 2 2AX ZAy ( Y, X y,x) ( ) ( )
. At At v, 2N "2 AL
Next define the values p, =Kr—2, p, = A =, Cp = Land cy=— , along
2AX 2AY 4AX

with operators A, = p,&;, A, = p,d,, C; =c;5; and CJ =c)s; . Itisimportant to observe that C}
changes at each time step and that v, & v, are respectively the horizontal and velocity and

vertical velocities. If the sled slides along the rail horizontally and does not move vertically, then

C, =c,o, isnegligible as c¢J =0. Now Equation (5.54) can be simplified to

un+1 _un 1
Y, X y. X _ n n+1 n _
L _E{A(+AY+CX}(UW +uj ) =0(At) , (5.55)

which is the rail’s modified implicit 2D ADI scheme.

Once again, according to Lakoba’s analysis (45),

™t —yn At? 52 S u™—y" ult—u’
yx Ty g2 XY _yx ¥X - (At?). Similarly, CTA XX = O(At?) .
AN "4 A A A (A1) P AT (At

Because the accuracy of the rail’s modified 2D ADI scheme is O(At? + Ax* + Ay?), adding the
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operators A A, and C/A, tothe L.H.S. of Equation (5.55) does not change the order of

n+1 n

accuracy of the scheme, i.e. {1+A&Ay +C’ Ay} yx {,AWLAyJFCn} el ).

Rearranging terms Equation (5.55) becomes
{1—C“ A -A+AA +C; Ay} nl {1+C" +A+A +AA +c;Ay}u;x. (5.56)

The operator expressions in Equation (5.56) can be factored by defining B, = (1- A, -C),

B,=(1-A), B;=(1+A +C}),and B, =(1+A)). Then, Equation (5.56) in a factored form is
B,B,ul = B,B,uy, . (5.57)

Notice that when factoring Equation (5.56), the order of operators in their product was not

changed as the operators do not commute. Splitting steps require u;x chosen such that

. (5.58)

B, =B’ (1-c35 - p, &7 )uy, =(1+ p,57 uy, -+ (a)
=
B,uJ = Byu, (1,07 Jups = (1+c;o; + p,s; )uy,  -++(b)
which is the modified Peaceman and Rachford’s 2D ADI method for the rail. To prove the
equivalence of this split step method to Equation (5.57), apply the operator (1-c!5° — p,57>) to
both sides of Equation (5.58b) and the operator (1+c!5° + p,o°) both sides of Equation (5.58a)
and obtain
(1+c;55 + p, 87 ) (1-c}55 - p,57 )uy , = (1+¢;55 + p,S; ) (1+ p, 57 )uy

(1-cyog - p,57 ) (1- p, &7 Juy's = (1-cp55 — p,57 ) (1+ ;05 + p,57 u
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Again, because (1+c]5; +p,d57 ) and (1-c}5; - p,s; ) commute, Equation (5.59) leads to

(1-cpoy - p,57 ) (1- p, &7 Juys = (1+ 705 + p, o7 ) (1+ p, o7 Juy - (5.60)

This proves that Equation (5.58) is equivalent to B,B,u’*" = B;B,uy, -

Yy, X

To study the stability of the rail’s modified 2D ADI scheme (Equation (5.58)), an
approach similar to that for the implicit scheme on the sled (Section 5.3) is used. However,

because the operators B, and B, are time dependent, a modified approach is necessary. Begin by
setting uj , = 4,e™*e™where A, may change at each time step and U, , = A'uj , . Further,
applying the central difference operator, &, , and the two second order difference operators

57 and &; to Uy, produces

§cun :ﬂneibyAyeia(XJrl)Ax _ﬂ’neibyAyeia(x—l)Ax

XY, X
_ iaAX —iaAx ibyAy L iaxAx
=(e™ —e ™) 1,e™Ve

= (2i)sin(aAx) 4, g™V e™™ , (5.61)

X Y, X

o, = (—4)sin? (%‘Xj /lneibyAyeiaXAX

S2ul = (~4)sin’ (Lyj 2,8 e

yy.X

Using these in the rail’s modified 2D ADI scheme (Equation (5.58)) and removing the Fourier

terms results in
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[1—4icy sin(aAx) +8p, sin’ (%“]]/I*ﬂn =[1-8p, sin’ (m%j]/ln
(5.62a)

[1+8p, sin® [%}]AM = [1+ 4ic] sin(aAx) —8p, sin’ [%‘X)M*/ﬁ]

Next define E =8py5in2(b;;yj, F =8pXSin2(£§j and G, = 4c” sin(aAx) and observe that

0<sin? (%Xj <1,0<sin? (kw%j <land —-1<sin(aAx) <1. Thus E and F are always positive

and Equation (5.62a) is reduced to

1-iG+F)A" =(1-E)

. . (5.62b)
(1+E)A,,, =1+iG-F)4 4,
Solving this equation for A, ., leads to
. _1-F+IG, 1A _1-F+IG, 1—E_ A _1-E l—F+!Gn N (5.63a)
1+E 1+E  1+F-IG, 1+E 1+ F -iG,
This difference equation has the solution
A, = 1-E Hﬂ (5.63h)
1+E) 31+ F -iG,
Forall E, F and G, 1-E <land ﬂ <1 because E and F are positive number. It
1+E 1+ F -iG,

follows that | A, |<1 for all a and b. Therefore, the modified Peaceman-Rachford 2D ADI

method for rail is unconditionally stable.
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The rail and slipper are semi-infinite solids. In order to solve the heat transfer problem
and find the solution numerically, it is necessary to discretize the regions of rail and slipper in
space and time. Therefore, the semi-infinite space of rail and slipper is no longer useful and
must be replaced with a finite length. For the numerical analysis, the three additional boundary
conditions are added, such as the right-end-side and left-end-side boundaries, and aerodynamic
boundary between the rail and slipper’s contact surfaces. It is assumed that the temperature
distribution at the right and left ends are fixed at an ambient temperature. Aerodynamics
(movement of air) between the rail and slipper’s sliding surfaces creates the bounce effect while
the slipper moves along the rail with the sliding velocity. The switch function defined in Section
3.1is used to simulate the bounce effect. Let’s suppose that the length of rail is some multiples
of slipper’s length. For convenience and simplification to demonstrate the numerical
formulation of this problem for the rail, say k =2. So the number of gridpoints of rail on x-axis
is twice that of the slipper’s. Let 2xn be the number of gridpoints to which the rail is discretized
including the endpoints, and add one ghost point at each end outside of the rail. Therefore,
2xn+2 is the number of gridpoints assigned to the rail including the ghost points along the x-

axis. Similarly, let yn be the number of gridpoints assigned along the y-axis. Therefore, yn+2 is
. i . _Xn . 3xn ..
the number of gridpoints including the ghost points. Let L = > and L™ = Py for some positive

even integer xn. Accordingly these numbers represent the endpoints of the rail’s contact
surface. Discretizing space and time, the finite difference scheme of Equation (5.2), heat transfer

problem for the rail, becomes
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Y. X

un+1_un 52 52
PDE: pc| XX —y"2.y (u" +u") =k~ (u;fxl+u;‘vx)+krA—y2(u”+1+u;"x)

At X y
1.C.:o Uy, =Ty(x,y) with 2 < (y,Xx) < (yn+1,2xn+1)
B.C.1(Left): uy, =T, with2<y<yn+1
B.C.2 (Right): US iz = T with2<y<yn+1
uy, —u;
B.C.3(Interface): k =X 21X =
2AY
h(u;, —T,) 1<x<L -landL" +1<x<2xn+2 :
’ in contact
@l-a"q" L <x<L'
h(uy,-T,) 1<x<L —-land L' +1<x<2xn+2 .
' not in contact
hy (U3, —T5'(X)) L <x<L'
B.C.4 (Bottom):  uy ., =T, with 2< x <2xn+1 (5.64)

The rail’s PDE includes the heat flow term v“”’z-v(u”+l +u”) because the rail is a
moving object. This heat flow will introduce the heat front and heat tail after computing the
rail’s 2D ADI scheme, which was discussed in Literature Review Section, Section 1.6.3. The
whole rail is initially at T,(x, y) and the only heat source is under the sliding surface. The left
and right sides of rail’s domain are not influenced by the frictional heat. Let the temperature
distributions of both the left and right ends of the rail remain at ambient temperature T, .

Similarly, let the rail’s bottom remain at T,. From Figure 19, at the rail’s top the frictional heat

source is only located between L~ and L™ when the slipper and rail are in contact. As such, the
boundary condition at the interface in the interval L™ <x < L" is the same as the slipper’s
interface boundary condition with the different heat partitioning value (1—« ). In the region

1<x<L -1and L"+1<x<2xn+2, there is convective heat transfer between air and rail.
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Is within 2 <(y,x) <(yn+1,2xn+1), and the boundaries are

X

The region of the rail uj

u, andug , with2<x<2xn+1and uj, andug,, , with2<y<yn+1. Given the solutions

yn+2,x

*

uy . with 2<(y,x) <(yn+1,2xn+1), find the values at the boundary points u;,l andu,,,.., With

*

2<y<yn+landu, andu with 2< x<2xn+1.

yn+2,x

To complete the boundary condition, four corner points of the rail must be added. These
corner points are ghostpoints, which are not part of the slipper and exist at each corner of the rail
externally. This condition ensures the continuity of boundary conditions around the rail’s four

boundary sides. Using an approach similar to the slipper problem in Section 5.3, the values at

H n n n n
ghostpoints are u;, =T, ,u/,,., =T, UG =T, and Uooxnsz = Ta

It is further necessary to determine the boundary values for the intermediate solution

. : : At At VA :
u,,. See Equation (5.58) and definer, = K = T, = K —-and ¢ = ! . To find the
‘ AX Ay 4AX

expression for u;x , add two Equations (5.58a) and (5.58b) and solve for u;yx ,

1-cs — s ot 12 Ut —|1- 262 Ut e[ 1eenst + e 82 Ul
2 )y 2 2 2,7 )" =0
. (5.65)

* 1 n n+1 ry 2 n n+1
Uy, = E(uy’X +Uy )+Z5y (uyyX —uy )

The boundary condition at left and right end of rail’s domain is a fixed temperature

T,(x,y) . This implies that at any time step, the temperature at both ends is fixed at T,(x,y). So

the rail’s left and right end boundary condition for 2 <y < yn+1 at the intermediate step is
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Left:u,, =T, =G,

5.66
Right:u; (5.66)

y, 2xn+l

Formulating the numerical code for Equations (5.58a) and (5.58b), it is necessary to use

Using

y,2xn+1"*

the difference operator (1-c[o¢ —%55) and (1-c'5¢ —%55) to u;, and u;

Equation (5.66), the values at the rail’s left and right end boundaries, (1-c,5, —r—2X5X2)u;2 and

(1-clof - 52)uy2m+1become
(1 Cn§c 5x2)u;2 Cxé‘f y,2 2)(5x2 ;2

« - . ro( o«

=uy,2—cx(uy3—uy’1) (uy'3 2uy2+uyl)

r *

= c¢' -2 lu,, +(1+r)u, , +| —c' == |u
[X 2] )y ( " jy (5.67)

:(CQ—r—ijTa+(1+rx)uy2+( c;‘——XJuy3

n gc n r-x * * n rx
(1 C 5 5) y2xn+l [Cx _Ejuy,2xn+(1+ r‘X)uy,an+l+( Cx _EjTa

Performing the first step in Equation (5.58) finds the intermediate solutions u;,x. This
step solves the heat transfer problem in the x-direction. Let U and U, be the row vector at a

fixed y and the column vector at a fixed x for the interior of the rail, i.e.

T
U :[uy,Z’uy,37""uy,2xn+l] and Ux:[UZ,X’uax:"':u

y ",and b, and b, are the boundary

yn+l,x]
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influence vector at rail’s left and right, i.e. b, =[u,,,0---0,u,,,.,,]" and b, =[u, ,,0---0,u,, ;. T’

. Foreach 2<y<yn+1, solve Equation (5.58a), which is the linear system

. I N . .
(1—c:5;—%5f)uy = U} +2(U},-2U} + U )+ (5.68)

y+1

L.H.S. of Equation (5.68) is

Uy, Uy,
r . r LY o
(1—c;6 — 28U, =|1-c}S; — 267 || . =A| . (5.69)
2 2 uy,an uy,2><n
_u;,2xn+l_ _u;,me—l_
_ - ,
1+r, —*-c, 0 0
2
—r—x+c;‘ 1+r, —r—X—CQ 0 0
2
0 —r—x+c;‘ 1+r, —%—C: 0
where A =
0 —r—x+c;1 1+r, L C, 0
2 2
0 0 _£+an 1+r, —r—x—cQ
2
r n
0 0 -2+c, 14,
L 2 i

and U, Z[Uy,z,-",uy,zxMT .

