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Abstract

Compressed sensing is an important field with continuing advances in theory and
applications. This thesis provides contributions to both theory and application. Much
of the theory behind compressed sensing is based on uncertainty principles, which
state that a signal cannot be concentrated in both time and frequency. We develop a
new discrete uncertainty principle and use it to demonstrate a fundamental limitation
of the demixing problem, and to provide a fast method of detecting sparse signals.
The second half of this thesis focuses on a specific application of compressed sensing;:
hyperspectral imaging. Conventional hyperspectral platforms require long exposure
times, which can limit their utility, and so we propose a compressed sensing platform
to quickly sample hyperspectral data. We leverage certain combinatorial designs to
build good coded apertures, and then we apply block orthogonal matching pursuit to

quickly reconstruct the desired imagery.
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RECENT ADVANCES IN COMPRESSED SENSING:
DISCRETE UNCERTAINTY PRINCIPLES AND
FAST HYPERSPECTRAL IMAGING

I. Introduction

Good decisions are typically informed by relevant data. Unfortunately, many
settings exhibit a bottleneck at the data-collection step, which presents an issue in
the face of urgency. Over the last decade, this limitation has spurred research in
speeding up data collection with a developing theory called compressed sensing.

The original motivation for compressed sensing research came from applications to
medical imaging, e.g., magnetic resonance imaging (MRI). Since the early 1980s, MRI
has granted doctors the ability to distinguish between healthy tissue and cancerous
tumors without the need for invasive surgical procedures. Unfortunately, MRI ma-
chines take a significant amount of scanning time to produce high-resolution images,
which are often necessary for diagnostics. The longer a patient is required to remain
still, the more likely she is to move, which causes irreparable distortions in the final
image. In the last decade, Candes, Romberg and Tao [1] showed that high-resolution
images, similar to those produced using MRI, can be reconstructed from very few
measurements, which in turn reduces the time required to collect the necessary data.
To achieve this speedup, Candes et al. leveraged the fact that the desired image is
nearly sparse in the wavelet domain [2].

More generally, compressed sensing seeks to solve the linear system ®x = y, where
d € CM*N with M < N. Of course, since M < N, this underdetermined linear

system is impossible to uniquely solve using traditional linear algebra. However, if



(a) (d)

Figure 1. (a) The Shepp—Logan phantom test image. (b) White pixels denote sample
locations of (a) in the Fourier domain. (c) The test image projected onto the span of
the sampled Fourier modes. (d) Reconstruction of (a) by minimizing total variation
subject to the Fourier samples. Perhaps surprisingly, the reconstruction is exact [1].
we make additional assumptions about x, they might be combined with the linear
data to uniquely determine the original vector x. For example, one might assume x
is K-sparse, i.e., at most K entries of x are nonzero. In many settings, this is a valid
signal model; for example, JPEG2000 exploits the fact that natural images are nearly
sparse in the wavelet domain [3, 4].

For a demonstration of compressed sensing, see Figure 1. Here, an image is
sampled in only a few locations in the Fourier domain. Traditionally, one might
project the image onto the span of these Fourier modes to get Figure 1(c), thereby
producing significant artifacts that would prevent proper diagnostics. However, the
image can be exactly recovered by instead minimizing a certain convex objective
function subject to the Fourier samples. This is the compressed sensing solution
that delivers high-resolution imagery from very few measurements. To see why this
works, first note that the sensing matrix must be special in order to provide complete
information. Indeed, if x is sparse but the rows of ® happen to be orthogonal to x,
then &z fails to distinguish x from the zero vector. This problem can be averted if ®

satisfies the (2K, §)-restricted isometry property (RIP), that is, if

(1= 0)llzll3 < | ®ll; < (1+ 8)]l3



for every 2K -sparse . The main result in compressed sensing is that solving

arg min ||x||; subject to  Pxr =1y

is equivalent to finding the sparsest x such that ®x = y provided ® satisfies the
(2K,6)-RIP with 0 < v/2 — 1 and the sparsest such x is K-sparse [5]. Thus, not
only do RIP matrices provide complete information about any K-sparse vector,
they also allow for reconstruction by ¢; minimization, which can be implemented
using linear programming. Furthermore, if ® is a random matrix (e.g., ® has iid
Gaussian entries), then with high probability, ® satisfies the (2K, 9)-RIP provided
K = Os(M/ polylog N) [6]. Therefore, the number of measurements required to effi-
ciently recover x scales linearly with the signal complexity K and does not significantly
depend on the size N of the signal.

The purpose of this thesis is to further develop the theory of compressed sensing
and related topics. In particular, we provide a new uncertainty principle (which
quantifies the sparsity level of any function relative to its Fourier transform) and we
also demonstrate the applicability of compressed sensing theory to fast hyperspectral

imaging. The following section details the applicability of these results.

1.1 Applications of uncertainty principles

Uncertainty principles have been studied with increasing frequency for over the
last sixty years [7]. The most basic form of the uncertainty principle is the follow-
ing assertion: A signal cannot be highly concentrated in both time and frequency,
illustrated in Figure 2. In particular, a Fourier transform pair x and Z cannot be
simultaneously sparse [7, 8, 9]. It wasn’t until more recently that uncertainty prin-

ciples were applied to sparse signal recovery problems, most notably by Donoho and
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Figure 2. (a) The function f(z) = exp(—10z?). (b) The Fourier transform of f, h(w) =
%ﬁexp(—wQ/ZLO). Notice that f is narrow while h is wide. The uncertainty principle

contends that no function is simultaneously narrow in both the time and frequency
domains.

Stark in [8].
In this thesis, we develop a new version of the uncertainty principle for discrete
functions and discuss its applications to demixing problems and to the fast detection

of sparse signals. We briefly describe these problems below:

The demixing problem.

Digital signals are often corrupted by noise when transmitted. Thankfully, it
is sometimes possible to distinguish the noise from the desired signal. Assume the
desired signal z is sparse in the Fourier domain. If x has been corrupted by noise €
that is sparse in the identity basis (think speckle), then we will observe z = = + €.
The goal of demixing is to separate x from e. In [10], Tropp showed that demixing

can be accomplished by solving

[ Flv=F-=. (1)



The desired solution v* to (1) is a concatenation of Fx and €, i.e.,

Since v* is sparse, this problem may be solved using ideas from compressed sensing.
In particular, v* is likely the 1-norm minimizer subject to (1). However, suppose there
is a signal f that is sparse in both the identity and Fourier bases. Then F(z + f) and

€ — f are both sparse. Therefore,

is also a sparse solution to (1). As such, we cannot guarantee recovery of v* using
compressed sensing methods because v* is not the only sparse solution.

Indeed, we need to understand how sparse a function can be in both the iden-
tity and Fourier bases in order to establish the inherent limitations on the demixing

problem. This is one motivation behind our study of uncertainty principles.

Fast detection of sparse signals.

Signal detection is a well-studied problem with a variety of applications. The goal
of signal detection is to distinguish between an information-bearing signal and mere
noise, making it a critical component of signals intelligence. Ideally, detection should
be performed as quickly as possible so as to promptly initialize further processing
and enable a timely decision. Hence, it is desirable to use as little computation as
possible to detect an information-bearing signal. Assume that a signal x is K-sparse.
Then by the uncertainty principle, F'zx is not highly sparse, and so only a few random

samples in the Fourier domain should suffice to detect the signal. In Chapter III, we



will show that only O(K') random samples are required to detect a sparse signal, and

our detection method requires only O(K log N) time.

1.2 Applications to fast hyperspectral imaging

A standard digital camera captures and stores images using only red, green and
blue light channels. Combinations of these frequencies of light are then used by
computer screens to display photographs for human consumption. Hyperspectral
imaging involves collecting data at multiple wavelengths rather than just these three.
The advantage of collecting multiple spectral bands is the ability to glean information
about the chemical composition of the observed object [11]. As a defense application,
hyperspectral imaging is particularly important for analyzing the composition of det-
onations in war zones [12]. With this application in mind, we seek to observe brief and
localized events. The fact that the event is brief is a disadvantage since conventional
hyperspectral imaging platforms might not have time to capture the desired image.
On the other hand, the advantage of localized events is that they are spatially sparse,
allowing for compressed sensing to possibly overcome the event’s brevity.

Assume X = f(x,y,A) is the data cube we would like to observe, where x and
y are the spatial coordinates and A is a spectral coordinate, often referred to as a
spectral band. Conventional remote sensing platforms do not collect hyperspectral
data without some sort of scanning method. The three main scanning methods are
spectral, point, and line scanning [13]. Spectral scanning involves the platform only
obtaining information for a particular spectral band at a time. Point scanning (or
whisk-broom) methods collect all light channels at one point in space at a time. Line
scanning (or push-broom) methods observe an entire line in space at a time, mov-
ing across space. Therefore, this method collects two dimensional images with each

measurement, one spatial dimension and a spectral dimension [13]. The disadvantage



Figure 3. Example of data cube of hyperspectral imagery of stars. The spatial location
of a star is represented with z- and y-coordinates. The )\ axis represents the spectral
bands of the data cube. The data cube is sparse since the distribution of stars in the
night sky is sparse and spectral bands are zero throughout empty space. Image of stars
from [14].

with each of these scanning methods is that they require a large amount of time to
capture the data cube X [11].

Suppose X is a hyperspectral image of the night sky as shown in Figure 3. We
know that stars are sparsely distributed throughout space, and so we may assume
that X is sparse. As such, compressed sensing methods might allow us to bypass the
limitations of conventional scanning. Along these lines, an alternative hyperspectral
imaging model, proposed by [15], uses a micro-mirror array (MMA) to capture the
entire data cube instantaneously (see Figure 4). Specifically, the MMA either reflects
all light at a point in space through a prism onto a charge-coupled device (CCD) or
reflects the light away from the CCD.

Given compressive measurements of the data cube, we need to apply a reconstruc-

tion algorithm. To this end, we will choose an algorithm that exploits the additional

structure of the desired data cube. Indeed, notice in Figure 3 that the nonzero en-
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Figure 4. Example of a compressive remote sensing platform. Each exposure uses a
different configuration of the micro-mirror array (MMA). A mirror in the MMA either
reflects all light towards the prism or reflects all light away from the prism. After the
light is dispersed by the prism, it is collected on the charge-coupled device.

tries of the data cube are in batches with common spatial coordinates. We call these
batches, blocks and we say the data cube exhibits block sparsity. Block sparsity is more
informative than regular sparsity, and recovery algorithms that use this information
tend to perform better [16, 17]. One such recovery algorithm, developed in [16], is
block orthogonal matching pursuit (BOMP). As the name suggests, this algorithm is a
block version of a sparsity-based reconstruction algorithm called orthogonal matching
pursuit (OMP). In Chapter IV, we apply this algorithm to simulated data cubes of
star data to demonstrate the plausibility of data cube reconstruction from few hyper-
spectral exposures. In particular, our simulations suggest that one can reconstruct
data cubes like the one depicted in Figure 3 with less than a third of the exposures

required by conventional scanning methods.