R.H.S. of Equation (5.68)
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y+1

n ry n
UV+E(U

Uyy2
n
| We | N
. 2
n
uy,xn+l

—2U, +U ) +b;

y+1,2 uy,2
n
uy+1,3 2 y,3
n n
uy+l,xn+1 uy,xn+l

(5.70)

where G,, G, are defined in Equation (5.66). Combine Equations (5.69) and (5.70), then the

result of Equation (5.68) in a matrix form is

y,2
r
_ Y
A T )
y,Xn
uy,xn+1

u

n

y+1,xn+1

l'Iy+l,3

n
y+1,2
n

u

+(@1-r,)

Uy,

n
y.2
n

o
__C)(
5
0
roo.
X 4]
[

(5.71)

Now the values of the intermediate solution u’y’,X with 2 <(y,x) <(yn+1,2xn+1) are

determined. Since Equation (5.66) shows that the temperature at both left and right ends of the

rail is fixed at T, the values of u,, and u

*

y,2Xn+2

for2<y<yn+1 are T,. Inorder to complete

this first step, it is necessary to determine the values of U;,x with 1< x<2xn+2 and

2<y<yn+1. These values are necessary and sufficient to find the solution on the (n+1)* time

level.

119



The solution at the new time level, ugfxl with 2 < (y,x) < (yn+1,2xn+1) is determined by

solving the heat transfer problem in the x-direction with the values of the intermediate solution

u;x with 1<x<2xn+2 and 2<y<yn+1. Recall Equation (5.58b) and consider the mixed

boundary conditions, the Dirichlet boundary condition at the rail’s bottom and the Neumann

boundary condition at the interface. For each 2 < x <2xn+1, solve the linear system

which is the matrix form of Equation (5.58b). L.H.S. of Equation (5.72) is

@—352

where B, =

1+ r, -,
r
_Ey 1+,
0 N
2
0
0
0

n+ r
Juﬁ:@—%x
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n+l n+l
u2,x u2,x
J n+l = Br n+l
uyn,x uyn,><
n+l n+1
_uyn+l,x_ _uyn+1,x_
0 -
0
0
0
Y
2
1+,

§ . . * * * * "
(1_Ey5;juz+l = UX +%(Ux+1 _ZUX + Ux—1)+cx(Ux+l - Ux—l)+3yb:ﬂ+l !

ynxyn

(5.72)

(5.73)



Before rewriting R.H.S. of Equation (5.72), the boundary influence vector b™ ., must be

determined. This boundary influence vector is similar to Equation (5.47), the slipper’s boundary
condition at the interface discussed in Section 5.3. The difference is that the rail’s surface is
partitioned into three parts and each segment has a different boundary condition which is defined

at B.C.3 in Equation (5.64). The numerical expression of B.C.3 in Equation (5.64) becomes

k ug,x_uln,x _
" 2AY
h(u;, -T,) 1<x<L —landL"+1<x<2xn+2 _
’ in contact (5.74)
1-a")q" L <x<Lf

{ h(up,-T,) 1<x<L -land L' +1<x<2xn+2

n n B . ¢hotin contact
hy (U, —T5' (X)) L <x<L

Solving Equation (5.74) for u", , is the numerical representation of the rail’s interface, which is

the first component of b . Let’s define Equation (5.74) as G,. When the rail is in contact, G,

represents the conductive boundary condition along the sliding contact area and the convective
boundary condition outside of the contact area. When the rail is not in contact, there exists the
convective boundary condition between two sliding surfaces along the contact area and another
convective boundary condition outside of the contact area. Then R.H.S. of Equation (5.72)

becomes
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u +%(U;l—2u’; FUL )+

yn+1,x+1 i

c'(U,

X+

*

u2,x+l

*

u3,x+1

*

uyn+1,>(+l

*

u2,x—1

*

u3,x—1

*

u yn+1,x-1

u2,x

r
U )+-2Lb
x—l) 2 m

*

(5.75)

Combine Equations (5.73) and (5.75), then Equation (5.72) becomes

[ r.-Ayh
ugJ;l y 3 (1_ mn+1)u
' ks
Br n+l + 0
uyn,x
n+1
uyn+1,>< 0
u2,x+l
r Uy
+ —X+C: 3,x+1
)
uyn+l,><+l

n+l
2,2

Ay
k

S

n+1
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n+1

*

u2,x

*

*

u2,x—l

*

u u
—C:J 3,X—1 +(1_rx) 3,X

* *

uyn+1,><—1 uyn+1,><
r -Av-h ] (576)
qn+l .y y 3 (1_mn+l)-|-3n+l
0
_VTO




5.5 Restrictions on Numerical Analysis of the Convection-Diffusion Problem

The beginning of Chapter 5 considered the two dimensional heat transfer PDE with a heat
flow term v(t)g—u for the rail. In Section 5.4, a finite difference scheme with the rail and the
X

convection-diffusion equation was developed. Equation (5.2a) is the partial differential equation

of the rail’s heat transfer system, and its forward-time central-space scheme is

+1
u;,x - u;,x _\" u;,x+l - u;,x—l =K, u;,x+l - 2u;2X + u;,x—l +K, u;+1,x - 2u;2X + u;—l,x (577)
At 2AX AX Ay
In order to use the analysis of Strikwerda (50), solving Equation (5.77) for u"*' helps to

Y. X

n+1

examine and analyze the stability of Equation (5.77). The solution of Equation (5.77) for uJ"" is

;j;l =K, _AAXtZ (1+%)u;,x+l T K %CL_%)U;’X]‘
o 2 | (5.78)
-I—(].—ZK}_Z_ZKr 2 y n
AX Ay

u

n

)uy,x + Ky A_yz(uy+1,x + uy—l,x)

John C. Strikwerda in Finite Difference Schemes and Partial Differential Equations (50)

2
discussed the stability condition for the convection-diffusion equation, %u+ a@_u = ba—u He

ox o oxt
. Axa . . . . .
found the ratio Ty describes that where this ratio is greater than 1, the solution will be

oscillatory. This result is same for both positive and negative a so it is convenient to use the

n n

: : . Axv
absolute value |a|. For Equation (5.78) a=—v?andb:z<r.Accordlnglythe ratio is e

Kl’
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n

From his conclusion, the condition

<1 is a condition on the mesh spacing that must be

2K,

satisfied in order for the solution to the scheme to behave qualitatively as that of a parabolic

differential equation.

293.1 T

Rail's Surface Temperature Without Using Strang Splitting Method @ t=0.1

293.05F b
293
292.95

292.9

Surface Temperature (K)

292.85F b

292. : : :
%0 100 150 200 250

Rail's Length (grid pts)

Figure 20. Rail's Surface Temperature Distribution at t=0 for v(t)=1 m/sec

n

Y <1 where Ax= 0.002, «, =7.44x10°and

2K,

Figure 20 is the numerical result for

v" =1. The x-axis represents the surface along the rail. The slipper contacts the rail between
100" grid point and 200" grid point. At the time t = 0.1second, the frictional heat is generated
due to sliding event and the surface temperature of the interface area along the rail rises.
Because the rail is effectively moving right with first contact at the 100" grid point a steady

temperature rise is seen looking left to right in the direction of motion. Figure 20 indicates that

AxV"

2K,

the solution does not oscillate notably when the sled’s velocity is 1 m/sec. However, if >1

where v, = 10 m/sec, then the solution becomes oscillatory, see Figure 21.
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Rai's Surface Temperature Without Using Strang Splitting Method @ t = 0.004

350 T

340

Surface Temperature (K)

1 1 1 1
100 200 300 400 500 600

Rail's Length (grid pts)

Figure 21. Rail's Surface Temperature Distribution at t=0.004 for v(t)=10 m/sec

John C. Strikwerda in Finite Difference Schemes and Partial Differential Equations (50)
states that the oscillations do not grow excessively, i.e. the amplitude of oscillations maintains

the same length as time progresses. He indicates they are not the result of instability.

One numerical technique used to remediate this oscillation is the operator splitting
method. In Chertock and Kurganov’s paper On Splitting-Based Numerical Methods for
Convection-Diffusion Equations (51) they describe that computing solutions of convection-
diffusion equations is an important and challenging problem, especially in the convection
dominated case. This is because viscous layers (melt layers) are so thin that one is forced to use
under-resolved methods that may be unstable. If a numerical convection method dominates over
a physical diffusion process, the under-resolved method is typically stable, but the resolution

may be severely affected.

If an insufficient amount of physical diffusion is compensated by an excessive numerical
viscosity, the under-resolved method is typically stable, but the resolution may be severely

affected. At the same time, the use of dispersive schemes may cause spurious oscillations that
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may trigger numerical instabilities. Their approach to overcome these difficulties was an
operator splitting technique which numerically preserved a delicate balance between the

convection and diffusion terms.

Operator or time splitting is often used in the numerical solution of initial boundary value
problems for differential equations. Lanser and Verwer (52) stated that virtually all processes
modeled by time-dependent partial differential equations split additively in subprocesses for
which simpler PDEs exist. This leads to the use of operator splitting or time splitting. An early
influential paper on this subject is Gilbert Strang’s paper, On The Construction and Comparison
of Difference Schemes (53). In his paper, he used nonlinear initial value problems in two space
variables. The methods to solve these nonlinear initial value problems in two space variables
were either too crude to be accurate for first order or too complicated for third order methods.
The computations were expensive either by the fine mesh required by a first order scheme in
order to provide enough detail, or by the delicate differencing which maintained a high order of
accuracy. So he proposed a new device for the construction of accurate difference schemes,

which was an alternating direction scheme with the half-steps ordered for maximum accuracy.

Figure 21, shows that oscillation appears when the sled velocity is 10 m/sec. For the 2D
heat transfer problem the velocity is very large, i.e. v(t) is 100 — 3000 m/sec , and the

scheme to solve rail’s heat transfer problem introduces oscillations. As such it will not be a good
o . ou . . .
approximation to the true solution. Because the heat flow term, v(t)a— in Equation (5.2a), is not
X

negligible in computing solutions of rail’s heat transfer problem, the Strang Splitting technique is

employed.(53)(54) The method is described as
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umt = Sl(%)sz(dt)sl(%)u“ . (5.79)

In Equation (5.79), S, and S, are the diffusion and convection processes. If the diffusion

process is applied first for the half-time step then the convection process is applied for the full-
time step. In order to make a full-time step with the diffusion process, the half-time step
diffusion needs to be applied again. These processes show the alternating operators between the

diffusion and convection processes for a single iteration.

The rail’s two dimensional heat transfer problem can be rewritten as

u, = v(t)-Vu+ -V (5.80)

heat flow heat diffusion

Using the concept of Equation (5.79) with Equation (5.80), it is possible to develop the

Strang Splitting Method. For each time step, the heat diffusion process u, = x,-V?u is solved for
a half time step; then the heat flow process u, = v(t)-Vu is solved for a full time step; and
finally, u, = x.-V?u is solved for a half time step. As the sled is moving by the velocity v(t),

the contact area between the rail and slipper has to be adjusted at each time as the sled moves.

127



Distance Traveled

] Slipper
Rail
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Ambient Temp. x1 | x2
ul dé
u3
u2

Figure 22. Rail's Domain Change Due to Sliding Velocity

Figure 22 illustrates how the contact area moves at each time step. The slipper’s new
domain corresponds to a new domain of rail each time. Each domain of rail has a different
temperature distribution at each time step. The temperature profile under the distance traveled

for some time becomes the ambient temperature T,. Each point on the graph is mapped to the

new position due to sliding velocity.

Let’s consider the discrete domain and difference scheme. Let dx be the distance

between x, and X, during one time interval, and d& be the distance from X, to some point x,
which lies between x and x, as in Figure 22. Then if the rail’s temperature is a linear function
of time on one interval, the slope between two points u, and u, is the same as the slope between

two points u,and u,, i.e.
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= Uu=Uu +A§(%} : (5.81)

In the Chertock and Kurganov’s paper On Splitting-Based Numerical Methods for
Convection-Diffusion Equations (51), they split the diffusion process into two half-time steps for
the first and the third steps, and used the one-full-time step convection process for the second
step. Using this idea, frictional heat energy is diffused into the rail for the first half time step.
Using this relation to move the coordinate of rail in x-axis, the rail is moved by the distance
traveled at a given velocity during the time step then the frictional heat energy is allowed to
diffuse into rail for the second half time step. Finally the frictional heat energy diffusion is

applied again to complete one iteration.

5.6 Calculating Heat Partitioning Values Numerically

In Chapter 3 the heat partition function was determined analytically using the method of
Carslaw and Jaeger. First, the surface temperature distributions of two sliding materials were
calculated using uniform frictional heat energy at constant velocity and then the surface
temperatures were averaged along the contact region. Equating the averaged surface
temperatures of the two materials gave rise the analytical solution for frictional heat partition
values. As a result Equation (3.40) in Section 3.2 was derived as the analytical solution of the
slipper’s frictional heat partition function «(t), i.e.

o e BPE(E)

1
W=l e

(5.82)
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S r » 0 2k+3 1

where g :k—,/ K and E(-r)= e (k +1)M(—r)k . The discrete PDE’s for the
kK" 7zxc® = (2k +3)!

two dimensional rail and slipper problem correspond to their continuous PDE’s. As such,

numerical representations corresponding to the analytical expressions with influences by the

initial temperature and interface boundary condition must be developed.