1.3 Outline

This introduction serves to build the context of the theory developed in Chap-
ter II, as well as the real-world problems that will benefit from our results. In Chap-
ter II, we will discuss the O-norm uncertainty principle and give a concise proof of the
Donoho—Stark uncertainty principle developed in [8]. Additionally, we introduce and
characterize equality in a new mixed-norm uncertainty principle. Lastly, we derive a
Fourier transform pair that achieves near equality in the Donoho-Stark uncertainty
principle as well as the mixed-norm uncertainty principle.

In Chapter III, we consider two applications of the mixed-norm uncertainty princi-
ple. First, we show that demixing problems cannot break the square-root bottleneck,
i.e., in the worst case one can only stably demix K-sparse signals if K = O(\/N ),
where N is the signal dimension [10, 18]. Second, we show how to detect K-sparse
signals from only O(K) measurements.

In Chapter IV, we focus on the hyperspectral imaging problem. First we use
combinatorial designs to devise a sequence of micro-mirror orientations that allow
us to reconstruct the desired hyperspectral imagery with block orthogonal matching
pursuit. Second, we provide simulation results that demonstrate the feasibility of
compressive hyperspectral imaging.

We conclude in Chapter V with ideas for future work.



II. Discrete uncertainty principles

In this chapter, we discuss three discrete uncertainty principles. We begin with
a proof of the 0-norm uncertainty principle [19] and a new efficient proof of the
Donoho—Stark uncertainty principle (Theorem 2 in [8]). Next, we discuss a new
uncertainty principle that we call the mized-norm uncertainty principle. Later we
prove a surprising result that equality in the mixed-norm uncertainty principle is
achieved precisely when equality is achieved in the O-norm uncertainty principle.
Lastly, we show that a discretized and periodized Gaussian achieves near equality
in both the Donoho-Stark uncertainty principle and the mixed-norm uncertainty

principle.

2.1 Background

Before we begin, we will introduce some notation and definitions. Let G be an
abelian group and let T denote the complex unit circle. Define a character of G to

be a function x : G — T such that

x(g1+92) = x(91)x(92) V1,92 € G. (2)

Let G be the set of all homomorphisms x that satisfy (2). The dual of G, namely
@, is also an abelian group (see Appendix 1.1). Let ¢(G) be the Hilbert space of all
functions from G to C. We denote the Fourier transform of a function f € ¢(G) by

f € ¢(G). We formally define the Fourier transform from £(G) to £(G) below.

Definition 1. The Fourier transform F: ((G) — ¢(G) and its inverse are given by

Ff[x] : F~'h)[g] : h[x
(FFlx \/WZf ( Z

geG XEG

10



respectively.

Another useful definition is the support of a function, denoted supp(:). The sup-

port of a function f on its domain D is defined as

supp(f) :={z € D: f(z) # 0}.

The 0-norm is then given by || f|lo = |supp(f)|. We note that the 0-norm is not

technically a norm, since it violates homogeneity.

2.2 The 0-norm uncertainty principle

In this section, we introduce the 0-norm uncertainty principle (see [19]). Through-

out this thesis, we will assume that |G| = N.

Theorem 1. Given an abelian group G of size N and f € ((G), we have

| supp(f)|| supp(f)| > N.

Proof. By the triangle inequality and Definition 1,

1
S\/—NZU[QH- (3)

geG

max | f[x]| < ‘\/%Zf[g]

xXE€G

For any y € C, define sgn(y) as

y/lyl ify#0

0 if y=0.

sgn(y) :=

11



We know that |f[g]|> = flg]flg]. Dividing by |f[g]| yields

gl = flg-29 — plglsan Tl (4)

Substituting (4) into (3) gives

\<—Zf Jsen fTo] \/—<fsgnf> \/—||f||z||sgnf||2, (5)

2<
ed

where the last inequality is true by the Cauchy—Schwarz inequality. By definition of

| - [|2, we have
1£112 llsem flly = 1112 (Z !sgnf[gH2> — || £1l2 [supp(£)|2 = [|f]l2 [supp(£)|, (6)
geG

where the last equality is a result of Plancherel’s theroem. Note that for all y € ((G),

lyll2 < |supp(y)|"?||y||oc- Therefore,

1fll2 < [ supp(f)["/* max| f[x]]. (7)

x€G

Combining (5), (6), and (7) yields

Ine\le[ )| < — max | £l supp(£) /2] supp( )|,

XEG \/_X

Taking the square and rearranging then gives

| supp(f)|| supp(f)| > N. 0

We will study two robust versions of Theorem 1. First is the uncertainty principle

introduced by Donoho and Stark [8]. The second theorem is in terms of a numerically

12



robust analog of the 0-norm called numerical sparsity (see Definition 3).

2.3 The Donoho—Stark uncertainty principle

In this section, we introduce the Donoho—Stark uncertainty principle and provide
a more efficient proof than the one provided in [8]. Define T'C G, W C G and let

Pr, Py : {(G) — {(G) be time- and frequency-limiting operators defined by

o= ST

0 otherwise

and

2misw

(Puf)lt] = %ﬁ S e flu)

respectively. The projection operator Pr removes any part of the function f that is
supported outside the index set 7. Similarly, Py filters f so that f is supported on

the index set W.

Theorem 2 (Donoho-Stark [8]). Let G be an abelian group of size N and suppose

f € U(G) is concentrated in both time and frequency:
If = Prfllz < erllfl2 If = Pwfllz < ewl fll2,
for some er, ey > 0. Then
IT|[W| > N(1 - (er + ew))”.
Proof. Assume without loss of generality that ||f|| = 1. By the triangle inequality,

L—|[PwPrfll < |f = PwPrfll < |If = Pw fll + [[Pw(f — Prf)ll. (8)

13



Since Py is a projector,

If = Pwfll + 1Pw(f = Prfl < IIf = Pwfll + If = Prfll <ew +er. (9)

Combining (8) and (9), and then rearranging produces

1 — (ew +er) < ||PwPrf| < ||PwPrl|2se < ||PwPr|lF,

where the second inequality follows from the definition of the induced norm and ||-|| ¢
denotes the Frobenius norm. We claim || Py Pr||% = |W/||T|/N, which implies the
result.

To prove our claim, define Dg := diag(1s), where 15 denotes the indicator function

of the set S. Note that Pp = Dy and Py = F~'Dy F. Therefore,

. T||\W
1 PuPrl = | F~ D FDy [ = 1D EDy 3 = Y01l 5] = T,
1114
JET
completing the proof. O

2.4 Near equality in the Donoho—Stark uncertainty principle

In this section, we show that a discretized and periodized Gaussian function
achieves near equality in the Donoho—-Stark uncertainty principle. In particular, we

have the following result:

Theorem 3. For every e > 0, there exists C > 0 such that for every sufficiently large

N, there ezists f € U(Zy), T C Zy, W C Zn such that

If = Prfllz <ellflla,  If = Pwfllz <ellfll2

14
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Figure 5. (a) An example of a Gaussian function f(z) = ¢~V™", with N = 8. (b)
The Gaussian function from (a) sampled at every multiple of 1/N and periodized. This
function is an eigenvector of the discrete Fourier transform, and it has around v/ N large
entries. We leverage these facts to demonstrate near equality in both the Donoho—Stark
and mixed-norm uncertainty principles.

and

IT||W| < CNlog N. (10)

Such a construction will demonstrate that Theorem 2 is nearly tight for all suffi-
ciently large N (see Figure 5). Before providing the construction rigorously, we begin

with a definition:

Definition 2. Let Schwarz space be the set

S = {f € C®(R) : sup |z*f P (x)] < oo ‘v’a,ﬁ}.

zeR

Theorem 4. For all f € S, if

hlj] =Zf(%+j’),

J'€z

15



then

(FNR)[K] = VN Y f(k+KN),

k'€Z

where Fy denotes the Fourier transform on Zy.
Proof. First, by the definition of Fly

(Fh) [k] = %N 3

JEZN (Zf(ﬁ—i_j))e .

J'E€L

Apply Corollary 1 (Appendix 1.2) and rearrange to get

(FNh) [/f] = L Z Z(FRf)[q]ezij/N o~ 2mijk/N
VN

JELN qEZ
1 o j
= = S EH Y (@)
\/N q€EZ JELN

Then the geometric sum formula (see Claim 9 in Appendix 1.4) implies
1 mi(qg— ‘
T L Eld Y (TN = VN Y (Rl
g€z JELN q=k+NZ
Let k' := (¢ — k)/N. By change of variables, we are done:
(FyH)[K] = VN> (Frf) (k+KN). O
k'€Z

Armed with Theorem 4 and the background information in Appendix 1.3, we can

find the Fourier transform pair we seek:

Theorem 5. If f(z) := %6_W(%)2, then (Ff)s(€) = f1 (€).

Proof. By the definition of f, we know that for some function A,

& =F (n (%)) = s(Fh)(s6)

16



where the last equality is due to Claim 8. By definition of h, we get

s(Fh)(s€) = 2% /se ™) = f,(€). 0

Given the Fourier transform pair f; and fi/, and Theorem 4, we can derive the

following Fourier transform pair.

Lemma 1. Denote

:Zfs (%+n’>.

n'€Z

Then, Fhgn| = h_ [n].

Ns

Proof. Given f, and the definition of hg,
n 2 112

= S () = X e

n'€’z n GZ
Theorem 4 and Lemma 5 then give

VNS R4 w'N) = VN funln o).
n’'€”z n'€z

By definition of f;/,

VN S a4 n'N) = VN 3 2k st

n'€Z n'€Z

= 2%\/]\73 eiﬂ_(Ns(%Jrn/))Q =h

n'€L

Let h'%) be defined as follows:

17



By Lemma 1, we can see that that the Fourier transform of A is simply A(V/K).

The following facts about A) will be useful for proving near equality.
Lemma 2. Define h'*) as in (11). Then

N N
I3 > —= — =

&
=

Proof. First, we expand |w|? = ww to get

Sy s oleee]

neGn'€Zn" €L

Y )

n' €7

IR =D

neELN

Since all of the terms in the sum are nonnegative, we may infer a lower bound by

discarding the terms for which n” # n’. This yields the following;:

2

[h]2 > %ZZQ‘QW(W Kzeﬂ X2 > % (/ e 2”K2dx ),

neG n’'€’ mEZ

where the last inequality follows from an integral comparison. The result then follows

from computing the integral. ]

Lemma 3. If k') is defined as in (11) and 0 <n <n’ < &, then W8 [n] > /]

[

n\2 e (=) . .
Proof. 1t suffices to show that e (%) > e (K> + e ( K ) , which is true if

n n+1)2 N/2\2

2 iy
e (%) > () + e~™(*%)" . Define a := e"#. Then it suffices to show that
an2 Z a(n+1)2 + a(%)z_
Dividing both sides by a™ yields

1>a alF)* = g2ty ((Fn)(F4n) >a+4a
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. . . N N N
The last inequality is from the fact that 2n + 1 > 1 and (3 — n) (3 —I—n) > 5.
The above implies that ek =a > %, which is true because of our assumption that

K > 4. O
We are now ready to prove the main result of this section.

Proof of Theorem 3. Take f = h' with K = v/N, and so f = f. It is then reason-
able to take T'= W and er = ey With this, in order to show that Theorem 2 is tight
for h%) it suffices to find 7" such that (10) is satisfied and |h) — PrhF)|| < ep||[h5O)|.

We will find a p > 0 such that

flel <0 (12)
for some 6. Then T'= {n € Zy : |n| < p}. By Lemma 3,
flnl < flpl<d VngT

and so

If = Prfl? < (N — |T|)8% < N&* < 28%| f%,

where the last inequality follows from Lemma 2 and the assumption that N > 16.

Thus, ||f — Prf|| < er| f|| for er = v/24.

Also, by our choices of W, f, and ey, we have
If = Pwfll = lf = F7 PrEf|| = |F7NEf = PrEf)| = [|Ff = PrEf]
We know that f = F'f. Therefore,

|Ef = PrEf| = If = Prfll < er|fll = ewll f]-
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As such, f will satisfy the hypotheses of Theorem 2. If, in addition, we find a small
p satisfying (12), then we will have |T||W| = (2p — 1)? small as well, so Theorem 2 is
nearly tight for this choice of f.

By Lemma 3 and symmetry, h5)[p] > h®)[n] ¥n € {p,..., N —p}. Thus, it
suffices to show a smallest p possible such that h¥)[p] < ¢ and p = O(K). In order

to find p, we will find an upper bound on A in terms of n and then set n = p.

h[n] = N Z e‘”(%):u Z e_”<%)2 (13)
n' €Z n'€Z
[ e [

Assume t > v/N. We will bound each term in (13) separately, beginning with the

first term. Let n = av/N, where o < %\/N Then,

/ 2
— gt N o ’ 2 _ ’ 2
E e ( K ) = E e m(a+n'v/'N) — E VvV Ne 7(a+n'v/N) .
n’IGZ n' ez n'eZ
‘%‘Zt |a+n’\/]V|2t |o¢+n’\/ﬁ|2t

2=

By our assumption that ¢ > v/ N, the above is bounded by

1 /°° g ]
— e = —.
N . YEUN

Now, we will bound the second term in (13). Because a < %\/ﬁ, e~mlen'VN)? g

maximized for n’ = 0. Assume, ¢t = av/N. Then,

!/
N
|%|:|a+n'\/ﬁ| <t=aVN.
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Because o > 0, the above implies |1/v/N + n’/a| < 1. Therefore

1 /
—1<——I—ﬁ<1.
«

VN

Solving the inequality for n’, we get
(1+1)<’< (1+ 1>
- — n < —a«a —— .
VN VN
Therefore, |n'| < (14 o(1))a. Hence, the second term in (13) is bounded by
#{n': |la+n'VN| <t} ™ < 3ae ™

Thus, the upper bound for (13) is:

N ]. 2 2
A [n] </ — (— + 3ae ™ ) = N~V4 4 NYA3ae™™", 14
w5 (o= (1)
Assuming N~4 < §/2, we will find a lower bound on « such that the above is less

than &. Therefore, we need to find an a such that N'/43qe ™" < 9/2. We know that

ae ™ < e~ Therefore, it suffices to find an « such that

)
2
(]. — 7T)Oé < IOg (W) .

Thus, we need « such that

1 GN1/AN\ T2
oz>{7r_1log( 5 )} :

Therefore, for any fixed &, we have hF)[C(§)N'/?1og"? N] < ¢ for all sufficiently
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large N. Thus,
IT||W| < CNlog N

as desired. O

2.5 A mixed-norm uncertainty principle

In this section, we define numerical sparsity and use it to formulate a new mixed-
norm uncertainty principle. We also provide three different proofs of this uncertainty

principle.
Definition 3. We define the numerical sparsity of v € ((G), denoted ns(x), as

2

[kl
ns(z) == R

The concept of numerical sparsity is introduced in [20] as a stable lower bound on
the sparsity of an unknown signal, which we prove below. This property of numerical

sparsity is useful in the context of our discussion of compressed sensing.
Lemma 4. Let f € ((G). Then ns(f) < |/ fllo-

Proof. By the Cauchy—Schwarz inequality we know that

[f1lr = (sen(f), £) < [sgn(Hll2llfllz = VI Flloll f1l2-

Rearranging and Definition 3 then give

B Al
T

ns(f) = [[fllo,

thus, proving the statement. O

Using Definition 3, we have the following uncertainty principle.
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Theorem 6 (Mixed-norm uncertainty principle). Given an abelian group G of size

N and f € {(G), we have
ns(f)ns(f) > N. (15)

Notice that by Lemma 4, the O-norm uncertainty principle is immediately implied
by the mixed-norm uncertainty principle. We have two similar proofs of Theorem 6
(both of which will be used later to characterize equality in the uncertainty principle)
and a third very different proof that uses interesting techniques. We begin with the

two similar proofs.

Proof 1 of Theorem 6. Without loss of generality, assume ||f|2 = 1. By Holder’s

inequality,
_ AR CIAR o NAIE NS
{1 A - 2 S 8

where the last equality is due to Plancherel’s theorem.

ns(f) ns(f)

Y

Additionally, we know that

o0 Ffllo 1
T <5 s = Ve = Uy
where F is the Fourier transform operator and || - |1 is the induced norm.
Therefore

AL

[FAlE S R
and so

ns(f)ns(f) > N. O

Proof 2 of Theorem 6. Without loss of generality, assume ||f| = 1. By Holder’s

inequality,

_ AR ||ff||? N A e P
LA A0z — A% 13 AR

ns(f) ns(f)
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where the last equality is due to Plancherel’s theorem.

Define y := f, then

"l Il

= [F oo =
1yl w20yl -

1
vV IN
where F'~! is the inverse Fourier transform operator, and so

£112 2
1
[ ] . S

[ S | 7| S P[RS

Therefore

ns(f)ns(f) > N.

]

A third proof of Theorem 6 uses interesting techniques. We start by proving a

few lemmas.

Lemma 5. Let G be a finite abelian group and suppose f € ((G) satisfies
1 fll1 < CVK||fll2. Then there exists T C G of size K such that

If = Prflla < CllfIl2-

Proof. Let Ty C G denote the indices of the K largest entries of f in absolute value,

and for each j > 1, let T} denote the indices of the K largest entries of f not covered

by T; for ¢+ < 5. Then

1

. < < ] <
1Pz, fll2 < \/?gnga}ﬁ |flg]] < \/?IgngI}\f[gH SN

| Pr, fll1

for every j > 0. As such,

|f = Pr,fll2 =

> Prf

Jj=1

1
< Z | Pr; fll2 < Vi Z 1P, flln < C |2,

2 > j>0
where the last step uses the hypothesis. Taking 7" = T, then gives the result.
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What follows is a loose inequality that we will use along with other techniques to

prove Theorem 6.

Lemma 6. Let G be a finite abelian group. Then every f € ((G) satisfies
LA LILf > CVN| f1I3,

where C' = 5(1 — \/Li)

Proof. Let || f]la = 1 without loss of generality (the result clearly holds for f[g] = 0).

First, we quickly rule out the case where 9|/ f||2] > N. Here, we have ||f||; > VN /3
and || fll; = | f]la = || fll2 = 1, and s

1710l > SV > CVRIIfIE

as desired.
For the more interesting case where |9||f]|2] < N, let T C G denote the indices
of the |9]|f]|2] largest entries of f in absolute value, and W C G the indices of

the |9]|f]|2] largest entries of f (this is possible since |[9||f]|2] < N). Also, take

er:= || flli/v/1TT and e := || f]|1//IW]. Then

1l = %m||f\|2 = o /TNl

and similarly, || f||; = ew~/[W]||f|l2- As such, Lemma 5 implies that f satisfies the

hypothesis of Theorem 2, and so

(M LY w2 (1 e+ ew)”

€T ew
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We claim that er, ey € [1/3,1//8], which implies the result:

: 1 1\?
22>~ (1 1 _ 2 4
IFIRIAR = 5 (1= ) & = 2y

Rearranging then yields

IFIRIFIE = Nerew (1 — (er + ew)))™.

To verify the claim, note that |9]|f]|?] < 9]|f||%, and so

B[ O | O [ PO

TV VO T VAR 3

Also, since [[f[l;  [|f]lz = 1, we have 9] f[2] > O[|[}? — 1 > 8|f[}2, which similarly

implies ey < 1/4/8. The same logic gives ey € [1/3,1/1/8]. O

Notice that Lemma 6 is a weak version of Theorem 6, but paradoxically, it actually
implies Theorem 6. This can be proved using a technique called the tensor power trick

by Tao [21]. First, we define tensor power.

Definition 4. For g1,--- ,gx € G the tensor power of a function f € ((G), denoted
ek s defined as

f®k[gla' o 7gk] = f[gl] o f[gk]
where (g1, - gr) € G*.

In order to use f®* and its Fourier transform we need to understand G*. The
tensor power trick is only useful if we can show that G*¥ = G Appendix 1.1 gives
details that prove this statement. Since Gk = @k, we know f&F = f®F_ With this

information, we can prove the following lemmas about f&* and f®*:
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Lemma 7. Let p > 1 and f* be defined as above. Then

LF* 1l = 11115

Proof. We begin with the definition of || f®*|[?.

1P = Y g gl =Y > I flo] - flaall?

(91,-gK)EGF g1€G gL€G
= [ flg1]l" ngk (I1£12)".
g eG

U

Taking the pth root of each side yields the result. Therefore, || f<*|, = || || ’;.

Lemma 8. Let f®* be defined as above. Then

LF=R I = 117

Proof. By definition of the Fourier transform, and Claims 3 and 5 in Appendix 1.1,

1Ea f¥ N = ) [(Fae S = Y - D [(Fahbal -+ (Fa )l

XGC/T'T“ Xleé xkeé
=Y |FeHball - D 1(Faf)xall
X1€G XkEG

where the last term is the definition of ||Fg f||¥. Therefore | Fgr f&*||, = [|[Fof]|F. O
Now, we are ready to prove Theorem 6 using the tensor power trick.