The numerical method to determine the evolution of the heat partitioning function
follows the development of the analytical solution. However, because the numerical solution

allows for a continuously changing flux, q(t) (i.e. non-constant velocity), along with the

convective boundary conditions on either end of the slipper, a more accurate estimate of the

partitioning function will be possible.

Begin by rewriting the two dimensional numerical solutions of rail and slipper as

U™ (e,)=MuU" +(L-a, )M,q"

n+l n n ! (583)
u;" () =N,u; +e,N,q

where u*(«,) and u*(«,) yields the numerical solutions of rail and slipper using the previous
(slipper) heat partition value ¢,. M,u; and N,u_ can be thought of as the numerical contribution
of the rail and slipper temperature distributions at time t,. Similarly, (1—«,)M,q" and &, N,q"

are the numerical contributions of the rail and slipper interface boundary condition to the

temperature distribution during the time interval t, to t . With the method of Carslaw and

Jaeger (21), uM*(e,) and u’(«,) in Equation (5.83) are averaged along the interface to

produce values u!**(e,) and u'**(a,). Here the ‘over bar’ stands for average along the contact
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interface length only. If the difference of u!*(e,) and u'*(«,) is zero, then the partition value

a, was correctly chosen. If the difference between u!™(e,) and u'*(«,) is not zero, the value

S r

for «, must be adjusted. The difference between these average values is given by

u™(e,) Ul (a,) = MU +(1-a, )M,q" = Nu" +a, N,q" . (5.84)

The goal is to calculate a correction, A, to «, so that Equation (5.84) vanishes for

a; =a,+Aa. Accordingly, o, =, + Aa is chosen such that

U (@, + M)~ (o, +A@) = M7 + (L= @, + Aa)Mq" = Nl + (e, + AN, Q" g gy
=0

Solving Equation (5.85) for Aa yields

n+1 g+t
AO{Zur (an) us (an)' (586)

M,q" +N,q"

The averaged boundary condition influences to the rail and slipper at the interface

M.,q" and N,q" can be found from the averaged temperature influences at the interface

M,u; and N,u! . The values of M,u; for the rail and N,u_ for the slipper are calculated

numerically by letting ¢, =1 for Equation (5.83) term M,u; and «, =0 in Equation (5.83) term

N,u! . With Equation (5.83), solving u*(a,) =M,u" + (1-,)M,q" and

u™(a,)=Nu! +a,N,q" for M,q" and N,q" produces the following
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M,q" = 105 [Ufﬂ(an)_MluP}
" . (5.87)
N,q :a—[u;‘”(an)—Nlus”J

n

Using these values in Equation (5.86), the change of slipper’s heat partition value Aa is

computed. With the slipper’s corrected heat partition value «® = «, + Aa , the temperature

distributions for the rail and slipper are re-evaluated. The averaged temperatures of rail and

slipper u™(af) , ul*™(af) at the interface are now equal to one another. There are two major

S
influences determining the slipper’s heat partitioning value: 1) the different thermal properties of

rail and slipper and 2) the surface temperature of rail and slipper.

Slipper Heat Partitioned Values with 10 m/sec
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Slipper Heat Partitioned Values with 10t m/sec
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Figure 23. Slipper's Adjusted Heat Partition Values to Match Averaged Surface Temperatures of Rail and Slipper vs
Sliding Time

The first two graphs of Figure 23 are (a) the slipper’s heat partition value graph and (b)
the averaged surface temperatures of rail and slipper when a sled is moving at constant rate 10
m/sec. The next two graphs of Figure 23 are (c) the slipper’s heat partition value graph and (d)
the averaged surface temperatures of rail and slipper when the velocity of a sled is increasing
linearly at 10 - t m/sec. From two graphs (b) and (d) in Figure 23, Equation (5.86) calculates
the correct slipper’s heat partition value at each iteration so the slipper’s averaged surface

temperature matches the rail’s averaged surface temperature.

In graphs (a) and (b) of Figure 23, initially the sled is moving 10 m/sec, which means the
friction initially heats the contact surfaces of slipper and rail. In graphs (c) and (d) of Figure 23,
the velocity of the sled is increasing linearly at the rate of 10 m/sec?, v(t)=10t m/sec, i.e. the
velocity of the sled starts at 0 m/sec and reaches 10 m/sec at one second. The key point here is

that v(t)=10t m/sec is starting at zero and the sled accelerates to velocity of 10 m/sec in one
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second while v(t)=10 m/sec is starting at 10 m/sec and remains at 10 m/sec for one second. The
slipper’s initial heat partition fraction is set to 0.488. This initial guess is based on the slipper and
rail’s thermal properties calculated in Equation (3.39). The heat generated with the constant

velocity is greater than for accelerating velocity. From Equation (4.24)

[PV dt=[ uPv, M)t (5.88)

where 1 =0.2, v,(t) =10m/sec and v, (t) =10tm/ sec. Therefore, the frictional heat generated in

one second at constant velocity is more than that generated accelerating to that velocity in the
same time. The averaged surface temperatures of the slipper and rail are 293K initially. Figure
23 (b) and (d) show that the slipper with the velocity 10 m/sec heats up faster and reaches higher

temperature than the slipper with the velocity 10t m/sec, which Equation (5.88) explains.

During the first time iteration the slipper receives 48.8% of the frictional heat energy as
the frictional heat flux is distributed evenly to slipper and rail. For the next iteration, the
slipper’s sliding surface is in contact with the new region of the rail due to the coordinate change
by the distance which the slipper has traveled during one iteration. So the surface temperatures
of slipper and rail are not the same for the next iteration. By matching the averaged surface
temperatures of rail and slipper after the first time step, the slipper’s heat partitioning value needs
to be corrected for the next time step. Because the slipper is moving into a cooler region of rail,

the slipper accepts less heat energy at the next time step.

Figure 23 shows that the slipper’s heat partitioning values fluctuate at the beginning and
the difference between two iterations gets smaller as time evolves. This numerical instability is
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due to the slipper’s initial-guessed heat partitioning value evaluated by the relation of thermal
properties of slipper to rail. Initially 48.8% of total frictional heat energy flows into slipper’s
interface so the rail and slipper’s surface temperatures are different. Since the difference
between the averaged surface temperatures of the rail and slipper is not zero, the slipper’s heat
partitioning value must be adjusted. With the corrected heat partitioning value, the slipper
absorbs correspondingly more or less at the next iteration. By the nature of this process, the heat
partitioning values seem instable at the beginning; however, after a few iterations of adjusting
process, the value becomes stable, i.e. they continue to oscillate at each iteration but the

amplitude of oscillation is diminishing.

After ten iterations, the slipper’s heat partitioning value curve does not oscillate and
produces a smooth exponentially decreasing function plot. The reason that the slipper’s heat
partitioning values decrease is the slipper moves continually into a cooler region of rail and more
heat energy flows into the cooler rail. Once the system becomes stable, it is possible to predict
the long term behavior. However, when the slipper’s sliding surface starts melting, the slipper’s
surface temperature remains at the melt temperature and the slipper slides along the cooler region
of rail (which is set to be the ambient temperature). After reaching the melting point the surface
temperature difference between slipper and rail is same for each iteration and the heat
partitioning value remains unchanged. The heat partitioning value after the melt time is fixed at

a(t,), the slipper’s heat partitioning value at melt time. This melt time can be found from

Figure 23 or the formulas, Equations (4.28) and (4.30), developed in Section 4.3.
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From Figure 23, with the velocity 10 m/sec, the slipper’s averaged surface temperature
reaches the melt temperature 1685 K about 1.3 seconds and the slipper’s averaged surface
temperature with the velocity 10t m/sec reaches the melt temperature about 1.4 seconds. Also,

from Table 2 and 3 in Section 4.3, the melt time of the slipper with 10 m/sec and x=0.2 is 1.33
seconds and the melt time of the slipper with 10t m/sec and x =0.2 is 1.44 seconds. This

implies that the numerical model using Strang’s Splitting method and ADI method verifies the
solution for the melt time, Equations (4.28) and (4.30) in Section 4.3. Once the melt time found
from either the numerical solution or Equations (4.28) and (4.30), the slipper’s heat partitioning

value after the melt time is no longer valid so the slipper’s heat partitioning value is fixed at

a(t )=0.06 fort>t .
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6 Comparison and Analysis

6.1 Comparison of Analytical and Numerical Results

As the velocity of sled increases the frictional heat generated due to velocity and pressure
increases. The change in the frictional heat at the interface due to the change in velocity and
loading pressure influences the surface temperatures of rail and slipper and the temperature
distribution inside both sliding materials. The ADI method was employed to evaluate the
temperature changes given velocity and pressure. The change in surface temperature and the
frictional heat at the contact surface influences the heat partitioning value. Therefore, it is
necessary to calculate the heat partitioning fraction given velocity and pressure at each timestep.
However, computing solutions of convection-diffusion equations is a problem fraught with

complexity.

Chertock and Kurganov(51) describe that “Computing solutions of these equations is an
important and challenging problem, in which viscous layers are so thin that one is forced to use
under-resolved methods that may be unstable. If an insufficient amount of physical diffusion is
compensated by an excessive numerical viscosity, the under-resolved method is typically stable,
but the resolution may be severely affected. At the same time the use of dispersive schemes may

cause spurious oscillations that may trigger numerical instabilities.”

In order to overcome these difficulties by numerically preserving a balance between the
convection and diffusion terms, this research employs Strang’s Splitting method. When using
Strang’s Splitting method grid spacing size is varied in response to velocity changes. In ‘Finite

Difference Schemes and Partial Difference Equations’, John C. Strikwerda (50) examined the
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convection-diffusion problem with two different grid spacing values, relatively small and large
numbers. He concluded, “First, there is a grid spacing limitation. If the grid spacing is too
coarse, then the scheme will not compute a qualitatively correct solution. Secondly, if precise
information is needed about the solution and it is not cost-effective to use a small grid spacing,
then other methods should be investigated to obtain this information. In recent years a number
of methods have been developed for increasing local grid refinement only in those places where
the solution is changing rapidly.”(50) His statement implies that changing the grid spacing size
and splitting step size due to velocity changes may cause instability in the solutions if Strang’s
Splitting method is used. For the numerical analysis using ADI method and Strang’s Splitting
method, the grid spacing size has to be fixed. Since the change of the splitting step size at each
time causes oscillations in the solution, the splitting step size also must remain fixed in the
numerical code. Figure 24 shows the comparison of two results, the analytical solution of the
heat partitioning function, and the numerical solution of the heat partitioning fraction for a
constant velocity and pressure. This comparison between the two results of the constant velocity
case shows that the analytical solution can be calculated only when the velocity is assumed to be

constant.

From Figure 24, it is apparent that the analytical solution is slightly larger than the

numerical solution. First, a system of partial differential equations for finding the analytical

S 2 S 2 S
W _OW  20W 5 Equation
an

solution was simplified. In Section 3.2, the slipper’s PDE > Y

2\0sS

(3.8) contains & in term. Since the value of ¢ is approximately 107, the heat propagation

2
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Figure 24. Comparison of Slipper's Heat Partitioning Values at v(t)=10 m/sec

20,8

in the &direction is considered small. So the influence of term is ignored. Second, the

2

contribution of the slipper’s head and tail boundary conditions is assumed small enough to be
neglected. Because ¢ « 1, the contribution of convective effects is neglected. Assumptions of

the heat flow in the & direction and contact boundary conditions are key influences to the

difference between the analytical and numerical solutions of the slipper’s heat partitioning values

and the slipper’s surface temperature.

In practice, the slipper is always in contact with a cooler region of rail when sliding. As
the velocity of the slipper increases, more frictional heat is generated and an increasing portion

of the frictional heat flows into the rail. Once the slipper’s surface temperature reaches melt
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temperature, the temperature difference between the slipper and rail surfaces remains the same.
With these observations, the slipper’s heat partitioning function should show that the slipper’s
heat partitioning value is decreasing and approaching a fixed value. After the surfaces of the
slipper and rail reach melting temperature, their surface temperature difference is same and the

heat partitioning value remains same, i.e. «(t,) the slipper’s heat partitioning value at melt time.

The melt time for this research was calculated by Equation (4.28) in Section 4.3 while the

numerical solution was modeled and developed in Chapter 5.

A system of numerical PDEs was developed from the two-dimensional convection-
diffusion problem. It considers all of the following things, which are the convective boundary
conditions at the slipper and rail surfaces, the two dimensional heat energy diffusion process
inside of slipper and rail, the bounce effect, and varying velocity and loading pressure profiles.
Since the numerical analysis considers all of these factors, the numerical solution of the slipper’s
heat partitioning function with ADI method and Strang’s Splitting method is expected to have

the heat energy gain or loss consistent with the analytical solution.