Proof 3 of Theorem 6. Due to Plancherel’s theorem we can rewrite (15) as

LIl = VNI£1I3
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By Lemmas 6, 7 and 8 and we know that
LF 1N f o5l = CVNFFEES

implies

NI > 0 (VA) sl

Taking the kth root of both sides yields

1110 F Il = CYS/N|£13:

Taking the limit as k — oo we get C'/* — 1. Thus,

£ IA 1l > VN £115,
completing the proof. O

2.6 Equality in the mixed-norm uncertainty principle

In this section, we will prove a surprising result: that equality in the mixed-norm
uncertainty principle is achieved if and only if equality is achieved in the 0-norm
uncertainty principle (the “only if” direction is particularly surprising considering
Lemma 4). In order to satisfy equality in Theorem 6, the Fourier transform pair f

and f must have a specific structure:

Theorem 7. If f satisfies ns(f) ns(f) = N, then f = ¢cM“14 where ¢ € C, 14 is
the indicator function for some set A, and M® is the modulation operator defined as

(M=l 1= flnjerin/.

Proof. We can see from the first two proofs of Theorem 6 that in order to achieve
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equality in Theorem 6, f and f must satisfy equality in Holder’s inequality, specifi-
cally,
LA flloo = WA AN oo = ILFII5. (16)

To achieve the first equality in (16),

DI =113 = 1 flloe = max | f[ml] Y |f[nl] = Y max| flm[] fln]]-

neG neG neG
Therefore, max,,ec | f[m]| = |f[n]| for all n such that f[n] # 0. Similarly, in order
for the second equality in (16) to be true, max, |fIm]| = | f[n]| for all n such that

f [n] # 0. The additional constraint for f and y := f to satisfy equality in Theorem 6

is equality in the induced norm:

1E flloe = 1F sl f by IE Yl = 11 lissollylls- (17)

By definition of the Fourier transform,

n]e—Qmmn/N

||Ff||oo = I;ngglFf[ ]| = maX \/_ Zf —27r1mn/N

‘\/_TLEG

where 7 is the index that achieves this maximum. We know that || F||;_ = 1/v/N.

Therefore, we we have

1 1 1 —2irn/N
Jalh = 7 Sl = 5 3 e

where the last equality comes from the fact that [e=2™™"/N| = 1. Let

v[n] := f[n]e=2 /N Then we can rewrite the first equality in (17) as

> vl

neG

=3 Jofn)

neG
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The statement is true if and only if for all indices n,m such that v[n] # 0 and
v[m] # 0, sgn(v[n]) = sgn(v[m]). Thus, 3¢ € C and z > 0 entrywise such that v = cz.

Substituting in the definition of v and solving for f we get
f[n] — Cz[n]e%rimh/N‘

Therefore, to satisfy equality in Theorem 6, f and f have the form f = cM“1,. [
Theorem 7 above can be used to prove the main result of this section:
Theorem 8. ns(f)ns(f) = N if and only if || fllol|fllo = N.

Proof. By Lemma 4 and Theorem 1, we know that

£ 1loll fllo = ns(f)ns(f) > N.

Therefore, functions which satisfy equality for Theorem 6 form a subset of the func-
tions that achieve equality for Theorem 1.

Assume that f satisfies equality in Theorem 6. Then using Theorem 7, the nu-
merical sparsity of f can be calculated as follows:

e () (S e nil) o

ns(f) = [[fllo-

RE [flloollFIh - SSN JCeMataln]] [Ifllo-C?

Thus, the set of functions that achieve equality in Theorem 6 is the same set that

achieves equality in Theorem 1. O]

Consider the case when K divides N and f is a Dirac comb supported on multiples
of K. It is well known that f is a Dirac comb supported on multiples of N/K, and
so || fllollfllo = N. Thus, by Theorem 8, f achieves equality in Theorem 6 in this

special case. As such, it is possible to nontrivially achieve equality in Theorem 6 if
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and only if N is composite (the “only if” direction follows from the fact that || f||o
and || f||o are both integers). In the next section, we give an example of a function

that achieves near equality in Theorem 6 regardless of N.

2.7 Near equality in the mixed-norm uncertainty principle

In this section, we will show that a discretized and periodized Gaussian function

achieves near equality in the mixed-norm uncertainty principle in the following sense:

Theorem 9. There exists a C > 0 independent of N and f € ¢(Zy) such that

A

ns(f)ns(f) < CN.

Once again, let f = A as defined in (11) with K = v/N. Since f=f it
suffices to show that ns(f) < vCN. A proof of this statement requires the use of the

following lemma:
Lemma 9. Given h™ where K = VN |, |[n5)||; < 3N3/4,

Proof. By definition,

N N
[A = > (][ = 3 - N
n=1 n=1

S exp [_ﬂ (2 nm)]

n'€Z

Because exp(y) > 0 for all y € R the above we then have

1BO) = STNT S exp [—7? (% - nﬁ) ] . (18)

n' €L

The following is an upper bound on (18) due to integral comparison.

Nié/:exp [—7? (\/Lﬁ—x\/ﬁ)Q
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First we will find an upper bound on the left hand side of (19). Substituting
u = /7T(n/vVN + zv/N) into the first term of (19) gives

N
1
N2

o) N
/ exp[—u?]du + N** = Ni E T _ Ni
- n=1 mN

o0

The upper bound on the second term of (19) is more difficult to compute. By sym-

metry,

()] 8ol )< o5

We know that

-1 2 0 N
/_N exp {—W%} dx < /_ exp [ } dr =/ — / exp|— \/2_,
where u = \/m/Nx. Therefore, the upper bound on the second term of (19) is N3/4/2.

Combining this upper bound with the one for the first term yields the result. m

Proof of Theorem 9. 1t is straightforward to construct our upper bound on ns(h(K))

using a combination of Lemma 9 and Claim 2 (see Appendix 1.1):

)y < 9 N3/2 _9 N 92
ns(h)) < T 4[ ﬁm—ﬁ . (1+on(1)) VN.
(20)
Thus, for some C' > 0 we have ns(f) ns(f) < CN. O
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III. Applications of the uncertainty principle

In Chapter II, we introduced a mixed-norm uncertainty principle and demon-
strated that near equality is achieved with a discretized and periodized Gaussian. In
this chapter, we will discuss two applications of these results. First, we will show a fun-
damental limitation of the demixing problem, namely, that demixing /N-dimensional
K-sparse signals is only stably possible in the worst case if K = O(\/N ). Second, we

will show how to detect K-sparse signals with only O(K) measurements.

3.1 Limitations of the demixing problem

The main idea of demixing is that if a signal  which is sparse in the Fourier
domain is corrupted with noise € that is sparse in the time domain, then we can use
compressed sensing methods to reconstruct the original signal x given the corrupted

signal z = x + €. This reconstruction is done by solving

v* = argmin ||v||; subject to [I Flv = Fz,

where the solution v* is a vertical concatenation of F'z and e.

Coherence-based guarantees in [22] show that it suffices for v* to be K-sparse
with K = O(v/N) while RIP-based guarantees in [6] allow for K = O(N) if [I F]
is replaced with a random matrix. We refer to this disparity as the square-root
bottleneck. In particular, does [/ F| perform similarly to a random matrix or is the
coherence-based sufficient condition on K also necessary? Despite being studied in
both [10] and [18], this fundamental problem has gone unsolved for general N until
now. In this section, we use numerical sparsity to show that ® = [I F] cannot break

the square-root bottleneck. We begin with a definition:
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Definition 5. Let ® € CM*N . We say that ® satisfies the C-width property if

[z]l2 < \/—||$||1 Vo € Ker(P).

The following theorem is provided in [23] and [24]:

Theorem 10. Define
A(y) := argmin ||z||; such that Pz = y.
Then 3C > 0 such that

|A(Pz) — x| < Vo € RY

[ = [
\/_

if and only if 3¢ > 0 such that
HﬂﬂHz HCCH1 xr € Ker(q)).
\/_ Y

Furthermore, C' < ¢ in both directions of the equivalence.

Based on Definition 3, the C-width property is equivalent to having
ns(r) > K/C*  Va € Ker(®).

Let ® = [I F] and h'") be defined as in (11). Take # € C?V such that
r = (21)

for K = +/N. We know that 2 € Ker ®. We will show that ns(z) < C+v/M. This is

34



significant because by Theorem 10, it provides a converse to the square-root bottleneck
for this well-studied matrix. The proof of this statement requires the use of the

following lemma:
Lemma 10. For x as defined in (21), ns(z) = 2ns(h5)).

Proof. We will first show that ||z||? = 4||[h")||2. The definition of z and h(%) gives

2N
Il = 3"l
i=1
N 2N
=D lul+ D lad

i= i=N+1

=1
N N N

=D RO+ Y1 = hME] =2 [AM[)] = 2)AL.
=1 =1 =1

Squaring the above yields ||z||? = 4[|h¥)||2. Next, we will show that ||z||2 = 2||h5|2.

Similar to the above by definition,

2N
l=[13 = |=al®
n=1
2N

N
=2l + D el
n=1

n=N+1

N N N
=Y ORI+ =P =2 [hSm] = 2 h).
n=1 n=1 n=1

Combining the above results gives us

B o FRa
=l 2At)22

ns(z) = 2ns(h1),

completing the proof O
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Therefore, based on Lemma 10 and (20) we have

<9ﬂ N 9

S iy Rt L RTINS

ns(z)
as desired.

3.2 Fast detection of sparse signals

In this section, we will show that with high probability, an arbitrary K-sparse
signal can be detected using O(K) measurements. We want to be able to distinguish
between a sparse signal and the zero signal. Therefore, we are testing the following

hypotheses:

H(]Z.T:O

N
Hy = el = 2 Dl < K

Here, we assume we know the 2-norm of the sparse vector we intend to detect, and
we set it to be /N/K without loss of generality (this choice of scaling will help us
interpret our results later). We will assume the data is accessed according to the

following query-response model:

Definition 6 (Query-response model). If the ith query is n; € Zy, then the ith
response is (F'x)[n;] + €;, where the €;’s are iid complex random variables with some

distribution such that

E|€z‘ =, ]E|€i|2 = ﬁz.
The coefficient of variation v of |¢;| is defined as

, Varleg| B2—a?
v = =
(Elei])? a?

36



Note that for any scalar ¢ # 0, the mean and variance of |c¢;| are |c|a and |¢|? Var |,
respectively. Hence, v is scale invariant and is simply a quantification of the “shape”
of the distribution of |¢;|. We will evaluate the responses to our queries with an

(1-detector, defined below.

Definition 7 ({;-detector). Fiz a threshold 7. Given responses {y;}M, from the

query-response model, if
M
Z |yz| > T,
i=1
then we reject Hy.
The following is the main result of this section:

Theorem 11. Suppose o < 1/(8K). Randomly draw M independent indices uni-
formly from Zy, input them into the query-response model and apply the {1-detector

with threshold T = 2Ma to the responses. Then

Pr (reject Hy

Ho) <p

and

Pr (faz'l to reject Hy H1> <p+gq

provided M > 4K /q + v*/p.