Indeed, the numerical solution follows the qualitative behavior of the heat partitioning
values. Figure 24 shows that the numerical result using ADI method and Strang’s Splitting
method is remarkably close to the analytical solution of the slipper’s heat partitioning function.
This implies that the numerical evaluation using ADI method and Strang’s Splitting method can
be used to verify the analytical solution of the slipper’s heat partitioning function, which was

developed in Section 3.2.
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7 Numerical Application: Melt Wear Percentage

Conducting an experimental wear study replicating the conditions seen by the slipper at
the HHSTT is economically infeasible at this time. However, the wear phenomena can still be
evaluated by carefully implementing models verified for slower sliding velocity. This chapter
will first discuss the generation of slipper dynamics data, which is the foundation for much of the
numerical techniques used. The heat partition function will be integrated and evaluated
numerically with some parameters varying with time. The graph of the heat partition fraction as
a function of time will be compared with other experimental and analytical transient solutions,
described in literature review section for verification. It will describe the numerical analysis
method and the mathematical modeling development. The method for calculating the surface

temperature of the slipper and melt wear percentage will then be described.

7.1 Numerical Analysis of Heat Partition Function

In Chapter 3, a two-dimensional mathematical model for the present application problem
was developed and used to derive the surface temperature distributions of two bodies using
Green’s functions. After matching the averaged surface temperatures of slipper and rail at the
sliding interface, the frictional heat partition fraction function is determined and expressed in

Equation (3.40), i.e.

a(t) =%j°°e_vzo” PATFED , (7.1)

° r@+ (B r(F(-n)?)
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s 0 2k+3
where g" = \/_ E' ‘/ and F(-r) :erkzzé(k+ ﬁ( r)*. The denominator of

Equation (3.40) is an infinite sum rendering the integration impossible analytically. With the
help of a numerical scheme implemented in MATLAB, the integration is carried out and the

frictional heat partition fraction function is evaluated numerically.

S Kl’

There are two major parameters in the frictional heat partition function; £ = e the
K

S

relation of thermal properties of slipper to rail and v, the dimensionless constant velocity as

defined in Chapter 3. Figure 25 shows the comparison among the heat partition fraction function

graphs of two cases, 5 m/sec and 10 m/sec. For each velocity case, different values of /5 are

Slipper's Heat Partitioning Function

0.7 . T
0.6 i — beta =1, 5 m/sec i
) : _
T:E 0.51 beta=1, 10 m/sec i
> —_— _
o beta=2, 5 m/sec
£ 04F J
5 E beta=2, 10 m/sec
T 03 .
o
S 02 |
I
0.1 .
D 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9

Time (sec)

Figure 25. Slipper's Frictional Heat Partitioning Values with Various Parameters
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used. The values of g =1, 2 are tested with the two different constant velocity values.

In Figure 25, the solid line and dotted line represent the velocity 10 m/sec, and the

velocity 5 m/sec respectively. Different colors represent the different values of 3, the relation

of the thermal properties of rail and slipper. For example, if the rail and slipper are made up of

the same material, then the slipper’s initial heat partitioning value «(z =0) is evaluated using

Equation (3.32), i.e.

a(r =0) = ﬁ (7.2)

The initial values for dotted and solid lines of the same color are equal because sled has not

moved yet.

We may examine both plots (10 m/sec and 5 m/sec) for any of the cases shown in Figure
25 to determine trends. For an increased starting velocity, the heat partitioned to the slipper falls
faster. In general the slipper’s heat partition values decrease exponentially and the steady state
value approaches 0. Therefore, after a certain amount of time, most of the frictional heat energy
transfers to rail if the sled moves at very high speed. This observation is supported by other FEA
model experiments (34)(35)(36). In these experiments a locked rail car wheel assumes the role
of the slipper. In these efforts the researchers assume that the wheel and rail are made out of the
same material and « is the fractional heat partitioning value flowing into rail. Figure 5 in
Section 1.6.3, Heat partition factor vs. time at various positions along the contact patch, shows
that initially « is approximately 0.42 so that « decreases as time progresses. After 0.1 second
of sliding, the heat partition fraction approaches zero. This implies that almost all of the heat is
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entering the rail. Using Figure 25, the result of comparison of heat partitioning graphs for 5

m/sec and 10 m/sec confirms my numerical results and corresponding results are reasonable.

7.2 Numerical Methods for Heat Conduction Problem

As mentioned previously in Chapter 2, the thermal gradient of the slipper is defined by

2
the heat conduction equation given in Equation (2.4) as % = KZ -l; . This equation can be
X

solved numerically, using either an explicit or implicit solution scheme. (1)

node i+1

node i

= node i-1

Surface—
+ node0

Figure 26. One-Dimensional Heat Transfer Schematic (1)

1. Explicit Solution Scheme: The advantage of the explicit scheme (which utilizes a
forward difference for time and a central difference for space) is that the implementation
is straightforward, as the temperature for each node at a given time step is a function of

the surrounding nodes at the previous time step.

n+ n At n n n
T =T +KF( -2T"+T") (7.3)

i+1
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In Equation (7.3), the n superscript refers to the previous time step and n+1 refers to the

current time step, and the i subscript refers to the node location. By definition, the
temperature at a node for the current time step is denoted as T,"**, and Figure 26 shows a

schematic of the one-dimensional layout. The drawback to the explicit scheme is that it

is conditionally stable. The coefficient attached to the second term in the right hand side

. . . . At
of equation above is known as the Fourier number Fo, and defined as Fo = KF.
X

The stability criterion for the explicit scheme requires that the coefficient associated with
the node of interest at the previous time step, T.", be greater than or equal to zero, or
(1—2Fo0) > 0. This requires a Fourier number such that Fo <0.5.(40) This limits the

range of available time and space intervals, Atand Ax, respectively. If a fine resolution
temperature gradient is desired near the surface of the slipper the node spacing needs to
be small. To maintain stability the time step must be small as well. This can present
potential issues with computer memory allocation if the resolution requirements are too
fine. This drawback can be circumvented by using an implicit scheme to solve the heat
conduction equation.

Implicit Solution Scheme: The implicit scheme differs from the explicit scheme in that it
uses a backward difference on time and a central difference in space. Most importantly it
is unconditionally stable meaning that no restrictions are place on Atand Ax. The

implicit method is defined as

T_n+1 _-I-_n T n+l 2-|-_n+1 -I-_n+l
1 1 — K.{ 1 + -1 (7'4)

i+1
At (AX)?
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The most notable difference between Equation (7.3) and Equation (7.4) is that the “new
temperature for any node at time n+1 is a function of the “new” temperature at the
surrounding nodes. Thus, to solve the equations, the temperatures must be determined
simultaneously. This complicates the programming slightly, but the relaxation of the
time and space intervals allows for a fine resolution of the temperature gradient without

encountering memory allocation errors.

7.3 One Dimensional Problem with Melt Front Removal

Consider the slipper as a semi-infinite solid, which is initially at a uniform temperature.
During sliding process, the surface at x =0 is subjected to heating at the rate of Q(t) due to
friction. Suppose that T is the slipper’s temperature distribution. Before the slipper can
generate a melt layer, the temperature at any interior point will never exceed its melt temperature

T, i.e. T, <T(xt)<T,. Once the surface temperature of slipper reaches the melt temperature,

the surface undergoes a change of state from solid to liquid, called ‘melt layer’. It is assumed

that this melt region is removed continuously and immediately.

/ Boundary Condition: 293 K

Velocity
—

Figure 27. Heat Transfer Boundary and Initial Conditions (1)
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In Section 3.2, the heat flux Q(t) is assumed to be uniform along the contact surface, and
the one dimensional heat transfer PDE is used to find the melt time in Chapter 4. With the same
assumption in Section 3.2 and the same approach in Chapter 4, let’s solve the slipper’s one-
dimensional finite difference heat equation approximations using the backward time difference
scheme (the implicit scheme). In Figure 27, the slipper is initially at ambient temperature,

T, = 293K, throughout the entire the thickness. The boundary condition at the top of the slipper
holds the temperature at the ambient condition for the entirety of the calculation. The second

boundary condition is the frictional flux condition applied at the bottom edge of the slipper

defined as

—kZ—T =Q(t) . (7.5)
X x=0

Figure 27 shows that the heat flux is uniformly applied along the contact surface.

T(x,1)
Latent Hear Loss of Fusion
r
Melr Tem
P 1=melf time+AT
\ i=mell tinte
T;i
L T
o
Melt Layer

Figure 28. Slipper's Melt Layer Due to Latent Heat Loss of Fusion

Figure 28 describes the slipper’s temperature distribution through the thickness. As time

evolves, the surface temperature increases and the heat propagates into the slipper’s body due to
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the addition of frictional heat energy at the surface. When the slipper starts sliding along the rail,
the heat flux shown in Equation (7.5) raises the slipper’s surface temperature. Once the surface
temperature reaches the melt temperature melt wear (melt removal) takes place. Therefore, a
new model must be considered. First, the melt region is continuously removed and the latent

heat of fusion must be included in the flux boundary condition, mathematically described as

oT do
k—|  =Q(t)-pl— 7.6
X Qt)-p o (7.6)

where o (t) is the location of the melt front as a depth into the slipper, x is a depth into the

slipper, and / is the latent heat of fusion.

When the sled slides on the rail (with loading) the aerodynamic behavior creates the
bounce effect. Two boundary conditions at the sliding contact surface have to be considered.
When the loading pressure exists, the slipper is in contact with the rail. Therefore, the boundary
condition has a heat flux as described in Equation (7.6). When the loading pressure does not
exist, the slipper is not in contact with the rail and a convective flux boundary condition more
closely approximates the true physics of not-in-contact boundary condition. The mathematical

expression of this boundary condition is defined as

oT, Q(t)—pﬁ%—f in contact
ox

-k (7.7)

h(T -T,) not in contact
where h is the convective heat transfer coefficient. Since the slipper is not always in contact with

the rail during the run, a switch function is used to indicate either the in-contact condition or not-
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in-contact condition. Let the switch function be a function of a loading pressure (force) defined
as

m(t) = 1, Force >0 (7.8)
|0, Force<0 '

where the force is the function of time and this function’s output is the loading pressure.

Therefore, if there exists a positive loading pressure at some time t,, m(t,) =1. Otherwise,
m(t, ) =0. The convective and conductive flux boundary condition with the bounce effect,

combined Equation (7.7) with Equation (7.8), can be represented by

oT

—k—=m
OX

(t)[Q(t)—pé‘g—‘t’}(l—m(t»[hcr 1)) (7.9)

This adds the complexity of either a convective flux boundary condition or bounce effect. They
assumed that the slipper was in contact with the rail for the duration of the wear event.

Once the temperature at the contact boundary reaches the melt temperature, melt removal
creates boundary movement. The position of the boundary shifts with the value of o (t), the
melt layer thickness. The boundary conditions at the melt front and the top of the slipper are

a) The slipper’s temperature at the melt front is melt temperature after it starts to

melt, i.e. T(o(t),t)=T,_ where t>t_ .
b) The other end of slipper, the top of slipper, in a semi-infinite domain, is an

ambient temperature, i.e. T(x,t) > T, as x — .
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C) The melt layer does not occur until it reaches the melt time, i.e. o(t) =0 for

0<t<t,.

For the purposes of truncating the computational domain, x has to be bounded so the
boundary condition T(x,t) =T, as x — oo is replaced with T(x,t)=T, at x=Xx where X" isa
sufficiently large distance from the contact surface. A reasonable choice of x™ may be given by
the diffusion length for the total event time t”, i.e. X~ — it

To establish a new scaled coordinate system with respect to the melt front, a new length

.. . X—of(t . . .
scale is introduced and defined as & = (,,7( ) . The temperature T(x,t) is made dimensionless
X

by setting
T(x,t)=(T, -T,)W(&,t)+T, (7.10)

where T, melt temperature and T, ambient temperature. From the boundary condition, this
relation implies that as £ — o, w(¢&,t) =0 because of the boundary condition T (x,t) =T, as
X —oo. The boundary conditions at the melt front x = o(t) and at the other end of slipper

X — o0 become

(@ wt)=1 at&=0 fort>t

(b) W(&t) >0 asé—ow fort>0 (7.11)
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With Equation (7.10) and new length scale & = X= f(t) , Equation (3.6) (the heat equation) and
X

Equation (7.9) (a convective and a conductive flux boundary condition with the bounce effect)

become

(a) @=%az—vf+i*d—6@, 0<&<Lt>0
ot (x) o0& x dt o9&

by ¥ =X—*(m(t)(pw_Q(t)) J (7.12)
0S|, , KT, =T) (+h@-m(@®))(T, -T,)W(o,y,t) -4 (0,1))

() w(Lt)=0

The next section develops a numerical finite difference scheme for Equation (7.12).