In words, the probability that the ¢;-detector delivers a false positive is p and
the probability that it delivers a false negative is p + ¢q. These error probabilities
can be estimated better given more information about the distribution of the random
noise, and the threshold 7 can be modified to decrease one error probability at the
price of increasing the other. Notice that we only use O(K) samples in the Fourier
domain to detect a K-sparse signal. Since the sampled indices are random, it will take

O(log N) bits to communicate each query, leading to a total computational burden
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of O(K'log N) operations. We suspect K-sparse signals cannot be detected with
substantially fewer samples (in the Fourier domain or any domain).

We also note that the acceptable noise magnitude oo = O(1/K) is optimal in some
sense. To see this, consider the case where K divides N and x is a Dirac comb of K
deltas. Then Fz is a Dirac comb of N/K deltas. (Thanks to our choice of scaling,
each delta in the Fourier domain has unit magnitude.) Since a proportion of 1/K
entries is nonzero in the Fourier domain, we can expect to require O(K) random
samples in order to observe a nonzero entry, and the ¢;-detector will not distinguish
the entry from accumulated noise unless @ = O(1/K). We will use the following

lemmas to prove Theorem 11.

Lemma 11. Suppose ||z|lo < K and ||z||3 = N/K. Draw n ~ Unif(Zy) and define
Y = |(Fx)[n]|. Then
1 1

EY > — EY? = —.
- K’ K

Proof. By Lemma 4 we know ns(x) < ||z]|o < K, and Theorem 6 gives
N < ns(x)ns(Fz) < Kns(Fz).

Rearranging and the definition of numerical sparsity then gives

N [Fx|? _ [[Felf _ |[Fz|?
— <ns(Fzx)= = =
K I1Fzl3 [zl — N/K

where the second to last equality is due to Plancherel’s Theorem. Thus ||Fzx|; >

N/K. Then

1 1 1 1
EY = = > Vo= > |(Fo)n)l = wl|Fall >

neEZnN neLZn
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and

1 1 1 1
2 2 2 _ 2 _
EY™ =+ > v —NZ\(FSU)[TLH —NHFﬂsz—?- O
TLEZN TLGZTL
Lemma 12. Take €1,...,€y to be iid complex random variables with Ele;| = a and

Ele;|? = 5%, Then

M
PI<Z|Ei|§MQ> >1—p

=1

provided M > v?/p, where v is the coefficient of variation of |e;|.

Proof. Chebyshev’s inequality gives

Var X

Pr(lX —EX|>1) < —3

Take X = 32M |e;]. Then

M
EX =) Elg| = ME|¢;| = Ma
=1

and

Var X = M Var |¢;| = M(E|e;|* — (Ele;|)?) = M (8% — o?).

Thus,

M M
Pr (Z’Q‘ > Ma+t> =Pr <Z‘El| — Mo > t>
i=1

i—1
Var X  M(5* —a?)

< Pr(|X —EX|>1) < — e

Take t = M«. Then

M
(52 _ 012) 52 _ a2 62 _ 052 P
p A >2oMa | <M — < P
r<;|e| a) - (Ma)? Ma?2 = a? w2 P
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which gives the result. O]

Lemma 13. If M > 4K /q + v*/p, and a < 1/(8K), then

K

M
Pr (Z lyi| <7

=1

N
lzllo < K, |21 = —) =p+q
Proof. We know that
M M M
Pr (Z lyil < 2Ma> < Pr (ZYZ- =) el < 2Ma) . (22)
i=1 i=1 i=1
For simplicity let b= 3" ¥; — S°M |¢;|. By Lemma 12, we then have

Pr(b <2Ma«a) =Pr (b < 2Ma

i=1 i=1

M M
Z le;| < 2Ma> Pr (Z le;] < 2Ma>
i=1 i=1

M M
Z ;| > 2Ma> Pr (Z ;] > 2Ma>

+ Pr (bSQMa

<p+Pr (Z Y; < 4Ma) . (23)

=1

Chebyshev’s inequality gives

Var X

Pr(|X —EX| > 1) < —;

Taking X = Zij\ilYi, Lemma 11 gives EX = MEY, > % and Var X = M VarY,.
Thus,

Var(X) < M
2~ Kt

M
M
Pr <ZY,»<E—t> <Pr(X <EX —t) <Pr(|X —EX|>1t) <
=1

40



Taking t = M/(2K) gives

Pr(f;Y;SZLMQ) < (f: S%K
(e

M_MK
K_KM

Combining (22), (23), and (24) gives the result.

Thus, Lemma 13 and 12 together prove Theorem 11.
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IV. Fast hyperspectral imaging using compressed sensing

Astronomers have been attempting to analyze the spectra of stars for over a
hundred years [25]. With modern technology, scientists can look at hyperspectral
images of stars and use the data to determine their chemical makeup. This concept
is known as spectroscopy. The main phenomena of interest are absorption lines in the
spectral bands. Absorption lines are a significant drop in the intensity of the light at
a given frequency, or spectral band, compared to the distribution of the surrounding
spectral bands (see Figure 6). The locations of these absorption lines can be matched
with the light emitted from super heating particular elements of the periodic table,
which then allows scientists to determine the chemical composition of a star.

Conventional hyperspectral cameras are slow. Different methods of hyperspectral
imaging either require time to process the entire space desired or greatly limit the
number of spectral bands [27]. Before describing these methods, it is helpful to intro-
duce some notation. Let X = f(z,y, A) be a function representing the hyperspectral
image we wish to measure. This data cube is made up of two spatial dimensions with
coordinates represented by x and y and one spectral dimension whose coordinate is
represented by A. In particular, for any fixed spatial coordinates (z,y), varying A
gives the spectrum of light received at (z,y).

There are two conventional methods for hyperspectral imaging: spectral scanning
and spatial scanning. Spectral scanning involves the use of filters, such as bandpass
filters, to collect a two-dimensional slice of X that contains only one fixed spectral
band A\ and all spatial information. Filters are commonly installed on wheels that
rotate in front of the lens, allowing only one spectral band to be captured at a
time [13, 27]. Thus, time is needed to collect all spectral bands in X.

There are two types of spatial scanning methods. Point-scanning (or whisk-broom)

methods rely on moving mechanical parts in the camera. This method uses a mirror
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Figure 6. Spectrum of a star (object identification number 587722953303982115) from
the Sloan Digital Sky Survey [26]. Here, we see the spectrum of this star over a
wavelength range of 400-900 nm. As such, this data includes both visible and infrared
light. Though the data is noisy, there are at least seven distinct absorption lines
throughout the spectra.

to scan across all x coordinates of X for each y coordinate. The mirror then reflects
the light from a fixed point in space through a pinhole and then a prism that disperses
the light before it is recorded by charge-coupled device (CCD). Therefore, spectral
information of only one point in space is captured by the camera at a time. The need
to scan in both spatial directions is time consuming and requires complex hardware
that is prone to degrade over time. On the other hand, whisk-broom scanning has
the advantage of only requiring one detector to calibrate [13, 27].

The line-scanning (or push-broom) method involves passing light through a ver-
tical slit so that all spectral bands of the desired image are collected for some fixed
spatial coordinate x. Therefore, a two-dimensional slice of the data cube is collected
(with one spatial and one spectral dimension). The light is passed through a prism

that disperses the different frequencies before it is collected by a CCD [13, 27]. The

major limitations of the spatial scanning methods are (1) the amount of time it takes
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Figure 7. Schematic for the coded aperture snapshot spectral imager [27]. The coded
aperture mask in question is a micro-mirror array and a prism is used as the disperser.
In this chapter, we consider a similar sensing platform, which we model in Section 4.1
for the long exposure required to image each portion of the data cube and (2) the
necessity to move the camera in order to capture each portion.

Luckily, the distribution of stars throughout space is highly sparse. Therefore,
instead of using time-consuming scanning methods to collect hyperspectral data, we
can apply compressed sensing methods. The mechanism we will use is similar to
other spectroscopy mechanisms in that it involves the use of a prism or some other
dispersion device before the data is collected on a CCD.

Unlike other spectroscopy platforms, this platform makes use of a micro-mirror
array (MMA) [15], that is, a rectangular grid of mirrors, each corresponding to a
spatial location (z,y). Each mirror is oriented either to reflect all available light at
(x,y) through the prism onto the CCD or to reflect that light away from the prism
and CCD so that it is not measured (see Figures 4 and 7). Therefore, instead of
measuring the data cube one slice at a time, we measure various combinations of data
cube entries. We intend to exploit the data cube’s sparsity in order to reconstruct it
from these measurements.

Other methods of compressive hyperspectral imaging have been developed re-
cently. One method is called chromotomography, which is a generalized scanning

method that does not require spatial filtering such as the slit used in line scanning
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methods. Rather, chromotomography involves a rotating prism [11, 27]. A disadvan-
tage of this method is that the dispersion elements required are difficult to produce
[27]. Another method is called coded aperture imaging, which is a snapshot method
that uses coded apertures (e.g., MMA) in place of other spatial filtering devices used
for scanning methods [28, 29]. The model we propose is similar to the coded aperture

systems developed in [28, 29].

4.1 Modeling the sensor

Let X = f(z,y, ) be a data cube like that in Figure 3 with spatial dimensions
of sizes J and L and with N spectral bands, that is, X € RN The entire
measurement platform (i.e., the MMA, prism, and CCD) can be represented as a
linear operator A,, where v represents the orientation of the MMA’s mirrors. We
will construct A, in terms of two operators ®, and ¥ such that A, = V&, where
®,, is a model of the MMA and ¥ is a model of the prism and CCD combined. As
mentioned in the previous section, the MMA either reflects all spectral bands for a
given point (z,y) towards the prism and CCD or reflects all spectral bands away from
the CCD. As such, the MMA transforms the data cube according to a linear operator

P, : RI¥EXN 5 RIXIXN defined by

Doy = Vay)0(zy) (25)

where v(; ) = 1 if the mirror at (x,y) allows light through and is otherwise zero. Next,
the prism disperses the different frequencies of light by different amounts before the
CCD records light intensities. We model this by normalizing z,y and A\ so that

xe{l,...,JJ},ye{l,...,L}and A € {1,..., N}, and then modeling the dispersion
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process with a linear operator W : R/*EXN _ RI*UAN-1) defined by

1115(1,,%)\) = 5(9973/4-)\—1)‘ (26)

That is, light at (z,y) of wavelength A contributes to the (x,y + A + 1)th entry of
the CCD. Indeed, in our model, the prism is oriented so that dispersion acts in the
y direction. At this point, we note that (¥®,X)[z,-] is completely determined by
X|[x,-, -], meaning we may simplify our analysis by considering these slices of X in
parallel. As such, for the remainder of this thesis, we will assume J = 1 without loss
of generality.

Let’s briefly describe the matrix representation of A,. We choose the identity basis
for both R™>L*N and R™>*EHN=1 Specifically, we order the basis elements of R E*N
as 0(1,1,1),0(1,1,2)s - - - » 0(1,1,N), 0(1,2,1)» - - - s O(1,,n)- Then z is a vector of coefficients of
X in this basis. By (25), ®, is a multiplication operator that only depends on y.
As such, its matrix representation in this basis is a diagonal matrix composed of L
diagonal blocks, where the yth block is v(1 y) Iy« n. By (26), ¥ is a translation and sum
operator that depends on y and A\. The matrix representation uses the translation
operator T', where

Ty_l(s)\ = 6y+,\_1

for identity basis elements 0, € ¢(Zpn_1). We apply this cyclic translation with the

help of a zero-padding matrix:

[N><N

Or—1xn

We then write

U:=[B T'B --- T 'B]. (27)
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Overall, we have the measurement matrix A, = V®, when the MMA mirrors are
oriented according to v. Given multiple exposures with varying MMA orientations

{v;}%,, our observations can be organized as y = Az, where

In total, A has M := Q(N + L — 1) rows and P := LN columns.

4.2 Modeling the data cube

Recall from the previous section that the data cube is 1 x L x N without loss of
generality, and we reshape this cube to form the vector z € RYY = R?. In particular,
the first length-N block of z corresponds to the spectrum with spatial coordinates
(1,1) and the second length-N block corresponds to (1,2), etc. Since the scene will
only have a few stars, we have that z is sparse, with the yth block giving the spectrum
of the star at (1, y) unless no such star exists, in which case the yth block is identically
zero. Therefore, the nonzero entries of z are clustered into blocks, and we say that z

is block sparse, as defined below.

Definition 8 (Block sparsity). Let z be a vector of length P such that z is a concate-
nation of blocks of length N. We say that z is K-block sparse if at most K blocks in

z are nonzero. We denote the nth block of z by z,.

When a star is present in the data, we model the spectral radiance of the star
as black-body radiation. As such, we use Planck’s Law as part of our model of the

nonzero blocks of z [30].
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Figure 8. Example of star simulated in MATLAB with temperature of 6380.9 K and
ten absorption lines using stardata.m (See Appendix B). This curve closely resembles
the real-world data in Figure 6.

Definition 9 (Planck’s Law). The spectral radiance of a black body is a function of

wavelength and temperature:

2hc? he -1
L()\,T) = )\5 |:eXp ()J{_T) — 1:| >

where ¢, h and k are the speed of light, the Planck constant, and the Boltzmann con-

stant, respectively. Additionally, A is wavelength in meters and T is temperature in

Kelvin.

As mentioned in the beginning of this chapter, absorption lines in the spectral
radiance of stars indicate the elements that are present in said star. We can identify
what elements are present because these absorption lines are the negative of the
emission lines generated when those elements are heated to extreme temperatures [31].
In the absence of interference, these lines exhibit Lorentzian shapes [32, 33]. For each

star, we model s absorption lines in the spectral data as negative Lorentzian functions.

48



In particular, an absorption line at wavelength \; is given by

«

L+ (A= X)?/B

H;(\) == — (29)

where a and [ are shape parameters. Data collected for a star with absorption lines
at A1, ..., As is modeled as L(A\, T) + >_;_, Hy()\). Figure 8 illustrates an example of

this simulated data.

4.3 Block orthogonal matching pursuit

In this section, we define the block orthogonal matching pursuit (BOMP) al-
gorithm and conditions for guaranteed reconstruction of the desired data. Take
A € RM*F and let z € RY be a K-block sparse vector with blocks of size N = P/L.
BOMP is an iterative greedy algorithm that recovers z from w = Az. Let A; be the
ith M x N block of A and z; be the jth block of z. Initialize Z° to be the empty set,
the residual v = w, and 2" as the zero vector. On the [th iteration of BOMP, an

additional element of the support Z is found:

T'=7"'u {arg max ||A;‘rll\|2} . (30)

1ELN

Then given Z!, we solve for 2! using least-squares minimization:

i€l

2= arg min
Lastly, we update the residual:

rl=w — Z Azl (32)

ieT!
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In the case of traditional sparsity, if a matrix A has small coherence, defined below,

it has been shown that A can be used to successfully recover any sparse signal.

Definition 10 (Coherence). For a matriz A, define the coherence of A, u(A) as

u(A) = max|ala;]
i,jFi
Specifically, it is known that orthogonal matching pursuit will recover any K-
sparse z from w = Az provided u > (2K — 1)~! [9]. Eldar et al. [16] developed two
analogous coherence definitions that lead to a similar guarantee for block orthogonal

matching pursuit. They define block-coherence as follows:

Definition 11 (Block-coherence). For A = [A;--- AL] with M x N blocks Ay, we

define the block-coherence of A to be

1 *
pp(A) = IZ%%NH&AHM%

Notice that Definition 11 does not account for pairs columns within a common

block of A. These columns are considered by sub-coherence:

Definition 12 (Sub-coherence). For A = [A;--- Ar] with M x N blocks Ay, we define
the sub-coherence of A to be

k)vs (k

Vel

A) = (
v(A) = maxmax |(a;

(k

where a; ) and af,k) are columns of A.

Definitions 11 and 12 lead to a block version of the coherence condition [16]:

Theorem 12. Let z € C¥ be a K-block sparse vector with block length N = P/L

and w = Az for A € CM™*P with columns of unit 2-norm. For BOMP to recover z, it
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suffices that

L R N 1 C5))
A3 <uB<A> - ”uBm)) '

Furthermore, BOMP converges to z in at most K steps, a vast improvement on

the KN steps that would be required with OMP.

4.4 Performance guarantee for fast hyperspectral imaging

In this section, we will show that the sensor model in Section 4.1 satisfies the con-
ditions in Theorem 12 for recovery using block orthogonal matching pursuit (BOMP).

We begin with a definition:
Definition 13. A matriz V € {0,1}9*L is said to be an (R,~)-incoherent design if
(i) every column of V' has exactly R ones.
(ii) every pair of columns has at most vy ones in common.
The following is the main result of this section:

Theorem 13. Tauke A as defined in (28), where each v, is given by a different row of

an (R, ~)-incoherent design. The BOMP algorithm will recover any K -block sparse z

1
K<—(§+1>.
2 \v

The proof of Theorem 13 relies on the following lemma:

from w = Az provided

Lemma 14. Take A as defined in (28), where each v, is given by a different row of

an (R,~y)-incoherent design. Then

IN
=

ps(A)
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Proof. Note that for i # j, we have from (27) that

Mo

Az‘TAj = (Avk)ZT(A'Uk)j

e
Il

1

(T Bup () 1)T (T Buy(5)1)

I
Mo

e
Il

1
Q
- ka(i)vk(j)> BYT- Vi = (v, V) BTTI B,
k=1

where V; denotes the ith column of the (R,~y)-incoherent design matrix V. Then

IAT Ajllae = ||[(Vi, Vi) BTT ' B||,_,

< (Vi VAl B lam2ll T |22l Bllawz = [{Vi, Vi) < 9,

where the last inequality uses the fact that any pair of columns of V' have at most
ones in common. Definition 11 then gives the result:
(A) = = max [[ AT Ay, < 2
B N g 2=y
We can now prove the main result:

Proof of Theorem 13. Note that BOMP recovers z from w = Az if and only if it
recovers z from @ = (1/v/R)Az. As such, it suffices to check that A := (1/v/R)A
satisfies the conditions of Theorem 12. First, A has columns of unit 2-norm due to
the scaling. Since A is composed of orthogonal columns, we have V(/Nl) = 0. As such,

it suffices to have

1 1 1
NK<—( ~+N)__( u +N)
2 \ up(4) 2 \ up(A)
Lemma 14 then gives the result. O]
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At this point, we note that Theorem 3 in [34] gives a construction of a @ x L
(R, 1)-incoherent design, where R is the smallest integer satisfying L < 4R?log*(2R)
and @ := [4R%log(4R)]. As such, the number of exposures is Q = O(L/log R) =
O(L/log L), and we can have K = O(R) = O(\/L/log L). We note that this number
of exposures is a vanishing fraction of L, i.e., the number of exposures required by
spatial scanning. As such, this imaging system is legitimately compressive. Also, the
number of active blocks we allow scales according to a square-root bottleneck, which

we should expect from a coherence-based guarantee.

4.5 Simulations

In this section, we demonstrate the utility of BOMP when applied to spectroscopy.
We can break down our simulations into three steps: (1) simuating of the data cube,
(2) simulating of the sensor, and (3) recovering the data.

First, we produced simulated data according to the description in Section 4.1 (see
Appendix B for MATLAB code). In particular, we created a 1 x 100 x 100 data cube
X of stars in space. For our simulation, spectral bands range from 400 nm to 895 nm
at increments of 5 nm. The temperature T' of a star is chosen uniformly at random
from a range of 4000K to 10000K. Each star is simulated with ten absorption lines,
each at random wavelengths {1, ..., A\jo} drawn uniformly from the range of spectral
bands. These absorption lines are simulated with negative Lorentzian distributions
as in (29), where ay, and fj are height and width parameters respectively for the kth
absorption line. Specifically, ay is chosen uniformly from a range of 0 to 2 nm and Sy
is chosen uniformly from a range of 0 to L(A,T)/2, where L(Ag,T) is the spectral
radiance at wavelength A\, from Definition 9. Figure 8 is an example of the star data
simulated in MATLAB. Throughout the simulations, we take the block sparsity level

to be K < 3, which is reasonable considering there should not be many stars in any
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Figure 9. The proportion of 150 randomly generated 1 x 100 x 100 data cubes X which
are recovered using BOMP (see Appendix B for MATLAB code). The solid line shows
the proportion of data cubes with block sparsity level K = 1 that were recovered, the
dotted line shows the proportion for K = 2, and the dash-dotted line illustrates the
K =3 case.

given 1 x 100 x 100 data cube slice. Once X is generated, we create a block sparse
vector z from X by reshaping.

Next, we simulate taking () exposures with the sensing platform using the mea-
surement matrix A described in Section 4.1. We let the mirrors in the MMA have
random orientation, meaning the entries of V' are iid Bernoulli with some probability
parameter p. As such, the columns of V' will have different numbers of ones, and so
V' will not be an incoherent design as defined in Section 4.4. Still, we take inspiration
from Theorem 13 by taking p to be somewhat small. Indeed, each column will tend
to have about Qp ones, and pairs of columns will tend to have about Qp? ones in
common. Thus, the natural proxy for R/v is (Qp)/(Qp?) = 1/p, and so Theorem 13
suggests that we should take p small in order to sense signals with large block sparsity

K. For our simulations, we take p = 1/4.

Finally, after generating w = Az, we use BOMP as defined in Section 4.3 to get
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a solution Z. In these simulations, A is Q(N + L — 1) x LN = 199Q x 10000, and
we let () range up to 30. As such, A is too large to implement naively on a standard
desktop. We therefore hard-coded how each of the blocks of A (and their transposes)
act on a given vector (see MATLAB code in Appendix B). This led to significant

speedups in calculating w = Az and in running BOMP.