7.4 Numerical Model Development for One Dimensional Problem

: . 1 . .
With the numerical approach, let A& = N where N is the number of partitions taken for

depth. Define & = A&(i—1) and v,(t) =w(&,t),i=1,---,N +1. Using a second-order
difference approximation for the spatial derivatives and the temperature above the top of the

slipper setting as the ambient temperature v,, ,(t) = 0, Equations (7.12a) and (7.12b) become

@) Vv.(t)= K (Vi (1) —2vi (1) + v, (1)) n O'(*t) Vi (1) =V, (t) n O(Aéz)

AEX(X)? X 2AE
for i=12,---N

A ; (7.13)
®) wO=1

(C) Vi (t) =0

(Q)-pro)+ ZETE=M) 1), ) +0(ae?)
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Appendix A.9 shows the calculation of Equations (7.13a) and (7.13b). For simplicity, let

K o)
A and £ (t)_zx*Ag

. Note that g(t) is a function of time. Then for

i=12---,N-1 N,

() =v1(t){—2a+(a—ﬁ(t»(zx*Af “k(l‘m(t))ﬂ+2av2(t)

+(a —ﬁ(t))(kaX*_Af )][ma)(o.(t) = pt6)+ha=m(O)T, ~T,)(4 ) ~4,(0)]

U,(t) = (@~ SO (1) ~ 20, (1) + (@ + BOW, (1) . (1.19)

Vy (1) = (& = BO))Vy 1 (1) — 2av (1)
The matrix form of Equation (7.14) is

V(t) = AQ)V() + f (7.15)

2X*AE
k(T,-T,)

where f =(1,0,---0)" { (o= BOIME) (QM) - pL6) +h(L-m(O)(T, T, )W (1) - (1)) |,

V(1) = (4, (0), -V, ()" and

—2a 2a 0
a—-pt) 2a a+p(1)
ap=| ;S e e
: 0 a-pt) 2a a+p(t)
0 0 a-p) 2o |
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To solve the matrix v(t) = A(t)v(t) + f using the forward difference time marching

n+1 n

. LV % : .
scheme, that is, replace v(t) with v where the superscript represents the time step

n

number, i.e. V" =v(t,)and At, =t , —t . Inthe finite difference approximation, Equation (7.15)

becomes
V= (1+ AL AL )V +AL " (7.16)
with the initial condition v.° = w(&,,0) .,i.e. the i"" component of the vector v° at t=0.

Because &(t,) is unknown at each time step, A(t,) is also unknown. To mitigate this difficulty,

Equation (7.16) must be solved iteratively. The steps to find the values for g(t,) are as follows.

First, set B(t,) = B(t,,). Since pA(t)is defined as 20*(25 in Equation (7.14) and no melt
X

layer is created initially, we take B(t,) =0. v,'" represents the first component of the vector

v, the temperature distribution at the contact surface boundary at (N +1)™ time step, for

n+1

v,(t) =w(& L) ,i=1---,N+1. If vi"™" >1, then the temperature at the boundary has exceed the

melt temperature, the melt front boundary condition w(0,t) =1fort >t , and Equation (7.11a) is

not satisfied. Thus, g(t,) must be corrected such that v** >1and v';' <1. The new

i+1

approximation for g(t,) is determined by

(i+)v—ivi -1
2X*Atn (Vin+1 _ Vn+1 ' (717)

i+1

ﬂ(tn) =
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Now solve Equation (7.16), the corrected value for g(t,), in both A and f and continue this

n+1

process until v, is sufficiently close to 1. Once the converged value of Equation (7.17) is

determined o (t,) is found as

o(t,) = 2x*AEAL A(t,) - (7.18)

Before illustrating the results of Equation (7.18) the properties of the slipper and rail as
well as the DADS data are examined. The slipper begins at rest and is accelerated down the rail
with a velocity profile described by the Dynamic Analysis Data System (DADS) data for the
rocket sled test event. The measured contact pressures along with the velocity are used to
determine the bounce influence and calculate the slipper’s partitioned frictional heat energy at
each time step. The next chapter presents the results using Equation (7.18) to calculate the wear
percentage for the current application problem, the Holloman High Speed Test Track Wear

Project with their physical and material properties.

At the Holloman High Speed Test Track, significant research has been conducted in the
area of high-energy impact creating gouging at the interface of a slipper/rail boundary brought
about by contact of the test sled on the track. Table 1 shows the physical properties of slipper
(VascoMax 300 maraging steel) and rail (AIS1 1080 Carbon Steel) materials. In Table 1, the rail
and the slipper’s thermal conductivity and diffusivity values are given. Using Equation (3.32), it
is expected that 48.8% of the total frictional heat flux flows into slipper when the sled is not

moving and just in contact, i.e.
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a(t)=—L——0487885 as v(t) >0 and =~ [ _oges27 . (7.19)
1+ k" N &°

Graphs (a) and (b) in Figure 29 represent sled velocity profile and pressure profile of

HHSTT.
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Figure 29. (a) Sled’s Sliding Velocity, (b) Loading Pressure of the Wear Project (1)

Graph (a) in Figure 29, sled’s velocity profile, shows that it accelerates for 5 seconds then
steadily decelerates. The experiment is a three stage burn with the sled’s speed increasing at a
constant rate, (accelerating linearly) during each burn and leveling off as the empty stage is
severed before the ignition of the next stage. With the reduced mass of the sled after each burn-

out the overall effect is three increases in the slope of the time-velocity plot giving the illusion of
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steadily increasing acceleration. On closer examination it is evident that it is nearly linear during
a given burn. Bounce effects (chatter) become pronounced after third stage burnout due to
aerodynamic effects or the loss of thrust torque. Either way, bounce effects are the result of
slipper wear that occurred earlier but was not a significant factor until burnout changed forces
acting on the sled (directly or indirectly). From Graph (b) in Figure 29, the loading pressure
values increase substantially after passing 3000 m. In Equation (3.1), the frictional heat energy
is defined as Q(t) = uaPv(t) . Since the loading pressure gets greater from the sliding distance
3000 m or sliding time 5 seconds, it is expected to generate greater frictional heat energy and to
raise the slipper’s surface temperature. Moreover, it significantly influences the slipper’s melt

layer process.

In Section 7.5, the first sub-section shows the results using different constant frictional
heat partition fraction values, the second sub-section using the hypothesized frictional heat
partition fraction function, and the last sub-section using the analytical solution of frictional heat

partition fraction function developed in Chapter 3.

7.5 Numerical Results and Analysis
Wear is a three-dimensional phenomenon. To apply the dimensional results to this three
dimensional problem, a simplifying assumption is made such that

do g

- (7.20)

Melt Wear = J': A(t)
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The melt depth is defined as the distance o(t) that the melt front moves during the sliding time

and A(t) is the melt region. The melt wear volume was defined in section 3.1. Here the melt

wear percentage is defined as

melt wear percentage = melt wear volume x100 . (7.21)

slipper’s volume

Therefore, the melt wear percentage means the melt wear volume per slipper’s total volume not
the total wear volume. If the material does not reach the melt temperature then the melt layer

does not yet exist and the melt front does not move.

In this chapter, the numerical data with different frictional heat partitioning scenarios is
compared and discussed. Dynamics data, sled velocity, and loading pressure of the third state
pusher sled for the 2008 HHSTT test mission is used to calculate the melt wear percentage. The
first scenario for calculating the slipper’s melt wear percentage uses three different heat partition
fraction values for the slipper. The second scenario uses the hypothesized heat partition
function. The last scenario uses the analytical solution of slipper’s heat partition function
developed in Chapter 3. For the first and second scenarios, the constant sled velocity function
v(t) = 10 m/sec is used to compare the melt wear percentage result with the result of the third

scenario with (t) = 10 m/sec .

7.5.1 Calculating Melt Wear Percentage With Different Constant Values of a(t)
When the sled slides along the rail at high speed, it creates dynamic behaviors, of chief

interest is the bounce effect. While two sliding surfaces of slipper and rail are separated, a
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convective heat flow exists in the gap between the slipper and rail. Otherwise, the frictional heat
flows from one body to the other body via conductive heat flux.

In Figure 29, the values of Force (Graph b) imported from DADS data determine
whether the surfaces are in contact. Due to high velocity and loading pressure, a large amount of

frictional heat energy is generated by Equation (3.1), q(t) = #P(t)v(t). The surface temperature
of the slipper will eventually reach the melting temperature.
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Figure 30. Melt Volume Removed for Different Heat Partition Values with Bounce

Figure 30 shows the process of melt layer removal with three different constant heat
partition values for the slipper while sliding with bounce effects. Frictional heat generated
during while sliding raises the slipper surface temperature. The melt layer created at the contact
surface of slipper is removed immediately.

When the sled travels 3000+ m, slippers with constant heat partitioning values of 0.1 and
0.12 yield a melt layer. The sled’s sliding velocity decreases but the loading pressure increases

when the sled reaches approximately 3000 m as observed in Figure 29. This impact loading
158



pressure creates greater frictional heat energy which is then absorbed by the slipper and rail.
With the slipper’s constant heat partition value of 0.06, only 6% of total frictional heat energy
flows into the slipper. The slipper’s surface temperature never reaches the melt temperature and
the melt layer is never created. So the slipper’s melt wear percentage remains zero. However,
when the slipper’s constant heat partitioning values are assumed 0.1 and 0.12, i.e. 10% and 12%
of total frictional heat energy flows into the slipper, 0.71% and 3.93% melt wear of total
slipper’s volume is observed. This illustrates a key point: a slight increase in slipper’s heat
partition fraction value makes a great difference in the melt wear.

Another observation of Figure 30 is the monotonic-step increase of graphs due to bounce
effect. The loading pressure profile graph in Figure 29 shows that the pressure value is positive
when two surfaces are in contact and zero when they are not in contact. When the slipper and
rail are in contact, frictional heat is generated and creates the melt layer. However, when they
are not in contact, the fraction does not apply and no heat flows into slipper which delays the
melting process at the contact surface. This physical process creates the monotone-step increase

behavior of graphs, which is shown in Figure 30.

7.5.2 Calculating Melt Wear Percentage With Hypothesized Function a(t)

With the consideration of few characteristics to determine the slipper’s frictional heat
partitioning function discussed in Chapter 3, it is hypothesized as a function of time
a(t)= 0.4e™" +0.1. Because of the bounce effect, frictional heat energy is generated when in

contact raising the slipper’s surface temperature. However, the bounce effect produces
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aerodynamic air flow between the slipper and rail surfaces (when not in contact) and the
slipper’s surface may lose heat energy thereby decreasing the surface temperature. As such, the

slipper’s surface temperature increases for P(t) >0 and decreases for P(t) <0.

Slipper's Surface Temperature vs Sliding Time
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Figure 31. (a) Slipper's Surface Temperature, (b) Melt Wear % vs Sliding Time using «(t) = 0.4e’5‘2 +0.1

In Figure 31, Graphs (a) and (b) show the slipper’s surface temperature change and its
melt wear percentage using a hypothesized function «(t) = 0.4e™" +0.1 and bounce effect.

During the first 5 seconds, the slipper’s surface temperature increases and it behaves as a step-
wise function due to bounce effect. Since the frictional heat flux is determined by Equation (3.1)

and the difference in loading pressure is much greater than the difference in velocity change (

P(t) =k, x10° and v(t) =k, x10° for 0 < k, .k, <10 ), greater frictional heat energy flows into
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the slipper. Accordingly, it raises the slipper’s surface temperature to melting temperature. The
melt wear percentage graph shows that the slipper’s surface undergoes melt layer formation after
5 seconds. The slipper’s surface temperature never exceeds the melt temperature because the

melt layer is removed immediately and continuously.

With a hypothesized heat partition fraction function «(t) = 0.4e*" +0.1 and bounce

effect, the total melt wear percentage of the slipper’s volume is 0.72%.

7.5.3 Calculating Melt Wear Percentage With Analytical Solution a(t)
The analytical solution of the heat partition function is developed in Section 3.2 and

defined in Equation (3.40),

a(t) =+ j“’e‘vzo" ﬂ*,f'f(fr) . (7.22)
20 @+ (B)r(F(=r))
where F(-r)=e kZ::;(kJrl) 2k +3)! N, p “ U ke the relation of thermal

. . . . . L t*
properties of slipper and rail and v, the dimensionless constant velocity V(r) = I—v(t*r) =V,.

This analytical solution is derived with some assumptions. The velocity and loading pressure
profiles are uniform along the contact surface and constant during the sliding time, i.e. the sled
moves at the same speed from the beginning to end and the slipper and rail are continually in
contact all the time. The program calculating slipper melt wear percentage considers the various

velocity profiles and loading pressure profiles as a function of time. With physical and material
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properties of slipper and rail listed in Table 1, the program’s results for the frictional heat

partition function are given below.
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Figure 32. Graphs of Slipper's Heat Partitioning Values at v(t)=5 and 10 m/sec

From Figure 25 in Section 7.1, the fraction of frictional heat energy flowing into a slipper
diminishes with higher velocities. Figure 32 shows the same behavior. Looking at the 1.5
second mark, the slipper’s heat partitioning value for the velocity v(t) = 10 m/secis 0.1171
while the slipper’s heat partitioning value at the velocity v(t) = 5 m/sec is 0.1650. To be clear:
the faster the sled, the smaller the fraction of heat generated flowing into the shoe. However, the
total frictional heat generated by a sled traveling at the velocity v(t) = 10 m/sec is twice that
of one traveling velocity (t) = 5 m/sec. This is observed in the heat flux equation defined in

Equation (0.47) as q(t) = uP(t)v(t), i.e.