Number of exposures for recovery.

In the first simulation, we generated data cubes with varying sparsity levels K and
observed the performance of BOMP using ) € {1,...,30} exposures. For each data
cube, BOMP ran for K iterations. For each value of (), we performed BOMP on 150
random data cubes to produce the estimate Z, and we declared successful recovery if
|z — Z|]2 < 107, Figure 9 illustrates the proportion of trials that were successful for
block sparsity level K =1 (solid line), K = 2 (dotted line), and K = 3 (dash-dotted
line). As we can see, it suffices to have () = 13 exposures for successful recovery when
K =1. Also, 90 percent of the data cubes with block sparsity K = 2 and K = 3 are

successfully recovered from 22 and 30 exposures, respectively.

The effect of noisy measurements.

In the second simulation, we add Gaussian random noise to our measurements.
Specifically, we measure a data cube with block sparsity level K = 3 and ) = 30
exposures, resulting in measurements of the form w = Az 4 ¢, where ¢ is a vector
composed of iid Gaussian random variables with mean zero and standard deviation
0.008. Figure 10(a) shows the true spectral radiance of one of the stars in z, and
Figure 10(b) shows the spectral radiance of the reconstruction using K iterations
of BOMP. As we can see, shallow absorption lines (located at wavelengths 560 nm,

815 nm, and 825 nm in our example) are drowned out by the noise. In practice, one
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Figure 10. (a) The spectrum of one of the three simulated stars, all of which were
measured in the presence of Gaussian noise. (b) Reconstruction of the same star’s
spectrum using BOMP. Notice that the three most shallow absorption lines (at 560,
815, and 825 nm) were lost in the noise.
might overcome this apparent loss of information by fitting spectra of chemicals to

the absorption line locations and depths. Indeed, the star’s chemical composition is

precisely the objective of spectroscopy.
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V. Conclusions and future work

In this chapter, we summarize our results and discuss future research.

5.1 Discrete uncertainty principles and applications

In Chapter II, we discussed the O-norm uncertainty principle and gave a concise
proof of the Donoho—Stark uncertainty principle developed in [8]. Additionally, we
introduced and characterized equality in a new mixed-norm uncertainty principle.
We also showed that a discretized and periodized Gaussian achieves near equality in
both the Donoho-Stark and mixed-norm uncertainty principle. In Chapter III, we
applied these results to demonstrate a fundamental limitation in signal demixing and
to detect K-sparse signals from only O(K) measurements.

For future work, it would be interesting to apply this new uncertainty principle to
the fundamental problem of compressed sensing with a partial Fourier matrix [35, 36].
Specifically, how many random rows M of the N x N discrete Fourier transform
matrix are necessary to satisfy the (K, ¢)-restricted isometry property? Recently,
Bourgain [36] demonstrated that M = Os(K log® N) rows suffice, whereas Gaussian
matrices only need M = Os(K log(N/K)) [6]. Recall that in Section 3.2, we used
our uncertainty principle to show that if ||z]|o < K and ||z||3 = N/K, then a random
partial Fourier matrix A satisfies ||Ax|; > 0 with high probability provided M =

O(K). Since the RIP problem is so similar, we suspect that similar ideas might apply.

5.2 Fast hyperspectral imaging

In Chapter IV, we discussed the hyperspectral imaging problem in the context of
spectroscopy of stars. We briefly described conventional hyperspectral platforms and

their limitations before proposing a compressed sensing platform that can quickly
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sample hyperspectral data. Using combinatorial designs, we built coded apertures
that can be used to quickly collect hyperspectral data, and from which we can quickly
recover the desired imagery using block orthogonal matching pursuit.

For future work in this direction, we are particularly excited about real-world
implementation. This will bring its own challenges, such as calibration and non-
Gaussian noise, but we suspect the theory is robust to such deviations, and it would
be interesting to explicitly include them in the theory.

Also, we currently use random coded apertures, but with each exposure, the micro-
mirrors need to mechanically change their orientation. In the real world, these changes
in orientation cost energy, which is a limited resource in remote sensing platforms.
As such, one possible area for future research would be to develop incoherent designs

for which changes in orientation are minimized.
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Appendix A. Supporting material

1.1 Harmonic analysis background

For this section define x as in Section 2.1. The following claim helps establish the

assumptions needed for Definition 1.

Claim 1. The dual of G, G := {x} is an abelian group.

Proof. Let g1,92 € G and X1, x2 € @,

X1X2[g1 + 92) = xalg1 + g2)x2lg1 + g2

= x1lg1lxalg2]xelg1]xalg2] = xalgixelgi]xalgalxalg2] = xixalg1]xixalg2)-
Therefore, x1x2 € G so G is closed. Define e(g) :=1Vg € G. Then
elgi + g2l =1 =1-1=elgile[ga],

meaning e € G, and so G has an identity element. Define ¢[g] := 1/x[g] Vg € G

oo+l == = () () = el

Xl + 9] xlolxlg2] xlg1]/) \ xlge]

Therefore, ¢ € G. Let g be an arbitrary element of G. Then

(ox)[g] = dlglxlg) = —=xlg] = 1 = elg],

and so ¢ = x~!. Thus, Gisa group. Lastly,

(xaxz2)lg] = x1lglxalgl = xalglxilg] = (x2xa)lgl,

and so G is an abelian group. O
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The following Claims help establish that Gk = G,
Claim 2. For all x € G, > gec Xlgl = 0.

Proof. Let x € G and fix g» € G such that Xlg2] # 1.

> Xlaixlgel = D xlor + g2l = > xlail.

g1€G g1€G g1€G

where the last equality is true by the closure of G. Rearranging,

> xlgi] (xlga) = 1) = 0.

g1€G
We know x[ga] — 1 # 0 because g is arbitrary so > . x[g] = 0. O

Because ) x[g] = 0 we can show that G consists of orthogonal elements of ¢ (G,C).

In fact, G is an orthonormal basis for (G, C).
Claim 3. {x} g is an orthonormal basis for {(G,C).
Proof. Let y € G. First, we will show that ||x|e =1 Vx € G.

1 1
(e ) 1 3 = S = g

geG

Therefore, the statement is true for an arbitrary y so it is true for all y € G. Addi-
tionally, the above shows that x[g] = x'[g]. Second, we will show orthogonality. Let

X, be arbitrary elements of @, such that x # 1. Then,

1 1 .
<\/ﬁx\/‘?> ’G|Zx g¥lg] g;w

The last inequality comes from the fact that yp~! € G and Claim 2. Therefore

{x},cg is orthonormal. We know that {(G,C) is a |G|-dimensional vector space
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and that |G| = |G|. Therefore, {x}._s spans ¢(G,C). Thus, {X} c@ s a basis for

xe@

UG, C). O
Claim 4. If y1, - ,xx € G then x1 ® - - ® xx € GF.

Proof. By definition,

a®- - @xi) (91,92, s 96) + (9195, g6)] = (X1 @ - @ Xp) g1 + 915+ » Gk + 93]
= x1lg1 + 91] - xwlgk + 91
= x1lg]xilgh] - - - xelgr)xwlgy]

= (xalo] - xwlge)) Oalgi] - - xelgrl)-
The last equality is the definition of (x1 ®---®@x%)[g1, -, gl X1 @ - @ x)[9] - - - 9)-
Therefore, x1 ® --- ® xx € GF, O]

We have thus proven that {x; ® xa ® -+ ® xx} C GF but we can actually prove

set equality.
Claim 5. For x1,x2, ", Xk € @, {X1®x2® - ®@xi} =GF

Proof. We need to show that #{x1 @ x2® - Q@ xx} = |C/;7f\ Hence, it suffices to show

that each y; ® x2 ® -+ ® X is unique. Assume y; ® X2 ® - -+ ® Xg|h1, ho, - hy| =
V1@V ®- - @Yylha, ho, -+ by for all [hy, ho, -+ hy] € G*. Let [g1, 9, , g] € G*

such that g,, = g € G and g, = 0 for all n # m. Therefore, by definition

1 ®xX2®@ - @Xk)[91,92, 9kl = (V1 @V @ -+ - @Uy)[g1, 92, 5 G

xilgilxalge] - - - xrlgr] = Pilglalgal - - - Ylgr]
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Plugging in our definition of (g1, g2, -+ , gx) We get

X1[0]x2[0] - - - Xm[g] - - - x&[0] = 91[0]102[0] - - - P [g] - - - ¥k [0]
Xm[g] = @Z)m[g]

Since g and m are arbitrary, this statement is true for all ¢ € G and m < k. Thus,

X1RX2® @ Xpg =1 Uy ® - @ Yy. So each x1®, Y2 ® - -+ ® xx is unique. [

By Claims 3 and 5 we see that GF = G*.

1.2 Poisson summation formula

The use of the Poisson Summation Formula relies on specific assumptions regard-
ing f. It suffices that the function f is in Schwarz Space. A consiquence of f € S is
that f(z) < C/z? for some C' > 0. A quick review of the bounded convergence theo-
rem will be useful as we build the function that achieves near equality in Theorems 2

and 6. The theorem below is a corollary to the bounded convergence theorem.

Lemma 15. Assume,
00 N
= > hx), (@)= ) hz+n)

n=-—00 n=—N

and fn converges pointwise to f. Then

]\}1_{1(1)0 /01 fn(z)dr = /Olf(x)dx

Proof. By the triangle inequality and Definition 2, we know that

N

Z h(z +n)

n=—N

N N

N
C
D I B e E S P DR ey o

n=—N

[fn(y)l =
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We can break the sum up into negative and nonnegative indices. Hence

N -1 N
Z (x +n)? :O nz_:N(x—i—n +nz: (x+n)2+1

Since z € [0, 1],

(n—1)24+1 n2+1

<C

N ]
1+2 —
i ;(n—l)z—kl

(n—1)2+1 n2+1

Let n’ =n — 1. Then by change of variables,

N-1g
§0[1+2+2/ g
0 y*+1

N—-1 1
Cl1+4+2 —_—
2 e

o
<C|3+2 dyl .
]_ { /0 y2+1y]

Evaluating the integral then gives

>~ 1
C 3+2/
l o YyH+1

oo

| =3+ 2arctany)

O} =C[3+ 7] =M.
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Therefore, 3IM € R such that |fx(y)] < M. Thus, by the bounded convergence

theorem,

limy 00 /1 folz)dr = /1 f(x)dx O
0 0

Another tool necessary to prove the Poisson summation formula is Lemma 16

below.

Lemma 16. If f € S, then

/1 Z f(x+n) e 2mikT o Z /1 f(x+n) o 2mikz ]
0 0

nez nez

Proof. Define hy(z) := fy(x)e ?"*2 where fy(x) is defined as in Lemma 15. We

know that hy(z) converges pointwise to f(z)e 2= Thus
v ()] = | fn(@)e ™| = | (@) ]]e™™*| < M.