10uP(t) >5uP(t) forall 0 <t < total sliding time

7.23
G ro () > Qs (1) (7.23)
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Surface Temp (K)

The inequality in Equation (7.23) is the comparison of frictional heat flux for two different
velocity profiles, v(t) = 10 m/sec and (t) = 5 m/sec . With the result in Equation (7.23), the
numerical results of slipper’s surface temperature and melt wear percentage for both constant

velocity values are generated and presented in Figure 33.
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Figure 33. Surface Temperature and Melt Wear % vs Sliding Time

Even though the slipper’s heat partitioning function at v(t) = 10 m/sec is smaller than

at (t) = 5 m/sec, Equation (7.23) shows that the sled generates frictional heat q,,, ,,(t) at
v(t) =10 m/sec twice that generated g, 5(t) at v(t) = 5 m/sec. This implies that the amount

of heat flowing into the slipper at v(t) = 10 m/sec is greater than at (t) = 5 m/sec. For

example, Figure 32 shows that at 0.1 second, 11.71% of the total frictional heat energy with the
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velocity v(t) = 10 m/sec flows into the slipper while 16.50% of the total frictional heat energy
with the velocity v(t) = 5 m/sec flows into the slipper, i.e.
Oy t)-10 @.5 :1Oav(t):10,uP(1.5) =1.171uP(1.5)

Ouyos (1.5) = 5, y_s 4P (1.5) = 0.825P(L.5) (7.24)
“ Oyy10(1:5) 2 G5 (1.5)

The inequality in Equation (7.24) supports the numerical results in Figure 33. The two
graphs of slipper surface temperature at v(t) =10 m/sec and v(t) =5m/sec represent surface
temperature changes over the sliding time based on the loading pressure profile and velocity.
Since more heat energy flows into the slipper at a sliding velocity of 10 m/sec (v(t) =10 m/sec),
the slipper’s surface temperature reaches melting temperature near instantaneously creating a
melt layer. However, if the sled moves at v(t) =5m/ sec, the surface temperature achieves melt
temperature in just over 2 seconds as illustrated in Figure 33. The loading pressure profile in
Figure 29, shows that pressure values decrease after the sled travels the first 1000 m and increase
significantly when it hits the 3000 m mark (3" stage rocket burnout). This effects the amount of

frictional heat energy defined in Equation (3.1) as q(t) = pP(t)v(t).

The surface temperatures for both velocity cases decrease after 1-2 seconds when the sled
crosses the 1000 m mark and increase again after 5 seconds upon crossing the 3000 m mark. We
find the melt wear percentage graph in Figure 33 (a) (v(t) =10 m/sec), which has monotonic
stepwise increases, i.e. the melt layer is a transient phenomena under experimentally measured
loading conditions. Figure 33 (b), the melt wear percentage graph at (t) = 5 m/sec, shows

stepwise behavior again. (Note y axis scale differences on these plots.) A melt layer is created
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briefly at around the 2 second mark and no melt layer is observed from 2 seconds to 6 seconds
because the loading pressure decreases during this time period and the frictional heat energy is
insufficient to raise the slipper’s surface temperature above the melting point. After the loading
pressure increases again, sufficient frictional heat energy is produced to raise the surface
temperature and create a melt layer. At the end of sliding event, the slipper’s total melt wear

percentage with the analytical solution and experimental loads at v(t) =10 m/sec is 1.03% while

at v(t) = 5m/sec the loss is 0.024%. In Figure 31, the values of melt wear percentage with
constant heat partition fractions «(t) =0.12 and «(t) =0.06 are 3.93% and 0%. This shows that

the results of analytical solutions lie between the results of two constant heat partition fraction
function cases. This implies that if a simple and constant heat partition fraction value is needed,
it is reasonable to say that 0.06 and 0.12 may be the lower and upper bound respectivly of the

constant heat partition fraction value.

7.6 Conclusion and Further Study

The primary objective of this research was to develop an analytical solution for frictional
heat partitioning. Two-dimensional conductive heat transfer partial differential equations were
employed to find the surface temperature distributions of the slipper and rail with Green’s
functions. Using Jaeger’s method, the slipper and rail surface temperature distributions were
averaged and surface temperatures matched. After applying the Laplace Transform and using
the Incomplete Gamma Function, the slipper’s frictional heat partitioning solution was developed

in integral form. Since the slipper’s frictional heat partitioning solution for the two-dimensional
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heat transfer problem was valid for the pre-melt state, the slipper’s pre-melt problem was
formulated and then the melt time formula of the pre-melt problem was found. Numerical
methods yielded the slipper’s frictional heat partitioning analytical function with varying
parameters, such as velocity profile and thermal properties. This results of the analytical solution
closely matches Komanduri and Hou’s (32) discovery of the non-uniform distribution of the heat
partition function using a curve-fit analysis approach with compensation terms discussed and

presented in Section 1.6.2.

The second objective of this research was to develop a numerical scheme for the two
dimensional convection diffusion problem using ADI method and Strang’s Splitting method.
With the numerical method, both internal and surface temperature distributions of slipper and rail
were evaluated and the heat partitioning fraction calculated by matching the averaged surface
temperature of two sliding materials. Finally the numerical solution was compared with the
analytical solution in Section 6.1. The observations from Figure 24, two graphs closely
approximate each other and both solutions represent the qualitative behavior of the heat
partitioning values indicating that the analytical and numerical solutions are good representations

of the slipper’s heat partitioning function.

The last objective of this research was to produce the melt wear percentage for the
present application: the Holloman High Speed Test Track slipper wear problem. In the problem,
the sled’s velocity is assumed to be constant at the maximum speed during the sliding time.
Using the analytical solution of slipper’s heat partitioning function, the slipper’s melt wear

percentage was evaluated and presented in section 7.5.3.
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Due to practical computational limits the numerical analysis was used to find the
slipper’s heat partitioning values for velocity below 10 m/sec, and the analytical solution was
used for velocities above 10 m/sec. For velocities above 100 m/sec, excessive memory is
required forcing alternative approaches either mathematically or computationally. Daoud S.
Daoud (58) encountered this problem and presented a new splitting approach for the numerical
solution of the multi-dimensional convection diffusion equations. His method combines additive
and multiplicative splitting. The method not only reduces the linear (or nonlinear) original
problem into a series of one-dimensional and one physical operator linear problems, but also
enables computation of one-dimensional problems using parallel processors.(58) This could
render the numerical calculation practical, enabling the code to evaluate the heat partitioning
function at a higher velocity. Studying Daoud’s method and developing a different numerical
analysis using additive and multiplicative splitting is the next step to overcome the technical

issues for velocity above 100 m/sec.

Previous research (1) assumed constant contact and constant partitioning between slipper
and rail for the entire experiment in analytical and computational work. The analytical frictional
heat partitioning function in this dissertation considers the physical parameters affecting the
slipper’s heat partitioning value. There are three factors; (a) motion of slipper (slipper moving
into cooler region of rail), (b) pressure profile and material properties, and (c) varying velocity.
With these considerations this research hypothesized the physics-based frictional heat
partitioning function. Using partial differential equations the analytical solution was developed
with numerical methods, such as Strang’s Splitting method, Crank-Nicolson method and implicit

numerical scheme. The switch function was adopted to apply bounce effects to the numerical
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model. When the slipper is in contact, the conductive heat transfer is used with the actual value

of loading pressure. When the slipper is not in contact convective heat loss is considered.

The numerical solution to the slipper’s frictional heat partitioning function represents the
real nature of changes over time in a sliding system. The slipper’s averaged surface temperature
rises when in contact with high loading pressure and drops when the slipper is no longer in
contact due to convective heat loss. It also shows that the total melt wear volume percentage

increases when the slipper is in contact and remains constant when the slipper is not in contact.

The improved model using real HHSTT experimental data of loading pressure produces a
more realistic demonstration of how the average surface temperature and total melt wear volume
percentage evolves over time. Since the analytical solution of the slipper’s frictional heat
partitioning function implements physics based behavior rather than assuming a uniform
constant value, the calculation of the slipper’s surface temperature and total melt wear volume

percentage better approximates the behavior of HHSTT experiments.
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Appendix

A.1 Development of Green’s Function Solution to Differential Equation of Heat Conduction

This appendix shows the derivation of the Green’s function solution to Differential
equation of heat conduction, Equations (2.14)-(2.16), Section 2.5. Let’s consider the part of the
solid bounded by an imaginary cylinder of cross-section A whose axis is normal to the surface of
the plate. When the steady state of temperature has been reached, the quantity q of heat which
flows up through the plate in t seconds over the surface S is equal to below

k (Tlower - Tupper ) At
d

, (10.1)

where k is defined as the thermal conductivity and T, d are the temperature of the lower

lower ! Tupper )
surface and of the upper surface, and the thickness of the plate. Generally speaking, the thermal
conductivity of the substance is a constant depending upon the material of which it is made. In
other words, the flow of heat between these two surfaces is proportional to the difference of
temperature of the surfaces. But, in experiments, the conductivity k is not constant for the same
substance because it depends upon the temperature. However, the micro-scale of rubbing
surfaces is of interest, so the range of temperature is limited and this change in k may be
neglected. Therefore, in the general mathematical expression of heat conduction it is assumed
that the conductivity does not vary with the temperature. (In a real application or experiment, the

thermal conductivity k is a function of velocity and specific heat.)
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In the fundamental experiment, which was used to define the thermal conductivity above,
the solid is supposed to be homogeneous and of such a material that, when a point within it is
heated, the heat spreads out equally well in all directions. Such a solid is said to be isotropic,
that is a material whose structure and properties in the neighborhood of any point are the same
relative to all directions through the point. The rate of flow of heat per unit time per unit area in

the direction of x increasing is

—kﬂ — fX=—kﬂ as ox—0 . (10.2)
OX OX

Consider the case of a solid through which heat is flowing, but within which no heat is
generated. Then, the mathematical equation for the heat conduction of a homogeneous isotropic

solid whose thermal conductivity is independent of the temperature is

2 2 2 2 2 2
0T 0T T pedl o K(aT il 6Tj:ﬂ 103)

- +—+ :
ox> oy* o k ot ox> oy’ ozt ) ot

where p,Care the density and the specific heat, and x is a constant called the thermal

diffusivity, defined as x = <_.
C

In the article A Problem In The Theory of Heat Conduction(2), the idea of a finite
quantity of heat instantaneously liberated at a given point and time in an infinite solid has been
well developed and showed the advantage of solving a large number of important physical
problems to be written down from first principles. The solution for Equation (10.3) the

instantaneous point source in three dimensions (Green’s function) is
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T(X,y,2,tx,y",2)= L)me’[(x’x')z*‘y’y')z*(z’z')zl""‘t point source in 3-D (10.4)
8(7zkt)

where q(t) is a heat flux at a point (x’,y’,z") . Integrating Equation (10.4) with respect to the
time produces the solution for the continuous point source, and integrating the solutions for point
sources with regard to appropriate space variables gives solutions for instantaneous line, plane,

and spherical surface sources.

2 z _ z
Point Source Line Source Plane Source
zf -t -
N, h s
™, ook ot ™ P gal mt Farf =F
P(x i J‘r) (x oF ,4) P(x AT
Y Y
[ |
| |
b)
Y ' 7 -+
I/ / -
x/ S x'J/J x'/ |
[ ]
[ ]
| |
X X u X
|

Figure 34. Different Heat Source in 3D Cartesian Coordinate System

Let’s consider a distribution of instantaneous point sources, heat flux q(t) in Equation
(10.4). The line source is parallel to the z-axis and passing through the point (x’,y’) . The rate
of heat input is q(t)dz' at z' along the z-axis. Integrating Equation (10.4) with respect to space
variable z gives the temperature distribution for instantaneous line source in the x, y plane

(z=0),
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T(xYy,0,t;xy',z)= L)mfo d 7/ (X +(y-y)P+(0-2 ) Hant
M .(10.5)

1) 2 yun? ] ]
=£e {07+ (y=y) Hant line source in 2-D

Axt

By integrating Equation (10.5) with respect to the space variable y becomes the temperature

distribution of instantaneous plane source, parallel to the plane x =0 at y =0,

T(x,0,t;x") = " ﬂe—{(X—X')Z+(0—y’)2}/4ktdy.
- 4xt
t (10.6)
-0 g (i plane source 1-D
2+ txt

Let’s consider a temperature distribution, Equation (10.4), of instantaneous point sources

of heat flux q(t). Since integrating Equation (10.4) with respect to time t produces the solution

for the continuous point source, the temperature distribution for continuous point source is

Vot ot g t t' —[(x=X")2+(y-y")2+(z-2")? [ 4 (t—t") g 1
T(x,y,z,t;x,y,z,t):jome“ P IO g (10.7)

Integrating Equation (10.6) with respect to time t produces the temperature distribution of
continuous plane source, parallel to the plane x =0

T(x,t;x) = j _A0)  goormengy (10.8)
v 02 [ (t—t) ' '

Steps from Equation (10.4) to Equation (10.8) suggest that it is possible to reduce the
three-dimensional heat conduction problem due to friction to component two or one dimensional

problems and to express the heat source moment-to-moment as either a line or plane surface
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source in steady-state conditions. Let’s consider the heat line source liberated at the rate g’ per
unit time per unit length along the y-axis. It is moving parallel to the axis of x with a velocity U,

then the temperature distribution in the steady state at the point (x,y,z) is given (21)

_ Q' ® dY' e—U X% +y?+2% -x]/2k
47Tk —0 2 12 2
\/X +y +2 (109)

= oz [UXE+ 2 [ 2]

27k

where K,(x) is the modified Bessel function of the second kind(3) of order zero.