Therefore, by Lemma 15

1 N 1
My o0 / Z g(z+n)e ™ iy = / Z g (z +n) ¥y, (33)
e 0

nel

Additionally, we know

1 1 N N 1
/ hy(x)dr = / Z g(z+n)e ™ dy = Z / g(z+n)e ™ dy.  (34)
0 0 n=—N n=—N 0

Taking the limit of both sides of (34) we get

1 N 1
limNﬁoo/ Z g(x+n) e 2mikz 1. Z/ g(x+n) o 2mikz .. (35)
0 h—_nN nez V0
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Therefore, by (33) and (35) yields,
= Z/ g(z4n)e 2™ dy = / Z g (x4 n) e dy. O
nez 0 0 nez

With Lemma 16 we have a sufficient foundation to prove the Poisson summation

formula [37].

Theorem 14 (Poisson Summation Formula). For some g € S,
> gl = (Frg) [K]
nez keZ

Proof. Define f(x):= > ., g(x+n) and Fr as the Fourier transform from R to Z.
Then,

1 2mikx 1 o —2mikx 2mikx
> g(wtn) = (Fy Frof)(x) = Y (Fof) [Kle*™* :ZE /0 f(@)e 2T daemike,

neZ kEZ kEZ

Substituting in our definition of f(z) yields

1 27 ) ) 1 27 . .
Z = / f(l‘)G_Zkad$€2mkx _ Z — / [Z g(ZE + n) 6—27rzk:vdx€27rzk:c
V 0 V 0

k€EZ kEZ neL

(36)

1 2w ] )
= Z _27T Z/ g(l’ + n)6727r2k33dx627rzk:1:'
v neL 0

keZ

Where the last statement is true by Lemma 16. Substituting v = n + x into (36)

gives us

1 Zmtn —2mik(u—n mikx
ZEZ/ g(u)e2miklu=n) gy o2mike (37)

keZ nez

65



We know that

[e.9]

27+n 27+n )
Z / g(u)e—szk(u—n)du — Z / g(u)e—kaekandu — / g(u)e_%’k“du.
" €Z

nez n n —00

because e*™ = (. Thus, (37) is equivalent to

kEZ

where the last equality is by the definition of Frg . Therefore,

D glz+n) = (Frg)kle™™ .

ne”Z keZ

Evaluating both sides at x = 0, we get

> glnl = (Frg) [k]. O

nez keZ

Theorem 14 will be useful for finding the Fourier transform pair needed for near

equality.

Corollary 1. Forall f € S,

Y fo—s) =) (Frf)(g)e >

pEZL q€Z

Proof. Let, h(z) := f(x — s). By definition,

(Frh) (z) == /_ " h(t)emintay. (38)

o0
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Substituting ¢’ = ¢ — s into (38) yields

/ h(t)e—QTria;tdt _ / f(t N S)e—QTria:tdt _ / f(t/)e_Qﬂim(t/+S)dt/.

e} —00

We know that y**® = y%y°. Therefore

[ st < e [ et e < e ) ),

o0

By Theorem 14,

> h(p) = (Frh)(q).

pEZ q€Z

Substituting in our definition of A and the result of (39),

D flp—s) =) (Fef)(ge ™™

pEZL q€Z

1.3 Properties of the Gaussian

Claim 6. for ally € C
/ e_dey =/

o0

Proof. Because © = v22, we can rewrite (40) as

& 2 o 2 &° 2 1/2 o o 2 2 1/2
/ e Vdy = (/ eV dy/ e " dx) = (/ / e~ Wtz )dydx) .

Converting to polar coordinates yields

00 0o s o 1/2 2 poo ) 1/2
(/ / e~ Wte )dydx) = (/ / e rdrd@) .
oo J o o Jo
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Let u := r%. Then by change of variables

27 o0 ) 1/2 1 27 oS 1/2 00 1/2
(/ / e " rdrdﬁ) = (—/ / e‘“dud@) = (ﬂ'/ e‘“du) =T
o Jo 2Jo Jo 0

which implies the result. O
Given the integral of e we can easily compute F(e*yQ).

Claim 7. The Fourier transform of f(z) :=e " is

(Ff)(&) =™ Vr

Proof. By definition of Fourier transform,

(Ff)(E) :/ 693262”&613::/ e(“":“”&)d:c:/ o~ (@tmie)?—r2¢? 1.

—00 [ee) —00

where the last equality is from completing the square. Let u := —xmi€.

Since f is analytic,
o0 o0
/ (ATl =T 0 — o / e du = re ™€
—0o0 —0oQ

where the last inequality is due to Claim 6. O

One specific property of the Fourier transform pair defined in Claim 7 is the

property of dilation.

Claim 8. If h(x) := f(mx) for some function f, then

(Fh)(§) = ———==
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Proof. By Definition of F': C — C and h,

o0

e = [

—0o0

. o0 . 1 o0 o
h(z)e "X dy = / f(mz)e ™ X dy = —/ fu)e™ ™ m du
oo m J_

where the last equality comes from change of variables where u := x/m. Rearranging

gives us the result:
1 [ , 1
—/ Flu)e s ay = L (P ) <£> | =
m J_ o m m

1.4 Supporting claim for Section 2.4

Claim 9 (Geometric Sum Formula). Suppose q,k € Z. Then

i
L

—k
O T T S

0, otherwise.

<
Il
o

Proof. Without loss of generality, assume that e*™(4=%)/" -£ 1 Then

n—1 mi(q—k)/n]"™ mi(q—
|:€Z7ri(q7k)/n}j B [62 (a=F)/ ] -1 e2mila—k) _ q B 1-1 0
- 2mwi(g—k) - 2mwi(g—k) — 2mi(g—k) -
=0 e »n  —1 e »n —1 e » =1
If e2mia=F)/» = 1 then
n—1 n—1
[€2Wi(q—k)/n]] = Z 1 =n.
7=0 7=0
We know that e*™(@*/m =1 if and only if =% € Z. Therefore,
n—1 , q=Fk
[e2milah)/n] 7 n, €L
§=0 0, otherwise.
completing the proof. O
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Appendix B. MATLAB code for Chapter IV
Data simulation
The following MATLAB code simulates the data as described in Section 4.5.

function x=stardata()

% author: 2d Lt Megan Lewis

% description: outputs the data that simulates a "slice" of the sky
% with K stars

M=100; % number of locations

L=100; % number of wavelengths

Fslice=zeros(M,L);

permindices=randperm(M) ;

K=2; % number of stars (K-sparse)

list=permindices(1:K); % locations of stars

% first we build a slice of the data cube

for kk=1:K
h=6.6260%10"(-34); % planck’s constant
€c=2.9979%1078; % meters per second
k=1.3806%10"(-23); % boltzmann’s constant
T=rand*6000+4000; % Kelvin
lambda=(400:5:895)*10"(-9); % meters
stuff=h*c./(lambdaxk*T) ;
radiance=2*h*c~2./(lambda."5.*(exp(stuff)-1));

radabs=radiance;
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lines=10; %number of absorbtion lines
for ell=1:1lines
index=ceil (rand*100) ;
lambdaO=1lambda(index) ;
width=rand*2*10~(-9);
height=rand*radiance(index)/2;
radabs=radabs-height./(1+(lambda-lambda0) . 2/width~2) ;
end %for loop
radabs=radabs/norm(radabs) ;
Fslice(1list(kk), :)=radabs;

end Y%for loop

x=Fslice’;

end %function

Runme file

The following MATLAB code was used in order to perform block orthogonal
matching pursuit (BOMP) for simulated data z and to evaluate if BOMP successfully

reconstructed z.

% __________________________________________________________________________

o

% author: 2d Lt Megan Lewis
% description: The purpose of this .m file is to run all the functions
/» necessary to generate test data, perform BOMP and evaluate the

% performance of the algorithm.

71



%Initialization
n=0;
%loop that controls the number of masks or measurements.
for numasks=1:30
%loop that controls the number of iterations per given number of masks.
for runs=1:30
n=n+1;
J»Simulates the data that BOMP is trying to recover

z=stardata(3);

[nz, zs]=efficient_bomp(z,numasks, 3);
stars3(n)=norm(zs-nz) ;
end %run count

end %num masks loop

BOMP

The following MATLAB code runs BOMP by hard-coding the model matrix.

function [nz, zs]=efficient_bomp(z, Q, star)
N —
% Author: 2d Lt Megan Lewis

% Purpose: To do Block orthogonal matching pursuit in a timely manner.
S
% INPUT

% z=vectorized data cube

% k=sparsity level of z

% Q=number of exposures
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S —
% OUTPUT

% nz=recovered z
S —
% INITIALIZATION

[L, Nl=size(z);

zs=reshape(z, [numel(z),1]); %turns data cube into data vector
w=zeros(Q*(N+L-1),1); %initiates w

%The incoherent design we will be taking our mask values from:

V=binornd(1,0.25,Q,L);

% Getting w=Az
for g=1:Q
for 1=1:L
w((q-1)*(N+L-1)+1:q*x (N+L-1))=w((q-1) * (N+L-1) +1:q*x (N+L-1)) . ..
+V(q,1)*[zeros(1-1,1); zs((1-1)*N+1:1xN); zeros(L-1,1)];
end %1 for loop

end %q for loop

%INITIALIZATION OF BOMP
bestinds=[];
Id=eye(N);

r=vw;

% BOMP

for index=1:star
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%First find argmax||A_i~*r||_2
norms=zeros(L,1);
for 1=1:L
temp=0;
for g=1:Q
temp=temp+V(q, 1) *r (1+(N+L-1)*(g-1) : 1+N-1+(N+L-1)*(g-1) ) ;
end %q for loop

norms (1)=norm(temp) ;

end %1 for loop
[val ind]=max(norms);
bestinds (index)=ind;
%Next we calculate Aind
Aind=zeros(Q*(N+L-1) ,length(bestinds)*N) ;
for ii=1:length(bestinds)
jj=bestinds(ii);
for n=1:N

for g=1:Q

Aind((gq-1)*(N+L-1)+1:q*(N+L-1), (ii-1)*N+n)=. ..
Aind((g-1)*(N+L-1)+1:g*x (N+L-1) , (1i-1) *N+n)+V(q,jj) *. ..
[zeros(jj-1,1); Id(:,n); zeros(L-jj,1)];

end %q for loop
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end %n for loop
end %ii for loop
%#Calculating ztilde
ztilde=Aind\w; %least squares minimization
% Updating the residuals
r=w-Aind*ztilde;

end % index for loop

% Calculating nz
nz=zeros(size(zs));
for ii=1:length(bestinds)
kk=bestinds(ii);
nz ((kk-1) *N+1:kk*N)=ztilde ((ii-1)*N+1:1i*N);

end Y%for loop

end %efficient_bomp
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