A.2 Derivation of the Green’s function solution for w'(&,n,7)

This appendix shows the derivation of the solution to Equation (3.17), Section 3.2. Let’s

recall the rail’s PDE system, Equation (3.7)

(@) /Orcr%:krVZTr for t>0,|X [<o,y<0

() 1.C.:T'(x,,y,00=T, for |x |[<wo,-c0<y<0,t=0

() BC.:T'(x,y,t)>T, as y—>—woo0r |X |>» (10.10)
(d) k' or (x,,0,t) =
oy

m(t)A—-a(x, +x(t),1))a(x +x(t),t)
+@-m(t)hy (T (x, +x(t),0,t) =T, (x, +x(t),t)) for |x, +x(t) |<I
h, (T"(x, +X(t),0,t)-T,) for | x, +x(t) 1
where T,(x, + x(t),t) and h, are defined as T,(X, +x(t),t)-T, =(T,, —T,)#; (&, 7) and the thermal
convective coefficient between the slipper and rail’s sliding interface when not in contact. Using

the Galilean coordinate transformation Equation (3.11),
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T(X,,y,t) =T"(x, —x(t),y,t) . (10.11)

This leads to

oT' ot L) A )

= and =— + (10.12)
OX,  OX ot ox, ot ot
Introducing the dimensionless variables used in the slipper equations (i.e. & = XT n:i* and
y
T :L) , then
t*
v(r)——v(t* )———(t* 7) and E(r) = jv(r)dr . (10.13)

Along with T"(x,,y,t) =T, + (T, —T,)W' (&,7,7), Equations (3.7a) are reduced to

r r 2
oo (r —T)| WL _WNO |y 1y a"‘i 10w 1 01s
or t o& | oc~ 1° on® (y)
*2 r
After multiplying this equation by ﬁ and recalling x" = o Equation (3.12) is

obtained. Continuing to simplify Equation (3.12) by replacing y **in the coefficient of the term

r

o5

with y** = x°t* | results in

K°OW'  K° t*

K 0r  «' | o0&

*\2 r r
(y j ow o (10.15)
| ) 28 on
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Equation (3.7 d) in Section 3.2 is the rail’s boundary condition at the sliding contact
surface. With the definition of T, (x, + x(t), y,t) =T, + (T, - T,)w' (&,77,7) and the dimensionless

variables defined in Section 3.2, this boundary condition becomes

*h .
o LW (0 [§p
5, (©00)= “h (10.16)
g Cm1-a(&, A, 7) + % 7 LMW (£,0.7) (£ 7] 1£1<1
with C" = #*T) In general, the convective heat transfer coefficient for the forced air
convection is in the range of 10-200 W/m?2K. Using a typical value of h;, say
h =100 (i=1,2,3,4), and material properties given in Table 1,
* 1’ . 76. . *

ykrhi ~ 910318 100 ~3107% =0O(g). In Section 3.2, the value yl_ = ¢ is very small so the

influence of the terms with O(¢g) is negligible. Therefore, with the consideration of neglecting

term O(¢), this boundary condition is simplified to

ow' 0 |&>1

(§’O’T)={ r
on C'md-a(s,7))q(s,7) |g<1 (10.17)
=H@1-&")C"L-a(& )  [Ske,

where H (&) is the Heaviside function. In this research, only the continuous contact is

considered, m=1. That is, it is assumed that the pressure is always positive. With Equations

(3.14) and (10.17), the rail’s PDE system becomes
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ow’ ow’ 2.7
Rail's PDE : pm = v(71) 3z +y on?

|| <00, <0, T>0

I.C.: w'(é,1n,0)=0 ] <0 ,p <O (10.18)

B.C.: (a)w"(&,n,7) > 0 as |é] >0 or n—o -0 , >0

aw"
(b) an (E; 0, T) = H(l - fz)Cr(l - a(f) T))‘I(f; T) Igl <o, >0
where V(t)EM yz’f_r and C' oy
S k'(T,-T,)

In order to reduce to one spatial variable, apply the complex Fourier Transform into

W' (&,n,7) over | & <o (21), i.e.

Flw™(En, D] =w(p,n,1) = %fﬁweil’swr(am)df (10.19)

Inversion : T‘l[vffr (f,n,r)] =w'(§n,1) = \/%f_me_ipsﬁﬁ”(f,n,‘r)df

First, consider the boundary condition (b) in Equation (10.18). In general, we shall

define

1 o .
Qp,7) =—==] " H(L-&")C U-a(& )A€, )dE
J2z 3~
(10.20)

:ﬁ [ g7 c t-aE NaE

Recall the frictional heat flux q(&,7) = 4P (&, 7)v(r) given in Equation (4.24). Three conditions

for a(&,7) and P(&,7) will be considered for the effective heat flux. The frictional heat
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partitioning function is uniform across the interface contact in &, the pressure profile is uniform
across the interface contact in &, and both the frictional heat partitioning function and pressure
profile are uniform across the interface contact in &. Using the definition of the frictional heat
flux, the uniform pressure in & implies the uniform heat flux in &, i.e.

uP (&, 7)v(r) = uP(7)v(r) = q(z) . Next, let’s examine the boundary condition (b) of Equation

(10.18) for each of the cases in the complex Fourier Transform,

Flwi(5,0,0] = Wy (p,0,7) = = [, e (1 - a(§,0)q(€, s, (1021)

First, consider the uniform frictional heat partitioning function across the interface

contact in &, a(&,7) =a(r), then

y _Cc b g
w,7(p,0,f)—\/§[1 “(T)]M. (10.22)

=V276(p.7)
=C'q(p,7)[1-a(2)]=Qi(p.7)

Second, consider the uniform pressure profile across the interface contact in&,

P(&,7) = P(r), that means the uniform frictional heat flux across the interface contact in &,

q(8,7) = uP(z)v(r) =q(7),

o C’ L b
W (p,0,7) = ﬂq(r)[f_le_‘"fdé—I_le"‘fafé,ﬂdzs]
=5 o (10.23)

=0fq(r){\/§5%—d(p,r)}zQz(p,r)
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Last, consider the uniform frictional heat partitioning function and pressure profile

(frictional heat flux) across the interface contact in¢&, a(&,7) = a(r) and

q(5,7) = uP(r)v(r) =q(7),

W (p.0,7) =C'a(D)L-a(0)] | e™d¢

_ 2sinp

p . (10.24)
—c" [2r 4 ()]a) = Qu(p.7)
TP

Further, using Equation (10.19) and integrating by parts, T(wg) = —ipw". Now, Equations

(10.18) with the interface contact boundary conditions defined in Equations (10.22) — (10.24)

become
Rail's PDE: W =V(-ip)W' +yW, |plkwo,n<0,7>0
I.C.:. W'(p,n,0)=0 <oo,n<0
(p,7,0) |pl<eo,n (10.25)
B.C.: W(p,n7)—0 as|pl>worn——w0,r>0
W, (p,0,7) =Q(p,7) |pl<oo,7>0

LemmaA.1 If f(r)= Ej:f(ﬂ)cosr/i' dg for r >0, then f(r)=f (r) for 7 <0 where
- \/7[ - -
2 0
f(r)= /—j f (7)cosrn dr.
- i

Proof Let F[f(B)]= f(r):\ﬁjwf(ﬂ)cosrﬂ dg for r>0.Forp<0,letfg=-n and
— T 0

dg=-dn .If f(n) isonlydefined onzn <0, then
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f (r>=\/§ [“f-Pycosrp dﬂ=€ [ fm)cosr(=n) (~dn)

(10.26)
:‘/Ejo f(n)cosrndn =1 (r) forn<0.
/e -

Lemma A.2 The Fourier cosine Transform along with the inverse transform are given by
2 [ee]
FlIfx)]=fr) = j;j f(x) cosrxdx (r=0)
- 0

Fot [[ (r)] =f(x) = \/% J,” f@) cosrxdr (x > 0). (10.27)

Let h(y) be defined for y <0 then the followings are true,

F O = b0 = [0, A 0) cospy) dy v <0) (10.28)
2 0
PR @] =0 = 2| 1 @)cosy) dp v <0)
Proof Let h(y)be defined for y <0 and let y =—x with x>0. For p<0, let

r=—p with f(x)=h"(y), then the results follow. Similarly with f(r)=h"(p).

Next, consider the Fourier cosine Transform of W' (p,7,7) over 0 <n <o and its

inversion formula
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P (0] = 8 (o) = (21 (pun, ) costrn) dn r>0

(10.29)
Inversion Formula: W (p,n,7) = \/%fom w"(p,r, ) cos(rn) dr n>0
By Lemma A.1 and A.2, Equations (10.30a) and (10.30b) are equivalent,
forn >0, Flgm]=g0)= \/%fomg(n) cos(rn)dn r>0 -(a)
(10.30)

forn >0, F. lgm]=g"()= \/%fowg(n) cos(rm)dny <0 - (b)

If W (p,7,7) >0 and W, (p,n,7) -0 as 1 — oo, applying Fourier cosine Transform to W'

for 7 <0 produces

Fe[wrn| = =207 (p,7,7) + \/%W,; (10.31)
n=0
Next, let’s define the forward and inverse Fourier cosine transform for 7 <0,
r = 2 (0 T
FL0 (pn, 1) [=W (por.7) = | = [ W (£, ) cos(rm)dy forn <0
(10.32)

Inversion formula: W (p,n,7)= \EIO W' (p,r,7)cos(rr)dr
Ty

By Equation (10.30), Equation (10.32) is true for 7 < 0.

Applying the cosine Fourier Transform to the rail’s PDE in Equation (10.25) with Equations

(10.31) and (10.32) produces the following result,
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J%f_“m W7 cos(rn)dn = ﬁffw{ﬁ(—imwr + y W} cos(rn) dn (10.33)

where each term of Equation (10.33) becomes

o __ a (° _ T __,
J- w! cos(rn)dn = gf w' cos(rn)dn = > W
0 0 =
[ oimw costm dn = o(-ip) [ @ costrmy dn = [Fo-imw’

J2, g cos(rn) dn =y \F (2" + \Ewn%p, 0,].

Therefore, Equation (10.33) can be simplified as

W, = v(—ip)W" +y[-r?w" + \/%Wnr(p, 0,7)] (10.34)

Observe Equations (10.22) ~ (10.24). Each equation shows the interface boundary conditions for

three different cases in the complex Fourier transform domain. Three cases are (Dthe uniform
frictional heat partitioning value along the interface, @the uniform pressure value along the
interface, and (® the uniform frictional heat partitioning value and pressure value along the
interface. For any case, wy (p,0,7) = Q;(p,7) , i = 1,2,3. After applying Fourier cosine

transform over —o <7 <0 , the rail’s PDE system, Equation (10.34), becomes

2
PDE : Wl = —ipvw" —yr?w" + V\/;Wg(n 0,7)
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Wi + W' (ipv +yr?) = V\/%Q(P, T) (10.35)
1.C.:w"(p,1,0) =0

where Q(p, ) any Q;(p, ) as defined in Equations (10.22) ~ (10.24). Multiplying Equation

(10.35) by the integrating factor exp[[ (ipv +yr?)dz]=exp[ip& () + yrz] reduces it to
0
a . T 2 T 2 2
a_[(elpg(r)”r D] = (ePE@HrTTyy j:Q(p, 7)
T - Vs

wh = (e‘iPE(T)—VrZT) fT

0

(ews@re)y j% Q(p,7") dr’

- Y\E i (emPEOEO) ) 0,77y ar (10.36)

From Table of Integrals, Series, and Products (94), the formula 3.896.4 is

fooo e~ B cos(bx) dx = %\/%exp (— %). By letting 8 = y(t—1")and b =1,

2

fooo e Y@ ** cos(nx) dx = f_ooo e YT ** cos(nx) dx = % T__exp ( d ) because

y(@—11) ay(-)
the integrant is an even function. Using the inversion Fourier cosine transform formula in

Equation (10.32), Equation (10.36) becomes

2 0
W (o, 7) = j; f W (p, 7, ) cos(ry) dr
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/A

T 0 — —
=2, f [f e17(=) cos(ry) drle”PE@E ) g (p, 77y dr
0

—00

T—T/ - 4y(t—1r)

= \/%IOT L exp( L) e_iP(E(T)_E(T,))Q(p’TI) dT’ (1037)

Next, apply the inversion formula for complex Fourier transform (Equation (10.19)) to Equation
(10.37) to produce

1 o«
wrEmT) = = f e PEHT (p, 1, 7) dp

1 ® . T 1 2 (T (!
=— | e fyn f > €Xp <_ ’7—> e PEOEO)g(p, 1) de’ dp
—oo 0

V2n Vi—7 4y(r—7)
\/7 T 1 —% %) _ip(g(r)_g(,[l)_l_f) , ,
=Fh = T e Q(p, 7")dpld'. (10.38)

In Equation (10.20), Q(p, ) is defined with Heaviside function. With this definition, w" can be

further simplified to

2

w' (1) = \/%Cr fgﬁe”&n‘f')[H(l —2z2)(1 - a(z,1))q(z,1)]dr". (10.39)

r

where z=E(7)-E(¢' ,Crzy—*and :K—.
O R e AL

1
A3 Lemma %IH(l—(x+h)2)dx _ H(l—@)(l—@) for h € R
e

This appendix derives the results for Equation (3.22), Section 3.2. As observed in Figure 14 in
Section 3.2, when y(x) =1—(x+h)? =0, the x-intersection points are x=—h—-1and x=—h+1.

If the slipper’s length is assumed to be 2, the endpoints of slipper’s front and back are —h—1 and
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—h+1. For —1<x <1, let’s evaluate %IllH (1—(x+h)*)dx in =1< x <1 with varying h values.

There are four cases to consider; i) |-h[>2,ii) —=h=0,iii) -2<-h<0 and iv) 0<-h<?2.

(i) (i)

(iii)

Figure 35. Graphs of y(x) =1—(x+h)? for the Cases of i), ii) and iii)
)  For|-hj>2>h<2orh>2, =[ H-(x+h2)dx==[ 0dx=0
) or|[-h|[>2—-h<-2 orh> 'Ej—l @-(x+h)9) _EL =0.

. a1l 24y _ L[ -
i) For -h =0, ELH(l—(x+h) )dx_Ej_lldx_l.
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iii) For -2<-h<0—-50<h<?2,

= %U_lhﬂl dx + fhﬂo dx}

=£(—h +1+1) :1—D
2 2

iv) For 0<-h<2—-2<h<0, similar to upper case but the lower boundary changes,

%jll H (1— (x+h)?)dx = %U'l“’l H@-(c+h)?)dx+ [ HE-(x+ h)z)dx}

= %U_lh_lo dx + fhill dx}

:£(1+h+1) :1+D
2 2

Ll
-— for|hk2
Therefore, %le (1-(x+h)*)dx = 5 or|hl< _HQ-

0 for|h[>2

Ihi

|hl
S == (10.40)

A.4 Derivation of the Heat Partition Function in the Laplace Transform Domain

This appendix shows the derivation of slipper’s heat partitioning function using the
slipper and rail’s averaged interface temperature, which is the solution to Equation (0.66) in

Section 3.2.

In Section 3.2, the solutions to the rail and slipper’s temperature distribution in 2
dimensions, Equations (3.10) and (3.17), were found. Equation (3.20) shows the rail and

slipper’s interface temperature distributions by letting » =0 and Equation (3.21) shows that the

integration along the contact interval —1<1<1 is used to calculate the averaged slipper and
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rail’s interface temperatures. Using the Carslaw and Jaeger assumption of matching the slipper

and rail’s averaged interface temperature, the slipper’s heat partitioning function «(z)is found
by solving Equation (3.23) in Section 3.2. This equation is further reduced by assuming the

slipper is at constant velocity v, . The resulting equation is

Jy 7= (1 + BEM))a(x)q(x)dr' = B f; ==K (h)q(z")d’ (10.41)

where '8 = \/_Cr — k_i\/g and K(h) = H(]_ — @) (1 _ V0|;—T|) .

k

Using the Laplace Transform as given by L{f (t)} = fooof(t)e‘“ dt = F(s), and

recognizing that Equation (10.41) is a convolution, produces

o))

1 (
L{aq}[ { \/-}H?L{—}l L{q }ﬁL{T}
£{ag) H +ﬁ£{—}] £{q }ﬁﬁ{ ﬁ‘)}
L{aq} = L{q}B(s) (10.42a)
where

ps 5{ \/(f }

B(s) = TK (10.42b)
Jr+ ,Bf .C{ }
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and £{=2} = ["e~ = (1-27) (1-2) ar.

When the pressure and velocity are assumed to be constants P, and v, respectively, then

q(r) = 4PV, = q, is constant and Equation (10.42) is reduced to

1
qoL{a} = qo ;B(S)

L{a} ==B(s) . (10.43)

AS5Lemma lim JsF(s) =7

This lemma proves the result used in Equation (3.35) in Section 3.2.

Proof: From Equation (3.31) with x =§

VO
lim__,_ ~/sF(s)=lim,_ vVXF ()
and from Equation(3.30)

—-X

e

NE

FEM) =1-D)pC 0+
X" 2

Hence

—-X

e

N

lim,_, VXF(x)=lim,_, (l—%);/(%, X)+—— = r(%) =Jr (10.44)
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A.6 Lemma (1 x) = Xl/2e—xiAka Where A = o2k |
. 76 > Zou

This lemma is used in Equation (3.31) in Section 3.2. After applying a series of

integration by parts, the result to 7(5, X) is expressed in the infinite sum as follows

1 _ [*a-ty/21
y%ﬂO—Let dt
= [[e™ (xr) 2 xalr

1
_ X1/2J’O e—rxr—l/Zdr

1
12
r

(by parts) = x 2 {e” 72 S 2dr}

+_o
, 172

X 32 [t
(by parts) = x V2 =— 4 X | gt |+ X jle’”rs’zdr
1/2 1/2( 3/2|, 3/2%

€ xe X —1x,.312
=X 1713 +13 0e r*<dr
2 22 22
s X NG Xkr(y)
=x Ve 4 2y 2
17137135 r(k+3))
2 22 222
1 A2x N U k
—, X)=X"‘e X 10.45
7G%) E;rxk+3/2) (10.45)

Let’s observe the expression F(k:/r,s/ 2) in Equation (10.45). It can be rewritten as
T
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I(k+3/2) T(k+3/2) 1. 1. 1
7w rwo Rk
 2k+12k-12k-3 321
T2 2 2 222
(2K +1)!
- 22k+1k!

Therefore, using Equation (10.46), Equation (10.45) becomes

22k+1 k !

7(%, X)=x"27Y AX where A =
k=0

2(j+1)

A7 Lemma F(x)=e™)_ (_ Ax! =e”D (j+DA,X]
= 2]+3 =0

This lemma shows the result to Equation (3.35) in Section 3.2.

~ |1 1.8 1 3
F(x)=e {;(x—z)koAka;} where A =

F(x)= : {1—1%+i(ﬂ_l—%ﬁk)xk} where A =

Using the definition for A, and A,

+1?

(10.49) become as follows:
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(2k+1)!

22k+lk!
(2k +1)!

(10.46)

(10.47)

(10.48)

(10.49)

the terms(l—%ﬂb)and (Akl—%Ak) in Equation



2:0+41n
1 2% 1

@ l"A“_ 2o 2!

1 1A 12 2k
(0) A Ak A 2Akl) A 22k+1) TR (10.50)
O AL 2D ke 2k 2,

(2k+3)!  (2k+3)(2k+2) 2k +1)! (2k +3)

With Equations (10.50a) ~ (10.50c), Equation (10.49) is F(x) = ¢ Z 2
X k=1 2k +l

Let k = j+1, then Equation (10.49) becomes

F(x)=e i Jle)Ax‘_e’XZ(Hl)AH . (10.51)

=0 j=0

A.8 Evaluating «(t) using Branch Cut Integral

This appendix shows the derivation of the slipper’s heat partitioning function, Equation
(3.38) in Section 3.2, by inverting the Laplace Transform. The Inverse Laplace Transform given

in Equation (3.37) reduces to the evaluation of a branch cut integral. Recalling Equations (3.35)

and (3.32)
B*SF(s)
Liaqt=L{q}B(s)=L{q}———F——. 10.52
{aa} =L{a}B(s) {q}1+ﬂ*\/§F(s) (10.52)
Where g~ = k ~ . Assuming a non-zero constant heat flux function q(z) = q,, the heat
K

partition function L‘,{a} in Laplace Transform domain was given in Equation (3.26b) as
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E{a}— ,B*\/EF(S)

_ , 10.53
s(L+ B*~[SE(s)) (10.53)

Equation (10.53) is a rational function with a removeable simple pole at s=0. Further, the
function1+ B*+/sE(s) has no roots in complex plane. Using the inverse Laplace Transform

formula on Equation (10.53), the heat partition function is then given by

a(t) (10.54)

_ 1 Ie_“ S*SF(s)
27i 3 s (L+ B*sF(s))

1 2s a2V ,3 28
—_ _S —_ —,
) ) y(z

where F(s) =s™?y(Z,
2V,

—). Sets :V?OX then, as observed in Equation (3.31),
VO

F(s)=F(20=(2)"F (0 (10.55)
With Equation (10.55), Equation (10.54) becomes

a(t) = i J' e?Xt 1 —ﬂ \*/;F (NX) dx (10.56)
271 ] X1+ BVXE(X)
Because Equation (10.56) contains~/x , it has a branch point at x=0 and we shall take the
branch cut along the negative real axis in the complex x plane. Thus, introducing a loop contour
around the branch cut integral along the negative real axis in the complex x plane is equivalent to

evaluating Equation (10.56) for the heat partition function (t) .
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x plane
A

—————————=»—— Imaginary axis

-‘-\‘"—hﬂ—
Real axis

Figure 36. Branch Cut Integration Along the Negative Complex Axis

For upper branch, x=e""r then x=-r, dx=—dr, Ix =ivr

| (10.57)
For lower branch, x=e""r then x = —r,dx = —dr , v/x = —i/r

Using the upper and lower branches in Equation (10.57), Equation (10.56) becomes

Vo

et FOEED)

1 fpe? BENIFED )
Oz = T U0 T oo

_ L e e BNIF(D) 1 1

_Z”Ioe r [1—iﬂ*\/ﬁf(—r)+1+iﬂ*ﬁﬁ(—r)]dr (10.58)

1 j°°eV2°“ B rE(-r)
w0 r(L+(8°)°r(F(-1)*)

B

- 0 2k+1 1
where " =——= and F(-r)=e") (k+DA (-1 for A = 2 k!
Jr =

2k +1)!

Some observations about the function F(z) would be useful here. Using Equation
. . 2s , . 2 .1 2s , ,
(3.27b) with the substitution z=—2¢&=, we find F(s) = —2'[exp(——.§ YA-&7)dE.
Vo Vo o Vo

Referring to Equation(10.55) and replacing 2s/v, with z results in the equation
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F(z)= 2} e (- £2)dé = %+?13,2(2z —DJ/rerf (v/2) (10.59)

Integrating this representation for F(z) by parts also leads to the series given in Equation
(10.51). Further, we see that for all real values of x , F(x)is real and F(x) >0. Now by the

Schwarz Reflection Principle, it follows that F(z*) = F *(z) . Here, * is the complex conjugate

operator.

A.9 Derivation of v, (t)and v,(t)

This appendix derives to the expression for v, (t), v,(t) and v, ,(t) in Equation (7.13),

Section 7.4 from Equation (7.12). First letv,(t) = w(¢&,,t) , then
v.(t) = v (t) = (r,ﬁ,t) fori=1...,N +1. Substituting the second order difference

approximations for the spatial derivatives,

o,W(5. 1) (t) Via(t)

%(éy )=—"—= 2nE +O(AE?) = 2L 2AF +0(AS)
and
52W(§ ’t) |+1(t)_2Vi (t)+vi—1(t) 2

Into Equation (7.12a) produces

KV () =2, (O +Vi, (1) S0 Via () —via(O)

T - T +O(AEY) . (10.60)

Vi )=
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From the boundary condition in Equation (7.12¢c) v, , (t) = w(&.,,t) =w(,t) =0, and

from Equation (7.12b)

v -V 2x'm()
206 K(T,-T,)

(Q)- pr6)+ Z-hL-m)O-T,) (1061)

Solving Equation (10.61) for v,(t) produces

2X" AEm(t)

O o)

(Q(t)-plo) +2TX* h(d—m(t))(v,(t)-T,)+Vv,(t) . (10.62)

A.10 Time to Reach the Melt Temperature Formulas

In this appendix the solution to the problem of time required to reach the melt
temperature at the interface at the interface is developed. Two different velocity cases are
considered and Equations (4.28) and (4.30) in Section 4.3 are derived. The numerical results
using the material’s with physical and thermal properties given in Table 1, are presented in Table

2 and 3 in Section 4.3.

Equation (4.25) states
J, T&GO.£8,)de + [ QIGO0 ~0)dr =T, (10.63)

If T,(&) =T, , then
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[ T(©G60.51,)dE=T,[G0.&t,)d =T,

. (10.64)
:»ELQ&XKQQ%—rNrim—E
1
With Q(t) = euP(q, +at) andG(0,0,t, —7) = % , Equation (10.64) becomes
kr(t, —7)
E.rm Ot,uP(qO + az—)d—f =Tm _Ta
k Jo Jrr(t, —7)
(10.65)

Lett, —z =4 , which implies df=-dz andz =t - . Then, Equation (10.65) is rewritten as
the following

i Cj“—P( +aft, ﬂ))jé &S ~[2( +at, ) - aﬁ3’2] =T,-T,  (10.66)

WmJ1mﬁﬂ-mm)T -T,

(10.67)
Ifa=0,then
2
t =2 T —Tk | (10.68)
2a1Pq,
Ifa=0 ,then lett =s*. Then, Equation (10.67)
%as3+2qos—T ;a k\/; 0
o K (10.69)

= S3+%S_@% =0
2a auPa 4
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